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PREFACE 


This book lias grown out of a collaboration of tlio authors in a soiiho- 
more course in physics at Yale ITiivcrsity. a course whicli is aimeil to 
equip engineering students and majors in the natural sciences with 
sufficient basic knowledge of physics to serve as a foundation tor turther 
work in the ^■arious exact sciences and technologies. \\'e lun'o been 
conscious of the need for a book that presents in a single volume an 
account of the subject which is at once rigorous, vital, and modern, and 
we ha^'e endeuA’ored to fill that need. 

The problem of how to use the calculus in an introductory physics 
course on the college level has given us serious concern over tlie whole 
period in which this c(»ui>e was taught. The students’ knowledge of 
that discipline is still in the formative stage and amounts to a set ol 
newly acquired skills rather than undei-standing. Vet physics recpiires 
the undei-standing as well as the skill. On the other hand, a use of the 
calculus is so clearly advantageous and so ob^•iously desirable that its 
renunciation, in this day and age, is an unwarranted sacrifice. For the 
saying that calculus is the language of physics is true as well as trite, 
and continuity of training demands that a student should, even in his 
early work, be confronted with those methods of analysis which form 
the major tools of his later thinking. Altogether too many students 
have to confess, at the end of their .senior year, that their introductory 
physics course was nearly useless because it did not actpiaint them with 
the “elegant” methods of the calculus. And the fact that the physics 
course provides opportune applications for a student’s fre.di mathematical 

acquisitions is not to be overlooked. 

The fact remains, however, that few students can “take it” when the 
calculus is employed as freely as these considerations suggest. Hence, 
in composing this book, we have adopted a device which is neither new 
nor ingenious: We have allowed the student to catch his breath by 
treating subjects not requiring the use of this form of mathematics in 
the first four chapters and then exposing him to it increasingly, but in 
easy stages and with full explanation. Toward the end of the book the 
student is expected to take elementary integrations in his stride. Our 
treatment is suited to the level of attainment of readers who have 
had an introduction to the calculus and are taking a more solid covirse 
concurrently. 

Students often complain that a course like the one for which this book 
maj’^ serve as a text is very difficult, and they invariably, though some- 
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whiit confusedly, blame the “emphasis on mathematics for their 
dissatisfaction. In our experience this diagnosis has often been m error 
What has created difficulty is not the mathematics but the volume of 
novelties that is being pushed out to the students. The ^nse teacher 
when using a book like the present, will select his topics ^vlth care and 

limit his selection with petlagogical foresight. 

For that reason, we have put in the book rather a plenum of material 
for selection. It is our guess that coverage of all items presented will 
re(|uire three full semestei-s’ work. In our own course, which meets four 
times a week (exclusive of laboratory exercises) for two semesters, we 
have succeeded in covering about three-fourths of the subject matter 
without incurring accusations of having idled. Ihis was done by omitting 
many of the starred sections. To make possible this selective procedure 
without prescribing what ought to be left to every teacher’s judgment, we 
have divided the book into starred and unstarred sections. The unstarred 
sections, which can be covered in leisurely fashion in a two-semester 
course meeting three hours per w’eek, form a basic and coherent matrix 
of work and are understandable by themselves. In only a few' places will 
it be found necessary to take for granted a result derived in a starred 
section. In a similar way some of the problems at the end of each 
chapter are distinguished by stars. Unstarred problems go wth the 
uiistarred material. 

Worked examples are employed verj' freely everywhere in the text. 
They represent a simple pedagogic device for concrete understanding, a 
device which the authors have found very useful in their teaching. 

Our outlook, we believe, is fairly modern. In electromagnetism the 
ex])osition recognizes that the forces between charges, at rest and in 
motion, are fundamental, and hence magnetic poles take on minor 
significance in this book. 

We have shunned the sensational for its owm sake. Rather have w’e 
endeavored to broaden the treatment and to make contact \vith the 
students’ general studies by inserting historical references, by explaining 
the etymology of important technical terms, and by an occasional com- 
ment in a philosophic vein. 

The proper treatment of units in physics is a subject for controversy, 
often heated, and we have tried to adopt a moderate view'point. In the 
first chapters, the familiar British units are most often employed, but as 
the subject is developed emphasis is shifted to the metric systems in both 
the cgs and the mks forms. In the study of electricity, where three or 
four metric systems are in common use today, the attempt has been 
made to minimize troubles by employing three constants that have 
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different values and dimensions in the different systems. All the funda- 
mental equations are written, therefore, in terms that are independent 
of the units except for these constant factors. Although this device 
may not lessen the difficulties, it is hoped that it will help the student to 
understand more clearly the distinctions between arbitrary conventions 
and physical principles. 

The Authors 

Xew Haven, Conn. 

Jixnuanj^ 1949 
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CHAPTER 1 

THE METHODS OF PHYSICS 


Physics is an exact science. As such it uses inolhods of i>roceduro that 
set it apart from many other fields of interest, notably the “homanistie 
subjects, and it is well to note these differences of method at the very 
beginning of our study. A clear view of whal the jjhysicist aims to do 
and how he does it is important for an understanding of physics. Most 
of this book is devoted to the question of “what”; this chapter is briefly 
concerned with a few aspects of the “how.” 

*1.1. Definitions. In physics, symbols are used with the utmost care. The 
symbols may be words, or algebraic lettei-s and signs that usually represent words, 
or numbers or diagrams. The artifacts of letters aiui mathematical signs aie 
chosen to promote clarity of thought; <liagrams and pictures are used to ensure 
complete visualization. Even words are employed in a manner typical of an 
exact science: they arc given a si>ecificity of meaning that poets would regard as 
monotonous. Thus words frequently bike on a narrow .significance not neces- 
sarily found in ordinary discourse. When tlie phy.sicist .speaks of force, work, 
energy, he refers to matters far more definite than are implied by a historian’s 
use of the same words. He is forced to such narrowness by the difficulty of his 
task, and he accepts the limitations upon his discourse gladly because of the 
successes they have brought. To ensure the careful use of words the scientist 
must define his words and symbols with great precision. In physics, therefore, 
proper understanding and proper use of definitions are an important preliminary 
to progress. This explains why much emphasis is laid upon definitions in this 
book. Definitions are usually given in the form of explanatory sentences; hut 
they may also appear in the form of mathematical equations pro\’idcd that the 
symbols are defined in words. Sometimes the last-named method is simpler. 
For instance, if we wish to define density, it is not too much trouble to say: 
“Density is mass per unit volume.” But to define kinetic energy as “one-half the 
product of the mass of an object by the square of its velocity” tends to be a 
mouthful. It is preferable to say it is aft«r we have defined the symbols 

7n and v. 

*1.2. Use of Mathematics. WTiile most subjects taught at the college level 
involve the use of some form of logic, physics relies heaxnly on the most nearly 
perfect form of reasoning, on mathematics. Far from being ashamed of diluting 
his science with a seemingly foreign formalism, the physicist takes pride in the 
circumstance that his subject permits him the use of so lofty a discijiline, for it 
betokens a degree of refinement in the growth of his science that workers in other 
sciences covet. But mathematics is never used for its owm sake. It is always a 
tool employed either to shorten the labor of exi)erimentation or to predict new 
facts on the basis of already established knowledge. This book will contain 

1 
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„„n..Mous proofs. These were intro.h.ee.l, not to make the treatment of tl.e 
siil>iect •' hiRhhrow.” hut to s!k>w what actually going on in it. It is hoped that 
tlic reader ^^ill perceive, in every instance of the use of mathematics, the purpose 
of clarity or econoinv of thought for which it was designed. The demonstrations 
Hiven are not always the liest available; they are nearly always compromises 

lictwc<ui siinjilicity and rigor. 

1.3. Measurements and Units. Physics is a science of measurement. 
'I'o he sure, it contaiii-s a great deal of rejt.soning, hut this reasoning never 
departs very far from the solid ground of measured magnitudes. Accu- 
rate mca.suring is an art to which tliis hook is only an imperfect guide. 
Some concrete appreciation of it is taught in the laboratory accompanying 
this course. An understanding of what is involved in the measuiing 
process, aside from techniciue. however, can he prepared here. 

It is important to realize that almost every mea.sured result contains 
two tilings, a number (.sometimes called a numeric) and a unit, the 
numher alone has no significance unless the unit is.aIso stated. A change 
in the unit requires a corresponding change in the numeric. Such changes 
will often engage our attention and will at once he made clear hy exam- 
ples. Suppose we measure a certain length and find it to he 9 feet. In 
this case it is apparent that we may also say 3 yards or 108 inches. But 
it is well to formulate a rule for making such conversions, for in less 
familiar instances simple intuition may not work. Ihe rule is this: 
Treat all units as algebraic symbols, and express the symbols by other 
equivalents. The numbers appearing in this process are then combined 
to give the new numeric. Thus 

9 ft - 9(12 in.) = 108 in. = 9(}:^ yd) = 3 yd 
or, to choose a .slightly more difficult example, 

50.0 miles/hr = 50.0(5,280 ft)/3,000 sec = 73.3 ft/sec 


It will later he seen that units can also be canceled like algebraic symbols. 
A certain feature, which might he called the “counterplay of unit and 
numeric,” is also apparent in these examples: when the unit increases 
hy a certain factor, the numher decreases by the same factor, or vice 
versa; a larger Unit requires a smaller number. 

Wliile nature presents the scientist with certain obvious units such as 
the day or the year or the foot, most units are man-made and employed 
hy convention. They must always be defined witli great care and pre- 
cision. In fact the student should always expect, when he is introduced 
to a new scientific subject, the following sequence of events: first the 
definition of quantities {e.g., energ>^ power, etc.) w’hich are important 
in the field under study; second a definition of units in terms of which 



Sec. 1 .4J 


THE METHODS OF PHYSICS 


3 


these quantities are measured; finally a tliscus.<ion of fates and regularities 
wliich prevail among the quantities and through wliieli thej’ can often 
he measured or ealeulated. 

1 . 4 . Knowledge Taken for Granted. It seems well to state what 
knowledge on the part of the student will l)e taken for granted in this 
book. First of all, familiarity with tlie ideas of distance and time is 
assumed. These are in fact taken as primitive eoneepts, and no attempt 
to derive them will be made. Sueli attempts would fall into the domain 
of philosophy. Distanee covered per unit of time is a speed. A\‘lule 
mass and force are ([uantities to be defined more precisely later on. a 
general acquaintance with them will be presuppo.sed. Finally the reader 
will be expected to know the simpler units in which these quantities are 
customarily measured. There are 
certain everyday measuring de^■ices, 
such as the yarifstiek, the clock, and 
the balance, the u.se and action of 
which areassumed to be underst<)od. 

These three aie in a sense the 
basic and universal instruments of 
physics; all others can be analyzed 



Kio. 1.1. Illustration of trigojioinotry. 


into modifications and combinations of them. The quantities they 
measure, length, lime, and mass, are sometimes called basic or primitive, 
for out of them, too, all other quantities can he constructed in a manner 
di.scussed in Section 0 . 7 . 

Finally a certain amount of mathematical skill should have been 
acejuired by the student. A.sido from arithmetic, geometry, and the 
elements of algebra, he will know the notation and the use of trigo- 
nometry. Jle is reminded of the definitions^ 


sin a = cos d = «/c 
sin /3 = cos a = b/c 
tan a = cot /? = a/b 

which hold for any right triangle (cf. Fig. 1 . 1 ); and of the following 
relations, which hold for any angles 6, d\, and 62 : 

tan d = sin d/cos 6 cot 0 = 1/tan 0 
sec $ = 1/cos 6 CSC d = 1/sin 6 
sin^ 0 + cos‘^ d = I (theorem of Pythagoras) 

sec^ 0=14- tan- 6 

sin (01 4 - 02) = sin 0i cos 02 4 - cos 0i sin 02 (1.1) 

cos (01 4 - ^2) == cos 01 cos 02 — sin 0i sin 02 (1-2) 


* Greek letters will sometimes be employed because they are customarj' or because 
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From the last two we get 


and 

hy putting 

W'c also recall the 


sin 26 = 2 sin 6 cos 6 (1-3) 

cos 26 = cos= 6 - sin^ 6 (1--1) 

01 = 02 

following relations, valid for any triangle such as the 


one in Fig. 1.2: 

sin g ^ sin ^ sin y ( 15 ) 

a c 

= a'^ — 2ah cos y (1-6) 

-\-h^ + 2ab cos t' (1-6') 


Angles, while usually measured in degrees, are more naturally expressed 
in ra/Han measure. The definition of the radian is based on the observa- 
tion that the ratio of any arc to its corresponding radius, such as si/ri or 



So >2 or s.i/r 3 in Fig. 1.3, is a constant as long as 0 is constant, and hence a 
convenient measure of 0. This ratio is the size of 0 in radians. Clearly, 
90® = 7r/2 radians, 300® = 2jr radians, and 1 radian = 360/2jr degrees. 
In the expression of an angle in radians the unit (which is after all only 
a ratio!) is often omitted. 

• A bundle of rays going out from a point 0 (cf. Fig. 1.4) is said to sub- 
tend a solid angle, U, at 0. To obtain a measure for Q, let us suppose 
that, at a distance r from 0, the solid angle has an opening — no matter 
hoNv irregular — of area A. Now construct a sphere of radius r about 0. 
The area cut out from this spherical surface by the rays forming (2 will 
he the projection of ..I upon the spherical surface. We call the area of 
this projection A'. Then the magnitude of 12 is said to be 



— ? steradians 


One sieradian is a solid angle whose opening at a distance of 1 cm from 


the Homan alphabet is exhausted. Their symbols, together with their names and 
their modern equivalents, are given in the Appendix. 
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its origin is 1 cm-. Since the full sphere has an area of 47rr-, tlie solid 
angle which it subtends at the center is Airr-/ r~ = 47r steradians. 

Suppose now that il is very small, of magnitude dU. The area .1 in 
Fig. 1.4 will then also be small and will be fJA. In that case the projec- 
tion of (/A upon the sphere, (IA\ will be (/A cos if d is the angle between 
the normal to dA (cf. the figure) and the radius vector drawn from (). 
Hence 

(lA cos 6 

JO = 


This formula will be used in Sec. 2o.4 and elsewhere. 

C’alculus will be used with increasing frequency as the development in 
the book proceeds. At the beginning, however, its use will be restricted 
to very elementary operations of 
differentiation and integration. As 
far as possible, mathematical de- 
vices will be explained before they 
are used; but it is supposed that 
the student has a nodding ac- 
(piaintance with the calculus and is 
pursuing it with greater attention o 
as the work in this book goes Fk;. 1.4. solid angle, 

forward. 

1.6. Special Systems of Elementary Units. The variety of units used 
in science and engineering is great, and it is important to introduce 
some order into their complexity at once. There are two large .vy.vtcm.v 
of units in common use, one called the J^ritish system, the other the metric 
system. The basic units in each are three, as alreadj- noted: the unit of 
length, that of time, and that of mass. The basic units in the British 
system are the foot, the pound (mas.s), and the second. Hence a common 
abbreviation for this system, and one that we shall use henceforth, is the 
fps system. The metric system is used in two different forms, the 
cenlimvter-yram~second{c^,s) and the meler-kiloyram-second (mks) varieties. 



Table 1.1. Basic Units in fps, cgs, and mks Systems 


System 


fps 

cgs 

inks 


Quantity 

I..ength 

Mass (or force) 

Time 

Foot (ft) 

Pound (lb) 

Socon<l 

Centimeter (cm) 

Gram (gm) 

SccoikI (stM'J 

^^ete^ (m) 

Kilogram fkg) ' 

Second (scej 
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\ll tl.rco systems are given in Table 1.1. In another inteipretation, 
f aored l)V 'engineers, the pound, the gram, and the kilogram represent 
lonrs, not masses. This matter will lie carefully discussed in Sees. 2.3, 
f, 2. and ti.3. For tlie present the studeilt may regard these terms as 

representing either masses or forces. 

Observe tliat the unit of time is the second in all systems. The con- 
venience of the cgs and mks sj'stems arises chiefly from the ease with 
whicli smaller or larger units can be formed from the basic ones. The 
utiits dilTer l)y factors that are powers of 10. The rule for formation of 
desired units is simple if the reader will remember a few Greek and Latin 
|)refixes, which are listed in Table 1.2. 


Table 1.2. Derived Metric Units 


1/1.000,000 

1 / 1 .000 

IlOO 

So 

Unit 

1 

10 

100 

1,000 

1 

1,000,000 

micro- 

mtlli- 

anti- 

iluri- 

.\IotlT, 
gntm, 
sfcond, 
liter, etc. 

1 

cleka- 

hekto- 

kHf>- 

mega- 


It will l)e seen that, while the centimeter is the basic unit of length 
in the cgs system, the linguistic unit happens to be the meter. From 
if. multiple or submultiple units are derived in accordance with Table 1.2. 
Tile prefixes in italics are the most common. Any of them may be 
employed with other basic units; for instance, a milliliter is a thousandth 
of a liter, a microsecond is 10“* second, and so forth. The mferometer 
(not to be confused with the micrometer, an instrument for measuring 
small length.s) is usually called the micron. 

One further advantage of the metric systems is the existence of a 
simple relation between the basic unit of length and that of mass. A 
cube of side length 1 cm (f.c., a volume of 1 cubic centimeter, abbreviated 
1 cc or 1 cm^) lilletl with water (at 3l)°F to be exact) has a muss of 1 gram. 
One cubic meter (m^) of water has a nuiss of 1,000,000 gm, or 1,000 kg, 
or 1 metric ton. 

One pound equals 453.59 gm. On the continent of Europe a slightly 
larger pound, called the “metric pound,” is used; it equals 500 gm, that is, 
^2 kg. But this will not be employed in the present text. Finally we 
remark that the meter was originally chosen to be 1/10,000,000 of the 
distance between the earth’s equator and the pole, but it is now defined 
us the length between two scratches on a standard meter bar. A com- 
plete conversion table between metric and British units is given in 
Appendix 1. 
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1.6. Numerical Computations, Accuracy. Id j>liysi(*s, ^roat etiipliasis is laid 
upon numerical computations. In fact all al«eluaic formulas are dcuivcd otdy 
for the purpo.se of usins them in computation; they .serve no mathematical 
purpose in themselves. A few elementary points have to he borne in mind when 
formulas are put to numerical use. To illustiate them, we consider a geometrical 
e.\am|)le. the formula for the area of an ellip.se, 

-1 = 7r«/> 


where a ami h are tlie .semimajor ami .siMuiminor a\'(*s, r(*specti\’elv. 

The suh.sequent remarks may at fii-st .seem trivial, hut they are important in 
respect to the more comple.v fornuilas of physies that occur tliroughout this hook, 
i'iist we oh.serve that .some of the synihol.s, such as a ami it, hav(* units as w<*ll 
as magnitu(le.s. while tt is merely a number. At the beginning, then, it is m*ces- 
sary to distinguish the purely numerical .symlxiLs from those which, in a.ldition 
to a numeric, recpiire unites. The latter are s;nd to pos.ses.s“j)hysical dimensions," 
a matter to he discussed in Sec*. (5.7. 

Next, definite units ha\'c to he chosen for o and It. and here it is important to 
use the satiic units. Let us chi>ose feet. Loth numh(*r and unit must he intro- 
duced into the formula, .so that it reads. f«.r example, 

-1 = TT X 2 ft X 3 ft 


thu.s A — iyjr ft- — 18.S49G • • ■ ft% The units of A are given automatically 
by thi.s procedure. Had we introduced a in feet and h in inches, a mixed unit 
for area that is of obscure significance would have api>eared. The lesson we have 
learned is this: In u.sing a formula, all .symbols denoting (piantities of the same 
kind (“having the same phy.sical dimensions”) .should he expres.sed in the same 
unit. We could, of course, liave chosen inches in the present example. The 
answer would then he 


-I = TT X 24 in. X 3(5 in. = 2.714.34 • • • in.* 

Now the question arises as to how many decimal places should he used in 

stating the an.swer. Obviously, since tt is a never-ending decimal fraction, the 

result could be stated to any number of figures. Brief reflection tells us that 

this would be absurd unless we knew a and b with unlimited accuracy. In 

general, a and b will not be the round numbers we have chosen. Suppose they 

were measured with an ordinary foot rule, which can be read accurately to withiii 

>32 iiiv or 0.03 in. approximately. That is to .say, the true value of a may tie 

anywhere between 23.97 in. and 24.03 in., that of b between 35.97 in. and 3(5.03 in. 

To put it another way, we are not sure of the fourth figure in the numerics of a 

and b (notice that this would also be true if we liad e.xpressed a and 6 in feet!); 

hence we cannot be sure of the fourth figure in A. A little thought will convince 

the student that there is no sense, under these circumstances, in using more than 
four figures in tt. 
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i ,.f -limits in anv result of xvliieh one can be sure in view of the 
, ru‘v o'f the liu this case a and b) is the number of significant figures. 
; , ' Mnfst states a result to a great number of significant figures, he claims 
cre it rmiracv. This shoul.l always be remembered m gitnng numerical answers, 
bnitli'er the use of a greater number of digits in any numerical constant such as 
^ or 1, in its rlecinial e.^iansion, than corresponds to the number of significant 
figure's of tlie data is pointleiss and hence unscientific. For the saiiie reason, one 
sluMild never employ six-place logarithms when corn,.uting data that have only 
tiuee significant figures. If the data are not all known to the same accuracy 
tlif [HHnl)cr of .<ij;nifit’aut fipure.s of the least accurate datum dominates the entire 

U VA-cr/ h'xanipU.^!.^ «. Tlie distance from an observer at which Hghtniiig 
Strikes is determined bv measuring the time interval between lightning flash and 
tlmmlerclap with a stop watcli that can be read with an accuracy o 0.2 sec. 
The interval is fouml to be 1 !.« see. Tlie .speed of sound is 1.127.0 ft/sec (at a 
temperature of which we shall a.-^sume). The distance is 

1,127.5 ft '.sec X ll.bsec = 13,079.00 ft. 


However, since the third significant figure in 11.0 is already uncertain, this result 
shouhi properlv bo rounded off to 13.100 ft. In fact the judicious student will 
never use tlie accurate figure 1.127.5 ft, sec in conjunction with the crude 11.6 sec 
but will round it off at once to 1,130 ft/sec. He will then olitain the answer 


13.10S ft, which should be reduced to 13,100 ft. 

On the other hand this reduction must not be overdone. It is true, of course, 
that an answer of tlirce apparently .significant figures can be obtained by multi- 
plying 1 1 .6 by 1 , 1 00 ft/'scc. This, however, leads to answers that are not correct 
to three figures, us the multiplication will show. Hence it is never safe to use 
fewer significant figures in any factor than the number of significant figures in the 
one leant accurately known. 

h. Xormal atmosphciic jiressure is 14.7 Ib/in*. Convert this into gm/cm’. 
Solution: 


11) _ , , - (454 gni) _ 14.7 X 4.54 gm 
14./ 7, - 14./ ^2.54 cm)* “ ■(2.54)«‘ cm* 


1,035 


gm 

cm* 


PROBLEMS 

1. Sound travels through the atmosphere with a velocity of 340 m/.scc, light with a 
velocity of 3 X 10* m/scc. Convert both these into ft/sec and into niilcs/hr. 

2. The density of water is 1 gm/cm*. What is it in Ib/ft’? 

3. If a band were tightly stretched around the earth’s equator (regarded here as a 
perfect circle), its length would be 40,000 km. Suppose the band were lengthened by 
10 ft, still forming a circle with its center at the earth’s center. WTiat would be the 
distance from the earth’s surface to the band? 

‘ The student .should do the worked examples himself and check his work step by 
step with that of the hook. 
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4. 'ITio hoijrht of a towor is to hp f<minl )>v trianjiulation (cf. Tig. 1.5). Tlip hasp 
a is 300 ft, di = 35% Oi = 45^. \Miat is //? 



T’lo. 1.5. Problem 4. 

6 . Kxprpss sin 30 an<l cos 30 in t<*rm.s of 0. 

6 . Convert the following angles ii»to radian measure: 10°, 4.5% 00 , 1X0°, ,3(i0‘’ 

7. -Make graphs of sin 0 and cos 0 vs. 0. Show that 

sin (0 + 2 ji) = sin 0 eos (0 + 2 rr) * eos 0 
sin (0 4 - ff) = sin (0 — k) = — sin 0 
eos (0 + fl-) = sin (0 — n-) = — eos 0 

sin ^ ® + 2 ) ~ ~ ~ 2 ) ~ ^ 

" ( ^ ^ ~ i) ^ ^ 


COS 


8. How nuiny eubie millimeters are there in a j-ubie meter? 

*9. .\ rectangular box was measured with a meter stick and found to have a height 
of 45.4 cm, n width of 37.8 cm. and .a length of 107.0 cm. State its volume, roinidiiig 
off the answer to the proper number of significant figures. 



CHAPTER 2 

INTRODUCTION TO MECHANICS; FORCES 


*2 1 Brief History of the Science of Motion. Throughout the ages motion, 
though one of the most familiar spectacles of nature, has presented to the cunous 
,nind some very puzzling features. The pliilosophers of ancient Greece were 
gre-itlv concerned about the difference between the state of rest and that of 
motion. To them it seemed that, for a thing to crfs/, its properti^ must be 
permanent. Hut moving bodies have no permanence of position, and from this 
'lilemma some of them, notably Parmemdes, drew the conclusion that moving 

bodies do not exist. Motion was explained as an illusion. 

Others in ancient Greece, among them the philosopher Anaxagoras (oOO B.c. . ), 
regarded motion as real but felt called ujion to distinguish clearly two states of 
being-rest and motion. They si>eculated extensively about the origin of motion ; 
in fact they invente.l a special stuff, or substance, that would account for motion. 
I.:iter this view was rejected, and Leucippus, the inventor of the idea of atoms, 
regarded motion as an eternal property of all atoms, thus denying in effect the 


state of rest. 

Out of this speculative welter there crystallizeii a theory, chiefly promoted by 
the great philosopher and scientist Aristotle (3^4 b.c.). that dominated the think- 
ing of the Miildle Ages. It was an unsophisticated tlieory of motion, no longer 
acceptable today but nevertheless interesting and appealing. Against the back- 
grouml of this theory the progress of pliysics since the Renaissance must be 
judged. Aristotle was preoccupie<i with the question of why heavy bodies fall 
toward the earth instead of rising to the heavens like a flame. He found the 
answer to this paradox by an apjieal to the belief, then current, in the existence 
of a fiery sphere in the heavens and of the earthy realm below ground. The 
solution was thi.s: The flame rises because it seeks the realm to which it belongs, 
its nutuial place; the stone falls because it. too. seeks its natural place. Thus the 
motion of liodies “going liome.” or seeking their natural places, seemed to be 
accemnted for. It was called natural motion. 

Hut a stone can also be projected upward! To be sure, this requires an external 
agency like an arm or a slingshot; hence it is in a sense “unnatural” motion. 
Aristotle called it tnolenl motion. And in this connection he introduced a famous 
postulate, which was upheld until the days of Galileo almost 2,000 years later. 
The postulate was this: Violenl motion requires the application o( force; natural 
motion proceeds unthout force. It is not difficult to see the homely reasonableness 
of this assumption. 

Whether we regard it as correct depends on our acceptance of this particular 
meaning of the term force. The Middle Ages accepted it. Hence to the medie- 
val mind the falling stone required no force, and it is unjust for us to accuse our 
pre-Galilean scieiitific forebears of error in this re8|)ect. However, the Aris- 
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totolcan po.stulatc and tlie <l(‘finiti(ui nf force tliat it iinplios are not very foi tvinate 
and fruitful and have therefore l>een abandoned. 

It was discovered by Galileo (l.“)()4-n>42) and pr(>\ed coindncinfily by 
Newton (lb42-172/) that tin* \\hole science of motion ])ecom(*s at once 
simple and universally \'ali<l it fora' is tnh<-n (o ifnan am/ (uicnci/ which 
produces, or may j)roduce, an acceleration in ])hysical objects. 4'lie .sul)- 
jeet of acceleration will be studied in considerable detail later. In a 
preliminaiy way we define it here as rate of chamjc in velocity. \n 
object, at rest or moving? at constant velocity has jio acoelej ation. Thus, 
according to this new conception a falling body must experience a force 
because it is accelerated. 

2.2. Newton’s Laws of Motion. Among the truly great disco\’eri(*s of 
mankind are Newton’s three laws of motion. Though simple in wording 
and in conception, they contain almost the whole of tin* .science of motion, 
the entire intricate formalism of modern mechanics, ^^■e state them h(‘re 
in their hi.storical form and recommend that the student commit them 
to memory and endeavor to uiulerstand them fully. .Much more will 
he said about tliem in due cour.se. Their full meaning will not be imule 
clear in the present chapter, which is devoted to a study of a very limited 
aspect of them. In Newton’s famous work “ITincipia matheinatica” 
the laws are stated in the following form {translated from the Latin): 

1. Every body continues in its state of re.st or of uniform motion in a 
straight line, except in so far as it is compelled by forces to change that 
state. 

2. ('hange of motion (acceleration) is i)ro])orf ional to the force and 
takes place in the direction of the straight line in which the force acts. 

3. To every action there is always an equal and opposite reaction; or 
the mutual actions of any two bodies are always equal, and oppositely 
directed, along the same straight line. 

The meaning of the first law is clear; it is only to be noted that uniform 
motion is motion with constant velocity. The second law is (pialitatively 
understandable; however, to give it (piantitative and precise meaning, 
we must carefidly state how (1) forces and (2) acceleration are to be 
measured. These two items will be postponed, the first to the next 
section, the second to a later chapter. The third law is more difficult to 
comprehend and will be the subject of much further comment. AVe 
elucidate here merely by pointing out that action and reaction are names 
for forces acting on two different bodies which tend to accelerate each other. 

For the present, our interest will be in onij' one consequence of the first 
and second laws: \\Tien the force acting on a body is zero, it is not acceler- 
ated and is said to be in equilibrium. The engineer often wants to know 
the conditions under which bodies, such as parts of machinery, bridges, 
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structures, are and will remain in equilibrium The part of 
phvsies dealing with this question is called “ stat.es." But before we turn 

uui alleutioii to this, we must learn more about forces. 

2 3 Forces There are several ways of defining the meaning of force, 
all of’ wbi. h mav be shown to be equivalent. The simplest and most 
;,seful to the engineer is this: .1 force is a push or a pull. Everyone has an 
intuitive appreciation of force throuRh his experience of muscular 

exertion. 

The present definition mav lieeoine imuiequate and require re%Hsion under some 
rireuiustanees. For instance, it is true that tlie sun exerts a force on the earth, 

•I force that is transmitted tlirough a vacuum, and it is a little hard to visualize 
how ths .sun can e.xert a pull across empty space. But these complications will 
,iot concern us now. loiter we sliall see how it is possible also to define force m 
terms of acceleration with the use of Xewton s .second law. 

If a force is a push or a i)ull, how is it to be measured? Clearly, our 
muscular sense is too crude. e note, however, that a given force has a 
specifiable and under projicr conditions an invariable effect on an elastic 
body, such as a spring. It is possible, therefore, to use a spring balance 
as an instrument for measuring forces. Imagine, then, a standard 
spring balance, a certain mark upon which designates the unit of force, the 
pound. Hy comparison with it, other balances can be calibrated. There 
are other units of force than the pound, but their consideration will be 
postponed. 

Unfortunately there is an ambiguity in physical usage, for the pound 
is also a unit of Wfls.s. This should he interpreted, not as meaning that 
mass and force are identical physiiral quantities, but as a regrettable 
verlial coincidence. It arises from the fact that a mass of one pound is 
jiulled toward the center of the earth by gravity with a force of one pound 
called its “weight." Hence weight is force and must he distinguished 
from mass. In the stratosphere the weight-force on a pound mass is 
less than one pound, as a delicate spring balance would show. 

The pound (Hi) is the I3ritish unit of force. It alone will be used in 
this chapter and the next. Two thousand pounds (2,000 lb) is called a 
(on. 

2.4. Reckoning with Forces. Forces do not satisfy the laws of ordinary 
arithmetic. One object plus another object will always make two objects, 
but one force plus another force may well be no force whatever. It is 
because of this possibility of compensation that the reckoning with forces 
has to be carefidly scrutinized. 

To begin witli, it is necessary, in every situation involving forces, to 
distinguish between the forces exerted on an object and those exerted 
by an object. In Fig. 2.1, for example, two bodies are connected by a 
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(J)vV\AAAAAA/^^A-(7) 

Vio. 2.1. Fohm's ifn iirni /;// 

hinlios. 


spring. Aside from gravity, which is ignored, (here are altogetlier four 
forces. I'\ is a force exerted by the spring on body .1 ; A’o is exci ted by .1 on 
the .spring; I'\ is exerted by the spring on liody /J; is exerted by H on the 
spring. Thus A and li are sul^ject to one force each, wiiile the spring is 
acted on i)y two forces. 

Wc now consider all the forces on a body, such as the one in Fig. 2.2. 
To specify tliem it is clearly necessary t«) state the mmjnitudc (in pounds) 
and the direction of each. Hecause 

#■* r-> 

forces have both magnitude and di- 
rection, they re(piire difTerent treat- 
ment from (juantit ies that have only 
magnitude, like length, time, and 
mass. A\'ith regard to the latter it 
is easy to see what is meant bv add- 

V * 

ingthem. The sum of 2 lb and 3 lb 
is simply o lb; it is the result of putting together 2 lb an<l 3 lb. 'I'he .sum 
of two forces is also the re.sult of |mtting them together, but in this process 
we must respect directions as well as magnittides. Thus to add forces 
requires a new procedure, which will now be described. But it should 
always be borne in mind that we add forces acting on the same body, 
never force.s acting on difTerent bodies. 

2.6. Addition of Two Forces. Suppose that a body is subject to two 

forces, one of magnitude 2 lb acting 
from left to right, and another of 
magnitudes Ib acting from right to 
left. Their effect is the same as one 
force of magnitude 1 lb acting from 
right to left, as a little consideration 
or a simple experiment with spring 
balances would show. These two 
forces, when acting simultaneously, 
produce a resultant force, which 
happens to be equal in magnitude to 
their difference. If both forces act in the same direction, the magnitude 
of the resultant would be their sum. 

The situation is more complicated when the two forces do not act in 
the same direction. In Fig. 2.3a the heavy lines represent two forces 
on a body (not shown in the diagram). If a spring balance were inserted, 
it would show that this body is urged in the direction of the dotted arrows 
by a force of 5 lb. The latter force is called the resultant, or sum, of the 
other tw’O. It is not the arithmetical sum but can be found by the follow’- 
ing rule (cf. Fig. 2.36) ; 



Flo. 2.2. Force.s fmvc both nmgnitude 
jirid direction. 
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Represent each force by an arrow tlie direction of which is that of the 
force. Its length is taken to be proportional to the magnitude of the 
force *^0 that a gi\'en length, perhaps an inch or a centimeter, represents 
one poun.l the same for each force. In Fig. 2M the two representative 
arrows are denoted by Fx and To find the resultant of Fx and F„ place 
the end of F-i in coincidence with the head of Fx. Ihen draw an arrow 


4 lbs 


3 lbs 


X 


(«) 


\ 5 lbs 
\ 

\ 

\ 

\ 






(C) 


Fin. 2.3. .Vdflition of forces. 

from the end of Fx to the liead of Fo. Tins arrow is the resultant, labeled 
F in the diagram. This rule is general; in Fig. 2.3c, S is the resultant of 
Fa and Ft. In the laboratory this rule can be verified with spring bal- 
ances in all instances. It can also be proved theoretically, but this will 
not be done at pre.sent (see Sec. 2.12). 

For brevity we shall also call the resultant the .sum of the two other 

forces, and we shall refer to the rule as the 
rule for adding foreva. Illustrations of it are 
numerous and can easily be supplied by the 
reader. If. for instance, two people were 
pulling on a body in the manner of Fz and F\ 
in Fig. 2.3c, their effect would be the same as 
if a single person pulled in the direction of S 
with a force corresponding to that magnitude. 

It is well to become thoroughly familiar 
with the representation of a force as an arrow 
and to think of it always in this symbolism. Two arrows represent 
equal forces if they have the same magnitude and direction, no matter 
where they are drawn. For example, the three forces shown in Fig. 
2.4 are equal. 

2.6. Addition of Many Forces. The rule for adding forces can be 
generalized to apply to cases where more than two forces act on a body. 


Fkj. 2.4. Kquttl forces. 
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Four arc shown in Fig. 2.5o, corresponding porhap.s to ditVorent j)ulls hy 
guide ropes on a tree to be felled. To liiul the one force that i.s etiuivalent 
to these four, that is, to find their resultant, or sum, we might lirsl add 
Fi and then add Fs to the re.sultant of these, then add F 4 to this second 
resultant. If the student will cany out this procedure, lu* will find if to 
be equivalent to the simpler process illustrated in Fig. 2.5/>. where the 
forces are added, tail to head, without drawing each re.sultant. The sum 
of all four is then simply the arrow drawn from tlie tail of the first to the 
head of the last force. For obvious reasons this procedure for obtaining 
the sum of a number of forces is called the polijtjon rnethod: the resultant 



(sum) is tlie closing siile of the i)olygon made up of all the forces, with tin* 
arrow propeiTy drawn. 

In ordinary algebra we write 

a + b = c (2.1) 

in order to denote that c is the sum of the ordinary (|uantities a and b. 
Thus we might also de.signate the addition of the forces Fi and ¥■> in 
a(a;ordance with Fig. 2.36 by 

Fi + F, = R (2.2) 

or that according to Fig. 2.5 l)y 

Fi + F 2 -h F 3 + F 4 = R (2.3) 

The plus signs in Eqs. (2.2) and (2.3) have the meaning given to them 
by the polygon rule, a meaning different from that of the ])lu.s sign in 
Eq. (2.1). Hut confusion can be avoided if, while retaining the symbol 
+, we use boldface type for forces as in Eqs. (2.2) and (2.3), or in general 
for all quantities that are added by the polygon method. This convention 
will be followed throughout this text. 
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In ordinary algebra the order of the summands is immaterial in the 
computation of a sum. lhat is, 

a + 6 = b + a 

Is it also true that F, + Fj = + F,? The latter sum is constructed 

in Fig. 2.0. Comparison with Fig. 2.36 will 

show that it is equal to Fi + F 2 . The student 
will ea.sily convince himself that the forces in 
Fig. 2.5, when added in any order, will always 
yield the same sum R, Hence the order in 
which forces are added is immaterial. 



The rule here given is not the only one by which 
addition of forces may he performed. In Fig. 2.7a 
we are emplojnng our rule; in Fig. 2.76 we lay off 
F, and F-, not head upon bill, hut Uiil upon tail. 
If now we complete the parallelogram and draw the 
diagonal, this diagonal is identical with R. Hence 
the parallelogram rule; To add two forces, put their 
tails together, complete the parallelogram, and 
draw the diagonal from the coincident tails out- 
ward. This diagonal is the resultant. The pandlelogram rule is sometimes the 
more convenient to apply, hut it cannot he generalized so easily to many forces as 
can the other. 


Fkj. 
+ F 


2.6. F, + F, = F, 


2.7. Subtraction and Resolution of Forces. Suppose a mass m (Fig. 
2.8 h) is to he hold in place by two forces Fi and F 2 , exerted by ropes tied 
to the muss. We know F,, and we 
also know that the total force 
needed to hold the mass in place is 
equal to its weight, say 1,000 lb 
and must act upward (R in the dia- 
gram). We wish to find Fj. The 
solution is easy. Since 

Fi-|-F2 = R 

Fj = R - F| 

Fa is tlie dilTorenec of R and Fi. 

But the difference of two quantities 
is always tlie sum with the sign of the second quantity, in this case Fi, 
reversed. Now obviously — Fi is Fi with the arrow reversed. Hence to 
get Fa we add R and Fi but reverse the arrow on Fi. This is done in 
Fig. 2.86. 

The next chapter will present problems in which a force is given and 




(a) 

Fio. 2.7. Parallelogram rule for adding 
forces. 
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it is necessary to Hud two or more l\>reos which, wlien ad<it‘d tofjelher. will 
have the jtiven force as resultant. The rules for solving such prohlems 
are now at hand, though not the terminology. Two forces that add up 
to a given force are said to he its components, and the process of finding 
two components of a force is called resolution. Tims, in Kig. 2.3h, F| and 
F'. are component.s of R; in 2.3c. F;t and are components of S. 



A force can he resolved into components in an infinite variety of ways. 
Most important, however, is its resolution into components in two given 
directions, usually along the A' and 1” axes. The parallelogram rule serves 
to bring about such resolution easily. Figure 2.9 shows that F = F, + F„. 
The forces F* and F„ are called rec.tan<jular components of F. They are 
found by drawing F from the origin of the coordinate system and then 
dropping perpendiculars from the 
head of F ui)on the A' and Y axes. 

The notation just used will be con- 
tinued; that is, Fr will a/u.’o//s denote 
the component of force along the A'’ 
axis, and so forth. 

Practical applications requiring 
resolution of forces are very numer- 
ous and will be discussed in the 
next chapter. To mention a few: 

If we want to know whether or not a body will slide down an incline, we 
must determine whether the force of friction is smaller or greater than the 
component of gravity along the incline; the force of the wind upon a sail 
“resolves” itself into one component along and one component perpen- 
dicular to the .surface of the sail; drag and lift of an airplane are rec- 
tangular components of the force of the air upon the plane. 



Fio. 2.0. 
force. 


Kectangular con^ponents of a 
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2 8 Addition, Subtraction, and Resolution of Forces by Trigonometry. 
\d<iit'ion of forces, as explained so far, is essentially a graph.cal procedure. 
Often, however, the u.se of trigonometry' recommends itself for simplicity 




(") 




2.10. of fon'os l>y trinononx'try. 


und accuracy. If an accurate value of the magnitiule of the resultant of 
two forces is wanted, the following method is suitable: 

I^t e he the angle between the positive directions of F i and Fj, as shown 
in Fig. 2.10. Tlien. from (Fig. 2.l0r), and bceause of Eq. (1.6),' 


^ //jC ^ j.\-: _ 2F,F.. cos e’ 
= /.’,2 q. /•./.' 4- 2FiF> cos e 


(2.4) 


This is a most useful relation for obtaining the magnitude of R; note, 

however, that it gives no informa- 
tion as to its direction. 

Inspection of Fig. 2.11 will show 
that the difference 

D = Fn - F, 

is given as to magnitude hy the 
s(piare root of 

jr- = Fr -b Fz- - 2FxFt cos B 

Kir,. 2.11. SubtraHioii of forces by (2.6) 

triuoinunctry. 

Resolution of a force along X 
and r may also he performed trigonometrically. From Fig. 2.9 it is 
clear that 




Fx = F cos a 
Fy = F sin a 


( 2 . 0 ) 

(2.7) 


provided a is taken to be the angle between F and X. 

‘ Note that the symbol R stands for the magnitude of the force R, Fi for the magni- 
tude of Fi, etc. 



Sec. 2.8] 


INTRODUCTION TO MECHANICS, FORCES 


19 



Figure 2.12 shows that, if 

R = F, -h F. (2.8) 

then li, = /•'„ + /-%, (2.9) 

/(*,/ = l'\u + (2.10) 

All o(|uation in boldface tyiie, like K(|. (2.8). is lli('refore n>ali.v c(iuiv- 
aleiU to the two etjuations (2.9) uiul (2.10). 

If a force F docs not lie in the A' K plane, it lias not two but three' 
comjionents, F*. Fy, h\. These are 
indicated in Fig. 2.13. Here P is 
the point where the perpendicular 
from the head of F meets the XZ 
plane; the arrow F' is called the 
projection of F upon the XZ plane, 

F* and F, being its rectangular com- 
ponents. In this more general case 
the resultant of two forces not in 
the A'l' plane is also given by 

R ~ d" Fa (2.11) Pkj. 2.13. KorcR coinjxau'iits in thrci- 

1 . ... ... dunoii.sions. 

but now this equation is equivalent 

to, or an abbreviation of, the following three: 

Fx = Pu + Fa. 

Hy = Fly + Fay 

Fz = Fu -h Fax 




( 2 . 12 ) 
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Wo iinallv oonsidor a prol.lom in which we have to add two 

,hw ace .iven not in n,a«nit>^e 

::;;;’as /•■., /•■.. ^ - wish to end R, the -..Uant, .,0 .> -th regard to 
.nagnitnde and direction. First we observe, using Fig. 2.13 and the 

PvtiuiKoroan theorem, tliat 

while F'"- = FJ^ + F^ 

Hence 

'I'his relation holds, of eonrsc. for any force and may be applied to R 
apiieariufj; in Mep ( 2 . 11 ). llui> 

= R,^ + + Rr 


= /.\2 + + P '2 


(2.13) 


Hut the components of R are siven by Kcis. (2.12). Therefore 

R2 = + r.,,)' + {I'\y + + U'’n + 

If F, and Fo he in the XY plane, we may simply put Fu and equal to 
zero in this formula. 

To hud the direction of R is difficult in the general case (three dimen- 
sions) but very easy when Z components are absent. For then we see, 
this time from' Fig. 2.12, that tan a = Ru 'Ry, or if we use Eqs. (2.9) and 

( 2 . 10 ). 

(2.14) 


tan a = 


Fly + Fsy 


_1_ IT 


The angle a determines the direction of R; its value may be found m 
tallies when the quantities on the right are known. 

2,9. Worked Example. An airplane momentarily coasting in hori- 
zontal flight is subject to two forces, the thrust of the air F, and its weight 
Fa. The thrust of the air has two components, a lift of 8 tons and a drag 
of 5 tons. The weight is 10 tons. Find magnitude and direction of the 
resultant force on the airplane. 


We have Fu = “O tons Fiy — 8 tons 

Fu = 0 Fay = —10 tons 

Hence, by Eq. (2.13), K = V(-^5lons)= + (-2 tonsy= = \/29 tons 
This is the magnitude. The direction is obtained from Eq. (2.14), 

tan a = “> = ? a =-22° = 0.38 radian or 

— 5 tons 5 

202® = 3.52 radians 
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Both answers are possilile. and from tlii.s work 
lies in the first or the tliird (luadrant. 

The exam])le can also l>e worked ^ra])hically, 


we cannot tell whetlier « 
as is shown in I' ij;. 2.1 1. 


W’e first add and Fi,„ then the 
downward force Fo^, ohtaininj!; R. 
It now turns out that only the laUcr 
of the two answers for a is correct. 

If the forces here considered are 
the only forces actin«: on the air- 
plane, then it follows from Newton’s 
second law that the airplane, thouj;h 
at pre.sent moving horizontally, is 
starting downward with an accelera- 
tion in the direction of R. 



Via. 2.M. 


2.10. Composition of Many Forces; Summation Convention. As.sume 
now that many forces are to be compounded. Thus we write, instead of 
Kq. (2.11), 


R = Fi + F, + Fa + • • • + F„ (2.15) 


implying that there are n forces, u being some integer. If now a diagram 
like Fig. 2.12 is drawn for n forces (the student should do this for ti = 4), 
it will be seen that 


= I'U + I'-U + Fhx + • • • + I'nr 
J\\ = F\u “H F-iy + F-Ay F„y 


(2. lb) 
(2.17) 


provided that all forces lie in the A’)' plane, 'i’he case where they e.xteinl 
in all three dimensions will not be treated. 

As before, it follows from the Pythagorean theorem that 


whence, in view of Eqs. (2.16) and (2.17), 


/<*•- = (Fi. + F,. + 


+ F,,.)- + (/’i. + F,y + 


+ (2. IS) 


To find the direction of the resultant R the equation 


tan a 


Fly + F 2y d~ • • • + F „y 

Fu + Fs* + • • • + Fnx 


(2.19) 


must be used. 

In problems like this the notation we have used is cumbersome, and 
we wish to introduce to the student- a .shorthand way of writing these 
results. Mathematicians and physicists use the symbol 2 (pronounced 
sigma, Greek letter for capital S) to represent a sum. They write, for 
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.■xHiuph-, in.trmi of n. + + «.+ --+ «i'- =^iniply 2 a and read it 

“Smii over all o." llul this coiivontion is not very aevurate, for it does 
not tel! VIS how many summands (i tiiere are. lo remedy this defect 
.me puts a .'mhscript i on a and writes, for example, 


in 


2 </, = ai + fi> 4* ■ 
■ = I 


+ nio 


'I'lie left side of this identity is read, "Sum over «. as / goes from 1 to 10.” 

In general, then. - is to lie understood as an order to writedown many 

i « \ 

limes live expression whieli follows it. giving the index i wliieh appears 
in tliat expri‘s>ion sue(’essi\ ely all integer values from 1 to /i, and then 
adding all tliese expressions, tlrdinarily, however, when there is no 
danger of mi.sunderstaiuling, or when one does not wish to specify what 

II is the limits 1 ami n are omitted and one simply writes IS instead of 2 . 

I I • 1 

Tsing this eonventioti, the formulas of the jire-sent section may be written 
as follows: 

R = 2 Fi 




/fv = - 

A *^ = (2 + ( 2 /'„)■■• 


tan o = 


V 1/ 

— • >U 

f 

V /.V 
W / IX 


(2.15) 
(2. Hi) 

(2.17) 

(2.18) 

(2.19) 


We wish to stress Ivere that 2 is not a new and strange mathematical 
opvM'ation but merely a compact way of expressing a familiar sum. Its 
convtmience, a])i)arent alrea<ly in the formulas above, is even more clearly 
seen in the example 

jn 

2 i = 1 + 2 + 3 + I + 5 + 0 4- 7 + 8 + 9 4- 10 = 55 

I * I 

'This notation will oecasionally Ive em])loyetl in this hook. 

2.11. Scalar and Vector Quantities. We have learned the rules for 
adding (or "eompounding”), suhtraeting, and resolving forces acting on 
a hodv. 'I'hese rules are dilTerent from tho.se for ordinary addition and 
subtraction, for forces iiavo magnitude and direction. Actually the 
methods discussed are j)art of a very general kind of mathematics known 
as the vector calculus, for they are applicable not only to forces but to all 
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physical quantities having magnitude and direction. 'J'liese are (luite 
numerous. 

To make the matter more definite, pljy.sical (piantities tliat are com- 
pletely .specified by their magnitude are called scalars (from the Latin 
scala, meaning laddtu*, a symbol for increa.-^ing or decreasing magnitudes 
reminiscent of a musical scale). Examples of scalar (piantities are time, 
mass, volume, energy. (Quantities ha\’ing magnitude and direction are 
called vectors (from the laitin vehi, to ride or to l)e di.splaced). A dis- 
placement is in fact the siinple.st kind of a vector; others are velocity, 
force, acceleration, momentuin. All these will be studied in due time. 

We now .see that what has been said al)out forces is actuallv true foi- 

% 

all vectors. Force was chosen here for illustration because it is])erhaps 
the most familiar vector. 

All vectors are symbolized by arrows. In this book, vectors will be 
printed in boldface type when attention is to be drawn to their vector 
character. An ecpiation like 

A = B 


is really equivalent to three e<iuations 


•I, = 


t = /? 


and may be regarded as a shorthand 


A, = B. 




Vector addition may be j)erformcd either by the polygon rule or by the parallel- 
ogram rule, which we here rejK'at: 

Polygon Rule: The sum (or resultiuit) of vectoi-s A, B, C, , . . i.s found by 
placing the tail of B upon the hea<l of A, then the tail of C upon the head of B, etc. 
Finally the polygon is clo.sed by drawing a line from the tail of A to tlie head 
of the la.st vector. This line, with the arrowhead at the head of the last vector, 
is the sum (or resultant). 

Parallelogram Rule (good only for adding two vectors): The sum of A and B is 
found by placing the tail of B upon the tail of A, completing the parallelogram, 
and drawing the diagonal pa.ssing through the tails of A and B. This diagonal, 
with its arrow' pointing away from the tails of A and B, repre.sents the sum. 

*2.12. Theoretical Proof of Rule for Vector Addition. — Xow, with the larger 
view' that the foregoing section has given, we pause and wonder why so strange 
a de\ice as the polygon rule should work. The reason can be seen best from an 
e.xamination of the vector called displacement, which is e.vactly what the word 
implies. If a body is subjected to a displacement of magnitude 3 miles and 
direction north, it is carried from its present position to one 3 miles north of it. 
If it is subject to two displacements, first the one just mentioned, then another 
one of magnitude 4 miles and direction east, it will be found a distance 


\/ (3 miles)* H- (4 miles)* = 5 miles northeast 
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„f i,. original position. a,nl tins position is oloarly fonnd by the polygon (in this 
tirin-le) inlo. .'Several displa.-einents, earned out one after another, will 
the irudv |,.eciselv at the plaee predicted by the polyRon rule and the sum 
,„t.,l of all the dis|,lacenients is t<, a siuRle displacement that takes the 

|,odv .lireetiv from its original to its 6nal place. This is the .sense of the state- 
ment that the vector sum of the individual displacements the displacement 

tiivoii l.v the |M)lyson rule. 

.\ little ictlerti<.n will show that it makes no difference whether the two dis- 
S miles nmth and 4 milo.s ca.st are carried out .successively or .‘^imul- 
Hnc.uslv ..r in tlu- reverse or.lcr; the resultant displacement is always the same. 

One elm «'e therefore, uhv the polygon rule holds for displacements. But 
whv shoul.l it w<.rk for/erccs? This can he shown in three more steps, which we 
diall merelv indicate. One goes fjom di.splacement to velocity, which, being 
displacement per unit time, must obey the same rulc.s as displacement. Next, 
acceleration, being change in velocity Jier unit time (cf. Sec. 5.2), must obey the 
same ndcs as velocity. Finally force, bebig. proportional to acceleration by 
virtue of Newton’s .second law. must obey these rules also. This completes the 
logic of the vector calculus. 


PROBLEMS 

1. l-'iiHl the resultant of the two forees in Fig. 2.15 both graphically (polygon nile) 
arid trigfuiomctrieally (using formulas^ Compan* the n’sults. 


2. Idml the resultant of three forces, 
all acting in the suiiie plane. F\ acting 
north and of magnitude 6 tons, acting 
flue southwest and of magnitude 10 tons. 
Fi acting due southeast and t)f niagni- 
tiule 3 tons. What arc the eomiKuients 
of this resultant in an easterly and a 
northerly direetion? (It is suggi'sted 
that answers be obtained both graphically 
and trigonometrically.) 




3. The knot in Fig. 2. 16 is subjected to the three forces shown. In what direction 
will it start to move? 

4. The pulh'v in lug. 2.17 is fastened in .such a way that it can sustain a weight 
(•lownwanl force) of I t<m. Botli sides of the belt li make an angle of 30® with the 
horizontal. What force, or “tension,” along the belt cun the pvilloy stand? 
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Fig. 2.17. Problem 4. 

6. 'I’hrot* weights are itrratiped over fixed pulleys n.s shown in Fin. 2. 18. Find I In* 
aiinles hi'tween thi* strings’ JP the knot such t))at the r<'siill:nit of flic- forees on the 
knot be zero. 

6. Find the rt'.sultanl force on the he\an«*>i of I'in. 2.19. .all individual forces beinn 
of equal magnitude. 



7. Prove that, if a triatinle has three foiaa-s actinn on it, <'aeh jterpettdieular to a 
side atid of magnitud** pro|Kirtional to tin* length of that si<Ie. the sum of these fona's 
is zero. 

8. Prove that, if Jt polygon is stibjeetetl to as many h>r<a“s as it has sides and each 
ftirce acts perpiuidieularly to a side and has the magnittule of that siile. the .sum of 
these forces is zero. (This is the situation with respect to j)ressure fona-s produced by 
water upon .submerged objects whose horizontal cros.s section is the polygon.) 

9. A rocket in level flight experietjces two forces, one directed downward and of 
magnitude 2 tons (its weight), the other in oppo.sition to its motion and of magnitude 
8 tons (air resistance). Find the resultant force? on tin* rocket. 

10. body w<‘ighing 10 lb rests on an inclined plane as shown in Fig. 2.20. Find the 
components of its w(*ight along the plane ancl perpendicular to tin* plane. (Hint; 
Ilesolve the weight, which acts vertically downward, along these two directions.) 



11. Using Eqs. (2.18) and (2.19), find the magnitude of the resultant, as well ns the 
angle it makes with the X axis, of the follo^\^ng forces: 
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t 

Magnitiule I 

Direction with 

/■. 

2 lb 



3 lb 

110 ° 

l-z 

0 Ih 

«to° 

I'i 

5 lb 

1 

0 

F, 

!) lb 

1 (> 0 ° 

Ft. 

8 lb 

-*) 0 ° 


12 ’I Ih- wiml exerts a f<jree of 100 |h peri)eiulieularly against the sail of the boat in 
I' iK. 2,21. Only its enmpoiient nlonji the line of the keel is effective in propelling the 

boat. What is this e<nniM)nent ? 



13. What is the vector sum of all the displacements mnilo by the tip of a aecoml 
hand as it moves fniin 12 to 0 on a dial? 

14. An airplane is subjei’t to two vi*loeitit*s, its own velocity ndative to the air of 
magnitmie 200 miles/hr ami .lirected north, and the wind velocity, which is 50 ft/scc 
scmlhwi'st. Kin'l the velocity of the airplane relative to the ground. 

16. .\ rain <ln)p weighs O.Ol gin. .\s it renehea the earth it falls with constant 
speed (no acceleration!). Air resistance on the drop is proiKirtional to its .speed; 
it is in fact ( I0"*i>) gin, if e is expressed in cm /.see. l.ising the information of ( hap. 2, 
liml the terminal spiasl of tlu' droi). 

16. The boat drawn in Fig. 2.22 is to move to the right. The wind blows ri.s indi- 
cates!. Ih>w must the sail bi? s<‘t so that the component of the wind force perpendi- 



cular to the sail will drive the boat in the forward lUrcction? Taking the angle 
hi'twei'ii wind and keel to be 80°, rind the best sotting of the sail (assuming the sail 
to he a plane, which i.s far from true). 





CHAPTER 3 
STATICS 


3.1. Equilibrium of a Particle; Concurrent Forces. The subject of 
statics treats of bodies in e(|uilil)iium; the wonl tCJreek stenai, to stand 
still) implies that the bodies in question are not moving;. This, how- 
ever, is not meant to be literally true; for the earth itself is movinjj, and 
bodies at rest relative to it are certainly in e(iuilibrium in the simple 
sense of the word. A more adeciiiate definition of equilibrium is ahscnce 
of accet-cration. Strictly speaking, therefore, a body moving with a 
uniform velocity, even relative to the earth’s surface, is in eejuilibrium; 
our interest, however, will be con- 
fined chiefly to cases of rest upon 
the earth’s surface. 

If equilibrium means absence of 
acceleration, then Newton’s secoml 
law at once informs us that a body 
in etiuilibrium must be subject to 
no force or, more precisely, to no 
resultant force. It may well have 



not necessarily produce ecpiilihriuni. 


forces acting on it, but their vector .sum must be zero. This is often 
called the condition for equilibrittm of forces. 

There is, however, an important fact that needs to be considered. 
Will a l>ody always be in equilil)riiim when the sum of all forces on it is 
zero? The answer is no, as reference to Fig. 3.1 clearly shows. I'he rod 
will rotate even though the sum of the two etpial and opposite forces is 
zero. We see that the condition for eciuilibrium of forces, which we now 
write in the form 

IS F = 0 ^3.1) 


does not ensure equilibrium with respect to rotation. 

Let us, then, exclude the possibility of rotation for the present. This 
limits our attention to objects which do not rotate or of which the rotation 
does not concern us. For convenience we shall here think of a point 
or a very small particle. If this particle is to be in equilibrium, Eq. (3.1) 
must be satisfied and we understand by the quantities F all forces acting 
on the particle. These forces will necessarily be concurrent, i.e., they all 
are applied at the point. 

From what has been learned in the previous chapter it is apparent that 
Eq. (3.1) can also be written in terms of components, 

27 
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K(, nations (3.1) and (3.2) arc equivalent .statements of what we shall call 
Ihr forrr coiuhHon for eciuilihrium. or the <-ondition for equilibrium of a 
particle (as distiiifiuished from an extended body). In applications it is 
sometimes more convenient to use Kq. (3.1); sometimes F.qs. (3.2) are 

])rcferal)le. 

*3.2. Examples of Concurrent Forces. A weight is suspended as shown in 
l-'ij;. 3.2(o).aiid it is desired to know the tension 7' in the ropes. Sinee the point/' 
is ill equiiilirium. the foiee condition must hold when referenee is made to this 
point as the ■•particle." l-aiuatinn Ci.l) is best applied Kraphieally. as in Fifj. 
:i:2{h). We draw the known downward arrow representing UK) Ih. Tlien we must 




Khj. 3.2. Kipiilihrium of eoneurront forces. 


complete the triangle of forces by laying off the two tensions T assumed to be 
etpial. at the angles that they make in Fig. 3.2(o). a procedure that determines the 
length of tlu'se arrows. It may he .seen from Fig. 3.2(/>) that T sin d — }-i Y. 100 lb, 
whence T = ad Ih sin 0. 

One mav also solve this problem by using Eqs. (3.2). The three forces involved 
have the following components (we take A* for the liorizontal. 1 for the vertical 
axis) : 


Fc>rc*r 

’ A* i^oiiipoKiont ; 

1 

• 

)’ 4'oiiipom*nt 

1 

— T cos 0 

T sin 6 

0 

T cos 0 

T sin e 

3 

0 

1 

-100 Ih 


There are no Z components in tliis example. On adding the .Y components we 
obtain zero; hence tlie first of E(js. (3.2) is automatically true and gives us no new 
information. The second yields 27’ sin $ = 100 lb, wliieh is the previous result. 

Notice that tlie smaller tlie angle d the greater will be tlie force T. In fact T 
would he infinite if tlie ropes were actually liorizontal. Here is the reason why 
telcplione wires must not l)C too taut, sinee otlierwise tlie collection of any weight 
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oil them ice) would cause an e.xtremely large ten.sioii and conseijuent 

breaking. 

As another example, consider the situation dejiicted in Fig. 3.3(o). Here both 
T and F can be determinefl when the weight W ami the angle 6 are known. The 
use of Eq. (3.1 ) i.s illustrated in Fig. 3.3(/»). We lay down the vector W, which is 
known both as to magnitude ami direi-tion. Then the triangle is completed by 
drawing F and T in their projier directions; closure of the triangle determines the 
lengths of both F and T. 



Fig. 3.3. Kquillbriurn of concurrent forces. 

The trigonometric metlKKl, based on Eqs. (3.2), lea<ls to the following tabula- 
tion of force components; 



A' componi'nt 

y component 

T 

- r cos 0 

T sin 0 

F 

F 

0 

ir 

0 

-ir 


and to the equations 

- T cos 0 + F = 0 
r sin 9 - W = 0 

When solved they give T = ll'/sin 6, F = IF cot 0. These results can also be 
obtained from Fig. 3.3(6) directly. 

As a third example we consider the forces acting on a particle that is at rest on a 
rough inclined plane. Since the particle is in equilibrium and we know it to be 
subject to the gra\ntational force W, the plane must be pushing upward on it with 
a force -W (cf. Fig. 3.4). (Note that -W is a force along the positive 5' axis; 
this is because we have followed convention in calling the weight force, which is 
always directetl downward, d-W.) The force — W is called the reaction of the 
plane against the particle. Later we shall find it convenient to resolve tliis 
reaction in two perpendicular directions, along the plane and at right angles to 
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tin* phino. Their magnitudes are M' sin 0ami 11' cos 0, respectively (ef. Fig. 3.4). 

If fri<-tinii is not .strong enough to supply a force II sin 0along the plane, the par- 
ticle cannot ho in eciuilihrium and will .slide down the plane with an acceleration. 

In tlie preceding examples attention has been rcstricte<l to /Am- forces acting in 
the plane (roplavnr forces). More general eases can always be solved by 

the same methods. Note that, when the forces are not eoplaiiar. all three equu- 
titms (3.2) become significant. But before we treat this general .situation it is 

well to enlarge our outlook in another 
re.spect: we wish to be able to deal with 
exten<led bodies for wliich, as we have 
seen, the force condition alone is not 
sufficient. 

3.3. Torques, or Moments of 
Force. Figure 3.1 showed how two 
equal and opposite force.s may pro- 
duce, not equilibrium, but a tendency 
tow’ard rotation. It now become.s 
necessary to introduce a mcaaure for 
this teiuleucy. Suppose you wish to clo.se an open door, which obviously 
is a matter of producing rotation of an extended body. A given force 
applied at tlie handle is more olTeetive than an equal force applied near 
the bingo. Hence the distance from the axis of rotation to the point at 
which the force acts is an important quantity in this connection. Fur- 
thermore a force applied at right angles 
is more efTective than one acting at 
some other angle with the plane of the 
door. 

These .simi)le facts of everydaj' ex- 
perience may be summed up in this 
way: Using the word torque (Latin 
lurqture, to twist or rotate) or its 
synonym, moment of force, for the meas- 
ure of the* cfTcu'tiveness of a force in 
I)roducing rotation, we define: .1 torque 
in the product of u force times the perpen- 
dicular distance hrlwccn its line of ap- 
plication and the asis of rotation. Thus, in Fig. 3.5, the toixpie due to 
the force F about an axis through the point .1 (and perpendicular to the 
I)lane of the paper) is 

L = Fd (3.3) 

Wc sliall always use the symbol L for torques. A torque refers to an 
axis of rotalion; there is no sense in .speaking of the torque duo to a force 



Fio. 3.5. Torque equals F-d. 
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witliout lel'erence to iin axis. Tlio tiistanoe <1 i.s sometimes called the 
lever arm of F. Notice that the poiiif of application is immaterial so Ion}; 
as it lies oi» the dotted line of Fig. 3.5. If F \ver(‘ ap)>lied at inst(‘ad of 
B, it would produce the same tortiue about .1. 

It is sometimes useful to ex])ress the definition of A in other, e<pnvalent 
wavs. If we denote hv r the distance {not perpendicular) between the 


axis and the point B at which F is 
applied (cf. Fig. then 

I = Fd = Fr sin 6 (3.4) 

since d = r sin 6, 6 being the angle 
swept out clockwise from r to F. 
There is, however, one important 
ditTerence between the tor(iuerepn‘- 
sented in P'ig. 3.5 and that in Fig. 
3.0; the former produces a counter- 
clockwise, the latter a clockwise 
rotation. To indicate this differ- 
ence we shall speak of counter- 



'H5. 3.0. TonpH' = h'r sin 0 = 
- yh',. 


clockwise tonpies as positive an<l of clockwise tor(pies as neyolive torcpies. 
With this convention, we shoidd therefore affix a negative sign to the 


right-hand side of Eq. (3.4). 

Let us return to Fig. 3.0. 
tangular components F^ and 


The force F is ecpiivalent to its two rec- 
Fy. The torcpie due to F must therefore be 
the same as that due to the two 



Fig. 3.7. General definition of torque: 


forces Fx and Fy acting about A. 
Hut if we take the origin of a 
coordinate .system at .4, then tin* 
rectangular components of r be- 
come .r and //, these two tortjues 
are, respectively, xFy and —{/Fr, 
and we find 

L = xFy - yFr (3.5) 



This result will be useful later. 


Thu.s far we have not treated the most general ca.se, for we have assumed that 
the force acts in a plane at right angles to the axis of rotation. Other cases will 
not interest us in this book. Nonetheless we sliall give here the most general 
definition (cf. Fig. 3.7). If F does not lie in a plane perpendicular to the axis A, 
construct the perpeiulicular plane. Then draw the component of F in this plane, 



32 


PHYSICS 


(Sec. 3.4 


cjilliiiL: it F', mill drop a pci jn'iidii-ular <l upon its line of action. Tho torcpie is 
^ivcn liy /•”'/. 

From iIk' dclinition of a tonpie it follows that its units arc the pound 
foot, or the pound inch, or the ton foot, or the gram eentimeter. 

3 . 4 . Equilibrium of an Extended Body; Noncurrent Forces. The con- 
ditions for e.luilihrium of an extended body are now easily stated. If 
the resultant of all forces were not zero, the body would have an aeeeler- 
ation: if the sum of all toripies about any axis were not zero, there would 
1.0 rotation al)0ut that axis. lienee the full eonditions for etiuilibrium 


a IT 



1 (S.O) 


riu' seconil etpiation ha.s been written as if L were a vector, which is in 

fact true, as we shall see later. But 



In the following we .sludl always 


what mutters here islhat this second 
eciuation must l)e siitisfied for any 
axis we care to choose. If it is true 
for one, it may i)e shown to be true 
for any other j)arallel axis. Hence 
in applying the second eciuation, 
which we call the loryuc condition 
for (’(luilihrium, we may select the 
axis that is most convenient. 

1)0 eoneerned witli coplanar forces.’ 


C’oordinate axes may therefore he eho-'^en in the plane of the forces. 
Labeling them -V and one can write Kcis. (3.0) in component form, 


2 I'\ = 0 
2 /■’„ = 0 
2 L, = 0 



(3.7) 


provided that we mean by L. a tor(|ue chie to a given force about the 
Z axis, which is taken at right angles to the plane of the forces. An 
example will clarify the meaning of these expiations 

Figure 3.8 .shows three forces applic'd to a bar. Choosing a line per- 
pendicular to the plane of the paper and pa.'csing through A as axis, and 
denoting the distances of the points of application along the bar from A by 
JuXa, J3, respectively, wc get the components listed in the follow ing table: 



1 

1 

j 

1 

L, 

1 


h'\ cos 0\ 

— F\ sin 01 

— FiXi sin 01 

1 

f'\ cos Oj 

l\ sin 0, 

FiXi sin 01 

h\ 

— l'\ co.s 

— Fs sin 0 i 

—FiXi sin 0j 
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Equations (3.7) ro<ad 


l'\ cos 01 -f* I'-i cos 0» — Fz cos 03 = 0 
— f\ sin 01 + Fz sin 02 — Fz sin 03 = 0 
— Fi.ri sin 0i + F-zXz sin 02 — FzJ z sin 03 = 0 


Unless these are satisfiod, tlie l)ar cannot he in eciuiiihrium. The 
reader .should note a jnirely inatijematical fact not williout ])ructical 
importance. In the case of coplanur forces (rej?ardless of how many 
forces) e(juilihrium iinj)lies tlire(‘ e(|uations, no more. Since tliree 
equations can tletermine at most three unknowns, we can never determine 
the values of more than three quantities in an ecpiilihrium prohlem. We 
shall observe an interestiuK conse(iuence of this fact in our applications. 


*3.6. Resultant and Equilibrant of Nonconcurrent Forces. Tlic resultant of a 
min>l>er of forces was seen to }>e a single force tliat i.s in all re.spocts ecpiivalent to 



Fio. 3. it. Hesviltant of noncorwurrent forces. 


them. It is the \ector sum of the individual forces. This is true whether the 
individual forces act upon a small j)article or upon an extended object. liut in 
the case of an extended object it mattei's where the resultant force is applied! 
In other word.s, the re.sultant of a number of nonconcurrent forc-cs is still the 
vector .sum of these forces, but further consideration is needed in order to deter- 
mine where the lesultant is to bo applied. 

Clearly, if the resultant shall be equivalent to the indixndual forces, it must 
produce the same torque as do these forces. The distance from the axis of rohi- 
tion is to be chosen so that this will be true. How this is done will be shown 
througli an example. But first we emphasize this definition: The resultant of a 
number of nonconcurrent forces is a single force equal in magnitude and direction 
to their vector sum and producing the same torque as tliese forces. Thus the 
resultant of a set of nonconcurrent forces has a definite location in space as well 
as a definite magnitude and direction. 

The negative of the resultant is a force that, when applied in the presence of the 
individual forces, would hold them in equilibrium. It is therefore called their 
equilibrant. 

The three forces applied to a meter stick at distances 10 cm. 30 cm, and 80 cm, 
respectively, which are drawn in Fig. 3.9, have a resultant of magnitude 3 lb, 
directed downward. To be a true resultant it must be applied at a point, say x 
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cm from tlu* left end. .-^o that it produces the siiiiu* torque as the three forces, 
'Pheir total torque, however, is 

-2 Ih X 10 cm + 3 Ih X 30 cm — 4 Ib X KO cm = —250 lb cm 
Hence 3 lb X J = 250 lb cm and x = S3. 33 cm 


The equilihrant is therebtre a force t)f 3 lb aj)|)lied in an upivnrd direction S3. 33 cm 
from the left end. If it were added to the forces drawn, the bar would be in 
(‘()inlibrium. 





\R 

\ 


I 


( 6 ) 

Fro. 3.10. Uesultant of nnnconcurrent forces. 


\ext we treat a slightly more ct)mj)licate<l example. Siippose four forces are 
applie<l at the corners of a square of side length 20 in., as in Fig. 3.10rf, From the 
polygon rule the student will find tliat their lesultant is a force directed north- 
west and of magnitude \/.S lb (cf. Fig. 3.105). Hut where must it be applied? 
To find out we calculate tortpies about some axis, let us say through tlie southwest 
corner. The forces produce the following torcpies: 0 X 1, 0 X 2, 20 X 3, and 
20 X 4 lb in., a total of 140 lb in. If the resultant is to produce the same torque 
alxjiit this axis, it must he a])piied a perpendicular distance x from the southwest 

corner, such that 

\/^ \h Xx = 140 lb in. 

Hence x = 49.6 in. This resultant, 
inarke<l R, i.s roughly indicated in Fig. 
3.10u. The student should show that, 

if tonpies were calculated about any 
other axis, the resultant would still act at the same place. 

*3.6. The Couple. There are .some curious exceptions to the rules just dis- 
cussed. C'oitain aiTangement.s of forc*es on extendc<l bodies do not have a 
resultant at all! To see how tins can be we look at Fig. 3.11, where two equal and 
opposite forces are shown acting on a bar at disbinces 2 ft and 3 ft from the left 
end, respectively. Their resultant has a zero magnitiule; vet the torque when 
computed about the left end. is +2 lb ft. If a resultant of' zero magnitude were 
to produce this torque, it would have to be applied an infinite distance from the 


2 lbs 




2 lbs 


Fio. 3.11. 'I’hc couple. 
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axis — wliicli is, of course, absurd. Hence we nuist conclude that two eijual and 
opposite forces which are not in the Siiine line possess neitlier resultant nor ecjuili- 
l)rant. They are called a cottplc. To jjroduce equilibrium in a case like that of 
Fig. 3. 1 1 it is necessary to introduce two other forces, f.c., another coui>le. 

A couple has another queer property: it has the same torque about all axes 
I)erpendicular to its plane. The student will coiuince liimseif of this fact by 
computing torques about other axes — for instance, the one tlirough the right end 
of the bar in Fig. 3.11. This torque, which is independent of the axis, is some- 
times called the strength of the coujde. It equals the magnitude of one of the 
forces, multiplied by the perjjendicular distance between tliem. 

Every arrangement of nonconcurjent forces wliose vector sum is zero is eqniva~ 
lent to a cou])le. For instance, four eqnol forces F, applied in the manner of Fig. 
3.10 to the cornei-s of a square of sitle length /. jiroduce a torque of 21F about any 
I>erpendicular axis and are equivalent to a single couple of that strength. 

When parallel forces act \»pon a body, all of tliein in the same direction and 
sense, they cun never constitute a couple. Such forces will tlieiefore always have 
a resultant and an eipiilibrant. 

3.7. Center of Gravity. The force of gl•a^•ity on e\’ery small pint of 
a rigid body is directed vertically downward. The resultant of all these 


iCi 


to. 


0 




1 


Fio. 


vertical foices i.s called the “weight” of the body. In accordance with 
what has been .said, the weight must act through a definite point of tlm 
body, and this point is called its center of gravity. For the i)urpose of 
discussion we assume a weightless bar (cf. Fig. 3.12) to be carrying two 
small masses, one of weight Wi, the other of weight w-i. Let their 
distances from a fixed point 0 on the bar be I'l and xj. Their resultant, 
or the weight of the system of two masses, is W = wi + Wz- To yield 
the same torque, IT must be applied at x, such that 


IFx = u’j.ri 4- wzXi 

Hence J (3.8) 

Wi + W2 

The point between the two masses that lies a distance x from the fixed 
point is the center of gravity of the two masses. 

If the fixed point, i.e., the origin from which distances are measured, is 
itself taken at the center of gravity, then x = 0 and Eq. (3.8) indicates 
that 
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or 


U'lXi = ~-n'iX2 

- Ji ^ in 

.ro (/•■> 


Note that .ri i.s now a noKutivo (luantity. Ilonce the center of gravity 
of two (point) inas.se.< lies at a point that divides the distance between 
the masses in the inverse ratio of their weiglits. This rule can often be 
applied without formal calculation. 

'I'he center of gravity of more than two distinct masses may he found 
by the same method, u.sed repeatedly. If there are four masses, find the 
center of gravity l>etween mass 1 and 2 and replace these two masses by a 
single one of weight u’l + w^. Next find the center of gravity between 
this fictitious mass and of mass 3. Place a mass of weight iCi + icj + tea 
at this new center of gravity and compute the center of gravity between 
it and mass 4. 'rids is the center of gravity of the four ma.sses. 

Let us return to the case where weights are arranged linearly, as at the 
beginning of this section; but assume there are it weights, not two. Let 
their positions, as measured from some fixed origin on the line, be .ri . . . 
.r„. 'I'hcir resultant will be a weight IT = ici + jcj + * • • + Wn. 
haiuality of toripies re(|uires 


11*7 = WxX\ + -f 
and the center of gravity I becomes 


+ WnX. 



^3.9) 


if we use the summation convention explained in Sec. 2.10. This equa- 
tion is a generalization of Kq. (3.8); it represents the center of gravity 
as the wtujhlvd mean of the distances of all masses from the origin. 

Although we shall not be concerned in this chapter w ith the calculation 
of anything but linear-weight distributions, we remark here for the sake 
of completenes.s that threc^-dimeiisional arrangements of weights with 
coordinates (j-.,//,,z,) yield a center of gravity whose coordinates are 
X, y, z, and these are given by formulas like Eq. (3.1)), viz.: 


v> 


I 



I 






I 


'the rrntvr of yravity of a uniform rod lirs at its cenirr. \ rectangular 
.slab may be regarded as composed of uniform rexis, aiul by applying 
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the rules already discussed one finds that its center of gravity lies at its 
center. This result is found to be generally tiaie for uniform bodies; 
the center ot gra\ ity of a uniform l)ody is at its geometric centc'r. 

For Ixulies of irregular shape this center is hard to calculate. But 


here experiment sometimes helps, 
determine the center of gravity of 
an irregular j)lane lamina, one pro- 
ceeds as follows: Suspend it from 
some arbitrary point .T (cf. Fig. 
3.13), and draw a plumb line 
through -1. Next suspend it from 
some other point B, and draw a 
plumb line through B. The center 
of gravity lies at the intersection 
of these lines. 


If it is desired, for example, to 




Fn;. 3.i:i. Finding tl>c* (•('liter of Kras ily 
of an irrci'iilar lamina. 


*3.8. Equilibrium of Extended Bodies. Examples. Before contimiing tlie 
student is asked to read again Sec. 3.4, the contents of wliich will now he used, 
hot us study the forces on a horizontal bar, pivoted at one end and supported 
by a string, as in Fig. 3.14. As a first step it is a good thing to iaolale the body 
on whicli the forces are presumed to be acting. In the figure this is dotie by 

drawing an envelope around the bar. A 
moment’s reflection will show that there 
are altogether tlnoo forces acting on the 
bar, its weight w, at tlie center of gravity, 
wliich is the eentci- of the bar; tlie tension T; 
and the “reaction” R of the hinge against 
the l)ar. 

If we know w, Rand T may he coinjnited 
from the conditions of o(piilibrium (Eejs. 
(3«7)]. The vector R leally rejnesents the 
two unknowns Rz nnd /f„, for we do not 
know its direction. Computing force com- 
ponents and taking moments about the left 
end of the bar, we obtain 



Flu. 3.14. Forces on a horizontal 
bar. 


Rz — T cos 0 = 0 
— u' + T sin 0 = 0 
-w{l/2) + 77 sin 0 = 0 

if / is the length of the bar. From the last of these, 

T = w/{2 sin 0) 

Hence, from the first tAvo, 

Rz = (u>/2) cot 0 Ry = w/2 R = VR.^ + Ry^ = w/(2 sin 0) 


= T 
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In the pre.'ient example the.«e results could have been obtained more simply. 
W henever fhra coplonar but nonparallel force.s hold an extended body in equi- 
fibrium. Ihey inkrsect in a point. For if they intersected in three points, and 
we conqnited moments about any one of the points of intersection, one force would 
always produce a toKjue about an axis through that point and equilibrium could 
not result. For more than three forces a similar theorem does not hold. 

On applying; this fact to the previous example, it is clear that R and T must 
intersect verticallv above the middle of the bar. Hence R = T, the three forces 
form an isosceles triangle, ami all the results just obtained are seen to follow. 

If the bar carried an adtlitioiial ueijjht II at its end. Eijs. (3.7) read 


R, - T cos 0 = 0 
R, - - IF + r sin 0 = 0 

-wd 2) - IF/ + rt sin 0 = 0 

Tlicir solutit)!! is 

r = " - It. = iir + («7 2 )| <-..t e 



It) the absence of IF the annh* a between the bar and R was e(|ual to 0. since, in 

that cas<*. tan a — Ry R, = tan 0. This is no 
lonj?er true, for now 



tan a = 


Ka — 

Rr ~ 2IF + le 


tan 0 


and O' is smaller than 0. 

.■\s amdher example we treat the pnddein of a 
ladder leaninji against a wall (cf. Fig. 3.15). The 
wall will be considered a.s ptrfccthj smooth, which is 
another way of siiying that it can exert no force 
tangential to its surface. Hence the reaction at 
.1 is at right angles to the wall. We start again by 
isolating the ladder (envelope), and then consider 
forces on it. In addition to R there is the weight, 
wliieh, if the ladder is uniform, will act at its 
center. At li there will be a force F, which we at 
(fiu'e le.solve into components l'\ and F„. The equations of equilibrium are 


R - i \ = 0 h\- w = 0 

-Rl cos 0 + « (//2) sin 0 = 0 

and their solution is 

= w F, = R = (u'/2) tan 0 

These results can also be obtained by noting that the forces R, w, and F must 
intersect in a common point. Observe that F is not necessarily directed along 
tlie ladder. 
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If tile wall is not smooth, the force R niav extend in anv direction. Instead 
of tlie previous three unknowns F^, F^, wo then have foiir unknowns, namely, 
Rt. Rv, Fj, Fy. But we have only thjce equations at our disposal! At this point 
one is tempted to siiy that the pioblem cannot be <lone. Xeveitheloss, even in 
this peculiar situation the mathematics is tryinj; to tell us something. Time 
equations cun be Siitisfieil by four variables in a ijt eat variety of \\ays; the problem 
is indeterminate. This means that, when the wall is roufih. the ladder can be in 
equilibi ium f{)r any one of many choices of /'\ and R^. even for a tii\ en 6. 

*3.10. The Beam Balance. A beam balance rajiisists of a rifjid beam with 
pointer, pivoted at () (cf. Fiji;. 3. Hi), and two pans hinged at A and H. W’ljcn 
e(jual weiglits are placed on the pans and the [)ans aie of e(jual W(‘ight th(*ms(*|\'es, 
the beam is horizontal and the pointer is at some zero mark on the .'^cale. Now 



let a small weight u' be placetl on the right pan, so that a final deflection 6 results. 
Assume the center of gravity of the rigid beam-pointer system to lie at C, and 
denote the distance OC by 6, the weight of the rigid system by IF. The weight 
of each pan is P. If we take moments about an axis througb 0 when the deflec- 
tion is 6 as indicated in the diagram, the following torque ecpiation is found: 

PI cos e -b ll'fc sin e - iP A- n')l cos 0 = 0 
since the system is in equilibrium. From this we see that 


tan B — 


w I 

Wb 


Now tan 0 is a measure of the numl)er of divisions on the scale corresponding to 
the deflection 6. (Indeed the distance along the scale equals tan 6 times the 
distance between 0 and the scale.) The quotient tan d,Av is proportional to 
the deflection per unit weight w. This expre.ssion is called the sensiiiviUj of the 
balance; it is 



tan B 
w 



( 3 . 10 ) 


Equation (3.10) tells us how a very sensitive balance may be obtained. The 
balance arm I must be made as large as is feasible, the weight of the balance 
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M-stom. H', and the distnnee b must be very small. To minimize TI' and yet have 
/ laifjo letiuiie.s delicate eonstructioii and desif^n. The distance 6 is adjustable 
oti some l);ilances by means of a movable weight on the axis of the pointer, a 
(h‘\ice that allows N to he varied in accordance with the task to he performed. 
Because of the possibility of deformation of the beam structure, which may 
cliahge the (juantity b ap[>reciably. the sensitiiity is not always independent of 


the load. 

If b were zeio, the sensiti\ ity would be infinite but the balance useless, for the 
sliglitest weight »• would tip it c'ompletely. 

A bahince with twd cxa«-tly erpial arms is an ideal that is not attainable. For 
.setisitivc w(*ighing. the difference in the lengths of the arms must be taken into 
account. This is clone by the method of double treighiug. The unknown weight 
ir is placed first on the left pan. where it appears to bp balanced by a weight B i 
on the right. It is then put on the right pan, where it is Indanced by B 2 on the 
left. H'l and U',. will be nearly equal. How are they related to the true weight 
U'? If the lengths of the arms are a.ssumed to be /i and ^ 2 , respectively, the torque 
equation in the first act of weighing is 


and in the second 


/,ir = Ml', 

l.]r = MI'j 


.Multiply the two (‘quations together to obtain 

b/.,IP = 

or ir = x'nvTf; 

In words, the true weight is the geometrical mean of the two apparent weights. 
But if two (|uantities, like ll'i and Ilb. differ by a very small amount, the geomet- 
rical mean is very nearly the same as the aiithmetical mean. (The student 
should convince himself of this fact by numerical examples. See also Prob. 24.) 
Hence for practical purposes one may usually replace tl»e last formula by 


II' = '^(ir, + ir-d 


(3.11) 


3.11. Machines. In designing machinery the engineer is everywhere 
confronted with the necessity of changing one force into another. The 
lorce of the .steam on a piston in a cylinder must be converted into a force 
on the wheels of a locomotive, a force different in magnitude and in 
direction. The force of the revolving propeller must be changed into a 
lift and a propul.sive force on an airplane. Even in the simplest circum- 
stances problems of this sort arc met; one wants to lift a rock by applying 
a smaller force on another object (e.p., lever); one may wish to raise a 

heavy load by applying a downward force (pulley) because that is more 
convenient. 

It is clear that the general subject of machines is an important and 
difficult one; it does not belong primarily to the province of physics 
although it involves nothing but physical and mathematical principles. 
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Our aim is therefore merely to arouse the student’s interest in this field 
and to present a basic though elementary sur\-ey of it. 

The function of a machine is always one of the following three simjile 
tasks or a combination of them: to increase the magnitude of a force 
(lever), to decrease the magnitude of a force (lever), or to change its 
direction (single pulley). As to composition, every machine con.sists of 
combinations of the following elementary t^^ies of machine: (1) the lever; 
(2) the pulley; (3) the wheel and axle; (4) the inclined plane. These 
fundamental forms may ap])ear in dilTerent gui.ses but can always be 
recognized on close inspection. 

Because machines transform forces, it is useful to have a measure of 
their ability to do so. This is called the mechanical adrantayc. To define 
it we recognize that, however a machine may be constructed in detail, it 
has one force applied to it, and it applies another. 

The latter is called the output force the former 
the input force (see Fig. 3.17). The mechanical 
advantage is defined as their ratio 

.1/ = ^ (3.12) 

r i 

If it is smaller than 1. the machine reduces the 
applied force; if larger than 1 it increases the 
applied force. Many machines are reversible; 
that is to say, one can use either side as the input 
or output side. In that case, if one mode of use 
produces a mechanical advantaged/, the other will yield l/.l/ (provided 
that we disregard friction; see below). 

It is possible to calculate the mechanical advantage of every machine 
by the principles of equilibrium; but before we proceed to this task a 
little must be said about a very peculiar, though very common, kind of 
force that influences the performance of all machines, riz., friction. 

3.12. The Strange Force of Friction. When a weight rests on a table 
and the hand pushes against it slightly, the weight does not mo\'e; it. is 
still in equilibrium. The force of the hand is being countcracteil by an 
equal and opposite force on the weight. This can only be exerted by the 
table and must be directed horizontally. It is this /orce of friction that 
prevents the object from being accelerated by the force of the hand. 

Now let the hand push a little harder: still the weight remains at rest. 
The force of friction has the remarkable quality of adjusting its magnitude 
exactly to that of the force tending to produce motion. But this is not 
true indefinitely. If the hand pushes with sufficient strength, the weight 
will move, but with an acceleration corresponding to a force smaller than 
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that applied. We describe this occurrence by saying that up to a certain 
limit, the so-called “maximum force of friction,” friction is exactly equal 
and opposite to the moving force. Only when the latter exceeds that 
limit does motion take place, and even then the net force acting is the 
difTerence between the force applied and the maximum frictional force. 

Friction possesse.s adaptability not only with respect to magnitude 
but also with re.spect to direction. For if the hand pushes the other way, 
friction, too, turns around and opposes it. In all insfances, however, it 
acts pamllti lo the surface. 

\ moving body is also retarded by friction. Experiment .shows that 
tlie retarding force on sliding objects is in general slightly smaller than 
the maximum force of friction on a stationary one. Hence it is necessary 
to make a distinction between the latter, which is called static friction , and 
the former, known as kinetic, friction {Greek kincin, to move). 

Fri<-tion, both in its static and in its kinetic aspect, arises from a variety 
of causes, not all of which are eu.sy to understand. Surfaces, when 

viewed under a microscope, are far 
from flat, and the motion of one sur- 
face over another reciuires the over- 
coming of interlocking obstacles, the 
lifting of the moving body, and per- 
haps abrasion of irregular projec- 
tions. Friction between metalsmay 



Fi< 3. 3.18. KollihK friction. 


even involve local im^lting of small portions in the surface. In addition 
(o all this, tliere are intermolecular forces attracting one surface to the 
other, and tliese must also l)e considered in some instances. Fluids are 
used to reduce friction, and the seience of lubrication, a very young one, 
is a fascinating but complicated subject. In general a lubricant spreads 
Itself over the surface, smooths its irregularities, and causes one film of 
lubricant to slide over another film, thereby reducing friction. 

1* net loii IS often a mo.st beneficent agency, without which few machines 
could work. No amount of engineering could construct a wheeled vehicle 
if the friction between tire and road were not present. Needless to say 
tlie foiTe of friction is different for different pairs of surfaces. 

1 he rolling of a wheel is also impeded by a force, hut for different 

reasons. No surface is completely rigid, and a wheel will make a slight 

impression on it. As the wheel moves forward, it has to overcome 

con uuially a slight hump in front of it (see Fig. 3.18), and the effect 

.S the .js if it were rolling upl.ill. When a pneumatic tire wheels 

along, the rubber is constantly deformed, an action that is tantamount 

o the process depicted in the Hgure and also gives rise to rolling 
friction. ^ 
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Later, in Sec. 6.6, we shall see how the force of friction can l)c measured 
quantitatively. 

*3.13. Simple Machines and Their Mechanical Advantages, n. The Lever. 
Everybody knows the lever from his youtliful oxi)erienccs witli tlm seesaw. If a 
lever is used as a machine to lift a load, as in Fit;. 'LH). it has a mechanical advan- 
tage that is easily calculated from the laws of equilibrium. When F, just l^alances 
the load F, and moments are taken about the fulcrum, we find 


or 


F Jx cos B — F,/-.. cos 0 = 0 


(3.13) 



I'lo. 3.10. 1'lic lever. 


There are many ways of using lovers, and levers are sf)metimes divided into 
cla.s.ses. In every instance, however, M can be computed by the method hero 
exijlaincd. 

A word of caution must now bo inserted. In tleiiving Eq. (3.13) we have 
neglected friction altogethei’. This force, which opp<).s<>s motion and therefoic 
efTectivoly ilecreases F„. makes the 
actual M smaller, as can be seen from 
Eq. (3.I3). In mechanics it is often 
nccesxsary to distinguish the actual 
ineclmnical advantage .Va froni the 
theoretical one, which is given by Eq. 

(3.13). There is no simple way of cal- 
culating .l/a; it must be determined by 
measuring the actual F„ and the actual 
F, anti then forming their ratio. Hut we should rememl)(‘r that Mo is always 
smaller than .)/. This is true also when the lever is used the other wa)' around 
so that its .1/ is smaller than 1. Henceforth we shall always he concerned with 
the theoretical .1/. 

6. The Pulley. A single pulley, as (lepicted in Fig. 3.20a, has a mechanical 
advantage I and serves merely to change the direction of a force. Because of 
friction in tlie pulley axle the tension in the rope on the left of the pulley will not 
in general be equal to that on the right; since, however, we aie ignoring friction 
in our present study, we assume, and shall assume in what follow.s, that tensiou is 
transmitted undiminished from one side of a pulley to the other. This will be true 
only when there is no friction in the pulley bearing and when the rope is perfectly 
flexible; it is usually a good approximation to reality. 

A block and tackle is a pulley system arranged as shown in Fig. 3.20/; and used 
to lift a weight. The input force Fi is transmitted to all parts of the rope, and by 
counting the rope strands supimrting the weight we find that F„ = 4F,-; hence 
M — 4. For a machine of this type, .1/ is equal to the number of parallel 
ropes supporting the load. 

Nature, in building the animal organism, makes use of levers very profusely 
but abstains entirely from emplojring free wheels and pulleys, wliich are so 
prevalent in man-made machinery. 
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r. W'Iut! otu! Axh. Tlie wlieel and axle are .>slio\vn in Fig. 3.21; the student 
will have no tlifficidty in pro\ing, by taking torques about the axis of the system, 



Fig. 3.20. (o) Single pulley, (b) Hloek and taekle. 


that M = r^/ri. An interesting nuxHfieation of the wheel and axle is the differ- 



Fig. 3.21. Wheel 
and axle. 


cnliiil pulley, explaine<l in Fig. 3.22. The smaller pulley is 
rigidly attaehed to the large one. and both turn about 0. 
By pulling down on the rope at the extreme right (F.) the 
weight can be lifted. To calculate the mechanical advan- 
tage, we note that the system is in equilibrium and consider 
forces and torques on the top pulleys of radii r, (smaller) and 
fj. The sum of the torques about an axis through 0 is 


whence 

and 



As a rule the pulleys in Fig. 3.22 are toothed wheels, and 
tlie rope is replaced by a chain to avoid slipping when heavy loads are to be lifted. 

d. Inclined Plane, Truck (Irivere know the advantage of using an inclined 
plane for loading a truck. They wish to lift a weight W = F, but manage to do 
so by api)lying a force F. along the incline (Fig. 3.23). Now F.- is the component 
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of W alonj; tho plane, and we have previously (see Fig. 3.4) .seen this to be \V sin 6. 



Hence 



1 

sin 6 


I 

h 


the lengtli of the incline divided by the 
height to which tho weight is to la* 
carried. In splitting wood tlie incline is 
used in the form of a xccdgi . 

A scrcu' is an inclined plane in dis- 
guise, for it may l)e regaided as an 
incline wrapi)efl arouml a cylindei, tlie 
thread being the slanting side. To com- 
pute its me«-hanical advantage one needs 
to know how the screw is used, for it is 
rarely turned directly by haiul. In the 
case of the .srrcjc j<ick (Fig. 3.24) tlie 
vertical force Fo causes a foice Fo sin d 
parallel to the thread, and sin d ~ p/2Trr 
if* we denote the pitch of the screw (dis- 
tance between successive threads) by p 
and its radius by r. The screw is thus 
subject to u torrpie Fo sin dr— FoP 2ir, 


W^Fo 



and this must be equal and opposite to the torque F,7 supj)lied by the hand. On 
equating the two we find for the ratio Fo Fi the 
value 

M = 2Trl/p 

We wish to remind the reader that, in all ex- 
amples treated here, M represents tlie Iheorelic/il 
mechanical advantage. The ratio M must not be 
confused with the efficiency of the machine, a term 
that will be explained in Sec. 8.10. Suffice it to 
say here that the efficiency which is defined in 
Sec. 8.10 may be shown to be the ratio of the 



Fig. 3.24. Screw jack. 


aclual mechanical advantage to the theoretical mechanical advantage, 

Mo 


Eff = 


3/ 


This is never greater than 1. 

> The symbol ~ is used throughout this hook to denote approximate equality. 
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1. A hnmmook cxt<'mls hctwoon two tn-cs, 8 ft apart. Tho length of hammock 
and (cf 1'>K 3.25i is 10 ft, .V person weighing loO Ih sits at the center of the 

liaiiiinock- \\ hat ten>ion will he prodma* in the n>pes? 



Fid. 3.25. Problem 1. Fig. 3.26. Problem 2. 


2. .\ weight is suspernled as shown in Fig. 3.26. Show that the tensions in the two 
strings are 

U' cos 9^ . ir cos 9i 

sin (6i -f dz) sin (0, + fij) 

ri'spectively. If IF = 500 lb, 9, = 45®, and dz = 60°. compute the two tensions. 

3. \ boy of 80 lb, sitting in a swing, is pulled sidewise until the rope stipporting 
him makes an angle of 20° with the v<‘rtical. Find the (<>nsion in the rope and the 
force pulling sidewise. 

4. \ brarket supjjorts a weight of 1,000 lb (cf. Fig. 3.27). Find thecompressional 
force C along the diagonal strtit. 



Fig. 3.27. Problem 4. 


6. \ triifw (ef. Fig. 3.28) .supports a weight IT. Find the thnist F along each beam. 
(Xote similarity to hammoek firoblem!) 



Fio. 3.28. Problem 5, 
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6. 'i'o pull ft rar out of a ditrh requires a liorizoiital fore«* «)f 1 ton (ef. Fij;, 3.20 ), To 
supply this a rope is tied to a tree, and a force F is ex«Tte<l as sliowu. IIow imieh force 
F is needed to move the ear? 



Fig. 3.20. Problem (). Fifi. 3.30. I’roblein 7. 

7. Figure 3.30 shows a .set of forces that have a zero total torcpie about tlu- jM)iut <). 
Select any other axis perpendicular to the plane of the paper, and show that the sum 
of all torques about this axis, too, is zero. 

*8. Calculate the resultant and the erpiilibrant of the following vertical forces, all 
acting on a horizontal bar at the given «listanees from its left end : 

+ 1 1 1) -2 lb +4 lb -0 l b + 8 lb 

10 in. 15 in. 20 in. 30 in. 45 in. 

9. Forces of 1, 2, 3, 4, 5, 6 lb act at the corners of a regular hexagon, each paralhd 
to an edge in the manner of Fig. 3.10. The side of the hexagon is 1 ft. (’alculate the 
resultant of these forces. \Miere does it act? 

*10. Show that six equal forces F, acting at the corners of a regular hexagon in the 
manner of Prob. 9, are equivalent to a cotipleof strength 3 I being the length of 

one side. 

11. Fiixl the center of gravity of three equal masse.s placed at the corners of an 
equilateral triangle. Does the answer depend on the position «>f the triangle? 

12. The corners of a weightless square carry succes.sively weights of ruagnitvule 
1, 2, 3, and 4 lb. Find the center of gravity. Does it matter whether the square is 
vertical or horizontal? 

13. Find the ccjjter of gravity of the three mas-ses arranged as in Fig. 3.31. 

14. I'he eight corners of a cube of si<le length 4 ft carry the masses .shown in the 
figure. Find their center of gra\dty. 



Fio. 3.31. Problem 13. Fio. 3.32. Problem 14. 
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16. Hiul xho coiitcT of jiravity of a flat piore of metal having the shape given in 

Fig. 3.33. 



Fu;. 3.33. Problem 15. 


16. Find the forces in the ladder problem of See. 3.t) by ntilizing the fact that the 
tlir<a* forces must pass thnmgh a common jwiiit. 

17. ladiler weighing 100 lb rests against a striooth wall, making an angle of 75° 
with the ground. .\ man of weight 180 lb .stands twaMhirds of the way up the ladder, 
which has a length of 20 ft. Find the forces e.xorted by the wall and the ground upon 
the ladiler. I)i>es the length of the ladder matter? 

18. ('aleulate tlie tension in the cabU‘ and (he liorizontal and vortical forces on the 
hiiiL'e of the derriek in Fig. 3.34. (Noth: (nn.dder forces on the boom.) 

19. liy considering the ecjuilibriuni of the 
|Kunt .t in Fig. 3.34 determine the thni.st of the 
boom on (M)itit .1 . 

20. .\ tolephom* pole of height 30 ft at the end 
of a lino supj)orts eight wires, each having a ten- 
sion of 30 Ih. \t the pole these wires are 
inelined at 4° with the horizontal. On the op{)o- 
site si<le a guy wire is attached to the top of the 
pole and fastened to the ground at a point 20 ft 
from its base, .\ssuming the |x)le to he under no 
horizontal tension, find the tension in the guy. 

21. An avitcunohile of 130 in. wheel bjise reg- 

Fkj. 3.34. Problem 18. isters a weight of 1,800 Ib under the front wheels, 

a weight of 1,500 lb >uider the rear wheels. 
Find the <listance of its center of gravity from the front axle. 

22. .\ meter stick weighing 200 gni supports four weights — 1 kg at 10 cm, 3 kg at 


* * * 


% ♦ 



3000 


30 cm, 5 kg at (H) cm, 2 kg at IH) cm. Where must it be sup|K)rte<l in order to balance? 

*23. balance has a s(*nsitivity of 0.05 per mg. Through what angle will it deflect 
under a load of 10 mg? 

*24. .Vn object weighs 0.340 gm on the left and 0.351 gin on the right pan of a sensi- 
tivi‘ halanee. What is its true wtdght comput<‘d as the getuuetrir mean? .\s the 
arithmetic mean? W hat is the ratio of the lengths of the balance arms? 

*26. Tsing the (binomial) tln*or<‘m that 


(1 + xi^ = (1 + x/2) for x« 1 


prove that the geometric mean of two nearly equal quantities equals their arithmetic 
mean. 

*26. A balance has a beam of length 40 cm and a weight 50 gm. It is desired to 
attach to it a uniform jminter of length 30 onn The balance is to produce a deflection 
of 5° per mg or better. Mow nmch may the pointer weigh? 

27. A man and a boy are curr>ing a 200-lb weight on a uniform 10-ft rod weighing 
20 Ib. each holding one end of the rod. Where must the load be placed if the man is 
to curry twice the load of the l>ov? 
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*28. Soloet throe simj)h‘ maohiuos fr<»iii the human anatomy, and consider their 
jiiechanioal advantages. 

29. A smooth eirenlar cylinder rests, its axis horizontal, hetueen two smooth planes 
that make angles of 70® and 20®, resjjectively, with the horizontal, ('aletdate the 
force exortetl by each plane. 

30. smooth rectangular board of width 1 ft rests b«-tween two smooth walls as 
indicated in Fig. 3.35. the walls ladng pjTpendieular to tlu* i>lane of the paper. Find 
the inclination of the boar<l in <'(|uilibrium. If tlu* board weighs 100 11), find the 
forces exerted on the board by the walls. 



Fic. 3.35. Problem 30. 


31. Pulleys are arranged as in Fig. 3.30. (n) Asstiming the ptilleys to be weightless, 

find the tinknown weight w and the tension in all ropes. (6) Obtain the answers when 
each of the small pulleys weighs 20 lb, the large one 40 lb. 



Fig. 3.3G. Problem 31. 


*32. A jackscrew uith 4 threads to the inch is turned by a lever 1 ft long, to which a 
force of 100 lb is applied at right angles. What weight can it raise? (Neglect 
friction.) 

*33. How much force must be exerted on a 20® wedge if it is to separate two surfaces 
held together by a force of 500 lb? 

*34. A nut that reqviircs a breaking force of 0 lb is placed 1 in. from the fulcrum of a 
9-in. nutcracker, ^^’hat force must be applied to its ends to crack the nut? 

36. Two children weighing 120 lb and 90 lb wish to seesaw with a man who weighs 
170 lb. The seesaw has its fulcrum at the center, and its beam is 15 ft long. If the 
man sits 1 ft from one end, find a way of disposing the weight of the children correctly. 
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4.1. Hooke’s Law. In the preceding; discu.ssion we often encoun- 
tered forces tiuit were called Irnsiofis and comprcsshTia. Our interest, 
lM)wever. has been confined to the elTect of these forces on other bodies, 
not on the body that is itself currying the tension or compression. The 
present chapter deals with the changes caused by these forces in a body 
sustaining them. First, however, we must form a clear idea of their 

nature. 

'Ihe wire in Fig. 4.1 is s;iid to be under tension T, 
e(iual to the weight IF. This means, first of all, that 
an external force, viz., I!', acts on the wire at B. It 
also means that the wire pulls with a force W on the 
ceiling at .4. Hut as far as the wire itself is concerned, 
there is a force IF across every cross section of it; if a 
cut be imagined at the point C or at any other point, 
the lou er part of tlie wire would pidl on the upper, and 
the upper part on the lower, with a force ecjual to IF. 

If a weight IF rests on a vertical bar, the bar is said 
to be under compression, of magnitude IF. Analysis 
of this situation yields the same results as the tension 
except that all pidls have become pushes. 

The cfTect of a tension or a compression on a body is of course a change 
in Its physical dimensions, and it is our aim to sec what correlation there 
IS hetueen the force and the change in dimensions. Bodies which 
undergo a fairly regular deformation under the application of a tension 
or compre.-^sion and which in addition return to their undeformed state 
when the force is removed are said to be elastic. But the term elastic is 
not one of high .scientific precision and is not much used in quantitative 
work. It tends to be replaced by terms like “resilience,” “tensile 
strength, and “stiffness,” which convey mucli clearer physical ideas. 

Ihe connection between a tension and the longitudinal deformation 
that accompanies it was first formulated by Robert Hooke (1(>35-1703) a 
contemporao- and antagonist of Newton. For fear of having his dis- 

coveiy stolen by unscrupulous .scientists, he published it at the end of 
one of his lectures m the form of an anagram, 

ce iii nosss tt uv 
50 


fin. 4.1. Tension, 



Sec. 4.21 


ELASTICITY 


51 


4 

Later he divulged the proper order of tlie letters to be 

“nt tensio sic vis” 


(as the extension, so is the force). In more modern terms we state 
Hooke's law as follows: Elongation is proportional to tension. In tins form 
the law refers to longitudinal deformations; it implies that a weight of 
3 11) will stretch a wire three times as much as a weight of 1 lb, a fact 
that can easily be verified by experiment. Hooke’s law is also applicable 
to compressions and indeed to other less familiar kinds of forces to l)e 
discussed presently. It is valid for all so-called “clastic” bodies if the 
deformation is small, but the range of validity differs for different sub- 
stances (cf. Sec. 4.5). 

A steel spring is an object that obeys Hooke’s law particularly well, and 
even for large elongations. Since 
it is often used as a sort of model of 
an elastic body, a special terminol- 
ogy is employed in connection with 
it. 


/I 




^h^AAAAAAAAAAA. 


X 


j 


-1.2. Ib»(»kc*’.s law. 


Thespring5 (Fig. 4.2) isu.ssumed 

to lie on a smooth horizontal surface and to be fastened to a rigid body 
at the left. The eciuilibrium position of its right end is .1. Under a 
force E this end moves a distance x to the right. In accordance with 
Hooke’s law, .r a /<’, and this may be written 



( 1 . 1 ) 


The constant k in this equation is called iUo stiffness constant oi the.s])riiig: 
it repre.sents force per unit extension. 

When the deformation is not a mere elongation, it has to be considered 
more carefully, which we now proceed to do. 

4.2. Strain and Stress. In everyday speech, strain and stress are 
often used interchangeably; in physics a strain is a measure of deformation; 
a stress ineasures the effectiveness of a force in producing deformation. 

An extended bodv can be deformed in manv wavs; a ball can be 
squeezed into almost any imaginable shape. But even in the most 
complicated sort of deformation, each small portion (of infinitesimal 
volume) of the body undergoes only two basic kinds 'of change: it may 
alter (1) its volume, (2) its shape, or both. Let us studj^ these two 
elementary kinds of deformation in more detail. 

1. For simplicity we consider a small cube. If all faces of it are sub- 
jected to equal forces acting perpendicularly upon the faces, as would 
be the case if the cube were submerged in a liquid, it will undergo a volume 
change only, as indicated in Fig. 4.3. If the original volume was V and 
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tlu' final volume is T' - AT', the ehange in volume AF is, of course, a 
nu'Msure of llie {Icforination. Hut it is advantageous to use the ra(io 
AT r for this purpose. We tlierefore define as the strain for this type of 
ileformation, railed the “volume strain,” the dimensionless quantity 

^'olumc strain = ^ 


2. Next let the euhe he deformed in such a way that its volume will 

p remain unaltered hut its shape will ehange. 

C'learly, this cannot he done by applying 
efpinl forces perpendicularly to two of its 
faces; it requires the action of a coap/c. The 
simplest case is depicted in Fig. 4.4, where 
I [ I two opposite siiles arc subjected to e(jual 

I and oi)posite tamji-ntial forces. The cube is 

there drawn in section. A deformation of 

this t>q)e is called a shear, and it is measured 
l-Ki. 4.3. \ulumc' -stmin. ^ ^ being the angle of the shear. If 

0 is small, us will always be siij)])()sed, tan B is very nearly equal to B, 
and tin* shear, or .diearing strain, is sim])ly B, measured in radians. 

3. Shears and volume strains may be combined in many ways to give 
a more complicated form of strain. Among these there is one that, 
because of its fre(pient occurrence, may be singled out for special con- 
sideration. It is called a slreleh, or longitudinal strain, and occurs as the 
residt of a siinj)le tension. When a weight is hung from a wire, the wire 
changes its shape (though it still remains a p 

cylinder) as well as its volume (cf. Sec. 4.8). i — 7 ]“7 

Figure 4.5 .shows what happens, ^^’e (lehne j 

longitudinal strain as A///, presupposing / / 

always, and in contrast with the figure, that ‘ ^ 

1 » A/, that is, the stretch is small. / / 

Having carefully explained the meaning of p 

three tv])es of strain, we now turn our atten- 

. o. • Fio. 4.4. Shear, 

tion to the corresponding stresses, i^tress is 

(dwui/.'i defined as force per unit area; it is therefore not simply a force. 
'Phe following definitions arc used by physicists and engineers. 

In case (1), Fig. 4.3, the volume stress is taken to be I'\/A, where A is 
the area of one face of the cube and we have adtled the symbol ± as a 
subscript to /’’ in order to remind the reader that F is perpendicular to the 
face - 1 . In ca.se ( 2 ), Fig. 4.4, the shearing stress is taken to be F /A ; A is 
again the area of one face, and y is to indicate that F is parallel to the 
face whose area is A. Finally, in case (3), Fig. 4.5, the longitudinal stress 


Lt 


Fio. 4.4. Shear. 



Sec. 4.3] 


ELASTICITY 


53 


is defined as F/A, where now F is tlie total weiglit II' applied to the w ire 
and .4 is the cross section of the wire. In these delinitions it is assumed 
that the forces F are distributed uniformly over the correspondins surfaces 
A, a condition that is usually met in i)ractice. 

A volume stre.ss F^/A is also called a pretinure. It is this kind of stress 
that is exerted by fluids uj)on sui*faces immersed in tluan. 

As to units, we note that all strains are ratios, or j)ure numbersj all 

, , , 1 . 
stresses are clearly measured m ; ,* or . ' or 

m.- in.'- cm^ 

Ordinarily we think of a stress as a condition ins-itlc a body that has 
been deformed. Our definitions .seem to <Iepart from this idea, since 
they involve external forces producing deformations. The fact is, Iiow- 
ever, that the deformed body opposes the external forces with e(iual 
internal forces, so that the definition of stress here 
given may equally well be said to describe the internal 
stress condition of the body. 

4.3. Elastic Moduli. In a somewhat generalized 
and more refined form, Hooke’s law .states that, for 
all types of small deformations, strens is proportional 
to strain. The ratio of stress to strain is therefore 
a constant for any given clastic object; furthermore, 
if the definitions of the preceding .section are used, this 
constant is, within wide limits, independent of the 
size and shape of the object and dependent only on 
the characteristics of the substance of which it con- 
sists. This (luofient, stre.ss strain, is called a modulus. 

Moduli have been given special names, 



( 1 ) 


Bulk modulus = 4/ = 


. = M = Zxl 


AV/V AAT 


(4.2) 


Fi<;. t.r). 

tiidiiiHi strui)) «>r 
stretfli (?(iuals M/l. 


It indicates the force needed to compress the substance in question. Its 
reciprocal, 1/4/, is called the compressibility. 


(2) 

(3) 


Shear modulus = N = 


F /A 

t 

e 


Young’s modulus = Y = 


F/A 

M/I 



(4.3) 

(4.4) 


Every modulus has the units of force/area, strain being a pure number. 
Table 4.1 gives some representative values of all three moduli for a num- 
ber of substances. They are only approximate, for they vary greatly 
with composition in the ca.se of alloys, and with temperature in general. 
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For i\uky, i.e., liquids ami gases, it is more customary to list the 
compressiliility (that is. 1 -1/). expressed as “relative volume contraction 
per atmosphere," tlie atmosphere being a unit of stress, or pre.ssure, equal 
to about 1-1.7 lb in.’ (cf. (’hap. 13). But we have listed .U for compar- 
ison. Note, first of all. that the shear modulus as well as Young’s 
modulus is zero for all li<niids and gases. This is fairly obvious, for a 
fluid cannot sustain a shear; it takes practically no force whatever to 


deform a cube of fluid as in Fig. 4.4. 

Furtliermore. liquids are seen to have smaller bulk moduli, hence 
greater compressibilities, than .solids, and the bulk modulus of gases is 
about a million tiine.s smaller than that ol solids. 

The (piestion is sometimes asked whether a .stress is the cause of a 
strain, or vice versa. moment’s reflection will convince the reader 


that, when a stre.ss is ])roduced in an ela.stic body, the strain will invari- 
ably follow. But it is also true that when a strain is produced, a stress 
will be set up at once. It is useless to look upon one as the cause and the 
other as the elTect; stre.<s and strain always accompany each other; they 
form an in.separable pair and should be recognized as such. 


Table 4.1. Elastic Moduli 

In lb in.* 


! 

1 

1 

Hulk 

IIHxhilus .U 

Shear 
inrxhilus .V 

^'nung'8 
ino<lnlns )' 

iMiitnitunn 

1 ' ' ’ 1 

10 X 10* 

3.0 X 10* 

10 X 10* 

Hra.ss 

0 X 10‘ ' 

5.4 X 10* 

13 X 10* 

( OppfT 

18 X ' 

0 X 10* 

14 X 10* 

(inhl 

23 X 10« 

1.4 X 10* 

12 X 10* 

Irxyn: 

1 



I II . . 

22 X 10* 

12 X 10* 

20 X 10* 

Cast. 

13 X 10* 

7.5 X 10* ■ 

17 X 10* 

Steel 

28 X 10* 

11 X 10* 

30 X 10* 

Tin 

7 X 10* 

3 X 10* 

7 X 10* 

I,<‘H<I 

1 .2 X 10* 

1 X 10* 

1 

1 

2.5 X 10* 

H<*nzene 

1.5 X 10* 

1 

0 

0 

Carbciii tetraehinriile 

1.5 X 10* 

0 

0 

Water 

3 X 10* 

0 

0 

MjTcurv 

4 X 10* 

0 

0 

Air (at alini>.HplnTi»’ pr«‘.*wure) 

14.7 

0 

0 


*4.4. Worked Examples. The theory of the preceding paragraph permits 
numerous applications. 
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a. How inucli bigger is a brass ball of volunu* 1 liter f 1.000 om-'') in a vaemiin 
than in air? The air e.vorts a stress (or pressure) of al>oiit 15 lb, in.- Let us call 
the change in volume Al’. Equation (4.2) then tells us that 

J5 1b,;in.= _ 

V M 9 X lOMb/in.2 ^ lu 

where the value of .U is taken from Table 4.1 . The actual change in volume AT 
is therefore 0.00107 <'m®, or 1.07 mm’, a small though not insignificant amount. 

In a similar way. the student may show that a liter of benzene would e.xpand 
00 times as much. 

b. A force of 1 ton is applied parallel to the upper suifa<'e, t)f area 2 ft*, of a 
steel block ft high. What lateral <lisplacement will ensue? From E(j. (4.8), 


9 = 


F-'/.l 2,000 lb/2H,S in.= 




II X 10" 11) in.’ 


= 0.81 X 10 ' raclian 


If the lower surfa<*e of the block is stationary, the u])per moves tlirougli 
0.31 X 10-’ X 0 in. = 0.000008N in. 

c. How mucli weigiit is needeil to elongate a 50-mil copper wire of length 0 ft 
by in.? P>om Etj. (4.4), 


F = A = 


14 X lO" Ib/in.’ X »2 in./72 in. X 7r(0.025)’in.’ = 191 lb 


pro\ided tluit we remember that a mil = 0.001 in. (diameter). 

Finallj" we calculate the stiffness constant of a lielical spiing that, under a 
weight of 3 lb, is elongated 6 in. Clearly, from Eep (4.1), k = *2 lb, in. Note 
that the units of k are different from those for the moduli. 

4.6. Elastic Limit, Tensile Strength. It has l)ocii emphasized through- 
out this chapter that Hooke’s law holds for small strains only. If the 
stress is increased indefinitely, an ordi- 
nary solid shows a behavior represented 
by the stress-strain diagram of Fig. 4.0. 

Up to strains corresponding to the point 
.4 the graph is linear, indicating validity 
of Hooke’s law. Be 3 ’’ond that point 
curvature sets in, the modulus is no 
longer constant, and the material stretches more than it does in the 
initial stage. If the strain is carried to a point past A and the stress is 
then released, the material will not return to its original undeformed 
state; it has acquired a permanent strain, or set. The process lias not been 
reversible. On the other hand, if the stress is further increased, tlie 
specimen will break at some strain B. Strain A is called the “elastic 
limit,” strain B the “breaking point” of the material under test. For an 
ordinary metal under tensile stress, A corresponds to about 0.0005, B to 
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0.:J. 'I'iH’ iiu'lastir rnnjro .1/^ is seen to lie very irmeh larger on the strain 
axis than the elastie range 0.1. Hy tensile strength is usually meant the 
stress at tlie point B. 

It is interesting to eonsiiler the physical mechanism that is responsible 
for tlie behavior exhibited in Fig. 4.(1. Every solid eonsi.sts of molecules, 
and these are regularly spaced, eaeli occupying a point in definite relation 
to tl>e others. For small strains the distances between all molecules are 
slightly altered, but forces between them draw them back into their 
original jiositions. Heyond the point .1 , large displacements occur among 
tlie molecules, and .some of them, indeed, exchange places. Release of 
tension is then no longer able to restore the original condition, certain 
regions of the substance having been permanently deformed. At the 




Fifi. 4.8. Stres.s-struin diagnuu 
for iron wire. 


jioint B, enough molecules have been severed from their neighbors so 
that the bonds iietween the remaining ones do not suffice to hold the 
substance together. 

*4.6. Rubberlike Elasticity. Substances called rubbers e.xhihit properties 
tliat ilifTor markedly from those so far ilescrihed. Figures 4.7 and 4.H show stress- 
strain diagrams for natural rubber and for an iron wire under tensile stres.s. First 
the reader should observe the vast differences in scale, indicating, of course, tlmt 
rubber stretches very easily. Ihit it is also clear that Hooke's law does not 
tlescrihe the strain of rubber in a .significant way. Different rubbers such as 
neoprene and butyl have widely different stress-strain diagrams. 

Another phenomenon, called hijsteresis (Greek hysterein, to remain behind), is 
observed as a rule for ruhherlike substances. The extension curve and the 
retraction curve do not always coincide. A typical example is sliown in Fig. 4.9. 
It is due to the generation of heat in extension, which causes retraction to take 
jiluce at a different tem|>eruturo. 

The physical proce.s.ses which account for ruhherlike l)chavior are quite differ- 
ent from those to which attention has been drawn in connection with ordinary 



Sec. 4.71 


ELASTICITY 


57 


solids. Tlie molecule.^ of rubber are Umg. flexible tlireacl.s. whieh can l)e bent anil 
twisted into any shaj>e. In the normal .state of a rubber sample tlie averaj^e 
lenf^th of the threads corre.sponds to their most piobable deprcc of coilinfi. On 
stretching the threads uncoil into longer and less probable shapes, only to return 
to their most probable condition when the 
stress is released. 

*4.7. Stresses in Beams and Rods. 

When a beam l>eiuls under the application 
of a loatl, a complicated .system of longi- 
tudinal stre.ssc.s is set up. If the beam is 
considered as consisting of a large number 
of horizontal strips, some of tlie.se are 
lengthened while others are shortened. 

It is clear, therefore, that the bending of 
beams is controlled by Young’s modulus. 

The detailed theoiy will not be given in 
this book, but a typical formula, useful 
in engineering, will l>e given without proof. If a beam of rectangular cross sec- 
tion, of length /, breafith b. and depth <1, is subjected to a weight II' at its middle 
while supported at its ends, the amount of sagging at the middle is 

]\T 



Strain 

Kig. -4.0. Mvsteresis 



S = 


41W 


(4.5) 


This assumes the beam itself to be weightless. Under it> 
own weight 11’ it sags an amount 


s = 


5in^ 

32 Ybd^ 


(4.0) 


When the ends of a rod oj’ wire of circular cro.ss section 
are subjected to torque, as is the case, for example, with tlie 
drive shaft of an engine, it .suflfers a deformation called a 
“twist” or a torsion. A strain of this t3’pe is completely 
reducible to a shear, as Fig. 4.10 will illustrate. The lod 
may be regarded as comjMised of cylindrical shells, one of 
which is shaded in the figure (wheie one ciuadnuit is cut 
awaj' to permit the strain to be exhibited). If each of these 
shells were flattened out, it would form a .slab of rhombic sha|>e, indicating a 
.shear, and the angle of shear is the same for all slabs. The following formula 
may be derived for the torque L that, when applied to one end of the rod (the 
other being held firmly), will produce a shear 6: 


Fig. 4.10, Tor- 
sion. 


TT.W 


(4.7) 


Here r is the radius of the rod and I its length; the angle 6 must, of course, be 
measured in radians. 
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1 o «ivo an oxaniple. a lOO-mil cnppor wiie of icnfjth 2 ft has a torque of I lb in. 
a|)plip<l at one end. the other end being; clamiK'd fast. Ac-cording to Eq. (4.7). 

1 lb in. = 3.14 X 6 X 10« lb in.^ Q 

Notice tliat the units cancel on the two sides of the equation, and the shear or 
twist 6 becomes 0.40fi radian = 23.3®. 

*4.8. Poisson’s Ratio. We return briefly to the lotigitudirial strain, or stretch. 
dei)icted in Fig. 4. .5. whicli is controlled hy Young’s modulus. The longitudinal 
strain was seen to he A/ 1. There exists, however, in a<ldition to the longitudinal 
strain a lateral strain resjHUisible for the decrease in cross section of the rod or 
wire, and of magnitude Ar, r. The ratio of lateral to longittidinal strain, viz., 


Sr r 
Ml 


(4.8) 


is called rntio, in honor <if the physicist and mathematician S. D. Poisson 

{ 1 7X1 - IMD). who introduced it. This is not an idle definition, for it hap|>ens that 
p is nearly indepeiulent of the magnitinlc of the strain ami interestingly related 
to other elastic constants. 

The ratio p is, in fact, related t(j )' and M. It may be shown that 


3.U - 1’ 
" lid/ 


(4.9) 


U’e are now in a posititJii to answer the (juestion as to whether the volume of a 
wire changes as a result of a str<'tch. Keferring again to Fig. 4.5. the unstretched 
volume is ttc*/; the .stretched volume xlr — Sr)-{l d- A/), ('ailing the former V, 
the latter 1’ + AF, we find 


r + AF 
F 


= [>- 




) 


which may be approximated by 1 + (A/ /) - 2 Ar^ r if Ar r and A/// are both 
much smaller than 1 (cf. S(*c. 1.7), whi<‘h is assumed. Hence A F is positive when 
A/ ! > 2Ar r. negative when A/.'V < 2 Ar r. In other words, 

F increases if /» < • 2 
1 decreases if /» > • 2 

Hut according to E(|. {4.9) p must always be smaller than >5 since )' is a positive 

(piantity. We may concluiie, therefore, that stretch always increases the volume 
of an object. 

PROBLEMS 

1. .\n inm wire fi ft long and 30 mils in diameter carried a load of 5 lb. A micro- 
scope with a scale was then focused u|»on the lower end of the wire, and its positions 
were read iimler additional hauls, as follows: 
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Load 

0 

1 11 ) 

2 11 ) 

4 U) 

() ll> 

\) lb 

12 lb 

13 )b 


I^osifinii 

(1 

•i 0 X 10-* ill. 

12 1 X 10- » in. 

23 '• X in- » in. 

31) . 1 X 10- > in. 

75 R X 10 * in. 

137 8 X lO'S in. 
172 7 X 10-> in. 


Plot a stross-strain (liuKrain. t’alrulato VoniiK’s inodiihis. 

2. A stcc'l cable of diainoter 1 in. supports a load of 10 tons, (’alculate stress and 
strain in the cable. If its lenpth is 100 ft, what i.s its elonpation? 

3. .\ 6-ft steel column of 5 in. diameter <'arries a widplit of 20 tons. Compute 


stress, strain, and shorteninp. 

4 . The stress at the elastic linut of a 50-mil almiiinum wire is 8 tons/in.- If its 
lenpth is 10 ft, what maximum elonpation can it staml without sutYerinp a permanent 
set? What weipht will produce this maximum elonpation? 


6. Calculate the elonpations of the two 
wires in Fip. 4.11. 

6. \ copper wire and a steel wire, both 
havinp a cro.s.s section of 0.2 in.*, an<l of 
lenpths 2 ft and 3 ft. re.spectively, are fas- 




Fio. 4.11. Problems. 


Fi<;. 4.12. Problem 0. 


tened end to end. and tlion subjcadtal to a tension of 200 lb. 


Calculate the elonpation 


of each wire. 

7. The ratio of the diameters of two wires of the same material is H. How much 
more will the smaller one be stretched under a piven load? 

8. Compute the stiffness of a sprinp that stn-tches 0 in. under a load of 1 lb. How 

much will it stretch under 50 gm? 

9. A block of steel, rigidly fastened to a wall (sec Fig. 4.12). has a strip brazetl to 
its outer face, as shown. How mxich weight must be suspended from the strip to pull 

down the outer face of the block by 1 mm? 

10 . A force of 1 oz will displace the upper surface of a cube of jelly (side length 4 m. ) 

by in. Calcvilate the shear modtilus for jelly. 
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*11. Shoar nuiduli an* usually dotcrinirH-d hy .an armiiKcment like that shown in 
4,13. li anil V>einn mea.sured, and .\’ then (*oniputed from Kc|. (4.7). The rod 
lias a twistahle leiicth / atui a radiu.s r. In an experiment the following vaUies were 
|■<•utld: ( = .3 in., r = V-» in.. R = 10 in.. H' = 10,300 Ih. d ~ 10’. ('oni{)vi(e .V. 



Kj<i. 4.13. Prohh'in 11. 


*12. Mow tmieh weijilit is needed to twist the rod in Fig. 4.13 through 30®, if its 
.V = 0 X lOMh/in.J? 

*13. The .steel drive shaft ’of an automobile Ls 5 ft long and has a diameter of 2 in. 
It is subj»*ct to a torqne of 250 lb in. \\ hut is the angular displacement of one end with 
rc'speet to tlie oth<*r? 

14. The pressure (/•’ per scpiare inch) at the bottom of a lake is 150 Ib/in.* Calcu- 
late the change in vohime of a lea<l object normally oeetipying 1 gal when taken to the 
bottom of the lake. (One gidlon * 231 in.*) 

*16. Calculate the <lepres.sion at the center of a steel beant of cross section 2 by 5 in., 
10 ft long, and supjMirtcd at its ends, when currying a loail of 1,000 lb at its center. 
(Neglect (he w«*ight of the beam.) (u) Take the depth of (ho beam to he 2 in. (6) 
'I'ake the depth of the beam to he 5 in. 

16. Calculate the .sag of the beam in Proh. 15 tinder its own weight, taking its den- 
sity to be 0.28 Ib/in.* 

17. 4'wo beain.s of the same cross section, one having 6=2 in., d = 4 in. and the 
other with 6 = d, arc lomlctl at the center, (omputc the ratio of two loads that will 
produce the same deflection. 

18. How may the values of the moduli listed in Table 4.1 be converted to kg/cm*? 

19. Calculate the compressibility of aluminum, .steel, water, and air in “relative 
volume change per atmosphere.” 

*20. I sing K(\. (4.0), calculate Pois.son’.s ratio for brass, gold, steel, and water. Show 
(hat the n*sult for water moans no Viduine change. 



CHAPTER 5 

DESCRIPTION OF MOTIONS; KINEMATICS 


6.1. Introduction. To tioscribe the rnolion of a liody is to specify its 
successive positions in time. For an extended body tliis is not an easy 
thing to do. since attention must be paid to its orientation with respect 
to other objects as well as to momentary position of. let us say, its center 
of gravity. The matter becomes simpler when we consider .small l)odies. 
so-called “mass points,” for which rotatory motion can be left out of 
account. In the present chapter consideration will therefore be limited 
to mass points. 

The studv of motions without reference to the forces that are respon- 
\ 

sible for these motions is called kinematics (Greek kinein, to move, as in 
“cinema”). Its purpose may be illustrated simply by means of an 
example. A stone is ob.served to fall freely. We know all about its 
motion if we can siiy where it is at any instant. This information, 
obtained by observation, may be collected in the form ol Table 5.1, in 
which the first line lists successive instants after the motion has begun, 
the second the corresponding di.stances of the stone above ground. 


Table 5.1 


l 

0 

1 

2 see 

3 SCI- 

4 .sou 

5 8CC 

u 

•100 ft 

• 

384 ft i 

336 ft 

2.56 ft 

114 ft 

0 ft 


Tabl(‘ 5.1 may be said to represent the kinematics of a falling stone. 

But it is inconvenient to make a table of this sort for each kind of 
motion. The physicist therefore avails himself of more elegant methods 
provided by the mathematician. Two such methods can be used. Ihe 
first is to make a graph, on which the distance from the ground y is plotted 
as ordinate against the time t as abscissa. The result is shown in Fig. 
5.1. The other method is to find a mathematical function of i that will 
repre.sent the distances in Table 5.1. How this can be done will be 
explained; for the present we shall merely state that the formula 


w = 400 - 


(5.1) 


reproduces all the numbers in Table 5.1, as the student will verify. 

Table 5.1, Fig. 5.1, and Eq. (5.1) are three equivalent ways of express- 
ing the kinematical behavior of the stone. Of these, Eq. (5.1) is by far 
the most convenient. Usually, therefore, our desire will be to find the 
displacement as a mathematical function of t for any given kind of motion, 
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Hu( tlie situation is not always so simple as that here (!isciis.sed. If, 
insteatl of falling freely, the stone were thrown and hence traveled in a 
i urved path, the entries in Table o.l would not suffice; for it then becomes 
neces.'<an' to specify the horizontal position (.r coordinate) and the vertical 
position {y coordinate) for every instant t. The table then contains 
Utree rows, one for t, one for j. and one for y. The graphical representa- 
tion will contain (wo curves, one in which x is plotted against t and one in 
which y is plotted against i. Finally we shall need two formulas like 
K(l. (o.n. 4>ne for x and one for y. For the pre.<ent, however, we return 

to the simple case of rectilinear 
400 motion. 

2 QQ 6.2. Velocity and Acceleration: 

Differentiation. Ordinarily, veloc- 
N. ity is distance traveled per unit of 

100 time. It is measured in ft/sec, or 

Q \ miles hr. or cm/sec. or km/min. 

0 1 2 3 (sec rather iinsophistieated defini- 

,,,,,,, - , tion is quite satisfactory' as long as 

riG. 0.1- I lot of tho jHKHitions of a , i • i 

falling stom*. velocity does not change in time, 

i.r.. if the motion is uniform. For 
the motion described in Table o. I and for most other kinds of motion, 
this is not the case. \Vc may then speak of the averayc velocity of the 
stone and compute it as the total distance traveled divided by the total 
time of travel. Using a bar over the symbol v to indicate average 
velocity, we thus obtain 

i" = 400 ft, 5 see = 80 ft/sec 

But now it becomes clear that the a\’orago velocity, when computed for 
the whole sec, is not the same as that for any of the partial intervals, 
for it. is easily seen tliat the average velocity during the first second is 
H) ft/sec, for the second 48 ft/ sec, and .so forth. In general, if /i and 
are any two instants, so that (^ — ti is the time interval between them, and 
if Ui and y^ are the positions occupied by the stone at ti and t-i, respec- 
tively, the average speed during this interval is 


0 1 2 3 4 5 f 

(sec) 

Fio. 0.1. Plot of tho iKKsitions of a 
falling stono. 


'■’21 = iy2 - yt)/{t-2 - /,) ( 5 . 2 ) 

Ibis formula can also be written the other way around; 

yi “ yi = — fi), 

or, if we write s for the distance traveled, ( for the time interval, and omit 
the sub.seripts on i', 

s = i'i (5.3) 
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To talk about average velocities is clearly not good enough in most 
problems of motion. It is necessary to make matters more precise by 
introducing the concept of instantaneous velocity. This is the average 
velocity for a very small interval of time. Let us see what happens to Kq. 
(5.2) when the dilTerence ^2 — L i« made very small. It might at first 
seem as though f ’21 would then become very large; but this is erroneous, for 
yo — //I will also become very small, and the (piotient remains, in fact, 
finite. Using the mathematical notation of a limit, we define the instan- 
taneous speed u by the formula 


V 


lim 

— O 


y-i -_y\ 

ti ~ t\ 


(5.4) 


to be read: v is the limit, as fi approaches t\. of the quotient 



Another way of stating this definition is to write Ay for 2/2 “ 2/i iuid At for 
/« — ti, so that 



The student will remember from his calculus course that the right-hand 
side of this equation is the derivative of y with respect to t, 


V = dy/df 


This result shows the peculiar advantage gained by representing y as a 
function of /, a.s in Eq. (5.1). To obtain the instantaneous velocity, one 
simply differentiates y with respect to /. Hence, from Etj. (5.1), 

V = -16 X 2f = -32^ (5.5) 

It will also be recalled that a derivative is a rate of change; hence 
velocity can be defined equally well as the time rate of change of distance, 
or the time rate of displacement. The negative signs in the last equation 
mean that y diminishes as time goes on. 

The derivative of a function is known to be the slope of its graph. 
Hence the instantaneous velocitj' is the slope of the curve in Fig. 5.1. 
Uniform motion is represented by a function of constant slope: 
y = const X i, and the constant, being the derivative, is the velocity. 

The unit of instantaneous velocity is, of course, no different from that 
of average velocity. To say that the speed of a bullet is oO miles/min 
implies that, if the bullet were to travel for 1 min at this velocity, it 
would go 50 miles. 
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I'lu' result of K<|. {o.o) slums that the velocity, too, is a fum-tioii of the 
time. Whenever this is true tiie motion is .‘^aid to be accelerated or non- 
uniform. The term “acceleration” will here be used to denote increase 
as well as decrease of velocity, althou{;h the latter is often called “decel- 
eration.” Instantaneous acceleration is the time rate of change of velocity, 


a 


dv 

dt 




Hence it is the second derivative of the position (or displacement) with 
respect to time. In the case of Eq. (5.5), a = —32 units; the negative 
sign indicates that the speetl increases in the negative direction of y. 

.'^ince acceleration is change in velocity per unit of time, its unit must 
be a velocity unit divided by a time unit, sin-h as the (foot per .second) per 
second (abbreviated ft sec-) or the (centimeter per second) per second 
(cm see-). Physically, we think of motion having an acceleration of a 
ft .sec- as motion in which the velocity increases by a ft. sec during each 
second. 

In the motion of our example tlie acceleration turned out to be con- 
stant in time. This will not be the ca.se in general. When it is true, as 
in free fall, the motion is said to be uniformly accelerated, or simply to 
have constant acceleration. 


6.3. Integration. In the preceding section we have shown how velocity 
and acceleration may be found when the displacement is given as a function 
of the time, either in the form of a graph or in the form of a function. 
More important is the i)roblem of finding velocity and displacement when 
the acceleration is given. This is because we often know the force acting 
on a particle, and by Newton’s .second law. discu.ssed in C’hap. 2, the 
force determines tlie acceleration. Let us consider, therefore, how we 
-an pass from a knowledge of a to that of e and y. 

riie simplest case is that in which a = 0. For then c = const and the 
displacement is vt. If e is not constant, another procedure must be used. 
Assume that an automobile starts from rest. An observer records 
speedometer readings at etpial intervals— let us siiy every 10 .sec— and 
it is desired to know the distance traveled after a certain period of time. 
First a table listing the displacements x for the various instants t is 
prepared. From the table a graph, like Fig. 5.2. is made. On this graph 
tlie ordinates drawn at 20 sec and at 30 see. for example, are the velocities 
at these instants. 'I'he areit of the shaded rectangle, being the product 
of the mean ordinate between these instants and the time interval, repre- 
sents approximately the distance traversed during the 10 sec under 
consideration. If similar rectangles are drawn for all intervals, the sum 
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of tlieir areas is approximately tlie total distance covered. An uncer- 
tainty arises only because the mean ordinate is not well defined. 

This uncertainty is eliminated if we subilivide the abscissas more and 
more finely, usins a very large number of intervals and hence \ ery narrow 
rectangles. Hut in that case the sum of the area of all the rectangles 
becomes identical with the area under the curve. Hence we conclude: 
The area under the veloeity curve between the instants l\ and t^ is thedistanee 
traveled between h and U. The student will recall from the calculvis that 
this area is the integral 


/ 




V dt 


This, then, is the answer to our 
problem: To obtain the distance 
when V is given, we integrate with 
respect to the time. Thus 


j- = jv dt 


(5.7) 



Fio. 5.2. Speed curve. 


To make this integral definite we 

must insert the limits /j and /a, and J 

will be the distance traveled between /i and More properly it is the 
difference between the displacement Xz at the time ^2 and xi at b. 

As X is related to a, so is v related to a. For a was defined as dv/df, 

hence by inversion 

= J(i dt (5.8) 


This result, however, is not quite so simple as it looks, and care must be 
taken in its interpretation. If the limits of the integral are again t, and 
tz, V is the increase in velocity between these instants, just asx in Kq. (5.7) 
was the increase in displacement that took place between fi and to. 
Hence it is better to replace Kqs. (5.7) and (5.8) by the following more 

explicit formulas: 



ft: 


“ X\ — 

L 

V dt 




Vz — Cl = 

L 

a dt 


(5.11) 


Returning briefly to Fig. 5.2. we note that the slope of the curve at 
every instant is the acceleration. If a is plotted against /, the aiea undei 
the curve will be the velocity. 



66 


PHYSICS 


(Sec. 5.4 


*6.4. Worked Examples. 

ill tlie follow inj: table: 




Tlio velority of a tiain at vaiious times is given 


[ line 

, 2:00 i 

1 ' 

2:01 1 

2:02 

2:03 

2:04 

2:05 * 

2:06 

2:07 

2:08 

\'»*lority. ft . . 

1 

0 1 

8 

10 : 

24 

30 

' 34 

37 i 

i 

38 

38 


It is desired to fiiol tlie aeeeleration of the train and the distance it has traveled 
at any time. 

On looking at tlie entries, .several facts are at once apparent. During the first 
II mill the train gains equal increments of velocity and therefore has constant 
acceleration, it.s value being S ft sec“* min~‘. which equals 480 ft/min^ or 
ft .sec-. .After 3 min the acceleration becomes smaller, and after 7 minutes it 
has become zero. During the eighth minute the motion is uniform. 



To get the distance covereil we could proceed as follows: Tlie iman velocUy 
during the first minute is 4 ft .sec; hence the distance traveled in that minute is 
4 ft .sec X I min •= 240 ft. The mean velocity in the second minute is 12 ft/sec, 
and the distance coveied is 720 ft. By ad<ling up all these partial distances we 
obtain the b)tal at any instant. 

It is ailvantageous. however, to do this by means of a graph. The data of the 
table are plotted in Fig. 5.3. Up to the third minute the plot is straight, indicate 
ing that the slope, which is the derivative and hence the acceleration, is constant. 
The last part of the curve is straight and horizontal and therefore characteristic 
of uniform motion. 

Tlie distance is tlie area under the curve. Up to tlie end of tlie tliird minute 
we may eoinpute it liy using tlie formula for the area of a triangle; it is 

'2 X 24 ft see X 3 nun = 3t> ft min, see = 30 X 00 ft. 


'lo find the di.stance at a later time — where the curve is no longer straight — one 
wouhl have to measure the area with a plaiiimeter. 

h. The work is simpler when the velocity is given as a mathematical function 
of t. Suppose that c = Co + Cit + C;/* wliere all the c's are known constants. 
We then have at once a = dv/dt = Ci + '2cit. On the other hand the distance 
covered hetween the instants f, ami f,, which we may call x-i - x,. is seen to be 
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J3 — 


= ~ Jf (^0 + 

= [c^ + 

= C(J-: + ^ ^’ 0 / 1 ^ 




If we are interested in the distance covered from the hegi'iniiifj. kc.. since I = 0, 
we must put /■ = 0 in tlie last result. 

6.6, Integration (Continued). Students who are not conversant with 
definite integrals hut who know that integration is the inverse of dilTer- 
entiation may obtain the same results in the following way: If r = d^r/rif, 

X = fr (It * ) 

Similarly, since a = dv/dt, 

V = ja dt (o-f^) 

In order to evaluate the.se integrals the integrands [v in K(i. (5.7), a in 
Eq. (5.8)1 must he given as functions of i. As an exami)Ie. suppose 
^ where n is some integer and c a given constant. Kcpuition (5.7) 

then gives 

^/ri+l 

« = -^+<^ 

n + 1 

C being the constant of integration. If in this equation we put f = 0, it 
reads (>,.o = C and this allows us to identify C with aa, the speed at 

( - 0. Hence 

/»*+l 

V = C — 3— r + Vo ) 

« + 1 


On substituting this into (5.7) we find 

^ = /(<^ ^ + "«) = („ + f)(« + 2) + ^ 

and by putting t = 0 we sec that the present C = Xn. Hemre we find 


X — 


{n + 1)(” + 2) 


+ Vnt + Xo 


(5.8') 


6.6. Free Fall. Prior to the time of Galileo Galilei it was believed 
that heavy bodies fall faster than light bodies. Galileo demonstrated 
—according to some accounts by dropping objects from the leaning 
tower of Pisa— that this belief is not substantiated by the facts. It is 
true, of course, and agrees with common observation that a feather falls 
more slowly than a steel ball, but this is not the case in a vacuum. Air 
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rosi.<tan(*e causes the difference; in a vacuum, all bodies fall 


“etjually 


fast.” 

This does not mean, however, that bodies fall with constant velocity. 
Galileo’s {jreat discovery showe<l that they fall with conafant acceleration. 
By painstaking observations made on inclines, which, as we shall see in 
Sec. (i.O. have the effect of reducing the acceleration to measurable values 
yet leaving it constant. Galileo determined the acceleration in free fall 
to lie approximately 32.2 ft sec^ or 980 cm/sec-. This value is usually 
denot(‘d by (j. It varies .slightly from one location to another for reasons 
to be explained later. For present purpo.se.s we shall use the approximate 


values aliove, 

'rhe hnc.'i i)f fire fall are now easily developed. 


Starting with 


,1 = lie 'll! = (j, a constant 


(5.10) 


we litnl at once by int<'gratiou 

t'-2 - Cl = (I tit = tjUi - ti) (5.11) 

If the body starts from rest, ci = 0 at the time ti = 0, and we have 


which can be written 


c: = {ll'i 

V = (jt 


( 0 - 12 ) 


since !'■> is the vidocity at /•.* and there is no longer any need for retaining 
the stibscript. 

We can also integrate the etpiation dr/dt — g by writing the indefinite 
integral 

V = gt const (5.13) 


provided that we do not forget the constant. The physical meaning 
of the constant of integration can always be seen from the context in 
which it appears. In the present instance the constant equals v when 
f = 0. This gives it away: it must be the initial velocity, for which we 
may write cj as above or, if we please, Vq. Upon using the latter choice, 
F(|. (5.13) takes the form 


c = I’., gt 


(5.14) 


1 he distance covered is baind by one further integration as seen from 
Fq. (5.7). Hence 


1/ - .f(co -f gt)dt = vot + ligt- + const 
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or 


y = .Vo + »’n/ + * iQf- 


(5.15) 


Observe also that Kqs. (5.14) aiul (5.15) could have been obtained 
from Eqs. (5.7') and (5.8') provided that we put .r = //. c = (/. and . 

Equations (5.14) and (5.15) permit the calculation of velocity and 
distance in free fall at any iuntnnt. They will not answer the <juestion; 
\Miat velocity will a body acquire while it falls thnnif^h a given (hatonvc! 
A formula providing the answer is obtained by eliminating the varijdde / 
between Eqs. (5.14) and (5.15). From Kcj. (5.14). 


t = 


V — v» 
0 


When this is put into Ki\. (5.15). there results 

c,i(f’ — f'„) 1 (c — 1 (c- — ('(,-) 

y-y'<= + 2 » “ 2 " 


0 


(J 


X simple way of writing this result is to put y — //o, tlie distance of tall, 
ecpial to 6’ and to multiply through by 2f/. Then 


u- — j’o' = 2<7 .v 


(5.1()) 


This formula holds for any motion with constant acceleration, not only 
for free fall, provided that we replace y by the i)ro])er value a. 

Equations (5.14), (5.15), and 

(5.16) contain the entire theory of 
uniformly accelerated motion, of 
which free fall is a special case. 

The student would do well to com- 
mit them to memory. Equation 
(5.14) means that the velocity in- 
creases by constant amounts in eq\ial 
intervals; Eq. (5.15) expresses the 
fact that the area within a triangle 
equals half the product of its base by its height (see h ig. 5.4) ; I'^q. (o. I u) 
has no such simple interpretation. 

*6.7. Worked Example. A stone i.s thrown upward with an initial velocity of 
()4 ft/sec. 

a. What is its velocity after 3 sec? 

b. How high will it he after 3 sec? 

c. How high will it rise? 



Fig. 5.4. Shaded area (distance y-i/o) 
re<'ttinglo (»>,■/) 4- triangle 0^/ ■ gl). 




^ ^ « >a \ 
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<!. How loiiji will it .'5tay in the air? 

(. \\]n\t velocity will it acquire after 10 ft of ri.^e? 

To answer any of these questions one inu-st first specify what direction is to be 
taken as the positive one. Let us reckon ;/ |)Ositive upward, as is custcunary. 
The acceleration g will then be negnlivc. that is. g = -32 ft -sec*. (This approxi- 
mate value will here he u.sed for convenience.) 

(Question a may be answered witli the use of Eq. (5.14). 

V = (U ft sec - 32 ft sec= X 3 sec = -32 ft/sec 

Hence the veloritv is downward and has a maRnitude of 32 ft/sec. 

']'h(‘ answer to h is based on Eq. (5.15). Here i/o = 0. and 

)/ = 04 ft sec X 3 sec — 10 ft sec" X 0 sec" = 4S ft 

WIk'u tlie stone is at its hifjhe.st point, its velocity is zero. The corresponding 
time is ol)serve(l from Ecp (5.14). whicli s:iys 

0 = 04 ft sec - 32 ft sec" X t 
and lic-iice i = 2 sec 


'I'o find the position of the .<tone at tliis time we .sul)stitute 2 .see for t in Eq. (5.15), 
whicli then gives // = 12s ft — 04 ft = 04 ft as tlie an.swer to c. 

Question <1 can he answered by noting that y — 0 when the stone returns to 
the ground. Thus, u.sing Eq. (5.15). we have 


0 = cof + ^igt- = 0 


This lias two solutions. / = OatuU = — 2co'ff. 
initial time at which the stone was projected. 


The first is trivial, for it gives the 
The scc()nd is the answer we want; 



123 ft /sec 

oo ^ ^ ** see 

— 32 ft SCO- 


We have already seen that the time of ascent was 2 sec and have tlierefore also 
verified the obvious fact that the time of descent equals the time of ascent. 

The solution of question r re(juircs the \ise of E(j. (5.10): 


c* — (04 ft .sec)- = —04 ft^see- X 10 ft 


Hence c' = 3.450 ftVsec'-, and r = .5S.S ft;scc. 

*6.8. Motion in a Plane. Velocity and Acceleration as Vectors. Thus far 
only rectilinear motion has been considei'ed. The most general kind of motion 
is not confined to a straight line: it takes place in three dimensions and requires a 
knowledge of x, //. and z at every instant. An example is the flight of a long-mnge 
projectile, wliich describes a curve lying predominantly in a vertical plane but 
departs slightly from this plane because of the earth’s rotation. This case, how- 
(■ver, is ton difficult to be treated in this book. Since the departure from the 
original plane of fliglit is small and since most other motions of interest are con- 
fined to two dimensions, wc .shall restrict our attention to motion in one plane. 
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To this end it is necessary tlmt we recognize at once tlie vector natnre of 
velocity and acceleration. In Fij;. o-o the curve represents the path of a inovinj: 
particle. The points marked 1 and 2 are its positions at times ti and T.-. At 
every instant, the displacement of the particle from the origin is represented by a 
vector drawn from the oritjin. such as Ti or r-.-. The two rectanmilar components 
of the vector r are x and y. and these are functions of the time. 




Kio. 5.0. Velocity as a vector. 


Average velocity is defined exactlj’ as in Etp (5.2). except that the vector dis- 
placement r must he substituted for the one-dimensional <li.«^tance y. Tims the 
average velocity of the moving particle between positions 1 and 2 is 


T-s - r, 

“ t-i - ti 


(5.17) 


The difference in the numerator is now a vector difference; hence Vji is a vector. 
This vector difference, as shown in Fig. 5.55, is the line drawn from the point 1 
to the point 2. When its length is divided by it reine.sents the average 

velocity we are seeking. To find the average velocity on a curved path this 
graphical j>rocedure must be usetl; there is in general no foi mula to take its place. 

Next we define the inslfintoneous velocity, again in conformity with our previous 
development. Eejuation (5.4) is applicable, except for the substitution of r for y. 


.. T-i - ri 
V = hm 

<5—0 h *i 


(5. 1<S) 


This tells us to form the vector difference r-> — Ti as the point 2 in Tig. 5.5« 
approaches more ami more closely the point 1. But it is seen tlmt, in the limit, 
the direction of this vector will be along the tangent to the curve at 1, and its 
length is infinitesimally small. If we dixnde its length by the other small quantity, 
h - b, a finite quotient results whose magnitude equals the rate of i)rogression 
of the particle, in ft/sec or cm/sec or a similar unit, along the curve. Hence the 
important theorem: 

The instantaneous velocity of a 'particle moving on a curve is n vector, tangent to the 
curve at the point considered, and of magnitude equal to the rate of progression along 
the curve. 
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ItMte <)1 projjres.'^ion alonj;: the cui ve without repinl to ihi-ection i.s culled speed; 
it is the majjtutude of the vector velocity. 

f''»|u:itiori (o.lS) may also he written in <lenvative f«nin. 


V = iIt dt 


(o.lS') 


hut tlie limit j»roces.s by wliich the vector differeutud (/r, explained in connection 
with Fiu. 0 . 0 . was derived must never he ft)rKotten. 

Accel(>ration. also, i.s a vector. P’ormally its definition is the .same as before, 


a = f/v dt 

hut t«* see its meaniiii' it must he written in more explicit form, 


(5.19') 



(5.19) 


Fiftnio o.tkf show.s what is involveil liere. The velocities, constructed in accord 
with the theorem just proved, are drawn at the points 1 and 2. Eiiuution (5.19) 



asks us to form their difference. This is done in Fig. 5.l>5. The vector — Vi, 
when dixided by U — h. is the avcr.ige acceleration during the interval fixmi 
/i to fj. The imtaidoneoius acceleration at h is obtained by letting the point 2 
approach I, While this is done, the difference Vj — Vi will change its direction 
(as it becomes smaller), and it is not possible to sjiy in general what its limiting 
direction will be. Only for special tyjx's of motion, such as that to be discussed 
in the next section, can this result be specified. 

If the motion is rectilinear. Vj and v, are in the .same straight line and the 
definition (5.19) reduces to the ordinary one. Ftp (5,t>). 

Finally we insert a biief I’omment al«mt nitdivc velocity. This is a term used 
to <lescribe the motion of one object with respect to another. Assume that 
body .1 has, at a given instant, a velocity and body B a velocity Vs, both veloci- 


ties being determined with resiKjct to the .same reference system, e.g., the earth’s 
surface. The relative velocity of B with respect to A is then Vs - Va. For 
example, if an airplane lias a velocity of 200 miles/hr north (relative to the 
ground) while a 50 mile/hr west wind is blowing, the velocity of the airplane 
relative to the air i.s seen lo be \/2002 + 60^ mile.s/ lir in a direction making an 
angle $ = tan"* s« 2 i»o 'vith north. 
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Strictly speakiiiR, aU velocities ore reUitive. The thodiy of relativity says, in 
fact, that it is impossible to find out whether or not a body is absolutely at rest. 

6.9. Uniform Circular Motion; Acceleration. Perhaps the simplest 
kind of motion in a plane is the revolution of a particle at constant speed, 
like a stone in a slingshot or a dust particle on the rim of a flywheel. Its 
path is a circle, and it travels equal distances along the circle in ecpial 
times. This motion is called uniform circular motion. 

Despite this misleading name, it is not uniform motion, for the particle 
believe it or not! — has an acceleration. Its speed, to he sure, is con- 
stant; but since the velocity continually changes its direction, the acceler- 
ation vector is not zero. To see this, consider Fig. 5.7a. 



Fio. 5.7. Acceleration in uniform circular motion. 

In position 1 the velocity of the particle is v„ tangential to the circle. 
At 2 it is Vj, and the vectors Vi and Va have the same length, v. To find 
the acceleration [cf. Eq. (5.19)] we first form Vj — vi. This is done in 
Fig. 5.76. Note that the angle ^ in Fig. 5.76 is ecpial to -p in Fig. 5.7a, 
since the velocity vectors are perpendicular to the radii r. Considering 
similar triangles we can therefore say that 

Length of V2 — Vi/length of Vi = c/r 

if c is the dotted chord in Fig. 5.7a. Now the length of v, is e, and for the 
length of V 2 — Vj we shall write Ay. Therefore 

Ay = cv/r (5.20) 


In accordance with the definition of acceleration [see also Eq. (5.19)] the 
magnitude of a is 



(5.21) 
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Let us see, then, what happen.s to Ar as U. —* l\. Cle-arly the angle (p 
heeomes smaller amt smaller, and c in Fig. 5.7a, while becoming smaller, 
approaches coincidence with the arc s between the points 1 and 2. In 
other words, in the limit, c —* s = v{t 2 — ti). Hence, by Eq. (5.20). 


lim A,- = r 

r 




nnd in viow of Va\. (5.21), which t(dls us that a 


lin, 

r(t2 — ^i) 


a 



(5.22) 



This gives the magnitude of a. 

Its direction may l)e found as follows: UTien <2 approaches fi, the angle 

<p in Fig. 5.76 tends to zero. Thus 
the direction of V 2 — Vj, which is also 
the direction of a, tends toward per- 
pendicularity to Vi. Looking now at 
Fig. 5.7a we perceive that a, if it is 
perpendicular to v,, must point toward 
0. ^\Tlat has been proved is this: 

.4 particle in uniform circular mo- 
tion has an acceleration of magnihule 
v^/r, which is always directed toward 
the center of the circle. 

This acceleration, though of con- 
stant magnitude, changes its direction 
continually and is therefore not a con- 
stant vector. It is called centripetal acceleration (Latin centrum, center; 
petcre, to seek). ’ 

lo understand the physical meaning of this result one must note that 
the j>article. if it had no acceleration, would move on a tangent in the 
dirof tion of v„ To keep it on the periphery of the circle an acceleration 
toward the center must he imposed on it. 

6 . 10 . Uniform Circular Motion (Continued). Further insight into 

this important type of motion is gained if we consider several ways in 

which the position of the particle can be described. The simplest is to 

.ntroa.K-o un angle 0. as in Fig. 5.8, wlhrh measures the angular separation 

l)euveen tlie radius vector to tlie instantaneous position of the particle .1 

and the horizontal or A' axis. Assume 0 to be expressed in radians. Tlie 
rate of change of 0, 


Fm. 5.8. X iind yin uniform fircular 
inotifm. 


w = d$/dt, 


(5.23) 
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is called the angular velocity of .1. Though il may be shown to be a 
vector, its vector nature need not concern us here. If the motion is to be 
uniform circular, o must be a constant. 

The time interval during which .1 de.scribes one revolution is called the 

■period; it is 

(5.21) 


P = 2x7 




since a full revolution corresponds to an angle 27r. The reciprocal ot tin* 
period is the number of revolution.s, or cycles, per second; it is called the 
frequency of revolution. It is denoted by/. 


/ = \/P = (j}/2ir 


(5.25 


In words, the angular velocity is 2r times the frequency. 

Furthermore, if the radius of the circle is r and the arc from the A' axis 
to A is s, we find from Fig. 5.8 that 

6- = rd (5.20) 


Since the speed of .1 along the circle is ds/dt = y, l’)q. (5.23) when com- 
bined with Fi|. (5.20) states that 


V — r dd/dt = rw 


(5.27) 


Equations (5.23) to (5.27), although very simple and easily derived, are 
used so freciuently in physics that the student might well ponder their 
meaning until thorough familiarity with them has been attained. 

Instead of using the angle 6, one may also describe the motion by means 
of rectangular coordinates x and y, as drawn in Fig. 5.8. There we see 


that 

and 


X = r cos 6 
y — r sin 6 


(5.28) 


If we remember the calculus formulas 

t/(cOS 0) . n 

' - = — Sin 0 


and also 
we find 


c/(sin B) . 

-= cos B 


dB dB 

d(cos B) __ (/(cos 0) dd 

Jt dB dt 


^ = — r sin 0 ^ = — ro) sin B 
dt dt 


dy - 

^ = roj COS B 

dt 


(5.29) 
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riicsc arc. respectively, llie.r ami// componeiits of the velocity v, namely, 
and t\. From these two e<iuations we may derive 


V = x'Vz'- + = r<j} 

which is the .<ame as \'a[. (.>.27). 

K(}.s. (.3.29) once more wc obtain the components of 

the accel(M’ation. 


< 1 $ 

Of = . = —I’u} cos 0 = — /'oj- cos d = 

(fl' (il 

tl‘(l V’ . 

''v = = — 1 03 - sin 0 = — - sin 6 

(if- r 


V- 


— — cos 0 

r 


(.3.30) 


Xoliee how |)recisely this agrees with the eonclusion.s of the former sec- 
tion. Indeed, 


(i - \ + (Ju = - 

r 


In view of the relations (.3.24). (.3.2.3), and (.3.27) the centripetal 
acceleration can also be expressed in the following eipiivalent forms: 


a = C', r = a>-r = -iir-pr = Ax-r/F- = 

PROBLEMS 


(5.31) 


1. .\n cii(t of a piston rod requires >2 see to move fn>m the center to the end of its 
a distance of 2 ft. ^\hJ^t is its aveniKc vidoeity («) (luring the first seo» 

(fe) tluriiig Mie first .sc-eond; fr) during the first 1 t.^ .srr; (d| during the first 2. sec? 

2. My ohservulioii a certain motion i.s found to be n'pre.sented by the formula 

X = I ft + 2 ft /sec X ( + 3 ft /.see! x /» - 1 ft /see* X 

if I is e\pr«'.sse<l in seconds. Find velocity and aeeeleration at any instant, hy difT(>ren- 
tiaiion. .Make tliree graphs on squared paper, plotting x, v, ami a against / fmm 0 
to I SVC. 

3. My (anmting thi* number of scpiares under the a curve of Trob. 2, show that 


r 4 m-c 
JO 


a til a= l» — Co 


at 4 sec. Note that, when o goes negative, the area helween the curve and the t a.vis 
must also he taken as negative. 

4. My counting the number of scpiares under the v curve of Prob. 2, show that 


fA M-c 

JO 


l- ,ll = X - Xo 


6. \ body movea along the A' axis with an acceleration 


o = +0 cinAsce* X t 
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I being in seconds. .\t twelve (12:00i o’clock it is oO cm to tlie right of the origin ami 
1ms a velocity of 10 cm /.see directed to th<* le/l. Fiml velocit y and j)ositiim of t lie liody 
at 12:00:02 and at 12:00:04, 

6. Compute the average velocity of the laidy in I’rob. 5 for tlie following thri‘<‘ 
intervals: (a) from 12:00:00 to 12:00:02; ih) from 12:00:02 to 12:00:04; (c) from 
12:00:00 to 12:00:04. 

7. .\ certain motion is represented by r = .1 .sin w/, and .4 = 10 <-m, 

u = 2 radians 'se<' 


(a) Plot J against /. (6) Compute e, ami plot e against f. (c) Compute u, and plot <i 

agaiitst 1. 

8. Ilepeat the work in Pntb. 7, but let r = .1 .sin (ul — o). • r.s«* tiu* saim- values 
for .! and tu, and take a ~ t 4. 

9. Make a graph of (u) n agjtiiisl t; {h) v against t; (c) x against t for unihuinly 
aeeelerat<*il moti«m. 

10. A projectile is firerl vertir-ally \tpward with an initial \elocity of l.tUM) It sec. 

(u) Where will it be after '.i sec? How l«mg will it rise? (c) Mow high will it 

ri.se? (d) With what velocity will it strike the gnmml? (Xeglect air resistance.) 

11. .\ rock Ls thrown vertically downward from a cliff with an initial velocity ol 
100 ft/sec. When and with what velocity will it reach the gnmml 500 ft ladow? 
(Xeglect air resistance.) 

12. To find the dc‘{)th of a well a stone is droppial into it. It is hc-anl to strike the 
bottom 3 sec after release. («) (’ompute the depth of the well, assuming sound to 
tnivel infinitely fa.st. (5) Compute the depth, assuming the vel()eity ()f sound to be 
1,000 ft/sec. (This leads tri a (piadratic equation.) 

13. \ fought train, starting from n*st, acquires a vckx-ity of 10 miles/hr while 
moving 2 miles under constant acceleration, (o) kind its acceleration. (i<) Kxpress 
it in ft /sec*. 

14. What velocity does a body acquire wlien fallitig from rest through a <listance of 
100 m? (Xeglect air resistance.) 

16. Ry what amount will the velocity of a body, initially moving at a rate of 5 
m/sec, incrcJise while it is falling through 100 m? 

16. The velocity of a body im-reases with ilistancc according to the law v = hi, 
where 6 is a constant. Calculate the acceleration at any |>oint x. (IIi.nt: Note tlmt 
ih/(it = (Ividx ■ (Ix/dl « V dv/dx.) 

17. Galileo’s law of free fall may be written v = const X 1. In an earlier, erroneous 
formulation, Galileo proposed the law v = const X x, x being the distance of fall. 
Show* that this docs not correspond to a wjiistant acceleration; .sIjow that it leads to 


a = where .1 and b are constjmts. 

18. X particle describes unif«)rm circular motion of |>cri<ul 2 sec on a vertical circh- 
of radius 5 ft. At t = 0 it is at the highest point on the circle and moving to the right. 
\\Tiat is its average velocity (a) during the first half second; (h) during the first .second ; 
(c) during one revolution? 

19. The velocity of an airplane relative to the air is 250 miles/hr north. The wiml 

has a velocity of 20 miles/hr from northwest. Find the velocity of the airplane rcla- 

% 

live to the ground. 

*20. A boat is crossing a river of width 1 mile, heading up-stream .so that it moves 
toward a i>oint exactly opposite its starting point on the other shore. The current has 
a velocity of 5 miles/hr, and the trip across takes 15 min. What direction does the 
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krel of till- boat take relative to tlie riviThatik? \\ hat is the velocity of the boat 
relative to the water? What <listanee does it actiiHlIy travel? 



Fig. 5.9. Problent 20. 

*21. i^uppose raindrops fall vertically to the Rround? ^^'by must a person running 
through the rain tilt his umbrella forward? tUeterniine the relative velocity of a 
raiiidn)p with re.s[)ect to the runner.) 

22. (’ah-ulnte the centripetal acceleration of the particle in Prob. 18. 

23. -V body describing uniform circular motion has a period of 5 sec and a speed 
of 10 ft .sec. Cahmlate its frerpH-ncy, it.s angvdar velo<‘ity, ami its centripetal 
acceleration. 

24. Find the acceleration of a particle that move.s on the peripher>' of a circle of 
10 cm raditis. .\t a gi\'en instant its speed is 25 cm /sec, and the speed is increasing at 
the rate of 20 cm 'sec* along the path. (Note; The total ai-celeration eqtials the 
vector sum of ccuitripetal acceleration and acceleration along the path.) 

26. ( hristian Huygens (1029-1605) .stated the following in the form of an anagram; 
If a body moves on the circumference of a circle with a speed equal to that which it 
wt)uld actpiin* by falling through half the radius of the circle, then its centripetal 
acceleration equals the acceleration in free fall. Prove this. 



CHAPTER 6 

FORCE AND ACCELERATION,- DYNAMICS' 


6.1. Introduction. Newton’s First and Second Laws. Newton’s first 
law states that, without application of an external force, a body moves 
with constant velocity. Velocity is here to be regarded as a vector: hence 
motion, in this simple case, takes place along a straight line. Perfectly 
force-free motion is rare indeed; the actual proper motion ot the fixed 
stars, which are far away from other attracting matter, is perhaps the 
closest approximation to it. All ordinar>' motions are subject to some 
amount of frictional force and therefore illustrate Xewton’s first law only 
approximately. 

According to Xewton’s second law the resultant force on a body (to be 
exact, on a particle) cau.ses it to be accelerated, and the acceleration is 
proportional to the force. Both force and acceleration are \-ectors, and 
the word “proportional” here implies equality of direction and pro- 
portionality of inaynitudet;; for vectors are said to be proi)ortional only if 
they have the .same direction. By force is meant the sum, or residtant, 
of all forces acting on the body. The first law is seen to be a special <‘ase 

of the second, and we shall not consider it further. 

In (’hap. 3 on Statics a study was made of the conditions under which 
a body can be without acceleration. In C hap. 5 acceleration and 
velocity were analyzed from the point of view of kinematics, i.c., \\ ithout 
reference to forces. We have learned how velocities and positions of a 
particle can be derived when the acceleration is given. It is through 
this procedure that contact is made with Xewton’s second law. For the 
law tells us the acceleration when the forces are given, and on combin- 
ing this knowledge with what was learned in the preceding chapter we 
are able to obtain all aspects of the motion from the given forces. The 
purpose of the present chapter is to study methods for doing this. 

Newton's second law, which is perhaps the greatest generalization 
and the most useful theorem of all natural science, may be stated in the 

form 

F a TTia. 

where F is the resultant force, m the mass of the particle, and a its accel- 
eration. But to say that one quantity is proportional to another is to say 
that it is equal to the other times a constant. Hence 

F = kma. (6-1) 


‘ The student should review See. 2.2. 
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I'm;. 0 . 1 . IIIiistruti<in of Newton’s soe- 
oihI law. 


k heiiiK a eonslant. at present tindetermined. Its value will depend 
upon tlie fluiiee of units of F and m. The meaning; of Eq. (0.1) will be 
apparent from the following; experiment (Fig. 0.1): 

A spring *S r(*sts on a smooth horizontal table. Its left end is fixed 
rigidly to an immovable wall, while its right end is attached to a mass m, 
able to slide without friction on the table. 

W'e first consider what happens when different Jorces are allowed to act 
upon the .'«i!ne mass m. Let the mass be drawn to the right a distance b 
beyond .r„. which is the point at which the spring exerts no force. In 
accordance with Hooke’s law the spring then pulls with a force propor- 
tional to h. siiv 2 lb. When the mass is now released, it will move back 

% 

toward Xn with an initial acceleration. \N hich turns out to be. say, 5 ft/sec*. 
Next the ina.><s is drawn out a distance 2b beyond Xd, Wlien it is released 
from this position, where the force is twice as great, the initial acceleration 

is found to be 10 ft sec-, in accord- 
ance with Eq. (O.l). Thus in gen- 
eral an initial displacement n X b, 
which corresponds to a force of 
n X 2 lb, produces an initial accel- 
eration of n X o ft/sec". Note 
that both F and a are to the left. 

Second, we perform a set of experiments in which the force is held 
constant but is allowed to act on different masses. This may be done by 
drawing the spring out to the .siime distance b and letting the force of 2 lb, 
which it then exert.s, .successively accelerate different masses. ^\Tien 
in is dou))led, a will be 2.") ft sec*; when m is halved, a will be 10 ft/sec-, 
and so forth. This, too. is implied by Eq. (b.l). 

In these experiments none of the masses moved with constant acceler- 
ation. For as the force diminished with diminishing extension of the 
spring, the acceleration became .smaller. In particular, at the instant 
in which the inas.ses passed through the point Xn, there was no force. 
Hence we conclude that at this instant the acceleration of all the masvses 
was moinenfarily zero, their velocity was uniform. 

6.2. The Meaning of Mass. The time has come when we must state 
more clearly what is meant by mass. Although both mass and weight 
are commonly measured in pounds, the two are not the same. The mass 
of an ol)ject is the same everywhere in the universe; its weight is different, 
for example, on the moon and on the earth. 

Mass is itientical with inertia; but this statement hardly defines it, since 
the term “inertia,” although it has the right qualitative implications, is 
eciually vague. Mass ha.s to do with how difficult it is to accelerate a 
body. In the following we give what is called an operational definition of 
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mass, a 

% % words l)ut !)>• reforeiiro to expcMimontal 

operations, a definition that has the further advantage of perniittiiiK a 
quantitative deteiTnination of mas.s. It will be based on Newton’s 
second law. 

Suppose we are given three bodies, numbered 1, 2, and 3. and we an> 
to find their masses. Attach each of them in turn , to the spring of 
P"ig. 6.1, draw out the spring to the same di.stance h l)eyond its neutral 
point, and measure the initial acceleration. 'J'his. while difficult prac- 
tically, can nevertheless be carried out in principle, ('all the observed 
accelerations of the three bodies rti, a-i, as (only magnitudes nee<l here be 
considered). By Eq. (0.1), /•’ = kiniai = /.-moO’ == km-Ms. Hence 

— = ^ ( 0 . 2 ) 

nil «2 ffh Ua 

The masses are inversely as the accelerations. All mass ratios may 
thus be determined. If we now choo.se m i to be a unit of mass, the masses 
themselves are defined by relations (0.2). By means of e.xperiments of 
this type all masses can be determined through comparison with a unit 
mass or standard mass. 

Standard masses are actually used in physics, although the comparison 
is usually made by more practical i)rocedures. 'I'lie standard kilogram 
is a platinum object kept at Sevres in France; the standard pound is in 
Westminster, England. They are carefully protected from all corrosive 
influences. 

6.3. Units of force. We have already become ac(piainted with one 
unit of force, the pound. It was seen to be the force with which gravitj-^ 
pulls upon 1 lb of mass. Hence 1 lb of force produces in 1 lb of mass an 
acceleration of g — 32.2 ft/sec^. 

Let us substitute this information in Eq. (6.1). It reads 

1 lb-force = k X \ lb-mass X 32.2 ft/sec% 

To balance the equation tiumericrally we must give the constant k the 
numerical value l/g = 1/.32.2. This is often inconvenient. 

To avoid it we may introduce a new unit of force, so chosen that the 
constant k will have the value unity (and no physical dimension). This 
unit force must clearly be one that, when acting on a mass of 1 lb, will 
give it an acceleration of 1 ft/sec^ as substitution in Eq. (0.1) immediately 
shows. It is called the poundal. Since 1 lb-force causes an acceleration 
of 32.2 ft/sec^ in a mass of 1 lb, 1 lb-force must be equal to 32.2 poundals. 
The poundal is said to be the absolute unit of force, the pound the gravi- 
tational unit. When the force is expressed in absolute units, Newton’s 
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socoiui la'v reads 

F = ma (absohite form) (6.3) 


\\ F is e\j)ressed in gravitational units, tlie factor 1/^? must be 
inserted: tliat is to say. m mii.st be replaced by M' jy. wliere II' is the weight 
iti pound-force, numerically e(iual to the mass in ixmnds. Hence the 

formula reads 



(gravitational form) (G.4) 


In this e(piation. both F and M’ are measured in pound-force, while both 
f/ and (j have the units of acceleration. This lorin of Xewton’s second 
law is commonly employed in engineering practice. 

'I'he same distinction between absolute and gravitational units occurs 
when masses and acciderations are exjiressed in the ogs system, where the 
unit of mass is the gram and the unit of length the centimeter. Here 
the absolute unit of force is the (hjue. (Greek, dijnamoti, force), defined as 
the force which, when acting on a mass of 1 gm, imparts to it an accelera- 
tion of I cm sec^ The gram-force, on the other hand, which is the 
gravitational unit of force in the cgs .sy.stem, is 980 d>'nes {g = 980 cm/sec® 
in this system), because it produces an acceleration of 980 cm/sec* in a 
mass of 1 gm. 

.Vgain, in the mks system, a similar distinction is made. Here the 
absolute unit of force is the newton, defined as the force that, when acting 
on a msuss of 1 kg, imparts to it an acceleration of 1 m/sec-. The kilo- 
gram-force, which is the gravitational unit of force in the mks system, is 
9.8 newtons, since g = 9.8 m/scc*. 

In all three systems Eq. (0.3) is valid when forces are expressed in 
absolute units, Kq. (6.4) when they are expressed in gravitational units. 

We have thus arrived at six different units of force; they are given 
in Table 6.1. They are called absolute fps unit (poundal), absolute cgs 


Table 6.1. I'nifs of Force 



fp.s 


inks 

Al)30lut0 

(iriivitational 

poundal 

lb 

dyne 

gm 

lu'wton 

1 

kilogram 



unit (dyne) , absolute mks unit (newton), and so forth. All three absolute 
units have the following advantages: 
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1 . They permit tlie of Xewtoii's second law in the simple form ( 0 . 1 ^). 

2. Their names, bein^ different from the names of the correspondiiifi: 
mass units, avoid confusion between force and mass, which are funda- 
mentally distinct. 

Henceforth the student should learn to distinguish very clearly l)etween 
a pound of force and a pound of mass, as well as between a gram of force 
and a gram of mass. Though the tinitsare homonyms, theirmeaningsare 
no more identical than the Xorth Pole and the telephone pole. Whether 
the word pound, or gram, or ton (= 2,000 lb) refers to a mass or to a 
force will usually be clear from the context: when confusion is likely to 
arise, these words will be qualified by the addition of “force” or “ mass.” 

Also it should be understood that the distinction between gravitational 
and absolute applies only to forces, not to masses. In tliis l)ook we shall 
employ no gravitational unit of mass. Tor problem weak involving the 
use of Xewton's second law we recommend for the pre.sent the following 
procedure: First express all forces in ab.solute units, remembering that 
1 gm-force ecpials 980 dynes and 1 lb-force is 32.2 poundals. 'Fhen use 
Newton’s second law in the form (0.3). All answers will then be in 
absolute units. If the answers are wanted in gravitational units, we 
divide the results for forces by //. 


*6.4. Worked Examples, a. A locomotive i.s capable of exerting a maxinuun 
pull of 2 tons. \\'hat velocity can it give to a freight tiain weighing 300 tons in a 
distance of 1 mile, if it .starts from rest on a level track and the train is subject to a 
fiictional force of 10 lb pel’ ton of weight? 

The force on the train is a forward pull of 4,000 lb less the l)ackward pull due to 
fnction of 300 X 10 lb = 3,000 lb; the re.sultant is 1,000 lb, or about 32,0(10 
iwundals. The mass of the train is 300 X 2.000 lb = fiOO.OOO 11). Applying 
Newton’s law in the form (t>.3) we find 


32,000 poundals = 600,000 lb X « 
a — ^75 j)Oundals/lb = ^75 ft/.see- 

for a poundal, according to its (lefinition, is I ll)-ma.ss X 1 ft/sec*. To finil the 
velocity ac(juired by the train over 1 mile of distance, we use Eep (5.16), familiar 
from Sec. (5.5), 

— I’o* = 2as 


In this instance Co = 0. Hence 

y 2 = 8^5 ft/sec- X 5,280 ft = 563 (ft/sec)® 

V = 23.7 ft/sec 

b. An airplane of total weight 1 ton is subject to the following forces: the thrust 
of its propeller, F, = 2,000 lb (cf. Fig. 6.2); its weight W; the action of tlie air 
upon it, F 2 = 1,000 lb; find its momentary acceleration. 
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The first step is to ciilc-ulatc tlio resultatit force on the airplane. Tins can he 
<lone <‘ithcr KJapliically or by coniponent.s. 11 is. of course, 2,()(K) Ih. I sinji the 
mctltoti of compoiu tih we obtain for the horizontal component of tlie resultant 
(in the direction of the propeller force) 

/•', cos 30= = 1.134 lb 

and for the (lo\\nwai<l coinj>onent 

= ir - /•■-, Mil 30= = 1,300 lb 

The resultant is a force of 1,134)= + (1,500)= lb = l.NSO lb in a direction 
luakinis an anjile 6 with /■ i. an<i tan 6 — 1.500 lb 1,134 lb — 1.32. Thus ftom 
triKoiKunetry tables 6 is approximately 53°. The accelenition is in this direction. 
Its inaj^nitinlc is compute»l from Kq. (0.3) after conversion to absolute units. 



with which tiu* eartli attracts it. 

In actauilance with Sec. 5.10 the moon has a centripetal acceleration 
o =4irV/ 1*' = 0.200 cm, .sec=. To pi'ovide this the earth must attract it with a 
forc(* {jlven by 

am = 1.01 X 10=^tlynes 

6.6. The Force of Gravity. Gravity, whici\ moans tlie cjirtli's uttijic- 
lion. {jives nil fallinjj bodies the same acceleration. This is a fact of 
ob.servatioii. Does it mean that tlie force of gravity is the same for all 
bodies? Newton's law says no; for if F = ma, the force of gravity must 
be i)roj)orti()nal to the mass of the falling object. This simple conclusion 
has given rise to much philo.sophic speculation and to considerable con- 
fusion. One wonders indeed how the force of gravity manages to adjust 
itself so precisely to tb(* mass of an object, since most forces are ipiite 
independent of the masses on whicli they act. The elastic force of 
the spring considered in Sec, b. 1 depends wholly on the condition of the 
.spring, not on the mass to which it is attached. .\s already stated, the 
force of gravity acting on an object is its weight. WTat has been said 
is that weight is proportional to mass. 

Physicists have at times doubted that this proportionality can be 
e.xact. Ihit in 1830 the famous matliematieian Friedrich Hessel proved 
that it is at least as exact as measurements could determine. There was 
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no satisfactory theoretical explanation of this remarkable coincidence until 
the advent of the general theory of relativity during the present century. 


Table 0.2. Values of <j at Various Points on the Earth’s Surface 


]x>c]«tion ^ 

I..:ititn(I(' 

j i;ic\'a(i()n, in 

■ g, fin/siat- 

North Pole 

Karajftk (ihu-ior, (In'cnhiiKl 

(’hloitf?o. 111 

NVw York, X.V 

Mt. Hamilton, Calif. . . . 

I’anaina ('anal Zoiu* 

Kqiiator 

UO^Ot)' 

70°27' 

. 41M7' 

10 lU' 

;I7 20' 
8°f>5' 

0 '00' 

0 

20 

1S2 

38 

1,282 

0 i 

1 

083 1 

082 , .') 

080 . 3 

080 . 3 

' 070.7 

1 \)7H . 2 

078. 1 


The ^^•eight of a body of mass m is c-learly 

W = mg ((i..5) 


when exprG.s.sed in absolute units. If in is in grams and (/ is taken to be 
980 cm/sec^ the numerical re.sult for IT will la* in dynes. If m is in 
pounds and <j = 32.2 ft '.sec-, ]V will l)e in poundals. 

We have already used this fact in Example b of the pre- 
ceding section. The direction of W is that of g, that 
is, downward. 

A simple device known as the Atwood machine 
(George Atwood, 1740-1807) represents an application 
of these principles. It consists of a pulley, hero 
regarded as frictionless and mas.sle.ss, with a flexible 
cord running over it (see Fig. 0.3). Attached to the 
ends of the cord are the masses lUi and The larger 

one of these will be accelerated downward, the other 
upward. By determining the accelerations and the two masses it is 
possible to find g with considerable accuracy. The theory of the 
machine is as follows: 

Newton s second law is apjilied to each of the two masses separately. 
1 he first is subject to two forces, mig and T, T being the tension in the 
string supporting mi. Their downward resultant is /nig — T. In a 
flexible string this tension is communicated, with its value unaltered, to 
the other side of the pulley, where it acts on m,. Calling the downward 
accelerations of the two masses ai and az and applying Eq. (6.3) to each 
mass we find 

miQ — T = miOi 

nizg — 7' — mzaz 
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Iliit il the .'ipriiiji inextensible, making this substitu- 

tion ujnl then sul)tra('tiiix the sec-oinl CMiuution from the first we find 


and iience 


[nil — wi2)f/ = ("M + 

Wj — mo 


fli = 


mi + mo 


g 


Not ire that, if the masses are nearly etjual, Oi is quite small and therefore 

easily measurable. 

% 

6.6. Friction Again. The (}ualitative aspects of the force of friction 
were discussed in Sec. 3.12 (review thi.s). We are now ready to consider 
liow this force can be ineasiired. C'ertain regularitie.s. sometimes called 
/ua’.s of friction, are matters of common observation and will now be dis- 
cussed. The term “laws” should be employed with caution, for the 
facts to be stated are true only within limits. 

d'he first is illustrated by a brick that is being pushed over a rough 
surface. It is found that the force of fri»-tion is the same whether the 
l)a.sc on whii'h it ride.s is tlie narrow or the wide face of the brick. Thus, in 
general, the force of friction is itulcpcruknl of the area of contact. 

Second, if a bo.ard, with its flat surface horizontal, is loaded by weights 
and then drawn over a rough horizontal .surface, it is found that the 
retarding force of friction is proportional to the total weight. Hence 
the force of friction is proportional to the total force normal {perpendicular) 
to the plane. Now the force of friction is always parallel to the plane and 
will be s\m»bolized by the normal force, which mav or mav not be the 
weight of the object to be moved — there might be an additional push 
against the plant — will be called h\. The relation stated may then be 
expressed 

/' = m/’i (b.7) 


The (constant g, which depends on the nature of the two substances in 
contact, is called the “coefficient of friction.” Its value has been 
detennined for a great variety of pairs of substances, some of which are 
given in Table b.3. In Sec. 3.12 attention was called to the circumstance 
that kinetic friction is a little .smaller than static friction. To be accurate, 
one must therefore distingtii.sh between gun and mm-i; the latter is slightly 


Table (5,3. Cocjfieicnts of Friction 


Metal on dry oak wood 0.50 

Metal on wet oak wootl 0,25 

Metal on metal, without luhric-aiit 0.18 

Metal on metal, lubricated 0.03 

Steel on anate 0,20 

I/oathernn wood 0 35 

Leather on metal 0 56 
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larger than the former, hut for the purposes of this hook the dilTerenco 
^vill he disregartled. 

We now apply these considerations to a problem of frecpient occurrence, 
the motion of a hody sikling down an incline (cf. Fig. 0.4). If its mass is 
m and the angle of the incline 6. the force normal to the plane is mg cos d, 
while the component of the force along tl\e plane is mg sin d. 'Fhe 
component mg cos 8 upon tlie hody is neutralized hy an ecpial and 
opposite force exerted hy the plane (not drawn in the figure). The 
frictional force, counteracting the force mg sin 6 that propels the hody 
down the plane, is nmg cos 8 in accordance with Eq. (6.7). Newton’s 
second law, when applied in the di- 
rection of motion, is then 

mg sin 8 — nmg cos 8 = ma 

Solving for a we lind 

a = j/(sin 8 — fi cos 8) (6.8) 

If 0 = 90®, a = g, which is wliat 
we should expect. But if d = 0, 

Eq. (6.8) would seem to predict an 
acceleration up the plane. This of 

course is nonsense; it must he remembered that friction alwaj-^s opposes 
motion and cannot produce motion of itself. Equation (6.8) is therefore 
correct only as long as it predicts motion in the direction of the accelerat- 
ing force. 

Under what condition will a be zero? According to Eq. (6.8) this 
happens when sin 8 — cos 0 = 0. Solving this we find that 

tan 8 = u (6.9) 



The angle 8 defined by this condition is called the limiting angle of repose. 
This last equation i>rovides a useful method for measuring m- one altei's 
the angle of the incline from the value 0 to that at which sliding just 
begins. The tangent of this angle is the coefficient of (static) friction. 

Finally Eq. (6.8) also tells us what happens in the absence of friction. 
When p = 0, a = g sin 8. This is the relation that enabled Galileo to 
determine g. The speed of falling bodies is so great that g is difficult to 
measure directly. But a can be made as small as is desired by making 
8 small and can be measured with ease. Motion on an incline is still 
uniformly accelerated, but the value of the acceleration is lessened. 

6.7. Dimensional Analysis. It has frequently been emphasized that, 
in all the equations of physics, both sides must be measured in the same 
units. There is, however, an even more basic kind of homogeneity in 
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these equations which arises from the fact that all quantities which are 
c(iuutcd must have the same physical nature. The student who is quick 
in discerninjj; this can olteii a^'oid mistakes, there is a systematic pro- 
cedure for checking wlictlier or not equations arc correct from this point 
of view; it i.s called “dimensional analysis.*’ 

'riie three liasic (luantities in the science of mechanics are length, time, 
and mass. They will he designated hy A. T. and M for the present pur- 
poses. Out of these three all other (piantities can somehow he con- 
structed. l‘or example, velocity is a length divided hy a time. It is 
said to lia\'e the phi/sical tlimcitsion Thus the physical dimension 

of the (luantity 30 miles hr is [A 7'''']. The brackets are used to indicate 
tliat A7’”‘ represents onh/ the physical dimension and that all numerics 
have heen disregarded. 

The dimension of an area is (A-), of an acceleration [LT~-], of a force in 
the absolute system (.1/A7’~-). ami so forth. Whon quantities are raised 
to some power, the physical dimensions are raiseil to the .same power. 
The point cif it all i.s that every e([uation used in physics must have the 
same dimensions on both sides. Let us test, for example, Eq. (5.1G) for 
uniformly accelerated motion, v- = 2us. We have 

\L-T-^ = [Ar-=11A] 


and this is ohviouslv correct. 

% 

It is easily .seen tliat Newton’s second law in its absolute form [Eq. 
({).3)] is also correct, for in a sense it defines the physical dimensions of F. 
Ihit in its gravitational form (ti.4) it presents some puzzling features. 
Suppose we write 



ir 

— a 
0 


and treat II’ as weight (a force!) and y as a number. We then have 


[MLT-^] = [.UA7’-=][Ar-2J 

which is incorrecd. A correct dimensional erptation results if the constant 
(j is given its dimensions of acceleration. Henceforth, in all examples of 
dimensional analysis, Newton’s law will be assumed to be written in its 
absolute form, so that ambiguity cannot arise. 

Considerations of this sort become more useful as more and more new 
physical quantities, like energj% momentum, power, are introduced. 
Each of these has its distinctive dimensions. 

6.8. Summary on Units of Force. In the present chapter we have 
introduced six units of force, and we have reviewed three units of mass. 
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1. In the egs system the unit of mass is always tl»e gram. The unit 
of force can he either the absolute one (dyne) or the gravitational one 
(gram-force). When the absolute unit is employed, Newton’s second law 
takes the standard form 

F = mSL 


A dyne is the force that will give a mass of 1 gm an acceleration of 
1 cm/sec'. A gram-force e(iuals 980 dynes. 

2. In the mks system the kilogram is the unit of mass, d'he unit of 
force can be either the absolute one (newton) or the gravitational one 
(kilogram-force). .jV newton is that force which will give a kilogram- 
mass an acceleration of 1 m/sec^ A kilogram-force etpials 9.8 newtons. 

3. In the Hritish system the unit of mass is always the pound (or one 
of its multiples or submultiples). The unit of force can be either the 
absolute one (poundal) or the gravitational one (pound-force). M'hen 
the absolute unit is emploj'cd, Newton’s .second law takes the simple 
standard form above. 

A poundal is the force that will give a mass of 1 lb an acceleration of 
1 ft/sec‘. A pound-force ecpials 32.2 poundals. 


Enginoei-s often prefer to use gravitational units of force tliroughout their 
calculations. As we have seen, tins necessitates the introduction of a factor \ . (j 
in Newton’s second law if the conventi(«iaI units of mass are employed. One can, 
however, retain gravitational units of force ond the simple form of the law j)ro- 
vitled that he intiodm-es a new unit of mass. If 1 Ib-foice gives a mass of 1 lb an 
acceleration of 32.2 ft/see*. then 1 lb-for<*e will give a mass of 32.2 Ih an 
acceleration of 1 ft/sec“. Therefore, when masses aj’e expre.'ised in multiples of 
32.2 lb and F in pounds, the simj^lc form (Ecp ((>.3)] remains valid. 

A mass of 32.2 lb is called 1 slug. A slug is that mass which acejuires an 
acceleration of 1 ft/sec® under the ai)plication of 1 lb-force. 


6.9. Limitations of Newton’s Second Law. The preceding discussions 
have alwaj'^s taken for granted that there can be no doubt as to the 
meaning of a, the acceleration of a body. A little reflection shows, how- 
ever, that a is always measured relative to something else. When a body 
falls, it has an acceleration g with respect to the earth. Since the earth 
rotates about its axis, a point manifestly at rest on its surface has itself 
an acceleration with respect to a fi.xed star and therefore the acceleration 
of a falling body with respect to that fixed star ould be different from g. 

To take another example, consider that an airplane is falling toward 
the earth. The passengers in the cabin have an acceleration zero with 
respect to the airplane but of g relative to the earth’s surface. 

Universal experience with moving bodies decides the following: The 
acceleration that enters Newton's second law must be relative to some body 
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that <lo(s nol hare an aeceleradou ilself. To l)e sure, this riiises a host of 
other (luestions; for how ean we he sure that a IkkIv wliieh we innocently 
re^jard as having no acceleration may not he accelerated relative to objects 
-o far away as to he invisible? Questions of this kind are dealt with in 
liie theorv of relativitv. In this hook we assume that we can always 
tell whether a body is accelerated or not. 

(’learly. then, the earth is not a lU'oper “system of reference” for 
measurinji a, since every point on its surface except the poles has a cen- 
tripetal acceleration With 


and 


R = G.4 X 10" cm 


w = 2?r p(‘r day = l 27r 80. 400) sec ‘ 

we ol)tain about 3. .3 cm sec* at the ecjuator, where the acceleration is 
greatest. For many purposes this may he neglected; for precise work, 



however, it must he taken into consideration. More will be said about 
this in the next chapter. Mere we assume an an approximation that the 
acceleration a appearing in Newton’s law is referred to the earth’s surface. 

What is the apparent weight of an object placed on an elevator, when 
the elevator descends with an acceleration «? To answer this question, 
consider Fig. 0.5. Let the object of mass m be placed on the pan of a 
spring scale. 'J'he forces upon it are 7ng downward and the support of the 
balance pan upward. Call the latter F. The correct acceleration to be 
used in this example is that relative to the earth, a, not relative to the 
elevator (which is zero!). Hence we have 

my — F = ma 

The apparent weight of the body is F, the force ^f the balance. This is 
m{g — a). If a = g, the body has no apparent weight. 

PROBLEMS 

1. At the Lick Ohservntory, Mt. Hamilton, C’lilif., the accelerntion of gravity is 
found to he 97‘.) 7 cm/sec*. What is the value of g in ft/sec* at this location? 
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2. Two ninssfs mi and m^, connected 
smooth inclined planes as shown iii Kiff. 
6.6. There is no friction at the point 
.1. Find tlie acceleration of the system 
and the tension in tlie »-ord. If tl>c sys- 
tem is to be in equilibrium, what must be 
the relation between the masses and the 
angles? 

3. A 1,200-lb elevator is pulled upward 
Find the tension in the cable. 


by a fl<*xible coni, are placed on a })air of 


A 



by a cable with an acceleration of o ft /sec-. 


4. -V block slides down an inclined plane with constant velocity- wheri the sloj)c- of 
the plane is 10''. If the slope is ificreased to 25®. what will be the acceleration <)f tlie 
same block down the plane? 

6. .\ mass m slides down a smooth inclinetl plane of slope d and leiiKth d. Find its 
veku’itv at the bottom of th<* {)lane. Show that this is etiual to the vc'hxrity it would 
have aetjuired in falling a distance equal to the height of the plane. 

6. .\n Atwood machine (see Sec. 6.5) consists of two masses suspemled by a fle.xible 
<‘ord over a inassle.ss pulley. If one of the ma.sses, weighing 11 lb, has an upwanl 
acceleration of 12 ft /see®, find the other mass. 

7. .\n automobile* w<‘ighing 2 tons is traveling 60 mil(*.s/hr. 'J'he brakes ai-e 
appli<*<l, anel it conu*s to r<*.st with uniform deceleration after going 154 ft. Find the 
force exerted to stop the* automobile*. 

8. A spring with stiffness A- = ,500 dyne*s/cm is etsed in an experiment like* that 
described in Se*c. 6.1. If, when the spring is exteneled 4 cm and r<*le*ase*d, it gi\-e*s an 
instantaneou.s acceleration of 25 cm/see*® to the mass »i attaclied to it, what is the? 
magnitude of m? 

9. .\ spring and foeir ma.sses mi, m;, mj, and m* arc used in an experiment similar 
to that de'seribed in Sec. 6.1. I'he spring, when extendeel ,5 em, imparts to the* mas.ses 
instantaneou.s accelerations e>f 20 cm /sec®, 5 cm /sec®, 35 cm /sec*, and *10 cm /sec®, 
respectively. If mi is chosen as the .standanl mass, compeite the masses of m 2 , ms, 
and /Hi in terms of it . 

10. Find in terms of g, mi, and m 2 , an expre*ssion for the* tension 7' in the cr>nl of the 
Atwood machine described in Se*c. 6.5. 

11. Show that v-/r has the dimensions of acceleration. 

12. A body of mass 75 gm rests on a horizontal frictionless table. What horizontal 
feerce is recpiire*d to give it an acceleration of 3 cm /sec®? If the force is applied down- 
ward at an angle of 60® with respect to the horizontal, what magnittide* is necessary? 

13. A body weighing 73 gm starts from rest at the top of an inclined plane, 2 m long, 
making an angle of 30® with the horizontal. If the body tak<*s 8 sec to reach the 
bottom, what is the coefficient of sliding friction between it and the plane? 

14. A wooden block is placed on an adjxistuble inclined plane, and the angle of 
inclination 0 is increased gradually until the block just begins to slip. If 0 =21® at 
this point, what is the coefficient of friction between the block and the plane? 

16. In an experiment like that which Galileo conducted (see Sec. 6.6) a 30-lb mass is 
observed to slide down a nearly frictionless inclined plane (0 = 20®) with an accelera- 
tion of 11.00 ft/sce®. Calculate the acceleration of gravity g from these data. 

16. block of mass m is projected up a smooth inclined plane of slope 0 with an 
initial velocity v®. How far up the plane will it travel? How much time will elapse 
before it is again at the foot of the plane? 
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17. A blo<-k of mass 3 lb slides down nn inrlined plane (6 = 25'’). If the eoefficient 
cd frieii<»n is 0. ». tinil tlie liceelemtion of the block in ft /sec*; in cm/see*. 

18. .\t Ji nivcn instant a 2-ton airplane has an acceleration directe<l horizontally 
forward of 5 ft sec*. If the thrust of it.« propeller is 1,000 lb, find the magnitude and 
.lircction of the force that imi.-^t be exerted by the air on the airplane to keep it in level 
flight. 

19. .\ man twirls a mas.s of 0..5 lb in a circle on the end of a S-ft. string. If the mass 
iiiaki's om* complete* n-volutiem in 1 .5 s<*c, what is the tension in the string? 

20. .\ rt*cfangiilar block of mass 2 lb is accelerated along a surface by a force of 80 
poiimlals applied at an angle of 60'’ with the surface. If the coeiricient of friction i.s 
()..5. how long must the force act to give the block a velocity of 20 ft /sec? 

21. .\ 30-gm mass moving initially to the right is acted on by a constant force of 
600 dynes to the left, It returns to its initial i)osition in 5 see after the force starts to 
act. Fitid its initi;d velocity. Where and when does it reverse its direction of 
motion? 

22. ( alculate the acceleration of the system shown in Fig. 6 7. Tin* eoetlicient of 
sliding friction betw«'en the 4-lb ma.ss and tin* iin*lined plane is 0.2. (.\ssunie tin* 

pulleys to be frictionless.) 

23. .V 50-gtn block is initially at rest 
on a table. If a horizontal force of 
20,000 dynes acts on it for 2 see, how far 


5X10 dynes 




Fig. 6.8. Problem 24. 

from its initial position <loes it Hnnily come to rest? Take the coeiric-ii*!!! of sliding fric- 
tion to be 0.3. 

*24. .\ force of .') X 10* dynes is exert(‘<l on a 50-gm bloek, which in turn push(*s a 
30-gtii bloi'k (st*e Fig. 6.8). If the blo<*ks move on a frietionl(*ss surface, what force 
does one exert upon the other? 

If the eoefficient of friction between the .50-gm bloek and the surface is 0.3 and that 
bc*twec*n the 30-gm block and the surfai*«* is 0.4, (iiid the acceleration of the system aiul 
the fon*e that one block exerts on the other. 

*26. .\ 13-Ih bloek is ptilletl along a smooth table by a string which nn\s over a small 
frictiojiless j)uney and on which hangs a 3-lb bloek. If the system starts from rest and 
the 3-11) block is initially 6 ft from the floor, find the time that elapses before the 3-lb 
bloek hits flu* floor. What is the velocity of the system when this occurs? 

26. \ 5-!h mass is attached to a spring seale, which is suspended from the roof of an 
♦•levator, U hat does the seale read (<i) if the elevator ascends with a constant velocity 
of 20 ft /.see; (6) if the elevator descends with an acceleration of 4 ft /see*: (c) if the 
elevator ascends with an acceleration of 2 ft/sec*: (d) if the cable breaks and the 
elevator falls freely? 

27. .\ plutiili bob hangs from the roof of a railroad ear. What angle 9 will it make 
with the verti<*al when the train has an aec«*leration of 8 ft/see*? Find the general 
expres.sion giving 0 a,s a function of a. (This tleviee constitutes a simple form of 
accelerometer.) 

28. I'siiig length, time, and force as basic dimensions, find the dimensions of mass. 


CHAPTER 7 

SPECIAL MOTIONS IN A PLANE 


7.1. The Motion of a Projectile in a Vacuum. A IkmI.v, troated hero 
as a particle, is projected at an angle Q with the horizotital. its initial 
velocity being T' (cf. Fig. 7.1). The origin of a rectangular system of 
coordinates is taken at the point of projection. At any in.stant during 
its flight (for instance, at the point P) the projectile is subject to only one 
force, viz., its weight mf/, and this acts vertically downward. If there- 
fore we resolve its acceleration at P into one component tiy — il-ij dt- 



along 1' and another = J'-x/dt' along A', we find from Newton’s second 
law 


7n 





(7.1) 


From these, velocit 3 ' and po.sition at any instant are obtained by integni- 
tion. The vector v, which is tangent to the curve of flight called ihc^ 
Irajpclory, has components fv = dy dt and Vr = dx d(,ii\\d the displacement 
has components y and x. Integrating once we find 


d_y 

dt 


-gt + Cl 



(7.2) 


The constants Ci and Ca, which are not determined by the mathematical 
equations, must be chosen to fit the initial condition of our problem. \\ e 
have assumed that, at f = 0, Vz was V cos Q and Vy was V sin 6. Putting 
f = 0 in Eqs. (7.2) we see that 




dx 

dt 


<->0 


Hence ci — F sin 6 and 0 % = V cos 6, and Kqs. (7.2) take the definite 
form 



— + V sin 0 


dx 

dt 



V cos B 


(7.3) 
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From these re.siilts it is apparent that the vertical velocity is the same as 
that in free fall, with the initial velocity T' sin 6 superposed; the hori- 
zontal velocitv remains constant and ecpial to its initial value. The 
al)seiice of interference’' between the two motions is sometimes referred 
to as the “ independeiice of vertical and horizontal motions.” It is but a 
(•onse(iuence of the vector nature of accelerations. 

'I'o obtain the instantaneous position of the projectile Eqs. (7.3) are 
integrated once more. Thus 

y = ^} '>{/(' + I’ 0 / + C3 
X = V cos 0 f H- r4 


'I'he new constants a and c* are again determined in conformity with the 
initial conditions. Since both y and x are zero at / = 0, the constants 
must vanish. This leaves us with 


y= — ' “h ^ ^ “ Vcos0/ (7.4) 


iMpialions (7.4) are called the ecpiations of motion of the projectile; they 
tell us its position at every 1. 

It is not easy to see from them, however, what the path or trajectory 
is. To obtain this information one must eliminate / between Eqs. 7.4. 
.Vccor<iing to the secoml, t = x/V cos 0; when this is introduced in the 
first there re.sults 


1 j*= 

2 ^ r- cos2 0 


+ X tan 0 



which is the e([uation of a parabola with its axis parallel to the )’ axis. 

7.2. Time of Flight, Range of Projectiles. The time of flight is easily 
obtained from I'ais. (7.4). The y coordinate is zero at two times — at the 
initial instant and when the projectile reaches the ground again. Cor- 
respondingly the equation 


0 = — * 2 f//- + V sin 0 • t 

has two solutions, t = 0 and t = 2V sin $/g. The latter must be the 
time of flight. 

'I'he time at which the missile reaches its highest point is that for which 
= 0. From Eqs. (7.3) this is seen to be / = V sin d/g, which is one- 
half the time of flight. Hence one may conclude that the time of ascent 
is e{pial to the time of descent for our frit'tionless projectile. If air 
resistance were taken into account, this would not be quite true. 
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The range {U in Fig. 7.1) is the distance x reached when the body 
returns to ground, that is, .r at t = 2V sin 6 'g. From Eqs. (7.4), this is 



2V’ sin 6 cos 6 

g 


— sin 26 
9 



because sin 26 = 2 sin 6 cos 6. The range depends on the initial velocity 
V and on 6, the angle of elevation. If. for a given V, we wish to obtain 
the maximum range, 6 must be taken to be 45°, i>ecause sin 1)0° is the 
maximum value of the sine function. One may also obtain R by putting 
^ = 0 in Eq. (7.5) and then solving it for .r. 

The maximum elevation of the projectile, /), is the distance y at 
I - V sin 6/g; it may be found by putting this value of t into Eqs. (7.4). 

, 1 T '2 sin2 e , s\n 6 1 sin2 d 

h-- 7 ^g ^ h F sin ^ : (7./) 


g 


g 


g 


It can also be obtained from the equation for the path; if the maximum 
of Eq. (7.5) is determined by differentiation, the same result is found. 

A bornbsight is an optical device utilizing tlie basic principles of the preceding 
.section, though with very great elabo- 
rations. To undeistand its function 
we consider an air{)lane in horizontal 
flight (Fig. 7.2). Assume its height 
above ground to be h and its velocity 
V. The target T is sighted forward 
and at an angle 4> with the direction of 
flight. The bombardier must know at 
what value of he has to release the 
bomb. Neglecting air resistance the 

bomb describes the second half of a parabolic trajectory. If it takes t sec to fall 
the distance h, then 



h = lgi^ 


or 




During this time t it travels a distance d = 17 along the horizontal, and 

- = '■ vf 

But tan <t> = h/d; hence the correct angle of release is 

4> — tan-‘^ = tan"* 

An automatic bornbsight not only sets a telescope for the correct angle {h and 
V are supplied to it directly through connections with altimeter and tachometer) 
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l)ut also makes adjustments for wind veloeity, departure from horizontal flight, 
air resistance, and other factors. 

The true tiaj(‘ct(»i y of a body in air is rpialitatively given by the solid curve in 
I-ig. 7.3. For high velocities of projection the asymmetry is very considerable. 

><r'‘s rajigc is shorter than that given by 

Eq. (T.b). ami the height attained 
\ smaller than predicted by Eq. (7.7). 

[ \ Even befoj'e (lalileo’s time interest in 

I \ gunnery was great, and considerable 

iM.i. 7.3. traj,.i-lorv. itifonnation about actual paths of fliKht 

had been collected. But the analysis 
was ba.-^ed on the follr)wiiig intett‘sting though erroneous assumption : The path, 
conceived to be the dotted trajectory in Fig. 7.3. consists of a stiaightline part, a, 
in which the motion is “violent.” or nonnatural, and a curved downward part, 
/>. representing natural nmtion in .Aristotle’s .sense. 

*7.3. Exterior Ballistics. The .subject that deals with the flight of shells and 
bullets in all its as|K‘cts is called t xterior 
hulUMica in contiadistin<-tion to interior 
ballistics, the study of the behavior of 
projectile.s in.side guns. The general 
problem of the motion of projectiles is 
too difficult ami complicate<l for treat- 
ment in this hook. However, the 

I.iiy.sical i.rinciples and the manner of Fig. 7.4. Forres on a .shell, 

attack are very interesting and can he 

hriefly <lescril)ed. One main concern is. of course, to take account of the action 
of th(> resisting medium, air, u|H)n the projectile. 

Air resistance depends u[M)n the velocity and the shape and size of the moring 
object. In Fig. 7.4 we have drawn a shell in flight to the right. The axis of the 
shell makes angle 6. called the “angle of yaw." with the direction of motion. The 
three forces acting on it are its weight mg. the “drag" D due to air resistance, and 

I the “cross-wind lift" L, which is 

j I nminiy due to a difference in air pres- 

/ I sure below and above the shell. With 

^ j this information it is easy to set up tlie 

I equations from which the motion must 

! Velocity of he found (Newton’s second law), 




Motion of shell 


Fig. 7.4. Forces on a .shell. 


Velocity of 
^ sound 


^IG. 7.5. Drag as a function of projec- 
tile velocitv. 


dv. 


= -D 


- L — mg 


In these two harmless-looking equations. D and L are functions of e, and also of 5. 

A of D for a given angle h is shon*n in Fig. 7.5, It is interesting 

to note that O becomes very large for velocities approaching that of sound. The 
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eciuations above cannot he solverl in general by known pioceduics. So-called 
“numerical metliods,” wliich involve substitution of D and L from finiphs and 
tables and integration bj’ a process of sunitning. must be used in their solution. 
Modern eleetionic calculating machines have been, and will increasingly be. of 
very great help in the theory of ballistics. 

*7.4. Vertical Motion of a Raindrop, .\ctual bodies, when falling in air, aie 
subject not only to their weight but also to a retarding force due to air resistance. 
This is greater the greater the velocity of the falling objects and for small speeds 
is pj-oportional to v. For definiteness we consider a falling raindroj) of mass ni 
Ueckotiing downward displacements as positive. Newton’s second law states 



wlien b is written for the force of fi iction per unit of velocity. So long as mg > hr. 
dv/dt will be positive and v will increa.se. Finally, however, dr dt will be zero. 


and the droj) will fall with constant velocity, 
is attained wlien bv — mg; hence 


This so-called “terminal \’el(»citv” 



(7.10) 


A similar result holds for all falling objects. A person falling from a very great 
height attains a terminal velocity of about 150 miles/ hi-. A parachute is a device 
that makes the constant 6 very largo. 

7.6. Centripetal and Centrifugal Forces. Many a fun-loving youth 
remembers vividly his e.xperience on the horizontal wheel, now gradually 
disappearing from fairgrounds because it is thought to expose its occupants 
to undue risk. As the wheel spins faster and faster, a person sitting on it 
will he tlirown off. And if you ask him, he will assert that he was pushed 
off by “centrifugal force.” This, we shall find, is an error, liut let us 
analyze the situation. 

To make things as simple as pos.sil)ie, assume an object to ho tied liy a 
string to a vertical shaft S (Fig. 7.0) and to revolve about *S at constani 
speed i' in a horizontal plane. The length of the string is r, and the sur- 
face (perhaps a horizontal table top) on which the motion takes place is 
perfectly smooth. The mass has then no vertical acceleration; its weight, 
is neutralized by the support of the surface. 

We know from Sec. 5.9, however, that tlie mass has a centripetal 
acceleration of magnitude v'^/r. It is therefore not in equilibrium but 
requires a force that will supply this acceleration. B_v Newton’s law 
this force must have the magnitude mv-/r, in absolute units; and it must 
be in the direction of the acceleration, i.e., centripetal (Latiii petere, to 
seek). It is indeed provided by the string, wliich, being under tension. 
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l)iiUs the mass toward O. The tension thus e<iu:ds mv-/r, a.s a spring 
halanee insertc'd t)etween 0 and tn would show. 

It is true, of eourse, that the mass while rotating has a centrifugal 
tendency; for it flies off along a tangent when the string breaks. But 
this is preciselv because, when the string ceases to supply the centripetal 
force, the mass must execute force-free motion along a straight line in 
accordance with Newton’s first law. Hence there is certainly no cen- 
trifugal /erec acting on the mass w. 

Similarly tlie ixason uas not pushed off the wheel by any centrifugal 
force: he began to slide off becatise friction, which i>reviously supplied the 
ccnlripcfal force needed to hold him in a condition of centripetal accelera- 
tion. was no longer .sufficient to do so. In fact he began to slide off when 
me- r (m is liis mass) became greater than the force of friction. But the 
latter, as we know from See. G.ti, is given by t^mg if n is the coefficient of 

friction. Thus sliding occurs the 



instant when 


mv‘ 


= fitng 


(7.11) 


or, since v = wr, when oi = y/figfr. 
If the angular velocity and the dis- 
tance from the center, r, were deter- 
mined, the wheel could be used for measuring g. From this result it is 
also apparent that a person near the center is harder to push off (requires 
a greater w) than one near the eilge of the wheel. 

We have seen that the mass m in Fig. 7.(> is subject to a centripetal force 
only. Let us now consider the shaft 5 about which m is rotating. The 
string pulls on it; S is indeed subject to a centrifugal force at 0. This 
centrifugal force is the reaction, in the sense of Newton’s third law (which 
will be carefully considered in the next chapter), to the centripetal force 
on m; it does not act on m, nor does the centripetal force act on iS. To 
summarize our conclusion: The revolving object is subject to a centripefa/ 
force, while the center to which the revolving object is tied experiences a 
vcninfugal force. Usually, as in the present example, the centrifugal 
force on .S is ne\itralized by another force due to the support hold- 
ing N’ in place, so that the resultant force on S is zero. Hence S has no 


acceleration. 

7.6. Motion on Curves. The same principles apply to the motion of 
automobiles and trains on curves. In Fig. 7.7a is drawn an assembly 
consisting of an axle, two wheels, and a load rounding a curve whose 
center of curvature is a distance H to the right and in the plane of the 
diagram. Whether it is moving toward or away from the reader is 
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immaterial. The center of gravity C miijst l)e subject to a re.siiltant force 
mv-/li to the right if the vehicle is to stay in its course. Hut pliysically 
there are two forces acting on C: the weight my, which is directed ver- 
ticall 3 ' downward, and the reaction of the road, F, whose <lirection and 
magnitude adjust themselves so as to make the motion possiljle. In 



other words. F will be such that, when it is added vectoriallv to my, tlierc 
results a force mv';li to the right, as shown in Fig. 7.70. 

('an the roadbed supply a force F7 Since F has a comi)onent poioflcl 
to the road surfac'c, friction must be relied ui)on to provide that ])art of F. 
In fact the parallel component of F is seen {from Fig. 7.76) to be mr-/F 
itself. On the other hand the maximum value of friction is piny. Hence 
the car stays on the road if 

< W (7.12) 

If the road is slipperj^ a large v and a 
small U are dangerous. 

The banking of roads makes unneces- 
sary the uncertain action of friction in 
keeping the car in its course. (Mearlj’’, 
if in Fig. 7.7 we make the road surface 
perpendicular to F, as in Fig. 7.8, fric- 
tion is not called into play at all; the 
car exerts a normal thrust upon the 
road that is somewhat larger than its 

weight. Note that in Fig. 7.8 the vectors F and mg are exiictly the same 
as in Fig. 7.7; onlj’^ the orientation of the car has changed. The angle of 
banking, d, is the same as that indicated in Fig. 7.76. 

tan 0 = r=^ 



(7.13) 



100 


PHYSICS 


[Sec. 7.7 


'I'Ik' Mtijilo B, refulirod for proper bankinf^, varies with the speed. In 
prai tif’C a safe mean is chosen. 

\ more careful analvsis of this problem involves ron.sideration of torques us 
well as forces. Actually the Um-e of the road i.s not applied at the center of mas.s 
;is indicated in I'is. 7.7: it is aj)plied at the places of contact between the tire,s 
■ui.l the road as indicatci in Fi|;. 7.9. At each point of contact two force com- 
ponents are drawn. In order to obtain the result inf- R toward the right ue 

must have 

I'l + F; - ^ 

-V I + A a = 

I'A'cn tliough the car has a ccntripfdal ac«*elciation. wo must still require that the 
sum of all torques about (’ be zero, for the car does not rotate in the plane of the 

jliagram. This means 



A' i»/ + A y/ + 1 -j “ I 1 — 0 

where / is tiie length of the axle aiul <1 
the hciglit of (' above ground. On 
solving the last three equiitions we find 
easilv 

mg d 

* ‘ “ 2 /M 

ma mv- d 

'■’“T-TTT 

The reactions at the two wheels are not e<iunl. Wlien W becomes negative, the 
ear will overturn. This happens w hen 


i'* . gl 
R - 2d 


(7.14) 


Here we see the advantage of small d and large /. 

*7.7. Effect of the Earth’s Rotation upon g. We iiave said that the weight of 
an object, ing, is the force of the earth’s attraction upon it and is directed ver- 
tically downward. This is not exactly true, as the following careful treatment 
shows. In Fig. 7.10. /' is a point on the earth's .surface at latitude L. At P a 
l) 0 {ly of mass m rests on the platform of a balance. // the earth did nol rotnie, the 
body would he in ecjuilihriuiu iiiulc*r the :u'tion of two forces: 

1. The attraction of tlie eartli. towanl its center 0. 

2. The push of the idatform, H’o. w hich is equal and opposite to uiqo. 

Since the earth rotates, iii has an acceleration toward Q; hence a resultant force 
viv‘/r along the dotted airow must act upon it. Now the earth’s attraction is 
unchanged by the rotation, hence force (I) is still mpn and still direeteil toward 0. 
But IFo is changetl to \V, the f(»rec that, when added (veetorially) to »ipo. "ill 
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wv'/r pointinf? toward Q. The 7)egotiff of U’ is said to he the weight ol tlie 
mass HI and is eallcd tiig. Its direction is not t«*ward (> hut toward M (the dis- 
tance between 0 and M is vastly exagfjcrated in the fimire; it is about 7 miles for 
L = 45°). 

The vector relation between g and <70 ij' indicate<l in Fi^r. 7.11. Usiny; flu* 
cosine theorem we find from the fijjure 

r jl iry 

\ 

\ 

0 Ti 1 

/ 


The secoml term on the rinht is much 
smaller than the othei-s ami can benejjhM'ted. 
Hence 

g-^ ^g,^{i - 2 a.= cos= a) 


Kio. 7.10. I\fT(‘c( of 4-arth's rotation 
upon “};ravit>'.” 


approximately, or, in view of the l^inomittl theorem, 

COS' L 


(7.15) 


The redtiction in the vjihie of is greatest at the e(puitf>r (A = 0). zero at the 

mv^ poles. The stmlent shouhl inspect Table (). 2 to see wliether 

^ ^ or not this effect is ol)servjible. The (pnintity gi, is called 

y' the “true value of the gravitational acceleration”; it varies 

"ith altitmie and to some extent with the locid <listril)ution 

of rocks in the earth’s surface. For further information 

^ on the matter consult C’hap. 11. 

Fig. 7.11. Relation 

betwinm g and ^ 0 . 7.8. Further Examples. Tf an airplane is to make 

a horizontal turn without slipping, it must a.ssume a banking angle which 

is such that the reaction of the air pj 

upon the air])lane, F, and its weight / 

produce a resultant mv'^/r, as shown / 

in Fig. 7.12. ^ 

In the cream separator a mixture ^ 

of colloidal particles is whirled very 
rapidly. The denser particles, re- 

quiring a greater force mr- r than t 

the others, exert a greater cenlrif- „ , „■ u* 

,. Fig. 7.12. Plane m curved flight. 

ugal force upon the medium tending 

to hold them in place. The medium, being fluid, cannot supply the reac- 
tion to this force, so that the particles migrate outward, the denser ones 
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fas1(‘r than the others. Since milk U denser than cream, there will be a 
■rreat(‘r concentration of milk near the outer wall of the centrifuge, the 
cream remaining near the center. 

In modern organic chemistry and biology, high-speed rotors, called 
■ ultracentrifuges.”' are used for similar purposes. Some of them rotate 
while suspended in air and attain angular velocities as high as 1 million 
1 pm. 

A simple conical pendulum is a mas.s, supported by a string, which is 
allowe<l to swing in a horizontal circle (cf. Fig. 7.13). The tension 
T and the weight mg have a resultant (dotted arrow) equal to mwV. 

Resolving the forces we find 



mg = T cos B 
mw-r = T sin 6 


(7.16) 


But if I is the length of the string, 
r = I sin 6 and we obtain on eliminat- 
ing T from Kqs. (7. Hi) 


cos ^ 


(7.17) 


Fm. 7.13. Simple eoiiiral pemhilum. ^ greater oj, the greater will be the 

angle 6. 

The trick of putting a .substance (c.</., w'ater) in a pail and swinging it 
in a vertical circle without having the object drop out is familiar and 
easily explained. In the instantaneous position at the top of a swing 
the substance is subject to two downward forces, its weight and the pushP 
of the l)ottom of the pail against it. These two, when added, must 
produce mv^/r. Thus 

,2 


mg + P = 


mv 


When v-ir = g, P zero and the pail exerts no force on the object. For 
smaller velocities it will fall out. For unless the object is glued to the 
l)ail, P cannot be negative. Hut according to our equation P is negative 
whenever 


mg > 


rnv 


Therefore the object will fall out if < rg. 

PROBLEMS 

1. A rifle with a muzzle vclocuty of 1,500 ft /see is fired horizontally 1 ft above level 
ground. At the same instant another biillet is allowed to fall freely from a height 
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of 1 ft. Which bullet strikes the ground first? How f:ir doe.s the first bullet Iravol 
before striking the grouiul? (Neglect air resistance.) 

2. A piece of ice slides down a roof 20 ft long arnl incline<l 30' with the horizontal. 
'I'he edge of the roof is 32.2 ft above the ground and 1 ft from tlie side of the building. 
If the ice starts from rest at the top of .he n>of and the coefhcient of friction is 0.1, 
how far from the edge of the buihling does the ice bit the ground? 

*3. A bombing airplane dives toward the groiind at an angle of fiO^ with a speed of 
420 iniles/hr. The airplane releases its bomb at an altitude of 1,000 ft. fu) hind tlu* 
lime that has elapsed when the bomb hits the grc)\md. (6) Find the distance between 
the iJoiiit directly below the airplane when it releases the bomb and the point where 
the bomb strikes the ground. 

*4. Using Kq. (7.5) determine the general expres.sions for the range ami greatest 
height of the projectile as functions of 6. (Hint: When // is maximum, (bj <ix ~ 0.) 

6. By setting dli/dd equal to zero in Eq. (7.0) show that maximum rang<> is 

obtained when 0 — 45®. 

6. A mass /«i, projected from the origin at tiim* t = 0, is initially aimed at a mass 
at the point (x',y'). If m-. is allowed to fall freely at t = 0. show that the ma.sses 

will collide in mid-air! Fiml the expression for the time at which tlu*y <-ollide. 

7. \ projectile is shot off with an initial vehu-ity V making an angle 0 with the 
level ground. The projectile n-a<-hes a maximum lu-ight h ami returns to ground T sec 
after it is fired. Neglecting air resistance sketch roughly, with time t as the abscissa, 
the following graphs: (a) the height ij vs. t; (6) the vertical component of velocity 
vs. t; (c) the horizontal conqKinent of velicity v* vs. 1; (d) the acceleration a of the 

projectile vs. t. 

*8. For a raindrop of diameter 2 mm, the vadue of b in Eq. (7.10) is appniximately 
O.OI gm/sec. Find its t<*rmiiml velocity. 

9. A circular curve of radixis 300 ft is to be built in a highway It is to be designed 
to uccominodatc automobiles traveling at 30 milcs/hr. Determine the jiroper angle 

of banking. 

10. A boy and his bicycle weigh 150 lb and trav<*l with a speed of 10 ft/scc. If the 
coefficient of friction between the tires and the grouiul Is 0.5, determine the radius of 
the smallest circle that the boy can execute on horizontal ground without slipping. 
What angle must he and the bicycle make with the vertical in executing this circle? 
*11. A railroad train travids along a track coincident with the equator in a direction 
opposite to that of the rotation of the earth. When the train is at rest, a spring 
balance, suspended from the ceiling of one of the curs and supporting a certain mass, 
reads IF' lb. If the train is traveling with spi'cd v, show’ that the balance reads very 
nearly 




where a» is the angular velocity of the earth and g the acceleration of gravdty. 

12. A man swings an object of mass .1/ in a vertical circle with angular velocity u, 
the length of his arm being /. Find the force exerted by his arm (a) at the top of 
the circle; (6) at the bottom of the circle; (c) w'hen the arm is horizontal. 

13. A 2-ton airplane does a loop-the-loop with a speed of 200 miles /lir. Wliat is 
the radius of the largest loop that the airplane can make without tendency to fall at the 
top? 

*14. A man weighing 150 Ib leaps from an airplane and floats to the ground sup- 
ported by a 50-lb parachute. The retarding force of the air on the parachute is 
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,>rn,M.rn<.n:.l to tho veloritv. The rnon roaches the Rro.ind with a constant velocity 
I tn that which ho would have acquired in falliuK without a parachute from an 

S-ft V\all What is the value of 6 for the man and parachute? 

16. \ liulitpro«»f .soundproof railway car travels with a constant speed v around a 
r.rcular track of ra.Iius li that is hat.ke.l at an ixuR\e 6 = tan ‘ v^/gfi. (a) In what 
<lirecti«.n will a plumb line suspemled from the ceilinK of the car point? (b) ^^hat 
,.xp.*rimcnt can a man in the car perform to show that he is accelerated with respect 

to the earth? f.\.ssume he «loes not know the value of i . , 

*16. Tlieballsof a steam-euKine governor tsia* Viti. 7.141 weigh 10 lb apiece. Neglect- 
ing the wcigiit of the arms find the angular veloeity of the governor. \\ hat is the 

tension in the sup|x)rting arms? 



*17. hemispherieal luuvl of radius n is n)tat<'«l about its vertical axis with angular 
velf)eity w (see Fig. 7.1")i. If a marbli- of mass m is placed in the mtating bowl, it 
ultimately settles at a |K)iiit a distance «/ from the axis. Find <l as a function of u. 


I 

I 



Fig. 7.15. Problem 17. 


*18. Integrate Eq. (7.9) to obtain 




^ (1 - e- ") 



CHAPTER 8 

WORK, MOMENTUM, CONSERVATION PRINCIPLES 


8.1. Newton’s Third Law of Motion'. Tlio usofulnoss of Xewtoii’s 
second lji\v must now l)e apparent. It was tlie key to the solution 
of all the prohleins discussed in the precedinii chu])ter and will continue 
to he of imi)ortance in the suljsecjuent portions of this hook. Before 
Koinj? on, however, attention must l>e ^;i\en to the lliird la\N'. which, 
when coupled with the second, J)^o^'ides the (uitire hluepiint of the suh- 
ject of particle mechanics. Thus far the third law has heen mentioned 
in only one instance: it served to make clear the distinction hetween 
centripetal and eentrifu^al force. 

"For every action there exists an ecjuai and opposite reaction” is a 
simple statement of the third law. Action and reactiort are literal trans- 
lations from the I.atin; each is meant to represent a force. A more 
modern version of tlic third law would la*: For crcnj force there exi.sts an 
equal counterforce. 

Those untrained in physics sometimes see a contradiction hetween the 
second and third laws of motion. If acceleration, they say, is ])ropor- 
tional to the resultant force and the third law reejuires that every force 
have a countorforce, this pair adding up to zero, how can a body ever he 
accelerated? 

The answer is simple. Force and counterforee never act on the same 
body. The resultant force producing acceleration is the sum of all 
forces acting on the body under consideration; this sum does not include 
the reactions. An example will make this clear. 

A book rests on a table. Two forces act on the hook, its weight mg 
and the upward push of the table top. It is in ccpiilibrium hecau.se thc.so 
two add up to zero. The reaction to mg is an equal and opposite force 
by which the hook attracts the earth; as stated, it is a force on the earth. 
The reaction to the table’s upward push on the book is a downward ])ush 
by the book on the table. 

The table is in equilibrium under the action of three forces: the down- 
ward push of the book, of magnitude mg\ its own weight -Viy; and the 
upward force exerted by the earth. These three add up to zero. Their 
reactions are: upward force by the table on the book; pull by table on 
earth, of magnitude Mg] push by table on earth of magnitude {m + M)g. 
This kind of analysis can be continued almost indefinitely; the student 
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mifjht be interested in seeing whether the earth is in equilibrium under 
the action of the forces thus far enumerated. 

Not only does the third law hold for bodies in equilibrium; it is equally 
true wlieti tliere are accelerations. When a diver gracefully approaches 
the water surface, the earth is actually coming up to meet him, though 
it moves only througii an infinitesimal distance. For if the diver, let us 
sav of mass 75 kg. has an acceleration y and therefore a force of 75,000(/ 


dynes acting on his body, an equal and opposite counterforce must be 
accelerating tlie eartli upward. Xow the mass of the earth is approxi- 
mately (i X 10-^ kg: its mass times its acceleration must also equal 
75.0001/ dynes. This makes its acceleration equal to 7o,000(//(6 X 
or al)out 1.27 X 10"-^ cm sec^ The reader will dotibtless be interested 


in computing the distance through which the earth moves in welcoming 
the diver, assuming a certain height of dive. 



rio. 8.1. Tractor palling a harrow. 


8.2. Example on Laws of Motion. Figure 8.1 represents a tractor of 

ma.ss mi ])ulling a harrow of mass over the earth of mass M. The 

moving system is subject to a variety of forces, all of which can be resolved 

into vortical and horizontal components. Since there is no vertical 

acceleration, the sum of the vertical components of force must be zero 

and wo mav leave them out of our consideration here. 

% 

'I'iirough the agency of friction and the tractor motor the eiirth exerts 
a propelling force I'\ upon tl»o tractor; the harrow, on the other hand, 
])ulls on it with a force F^. Fi and Fo are }wt action and reaction and 
need not he e(|uul in magnitude. 

'riie harrow is subject to a forward force Fs, exerted by the tractor, 
and a backward drag, due to the earth, F*. These two need not be equal. 
Ilut /'’.T is tlio reaction to Fjj hence (the F’s here refer only to the magni- 
tudes of the forces) 

F, = F, (8.1) 


I' inally the earth is subject to a forward drag Fh and a backward push 
Fr.. 'I'liese arc the reactions to F\ and Fj, respectively, and therefore 


Fs = F4 


Ffi = Fi 


( 8 . 2 ) 
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Assume now that and //fj mo\’o t'orwai'd with a common acceleration 
a. Applying Newton’s second law to the tractor we find 

h\ — I'i = (8.:^) 

Applying it to the liarrow, 

i'z — = "isfl (8.4) 

Only when a = 0. that is, when the system moves with constant speed, 

will F] = Fi and F^ = Ft. In that case all the forces drawn in Kig. 8.1 
are ecjual. liut let us assume again that « ^ 0. The earth, too, must 
then hav’e an acceleration A, which is given hy 

r, - = .l/.l (8.5) 

If we add Kqs. (8.3) and (8.4) while using K(|. (8.1), we find 

Fi — Fi = (mi + m-.)a (8.(5) 


This result says, interestingly enough, that we should luive been justified 
in treating tractor and harrow as one m/.s/cm provideil that we consider(*d 
only the external forces Fi aiul Fi as acting upon it; Fn and F 3 are internal 
in the sense that they rci)resent forces of one i)art of the system on 
another. 

On applying Kqs. (8.2) to hap (8.5) we obtain 



MA 


and comparison of this result with Hcj. (8.(5) sliows that 


— MA = (mi + m.j)« 


This is nothing but what is also found by applying Newton’s third law 
to the two interacting systems, earth and tractor-harrow. It shows that, 
while mi and m-z are accelerated forward, M is accelerated backward; 
furthermore 

, mi -b m2 _ 


From this one may show that, whatever motion is performed by the 
tractor-harrow combination in one direction, that same motion is exe- 
cuted by the earth in the reverse tlirection, but on a scale which is 
dimini.shed in the ratio o( mi + to M. In the same manner the motion 
of every object on the earth’s surface produces its miniature counterpart 
in the earth itself. 

8.3. Work and Energy. In the present section we shall introduce 
several new physical quantities. Their definitions will seem strange and 
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unreluU'ii to what has procedcci. Hut let us learn them first in spite of 
their ai)parent strangeness. In tiie next section we shall show how 
l)eautifully they coordinate themselves with the laws of motion. 

The first {juanlity is physical work. In everyday language, work is 
loosely defined as aiiv kind of effort or exertion maintained for some time. 
Ill pl'iysics, work force times disUuire. This statement is not very 
precise, lor it does not say what force and what distance are to be multi- 
plied. But it is good enough for cases in which a constant force moves 
an object in the direction in which the force is applied. When force F 
pushes a ma.ss m over a horizontal plane through a distance (/ (Fig- 8.2), 
it does an amount of work eciual to Fd. If F is measureii in dynes and d 
in centimeters, the work is given in ergs. One erg fOrcek ergon, work) is 
the work done when a force of 1 dyne acts through 1 cm. It is the abso- 
lute unit of work in the cgs system. 

Notice that the work done by F 
depends only on F and d. Neither 
the mass moved nor the time re- 
(juired for the motion matters. 
The work is the same whether the 



l ie.. S.2. \V.)rk = Fd. 


mass moved is a pound or a ton; whether the motion takes a second or a 
year, rurthermore it is (piite immaterial what speed the mass acquires 
while the force acts on it. 

.Vgain, when a body falls through a height h, the work done by gravity 
upon it is mgh. This (piantity may be oxpres.sed in terms of the velocity 
change tliat the body has undergone while it fell through h. If its initial 
velocity was co and its final velocity i\ we know’ from Sec. (5.5) that 

- (.,2 = 2gh 


and on multiplying by m/2 we see that 

mgh = “ ^itnva 


(8.7) 


'fhe physical dimensions of work are. in accordance with our definition, 
those of force times distance,* 


(111 = [.i///r--][Li = 

i'a|uation (8.7), if correct, implies that also has the dimension of 

(M’J; this is easily verified. 

= \M][LT-^]- = [Mm'--] 

' IhMH’chirth \vc tiludl use the symtiol If for work, although it was previously often 
used for weight. 



Sec. 8.41 WORK, MOMENTUM, CONSERVATION PRINCIPLES 


109 


One may interpret Kq. (8.7) by saying: The work done by gravity ecinals 
the increase in the quantity As we sliull see later this (juantity. 

has a signifieanee far more general than the simple example here 
chosen would indicate. It is called kiuelic (‘nergtj and is also measured 
in ergs, as shown. 

8.4. General Definition of Work. The definition of work given in the 
preceding section is imperfect in two respects. 

1. The force may change during the displacement tl. We have not 
specified what value of F must then be taken in forming the j)r()duct /•>/. 

2. The motion may occur in a direction difYerent from that in which 
the force acts. In Fig. 8.2. for example. F might be applied at some angle 
with the horizontal. In that case, will the work done still be /'V/? Or 
in the gravitational problem, if the body, instead of falling through a 
distance li, had moved horizontally through the same distance, .should we 
still say that gravity had done an amount of work eciual to wo/Zi? 

The difficulty referred to in item 1 can be removed only by dividing 
the total distance over which the motion occurs into .segments so small 
that F may be regarded as constant 
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Fi(i. 8.3. 


over each of them. When the 
spring of Fig. 8.3 is drawn out from 
.Tl to x-y by the force of the hand, 
this force must be proportional at 
any point such as P to the distance 

X from the neutral point 0, since it is the reaction to the force exerted by 
the .spring on the hand, which in turn obeys Hooke’s law (cf. Sec. 4.1). 
Over each small Interval. F is sensibly constant. 

Mathematically what has been said amounts to this. Instead of 
defining work as force times distance we define the element of work done 
during an infinitesimal displacement dx as 

dW = Fih (8.8) 


The work must then be found by integration, and this can be performe<l 
when F is known as a function of In the present instance, /' = kx, 
where k is the stiffness of the spring. 

Therefore 

dir = kx dx 

ir = jj' kx dx = l'ik{xi- — xi-) (8.9) 

This represents the work done by the hand in pulling the spring from 
Xi to X2. 

What should be done about item (2) is not quite so obvious. C'learly 
the work must be different in cases where the same force produces the 
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(!i>phu-emont. wliero it acts at right angles and where it opposes the dis- 
plac<'inent. Theory becomes simplest if we accept the following defini- 
tion: Let (Is be an elementary displacement, F the force doing the work, 
and 6 the angle ijetween F and (h. Then the element of work is (cf. 

I'iK- 8.4) 

dll' = F<is cos e (8.10) 


f co^ 


e 



Kni. H.4. r/ir = Ffls cos fl. 


and this agrees with Fii. (8.8) when 6 — 0°. 

Ecpiation (8.10) permits other 

interpretations. We see from Fig. 

8.4 that (Is cos 6 is the component 

of the displacement vector in the 

direction of the force. Hence dW 

is the force times the displacement 

in the direction of the force. But 

we may say with equal justice that 

f/ir is the disj)lacement ds times the force in the direction of the dis- 

plac(‘inent. since F cos 6 is the component of force along ds. 

.\.s a result of I’ap (8.10) no work is done when force and displacement 
are at right angles. Carrying a load horizontally involves no work 
against gravity in our technical sense of this term, regardless of how 
tiresome this ])roce.'is may be. Legal interpretations of what constitutes 
work are (piite difVerent from this. Holding a brick with outstretched 
arm for a time cau.ses great fatigue but is not work. Only when this 
somewhat arbitrary definition is 
adopted can w'ork be said to be ecpiiv- 
alent to energy, as we shall soon show. 

When F and ds are in opposite di- 
rections, 0 = TT and cos 0 = — 1 . The 
work dll' is then negative. The force 
then has work done (ujoinst it; it is 
said to be doing netjative work itself. 

'I'lius when I raise a mass m distance 
h, I am doing jKisitive work of amount 
myh against giavity; (jrnvUy is doing —imjh units of work. AMten a body 
falls a distance h, gravity does •\-nujh units of work, this time against 
lio other retarding force. Whenever work is done against no retarding 
force, kinetic energy is produced. 

Suppose a force of varying (or unvarying) direction acts over a curved 
path, us in Fig. 8. .5, where two sections ds are drawn. The definition 
(8.10) still holds, btit in integrating, dll’, the angle 0 is a vanable, and the 



I'm. 8..5. In the culculation of M’, 
0 is often u variable. 
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calculation of II' mav bo iliflicult. In such cases a modified form 

% 

of Eq. (8.10), in wliich ds and cos 6 are expressed in ('artesian coordinates, 
is very useful. 

From Fig. 8.0, 6 = 0i — O2; hence cos d = cos di cos d-> + sin di sin 62. 
Therefore 

dll' = F (I a (von di cos O-i + sin 6i sin 62) 

But F cos di = Fi F sin Oi = /■’„ 

and (Is cos $> = dx ds sin 60 = dij 

because ds is the vector whose rectangular components are d.r and d//. 
Equation (8.10) may thus also be written 
in the symmetrical and simple form 


dir = F,dx + F.dy (8.11) 


8.6. Units of Work. The erg has al- 
ready been defined as the ^^•o^k done when 
a force of 1 dyne acts through 1 cm in its 
own direction. The corresponding unit in 
the fps system is the foot poundal: it is the 
work done by one poundal acting through onefoot. Inthemkssystem the 
newton meter, or joule (after James Prescott Joule, 1818-1889), is defined 
as the work done by one newton acting through one meter. One joule 
clearl,v equals 10^ ergs. These three are absolute units of work because 
they are based on the absolute units of force. To find the relation 
between them, we convert as follows: 

1 ft poundal = 1 X (30. .5 cm) (13,850 gm cm/sec-) 

= 422,400 gm cmV^cc^ 

= 422,400 ergs 

approximately, because 1 ft = 30. .5 cm and 

1 poundal = 454 X 30. .5 dynes. 

There are tliree corresponding units of work that are derived from the 
gravitational units of force. The gram centimeter is the work done l>y 
one gram-force over one centimeter of distance. The fool pound is the 
work done by a pound-force over a distance of one foot. The kilogram 
meter is the work done by a kilogram-force over one meter. Clearly 

1 gm cm = 980 ergs 

1 ft lb = 32.2 ft poundals 

The multiplicity of force units, which was explained in Sec. 6.3, gives 
rise to similar and equally annoying multiplicities of units in all quantities 
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that are derivod from forces, as work in this instance. To avoid confusion 
the rea<ler sliould review Sec. (».3. and particvdarly Table 6.1. We now- 
give a similar table for the units ot work. 


'I'ahle 8.1. Cnits of Work 



f 1 

fps 

rgs 

inks 

A6.<*>lutc 

ft iMnindal 

1 

erj: 

j()|]lc 

(Inivitatioiial 

' ft ]h 

1 

gni (MU 

kg m 


In the calculation of work l)y F^i. (8.8) or (8.10) there is no ambiguity 
with respect to the unit in wliicli W is expressed. Questions may arise in 
connection with an etpiation like Ktp (8.7), where the right-hand side, 
since it contains no force, is noncommittal as to gravitational or absolute 
units. Ilcrr it must he rcmvinbcrcd thnt the equation was dcriveAl with the 
use of the (ihsohite form of Xewton's second (aw: hence the work mgh on the. 
left is in absolute units. This will always be tlie case unless the opposite 


is expressly stated. 

8.6. Worked Examples, a. The engine of a freight train exerts a con- 
stant force of 6 tons on the train. How mucli work does it do over a 
horizontal distance of 1 mile? The answer is clearly 


ir = I2.IKK) lb X .").2S() ft = ().84 X 10’ ft lb. 


b. A lM)y p\dls a sled by a rope which is inclined at 30® with the 
horizontal and is uiider tension of 10 lb. How much work does he do in 
drawing the sled 100 ft? Answer: 

ir = 10 lb X 100 ft X cos 30® = 866 ft lb. 


r. How much work is done when a mass m is moved a distance I along 
a .smooth incline making an angle with the horizontal? The answer to 
this example is not uni(pie. To move tlio mass up we recpiire al least 
a force of magnitude nuj sin <t> (component of the weight) along the plane. 
If the force is greater, the mass w ill move up with an acceleration, i.c., it 
will acapiirc kinetic energy in addition to being raised. We assume here 
that the force has its minimum value, so that the body moves without 
acceleration or with an acceleration so small us to be negligible. The 
work is then mg sin 4> I since the force is constant. If is expressed in 
grams, / in centimeters, and y — 680 cm sec^, the result is in ergs. 

But we note that / sin (i> — h, the height of tlie incline. What we have 
calculated is therefore the work mgh that would have been done in raising 
the mass vertically from .1 to B, Fig. 8.7. 
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Fu;. S.7. Work rloiut <»n jui iiu-lim* 


One can also work (his example with the use of Kq. (8.10). 'I’o Ik> 
precise, we sliall compute now the work done hy Kiavity when the ma.>^s is 
allowed to slide slowly down the plane against a suitable retarding force. 
Tlien 

ir = mg! co.s 6 (8.12) 

where 6 is the angle indicated in Fig. 8.7. Hut cos 6 = sin 0; ht'iice 

the same result is obtained. In this 

case, if there were no retarding force, 

the work done by gravity would 

obviously be the .same, for the value 

of the force of gra\ ity is mg regard- 

les.s of whether or not there is an 

oppo.sing force; but the velocity of 

the mass at the bottom would be 

different. ' 

, ,f , ,. rn;. 8.7. W ork doiut on jui iiu-lim*. 

il. 11 the incline m the preceding 

example is rough, the coefficient of friction being a. then the work done 
is (cf. F'ig. 8.7) 

II = (ku/ .sin 0 -)- iimg cos 0)/ = mgh + ^mgd (8.18) 

It is the same as though the object had first been mo^•ed from C to .1 
over a surface of ecpial roughness and then lifted against gravity from 
A to H. 

Suppose the train in Kxumple a had moved a distance of 1 mile up a 

grade of steepness 10®. The answer 

^ _ ^ computed previously was the work 

T done against friction over one hori- 

1 / zontal mile. The total work in this 

J /°^ y instance is the i>revious answer 

/ multiplied by cos 10® plus the weight 

-A “■j ' of the train multiplied by 5,280 ft 

times sin 10®. 

Fio. 8.8. Calculate the work done in 

moving a mass m from A to B against 
gravity along the path drawn in Fig. 8.8 (solid curve), (’onsider the 
displacement along </*•. The element of work, from Eq. (8.11), is 


Fio. 8.8. 


f/ir = I'\dx -h F,(Iy 

But F* = 0, and Fy = mg, a const. Therefore 

dW = mg dy 

W = mg jj” dy = rngiye — Va) = nigh 


(8.14) 


and 


( 8 . 15 ) 
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('\ni<m>ly enoujih the result is the snme as thouKh the mass had been 
raiMMl vertically throujih a distance h. The same result would have been 
ol.t liiietl if the mass had been carried from A to B alonp; the dotted 
path. I'hf work aijainat (frarity is imiepcndenf of (he path and depends 
oidy on the ditYorence in elevation of the initial and the final point. 

Another interesting? fact is this: In going from A to B along the solid 
curve I do myh ergs of work again.st gravity: in returning along the same 
path I do -myh ergs of work; tlie total work I have done on return is 
zero. If. instead of returning along the .solid curve. I choose to go back 
along the dotted line, the work done during return is also — ingh ergs. 
Hence if I go from .1 to B along the solid and return from B to A along 
the dotted curve, the total work done on the round tri]) is zero. The 
work tionc in carrying a mo.s.s' around any closed circuit against gravity 
in zero. .Many forces, though not all. have this property of giving back 
in one part of the cvcle the work done in tlie other. Friction is a notable 


exception. 

8.7. Conservation of Mechanical Energy. Almost everyone has some 
ac(iuaintance with the so-called “law." or “principle." of conservation 
of energy. “ Mnergy ^-annot be created or destroyed.” A body at a 
great lieight has energy of position; when it falls, this is converted into 
energy of motion. A coiled spring possesses potential energy, which 
transforms itself into kinetic energy when the spring is released. These 
things, and many other familiar instances, are true examples of the con- 
servation of energy. Hut it is our purpose here to make the meaning of 
this ])rinciple. and the meaning of energy, more precise. 

Let us start again with Newton's second law. First we assume the 
motion of the body of mass m to be along the X axis, and the force is taken 
to b(> a function of r, at present unspecified. Then 



Multiply both sides of this e<ptation by dx, and note that 


'Fherefore 


dv . . dx , 

-7- dx = dv = V dv 
d( dt 

F dx = mv dv 


Sui)pose tlie displacement is from Xi to .r 2 and the velocity of the body 
of mass m at Xi is Vi, the velocity at Xj is I'a. We may then integrate on the 
left-hand side between the limits .ri and Xs, on the right-hand side between 
tlie corresponding limits, 



^ onivi^ 


( 8 . 10 ) 



Sec. 8.7) WORK, MOMENTUM, CONSERVATION PRINCIPLES 


115 


The first integral cannot he evaluated unless F is given as a fim<-tion of x. 
Whatever this function may he, we can introduce the syinhol I' for tlie 
integral over —F, as follows: 



( 8 . 1 7 ) 


r will then also he a function of j-; it is called the potential energy of the 
mass when it is in the position x. 

Since F dx ~ Jj' F dx — F dx 

Eq. (8. Hi) reads 

or, on transposing. 


= f’lr: + 


(8.18) 


If, as before, we call the quantity } iaiv- tlje kinetic energy, luj. (8.18) 
can he expressed verbally by saying: 

The. sum of potential and kinetic energies at Xj is equal to the sum of 
potential and kinetic energies at jo. 

This analysis has been somewhat abstract. Let us see what it means. 
When a body is thrown upward, it pa.sses a point a distance jq above- 
ground with velocity Ci (we here call vertical distances x to conform to the 
notation of Etj. (8.18)) and a point a distance x^ above ground with 
velocity Vz. In this case 


L'Cj-) = - i~my)dx = 


mgx 


(8.19) 


(the minus sign before mg indicates that the force is downward, opi)osite 
to dx), and Eq. (8.18) reads 


mgx\ -h Mmvd = mgxz + yimv-r 


The correctne.ss of this equation should be verified by reference to Sec. 5.0. 
As another example we consider a vibrating spring, for which 


U = - // {^kx)dx = Yikx 


(8.20) 


To understand this we may refer to Figs. 8.9a and h. In (a) the .spring 
is in its neutral position, with the mass m at 0. In (6) the spring has 
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hiMMi «lia\vn out a di.stance j- beyond 0. 'I'lie force on the is to the 
\v\\ and of inafinitude k.r (cf. Hooke's law); if we reckon x positive to the 
the force on m is —ks. 
l-kiuation (8.18) rea<ls in this case 



- + 


4- 




( 8 . 21 ) 


Here Xi 


and x> are any two values of x. 


The (piantity 



^ ykx- 4- ’ 


(8.22) 


is therefore constant throughout the viliratory motion of the mass. It is 
said to be conisenrtl. 

8.8. Meaning of Potential Energy; Motion in Two Dimensions. \Vhat 
is the physical signiHcaiice of the (luaiitity U, which mathematical con- 
siderations have led us to introduce? 
On recalling the definition of work 
(Sec. 8.4, Kcp (8.8)) it is seen from 
Ecp (8.17) tliat U the negative o{ 
the work done by the force F in a 
displacement from 0 to x. Or, to 
put it the other way around, it is 
the work done against the force F 
in tills displacement. This is the meaning of nigx in connection with 
gravitation and of ' ela.stic spring. 

Kipiation (8.18) tells us that the sum of ('and ' 2 ^*’^ <^‘^tange, 

although (' and change their values individually. We therefore 

.say that the constant sum, each term of which has the physical meaning 
and the dimension of work, represents a store of work within the moving 
body, i.e., energy (Greek en, \n; ergon, work). The quantity U is potential 
energy; Hjme- is kinetic energy. In the motions thus far considered we 
ob.serv(* a continual interconversion of potential (£^poi = U) into kinetic 
energy (A\u.). 


• % 


m 


-VWVSAA/V\Ar^ 

0 


o 


III 



0 


I' lo. 8.0. 


(’onsitler an elastic ball bouncing up and down. At the instant when 
it strikes the floor its is zero, and its is a maximum. At the top 
of its bounce is a maximum, and E\in is zero. The vibrating spring 
has maximum and zero at either end of its path, zero Epot and 
maximum at the middle. In fact we can use Eq. (8.21) to find the 
velocity of the end i)oint of the spring at any moment if we know its 
maximum extension x„.„. For we note that 


* 2Ax» 4- 4- 0 
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(8.23) 


Energy is sometimes said to l>e work le.sitlent u ithin a Ixxly; the en(‘igy 
that a body possesses ecjuals the work it is ca))able of doing. From this 
point of view potential energy is latent work due to position or configura- 
tion, and kinetic energy is latent work due to motion. Indeed 
is the work a body does while its speed is reduced from the value r to 
zero. This is obvious from E(j. (S.Ki) if we put Ci = 0. 

The ])rinciple of conservation of mechanical energy, Kq. (8.18), whicii 
may also be put in the form 

A’p.., -t- Eua = const 

does not always hold. It fails, for exaini)le. when the si)ring is subject 
to frictional forces or when the bouncing l)all is not completely elastic. 
In such cases heat is generated. Hut it will be .shown later that heat, too, 
is a form of energy, so that, when a term corresponding to it is added onto 
£'ki„ and the sum of the three is constant. E),,,, "F Et^,i is .said to Ije 
the mechanical energy of a system. Thus, while the mechanical energy 
of a system is not always conserved, the total energy, which includes all 
forms of energy, is constant under all known conditions. 


Conservation of mechanical energy holds not only foi- the ca.so of one-dimen- 
sional motion discussed itt the preceding .'ie<'tion. If motion takes place in two 
dimensions, Newton’s law states 




m 

in 


dvx 

~di 

dVy 

dt 


Multiply the first of these by dx, the secoml by dy, and add. 


Fxdx + Ff,dy = m (~ ^ 

= fn{vxdvx + Vudvy) 


dy) 


If we now put 


-L 






(Fxdx+Fydy) = r 


(8.24) 

(8.2.5) 


so that U is a function of the two variables x, y, we can integrate Eq. (8.24), 
obtaining 


U 


rn/i 

XHf 3 


}^m(vr + Vy^) 




xiyi 




XtPi 

XlPl 
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;iii(i <)!i tran.><{>o.<iing we have 



+ ~ r 


i-.w. 


+ 




riiis is again tlie law of coiisorvation of inecluuncal energy. 

There is an important <iuestion. however, tlint we have not answered. The 
student who is tlnuoughly conversant with the calculus will doubt, perhaps, 
wliether I ' as 4lefined by Eip (H.2o) makes any sense. That equation represents 
what is calle<l a line inUgral hy mathematicians. To say that (’ is a function 
only of the variables j*. ij, which a]>|K*ar as its upijer limit, is not generally correct. 
Only when it is correct may one introduce a potential energy and speak of the 
conservation of mechanical energy at all. It may be shown that it is proper for 


most forces encountered in mechanics. 

If or l'\ depended on the velocity of motion us well as on the position of the 
moving particle, an integration of Eip (H.24) would not lead to the conservation 
law. Forces depending on c. like friction and others that fail to yield a constant 
mechanical energy, are slid to be noneonservative forces. 

*8.9. Summary on Work and Energy. The infinitesimal work done when a 
force acts through a distance </.v can be expres-xed in two ways, 


ami 


dll* = F <h cos 6 
dir = F, dj + Fy iiij 


where 6 is the angle between the positive direction of F and d.s. When the force 
is «-onstant and in the rlireetion of the displacement, the first formula takes the 
."imple form 



Fnei'gy is a (piantity having the same physiiad dimension as work, viz., 

[ML-T-^. 

It is nuuH'rieally eciual to the work that a body in its given condition can do when 
its position and its speed are suitably ehangeil. 

Tliere are many dilTerent kinds of energy such as mcehanieal energy, heat, 
sound, liglit, electric, and magnetic energy. Mechanical energy consists of 
two forms, kinetic ami potential. The kinetic energy of a moving object is 
(ilioaijs given by the formula 'awr-. The potential energy', generally defined by 

= r = -jFdx 


has different forms for objects under the action of different forces. For a mass 
subject to gravitation, 

i' = mgh (abs units) 


I''of a body acted on by an elastic spring 


of 8tifrne.ss eoeflieient 



I’ = (abs units) 
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Tlip principle of conservation of merhauira! eneijiy says that the total ineclian- 
ical energy is constant. 

E = A’po, + A'kin = const 

It is not generally true, but only when forces like fri( tion, wliich convert inecliati- 
ical energy into other kinds (usually heat), are absent. 

The principle of conservation of energy .says that the total ejiergy of an isolated 
[jhysical system is constant. It involves consideiation of all kinds of energy, not 
onlj' mechanical, and is believed to be always true. A steam engine tiansfoi ins 
heat into mechanical energy: the electi’ical geneiator transforms mechanical into 
electric energy: a ^^brating string tiansforms mechanical eneigy into .sound, and 
so forth. 

This principle is one of the most useful generalizations of science and has led 
to numerous discoveries. There is no reasoi» to supp«)se that its validity is 
confined to the nonli\ing world. All available e\'idence points to its operation in 
biological proce.sses as well. 

The potential energy under gravity, nigh, depemls on tlie choice of level from 

which the height h is measured. A convenient and common choice is the ground 

at sea level. It should be eini)hasized, however, that only tUfftrcncc in j)otential 

eneigy and hence differences in height occur in actual applications of the energy 

principle. This is clear from Kq. (S.IX), or the equation following Eq. (H.19), 

which mav be written 
% 

— V-?) = mg(T-i — a:,) 

Hence the choice of zero level for the potential energy has no effect on the physical 
situation. 

*8.10. Efficiency of Machines.^ The 
action of machines, analyzed in Sec. 3.13 
from the point of view of forces, can also 
be understood by an ai)plication of the 
piinciple of the con.servation of energy. 

For e.xainple, if a lever (see Fig. 8.10) 
is in equilibrium and friction is al)sent, 
there cun be no waste of energy' when both arms are given a slight displacement. 
Hence, as at’ts through a distance rf, and Fi through d., the output work must 
equal the input work. 

FM = Fidi 

But since djdi = U/h, tliis condition is 

K _ h 

Fi - lx 

as was previously found (Eq. (3.13)) 

For the wheel and axle (Fig. 3.21) the energy princijde says 



Fio. 8.10. The lever. 


F.Tod = 


' (Review Sec. 3.13.) 



150 


PHYSICS 


(Sec. 8.1 1 


0 beinfi the anule through which the wheel is turned. This leads to a mechanical 
julvaiitii'ie .1/ = r.. r, as before. 

For the differential pulley we have iKIk- 3.22) 



Here (r-j — r,)6 i.s the lenuth by which the two roj)es holding the weight are short- 
ened; otie-half of it is the height by whicli tlie weiglit is rai.sed. .Again this 
formula leads to the result previously olitaiiied. 




The ncij of a machine is the ratio of its uork outpul to its work inpul. 



In tlie preceding instances we have assumed the efficiency to be 1, or lOO per cent. 
Friction always reduces it to a lower value. If the theoretical as well as the 
actual mechanical advantage .!/„ of a macluiie are known, its efficiency can be 
computed. 

Let l‘\ be the “ tlumretical " output force, which obeys the relation 

Fji. = b\di 


The actual work input is F.d„ but the actual work output is FJd^, where Fo is the 
“actual” output force and Fo < Fo. Hence 



Fo' F. ^ f..VF, 

d. do Fo/Fx 


by virtue of the preceding equation, .^ince F,' F. is .U,, we have 


as w'as stated in Sec. 3.13. 



8.11. Power. A small motor can do a great deal of work if it is given 
a long time; a large one may be able to do the same amount in a small 
time. It is siiid to be more j)o\veiful. Obviously, then, power refers 

to the speed with which work can be done or with which energy' can be 
delivered. 

Power is the time rate of doing work. In symbols, 



(8.26) 
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If we recall Eq. (8.10), we find 




—r COS 6 = Fr CO.'S d 

(It 


(8.27; 


where B is the angle between F and v. 
one can define an averaije power. 


In accordance with hap (8.21)) 



provided IT i.s the work done l>etween the in.stants t\ and This is ol 
course the same as P when P is constant. In general P may change in 
time, so that it becomes necessary to distinguish between average and 
instantaneous power outi)ut. The obvious units of power are collected 
in Table 8.2, which is self-explanatory. In addition to these tlie student 


Tabic 8.2. Vuits of Power 



f|).s ; 

Cg-s ! 

1 

ink.s 

Absolute 

( irikvitatioiitil 

ft pouruJal/srr 
ft Ih/scc 

4*rg/se«' 
gm cm /sec 

jouh'Asoc * watt 



must learn the following which are \Nidely used: 

1. The joule/sec, which equals 10’ ergs sec (cf. Sec. 8.5), is called the 
UHilt (after James Watt, 1730-1819. who developed the steam engine). 
A kilowatt is 1,000 watts. While this is most often emi)loyed in electrical 
practice, it is a perfectly good unit for all forms of po\Ner. 

2. The horsepower (Iqj) introduced by James \N'att (who experimented 
with horses!) equals 550 ft Ib/^ec, or 33,000 ft Ib/min. To find tin? con- 
version factor between horsepower and watts wc write 

1 hp = 550 ft Ib/sec = 550(30.5 cm)(454 X 980 dynes)/s(M- 

= 7.40 X 10^ ergs sec 
= 740 watts 


’rhe kilowatt (kw) is so common a unit that it has seemed desirable to 
introduce an cuenjy unit based on it. Since, for uniform rate of working, 
energy delivered is power times time, the energy unit is the kilowatt hour 
(kwhr). It is the work done when one kilowatt of power is delivered for 
one hour. 

1 kwhr = 3.6 X 10® joules 


Energy, or work done, is a commodity; power, being a time rate, has 
no price. Thus one does not pay for electric power — one pays for energy 
at a fixed price per kilowatt hour. 
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As a simple application of Kq. (8.27) we calculate the power developed 
oy a locomotive that e.verts a pull of 80,000 ll> and moves at 20 miles/ hr. 
Here cos ^ = 1. Since 20 miles hr = 29.3 ft sec. we find 

P = 30.000 Ih X 29.3 ft sec = 8.79 X lO"- ft lb sec = l.o98 hp 

If it takes 25 hp to drive an automobile at 20 miles hr on a level road, 
tlie force of friction F can be computed as follows: 

F X 29.3 ft sec = 25 X 550 ft lb sec 
F = (25 X 550) 29.3 lb = 409 11) 


8.12. Momentum and Impulse. In Sec. 8.7 an equation e-xpressing 
conservation of mechanical energy was obtained from Newton’s second 
law of motion; the method was to multiply both sides of the law 



by (lx and then to intejtiate. .\nother interestinp; result emerges when 
lH)th sides are multiplied by dt and the integration is carried out. We 
then have 

F <H = m dv 


and on integration between /i and /•. 



mva — mvj 


(8.28) 


In writing these equations, account has been taken of the rcc/or r/iar- 
aclcr of the (piantities F and v. This is necessary because a vector such 
as F, when multiplied by a scalar like dt, yields a product that is still a 
vector, having the direction of F. Similarly the vector mv has the 
direction of v. Work, which is the product F dx or. in general, the quan- 
tity Ff/lx -b Ff/lt/. is not a vector. Why this is so is shown in courses on 
vector analysis and will not be proved here. 

I'kiuation (8.28) takes on signiticance when we examine the meaning 
of the integral 



(8.29) 


If F were constant, it would be the force multiplied by the time during 
which it acts. Ihe (piantity I can be the same for a small force of long 
duration as for a large force applietl briefly. It is a measure of the 
temporal elTcctiveness of the force and is called the impulse of the force F. 

In order to calcidate I in detail one must know the way in which F depends 
on t. 
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Using Eq. (8.29) we can write Eq. (8.28) in another way. 



WV2 — WVj 


(8.30) 


The quantity mv appearing on the right-hand side is called momrntitm. 
The re.sult may therefore he stated verbally by saying: ('hange in imjiulsc 
e(juals change in momentum. 

Usually ^ = 0; that is. the force starts acting on the mass m at f = 0. 
The ecpiation then states that the momentum change produced by a 
force is equal to the impulse of the force. For exam])le. when a force of 
1 pounda! acts for 2 sec on a body of 10 lb ma.ss initially at rest, it produces 
a speed r, which is given by 

I'f = mr 

or 1 poundal 2 sec = 10 lb X r 

V = • r, (pouiulal sec) lb = '5 ft .sec. 


Notice that E(j. (8.30), being derived from the absolute form of Newton’s 
law, is valid only in absolute units. 

The units of impulse and of momentum, two (piantities that have the 
same pliysical dimension [MLT~'], are of course the same. Tliey ha\’e 
no special name but might be the gm cm sec. or tlie 11 ) ft .sec, or the 
kg m/sec. They must be carefully distinguished from units of i^ower 
that have the same appearance 
becau.se of the ambiguity of the 
words gram and pound. 

8.13. Conservation of Momen- 
tum. By far the most interesting 
application of the impulse-momen- 
tum e<iuation (8.30) is the simple 
one in which the cpiantity on the 
left-hand side of it is zero. This 
can happen in .several ways. 

First let us suppose there is no force whatever. Then I is zero, and 
equality of mvi and mva simply implies the validity of Newton’s first law. 
Nothing new is to be learned from this instance; there is obviovisly con- 
servation of momentum in the absence of force. 

Much less trivial is the situation in which two bodies interact, i.e., 
exert forces on each other. Call these bodies a and b, and consider their 
motion as it is indicated in Fig. 8.1 1. In its motion from *1 to B, particle 
a is at every instant subject to a force Fa due to body b, a force that may 
be elastic, electric, magnetic, or even due to bodily collision. Also, Fa 
need not be constant in time. 

While bodv a moves from A at time /i to B at time t2, body b moves 



Fic5. 8.1 1. 
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from C to 1). It is acted on by a force dtie to body a, and, by New- 
ton’s third law. 

F(. = -F„ (8.31) 

( )n ai)i)lying Imj. (8.30) or. bettc'r, Imj. (S.28) to l)ndies n and b in turn, we 
tind 


^ F,/// = m,.Vt.2 — »(hV(,i 


If we add these two etjuations and tise Ktj. (8.31), there results 

w'.iV,,- — tn.,Va\ + — WjVh, = 0 


or 


d- = m„V„3 + WfcVM 


(8.321 



'I'he ([uantity on the lefl-liaiul .•^ide is tin* momentum of Imdies a and h 
(\(‘ctor sum) after, tlie (luantity on the liKht-haiid .side the momentum 

l)eforethc interaction. When the two 
l)odies are leKardeil as forming one 
physical system, the forces F* and F(, 
are internal to this system in the 
sense tluit they are exerted by one 
part of thesystem upon another. One 
may thus state Fa\. (8.32) in words by 
saying: 

7'hc total (vector) momentum of a 
phi/}firal system that is subject only to 
internal forces remains corustant. 

If external forces, i.e., forces due to 
bodies other than a and b, were also 
acti\e, I'aj. (8.32) would not l)e true, for the total force on a is not the 
negative of tlie total force on />. Actually, interacting bodies are always 
subject to gravity, which is an external force. Ihit it often happens— 
for example, in collisions and exjdo.sions— that the forces (tf interaction 
are much greater than the force of gravity, so that application of the 
I>resent result is warranted as an approximation. Later we shall show 
that (‘xternul forces merely affect tlie motion of the center of mass (cf. 

Sec. <).3) of the system and that the relative motion of a and b is given bv 
Va\. (8.32) precisely. 

8.14. Explosions, Rockets. The explosion of a stationary bomb is subject to 
the law of conservation of inornentmn. Since its inomentuin before bui^ting is 


l'‘n:. 8.12, Hvirstinji l)cimb. 

= n. 
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zero, tlie vector inomentuni of all it.'< fia^jmeiits, when added, imist still yield 
zero (see Tig. S.12). Thus the titv vectors drawjj in I'ig. 8.12 must form a closed 
polygon. If the bomb broke into two fragments onlj’, these would flj' olT in 
e.vactlj' op|)osite directions. 

Suj)pose a shell, of mass M, traveling 
with velocity V, buists in mid air. 

The total momentum of its parts after 
the explosion still equals the vector 
MV. If it breaks into two parts, «)ne 
of mass M 3 and the other of mass 
2M , 3, and if the smaller one flies off at 
an angle of 30® with the forwaid direc- 
tion, the velocity of the second can be 
h)un(l by this rule. I>et V = 100 ft sec, aiul let the velocity of the smallei' 
fragment be 300 ft/sec. We then see from Fig. S.I3 tliat, since 

[(.l//3)v,l + [(2.U 3)v-,l = .UV, 

^ Ci sin 30® = a Mv-: sin $ 

O *3 

t’l cos 30® + cos d = MV 



The solution of these equations is 

e, sin 30® 


tan 6 — . 


300 ft sec X ' 


3r - c, cos 30® 
tan d 
1 Cl sin 30® 


300 ft sec - 300 ft sec X (I.SOG 


= 3.73 


d = 


- 4iV 


|>o = 


sin d 


\ 300 ft .sec X ' -2 

2 ■ ‘ 0.9()0 - 


'I'he |)rinci))le of conservation of momentum has innumeiable appli(*atioiis, tlx* 
most interesting of which at present is probably to rocket proj)ulsion. The 


MV 


m 


J. 




(a) 



m (f-F) 



Fig. 8.14. The rocket. 


rocket ejects from its tail a blast of gas and moves ahead, driven by the force of 
recoil from the blast. Contrary to widespread opinion, it needs no air to react 
against, for it kicks itself ahead from its own exhaust gases; the atmosphere is in 
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f:i. t an oh-stacle and redufcs the eHiciency of the rocket. As a rule, gases are 
ex|)fllo(l cotjtinuously to provide motive power; for simplicity let us first assume, 
however, that tlie expulsion Ls intermittent. 

If the rocket of mas.s .1/, wlnle moving to the right with velocity V, ejects 
from its tail a charge of mass m with velocity v relative to tlie rocket, the velocity 
of the locket will increase by an amount IV. According to our principle (cf. 
rig. S.14). 

{M - wi)(r +Ar) - m(r - V) = MV 

whicii leiiuces to 

(.1/ - tn)lV = inv (S.33) 


The increase in kinetic energy resulting from the explosion, AE, is 

>,m{c - Vy- + ^-.(M - iri){V + AT)- - HMV^- = AE 


but only [)ait of this, viz., the amount 

>2(.u - »oti' -vAvy - = ae' 

is the increase in kinetic energy of the rocket: the remainder 
wasted as energy of tlie blast. The waste is zero when T = v, that is, when the 
exhaust mass is expelled with the velocity of the moving rocket. This cor- 
responds to maximum efficiency and occui-s when the exhaust gases are at rest 
relative to the earth. 

In general the efficiency is given by AE' AE. In calculating this ratio we 
simplify AE and AE' with tlie use of Kq. (H.33) and finally obtain 

AE' (.1/ - 7n)((' - 1')= 

AE ~ 


1’hi.s shows that the efficiency of the rocket is ui .!/, and hence very small, when 
the rocket is .stationary ( r =0). It is a maximum when V = c as already noted. 
Kor higher speeds it decreases again, for then even the exhaust ha.s a net velocity 
in the direction of the rocket’s Hight. This is an entirely possible condition, a 
rocket can go faster than its exhaust. 

The same results hold for contimmus propulsion. Jet ])r<>pulsion differs from 
rocket ai'tion only inasmuch as air is taken in at the front of the missile and used 
in a combustion chamber to oxidize the fuel, which then produces the directed 
blast. 

The most remarkable rocket produced thus far was the Ciorman V-2. It 
was jiropelled liy the combustion products of alcohol. Since it passed through 
the stratospheie, it had to carry its own oxygen. As a propellant, it contained 
l,2()f) gal of li(juid oxygen and the same quantity of alcohol. Its explosive 
charge was suflicient to produce a I’rater lO ft deep and 40 ft in diameter. Some 
data concerning the \'-2 are given in Table 8.3. 

In continuous propul.sion, mass is sent forth at a uniform rate dm/dt and with 
constant velocity v. The thrust on the rocket is, by Newton’s second law, 

d dtn 

^ = -ji = -,ii 
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Table 8.3. The V-2 Rocket 


Length 

Diiiin 

Total wt. . . . 
Kxplosive. . . 
ILinge 


46 ft 

1 Time of fiiglit 

6 min 

5 ft 5 in. 

Time of proinilsion 

70 see 

27,000 lb 

Mux speed 

1 mile /sec 

1.800 lb (TXT) . 

Terminul speed 

mile .sei 

215 miles 

« 

k 

1 Max power 

.500.000 h]) 


A given tlirust can l)e obtained by varying dm dt and v, but keeping tlieir product, 
constant. Now tlte power wasted on the exhaust products is 



dm ^ _ r 
dt * dm dt 


In order to keep this quantity small, dm dt must be made large. This moans 
tluit the rocket is wasteful either of power or of mass: it cannot be frugal with 
respect to both. In designing rockets 
a cotnpromise must tlierefore be made. 

Indeed, it is usually desiiable to save 
ma.ss rather than energy. 

*8.16. Ballistic Pendulum. The 
speed of a rifle bullet is sometimes 
measured by a device called a “ballistic 
pendulum.” It consists of a block of 
soft wood or lead (muss M) suspended 
by a light rod or by strings, as in Fig. 

8.15. A rifle bullet of mass m and 
speed V is fired into the block, and the 
arc s over which the center of M 
swings out is measured. 

When the bullet enters the block, 
the latter moves forth with a velocity 
r in accordance with the principle of 
conservation of momentum, 



mv — (M Tn)V 


(8.34) 


Fig. 8.15. HaUistic pendulum. 


The principle of conservation of mechanical energy may not be applied to the 
impact, for the bullet will certainly generate heat and noise while lodging itself 
in the block. From Eq. (8.34) v could be determined if V were known. But V’ 
can be found by applying the principle of conservation of energy to the motion of 
(M + m) from A, w'here the energy is all kinetic, to the end of its swing B, where 
it is all potential. Thus 


= ar + m)gh 


Now h = l(l — cos d), so that 


r = V2gl{\ - cos 8) = 2 y/gl 
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The unplo 6 = s I. Hence V is kiuuvii. and v can be determined from Eq. (8.34) 
[)rovi(le(l that vi and M aie piven. 

If we mi.'takcnly assumed tliat kinetic energy is conserved before and after 
impact, wc should have in addition to Ef}. (S.34) the following: 

+ n.)V- 

,\fter divitling the left side by i if and the right-liand by its equal. (M + t»)V, we 

have 

V = r 

When tliis is substituted back into Eq. (8.34), 
there results m = M + w. which is nonsense. If 
the bullet bulges itself in the block, mechanical 
eneigy cannot be conserved; most of the energy of 
the bullet is transformed into lieat. 

8.16. Collisions, (’onservjitiun of momentum is the clue to all col- 
lision problems. These are u.sually difficult. To predict, for example, 
what Imppeiis in detail when two bricks collide in mid-air is a task that 
defies the l)est mathematician. Our attention will he confined to 
spheres; and even there we sliall not treat the general case in which the 
line of centers, /. makes an arbitrary angle 4> (cf. Fig. 8.10) with the 
velocity of the impinging sphere. Such an impact is called oblique. Wc 
shall here l)e interested in head-on 
collisions, for which ^ = 0. In that 
case there is no cliangc in the direc- 
tion of motion. 

Figure 8.17 shows two l)alls of 
masses m„ and ttit, with velocities u,, 
and Uh before impact. Since Ua > Ut, 
they will collide. After collision, 
their velocities are and v^. We 
wish to find Vo and Vh when the veloci- 
ties before impact and the masses are 
given. 

Since momentum of both spheres before impact equals momentum 
after impact. 

tUaUa + mhUh = maf'a + WfcCh (8.35) 

'I'his is always true. Kinetic energy is conserved only if the impact is 
perfectly elastic, as is nearly true for billiard iinlls and for steel spheres. 
We assume this to he the case. Then 


u. 


Before imDact 


«5 



m, 



V. 




After impact 
Flo. 8.17. Hojid-on rollision of 
spheres. 


•irrioWa* -1- ^ * 2mfcrb* 


(8.36) 
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If we write Eqs. (8.35) uiul (8.30) in tiie form 

— »’a) = ntHit'b — ifb) 
W«(Wa' — f’a') = »h{f'b‘ — Ub-) 


and divide, we ol)tain 

Wo f'a — f'h + Wb 

or Ha — Hb = Vb — I'a (8.37) 

This means (cf. Fig. 8.17) tliat the relative velocity of separation equals 
the relative velocity of approach. It is now easy to see wliy kinetic energy 
cannot he conserved in the case of the ballistic pendulum, where the bullet 
remains lodged in the block and hence tlie sj>eed of separation is zero. 
Wlien tna = rfh, Eq. (8.35) reads 


Ua + Wb = Va + Vb 


When this is solved simultaneously with Eep 


(8.37), we find 


Vb — Ha Va = Wft 


The masses have merely exchanged their velocities on iini)act. I'his 
result is familiar to the billiard player, who knows that, when a moving 
ball makes a head-on collision with a stationary one, the former stops. 


*8.17. Worked Example. A 5-gin rifle bullet is fired into the block of a 
buHi.stic pendulum, which weighs 10 kg. The block is suspended from cords 
80 cm long and is observed to move along an arc of 5 cm. 
a. P'ind the velocity of the bullet. 

Using the notation of Sec. 8.15, we find 


Hence 

Now 


V 


. 5 1 . 66 . 1x1 

® = So = To 2 = 2 "“’‘'■‘y’ = 32 

n I 

= 2 ^/^?/ sin 0 = 2 v''980 X 80 ciii/ sec = 17.5 cm ^sec 


V = 


32 

r [cf. Kq. (8.34)1 = 2,0011' = 3.5 X 10' cm/sec 


b. Find the work ilone by the bullet in petmtrating the block. 

The energj' of the bullet was 

K X 5 X (3.5 X 10^)- ergs = 3.08 X lO* ergs 

The energy of block and bullet after impact is 

H X 10,005 X (17.5)^ ergs = 1.53 X 10® ergs 

The difference is the work done in penetrating the block. It is nearly all of the 
initial energj'. 
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1. A oOO-lh h«)rse> dnius a Ac\]ih wi-ighing 1.200 lb along n IovpI, snow-covorod road 
witli an arccleratum of 3 ff -soc*. The coefficient of sliding friction is 0.1. Ignoring 
vertical f(>r<-»‘ coiniwjnents. find the following: (a) the force exerted by the horse on the 
sleigh: (6) tin- force exerted by the sleigh o>i the horse; (c) the forces exerted by the 
earth on the sleigh and on the horse. 

2. A muss, whii'h may only move along the X axis, is subjeet to a force /’ = —kx* 
dynes. ( aUnihite the work that must be dom* on the mass in order to move it from 
j. = -2crn to X = +1 cm without acceleration. 

*3. A mass in the A' r plane i.s subject to component forces F* = — 4x, F„ = ~7y 
dvnes. ('ahailate the work re(iuired to juove the mass (without acceleration) from 
the origin to the point (3.3) along the line y = r. Show that the same amount of 
work must be expended in niovijig the mass along the X axis to the point (3,0) and then 
parallel to the V axis to the i)oiut (3.3). (lx*t 1 unit length = 1 cm.) 

4. .V 3()-ton railway car traveling with a speed of 5 ft /sec hits a spring bumper at 
(lie end of the track. Calculate the kinetic energy of the ear before collision and the 
distance that it compresses the spring. (A- = 4 X 10* pouiidals/ft.) 

6. .V pile jlrivor rai.ses a mass of iron (called the “monkey”) a given height and 
then allows it to dn)p upon the pile, driving it into the ground. If the mass of the 
monkey is 1 ton and the height 20 ft, find the kinetic energy of the monkey at the 
instant it strikes the pile. .Assuming the pile resists with a constant force of 8 torjs, 
calculate the distance it i.s forced into the ground. 

5. .V 2-ton aut<unobile re<iuires 15 hj) to maintain a speed of 30 miles/hr on a level 
road. What hors<*i>ower must it develop to travel \>p a 5® grade with the same speed? 

7. A loO-lb man elimbs a circular stairway to a height of 20 ft in 20 sec. How 
much energy does he expeiul? What horsepower does he develop? 

8. Xi\ airplane engine developing 05 hp makes 2,000 rpni. ^\hat torque is it 

delivering? 

9. .-Vn airplane in lcvc*l flight at 240 miles /hr develops 1,500 
hp. Determine the force that the air exerts in opposition to the 
forward motion of the airplane. (.Assume that the propeller is 
50 per e(‘nt efHeient.) 

10. When an elastic spherical ball strikes a horizontal surface 
at an angle with the verticjd, the horizontal component of its 
momentum remains unchangeil (profiled that the surface is 
frietionh'ss). Show that under this condition the angle of 
ri'flection is equal to the auglo of ineulenee. 

*11. The pulley system in Kig. 8.18 has an efficiency of 0.8. 
How much work must he put in to raise the mass M = 20 lb a 
height of 5 ft? What is the magnitvido of the input force? 
What is the thoondienl ineehanical advantage; the actual 
mechanical advantage? 

*12. .An automobile jack, operated by a handle 2 ft long, 
utilizes a screw of pitch in. When a 20-lb force is applied 
at the handle, the output force is 2 tons. Calculate (a) the 
theori'lical ineehanical advantage; (6) the actual incehanicul advantage; (c) the 
I'fliciency of the machine; (d) the input force required to raise a 450-lb mass 3 in. 

*13. A man operating a windlass raises a 30-lb mass from the bottom of a 50-ft well 
in 80 sec. If the windlass is DO per cent effioient, how much energy does the 
4*xpend? What horsepower does he develop? 



Fi«. 8.18. 
lent 11. 


man 
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14. A force that is constant in direction hut variahle in time is jiiven l>y the relation 

p _ JO’/’ dynes. If this force acts on a mass of 35 pm from /■ = 0.3 sec to /.. = 0.7 

sec, calculate the change in momentum of the mass. 

16. pitched baseball weighing 0.5 lb is hit as it crosses the ])lato horizontally with 

a speed of 60 mph. It flies off horizontally at 00 mph. ( aleulate the change in 

momentum of the ball. Find the force exerted by the bat on the ball, n.ssuming that, 
it is constant and that the bat and ball are in contact for 0.1 sec. 

16. 100-ton cannon fires a 100-lb shell, imparting to it a velocity of 3.000 ft/sec. 
(o') Fin<I the recoil velocity of cannon (assuming that it is completely free to recoil). 
(6) Find the work done on the shell by the expanding gase.s. (c) Find the work done 
on the <-annon by the expamling gases, (d) Calculate the efiiciency of the cannon, 
assuming that no energy is lost in heat. 

17. Two cars of equal mass approach each other at right angles. The first is going 
at 40 mph, the second at 20 mjih. They lock together during collision ami travel otT 
at a common spee<l. Find their velocity (magnitmle and direetionl aftt*r collision. 

18. .\ 10-ton railway car traveling along a level track at 15 mph strikes a stationary 
10-ton car. TTu* two couple together and proceed up a 1® incline in the track. How 

far do th<“y rise on the incline? (Neglect friction.) 

19. A simple pendulum 10 ft long is displaced 30® fnun the vertical and tlieii 
released. Determine the velocity of tin* bob at the instant it pas.se.s through the 
lowest point in its path. (Neglect any friction «hie to suspiaision or air re.sistanee.) 

*20. ,\ ballistic pendulum. 6 ft in length anti using a 10-lb block, swings through an 
angle of 30® when a 0,0.5-lb bullet is fired into the block, ('aleulate the velocity of the 

bullet. 

*21. Suppose a pemlulum of length I is suspended along a flat vertical surface (see 
Fig. 8.19). When it .swings to the left, it utilizes its full length: but when it .swings to 
the right, its effective length is 1/2. If 0 = 40® i.s the maximum angle of swing to the 
left, fiiul the maximum angle of swing to the right. 



Fig. 8.10. Problem 21. 


*22. Show that only m/{M + ml times tin* initial energy of the bullet is converted 
into kinetic energy of the block of a ballistic pendulum. 

23. The spring in a BB gun has a stiffness A- = 2 X 10* dynes/cm. C'alculate the 
work that must be done to compress the spring 20 cm from its neutral position. Wh<‘n 
the trigger is pulled, the spring is allowed to expand, propelling a BB weighing 0.25 gm. 
Find the kinetic energy and velocity of the BB as it leaves the gun. 



CHAPTER 9 

DYNAMICS OF A RIGID BODY 


9.1. Motion of a System of Two Particles. Newton's laws as stated 
hold only for small particles. Nevertheless we have often applied 
them to extended objects, apparently without justification. In the 
present chapter we supply the reasons why such treatment was proper; 
we investigate the motion of objects called rigul bodies. 

A stick when thrown in the air does not behave like a small stone, 
for it will in {general execute an apparently irregular rotation while 



progressing. One may at first think that its motion is so complicated 
as to defy de.scription. In fact, however, its features are astonishingly 
simple. There is one point in the stick — indeed in every rigid body — 
that moves precisely as does the stone, tracing out a smooth parabola 
while the whole body rotates about this key point. It is called the center 
of nni.'fs. 'I'o recognize its importance and to locate it is the first object 
of our (piest. 

A rigid l)ody may be considered as a collection of particles, all held in 
fixed positions relative to one another. This view is in harmony with 
inotlern conceptions as to the structure of matter, according to which a 
soliil consists of atoms or molecules arranged at definite places in a 
crystal “lattice." To simplify the analysis we consider first only two 
such particles, lield together by forces like those in a rigid body, and 
we inrpiire how the pair moves when forces are applied to each of the 
partners. 


In Fig. 9.1 are drawn two small mas.ses wi and together with the 
origin 0 of a coordinate system. Kach mass is assumed to be subject to 
forces. 'I'he forces are of two kinds: there are inU‘nial. forces exerted 
by one particle on the other, and there are external forces due to outside 
agencies (gravitation, pushes, and pulls). In a rigid body the internal 
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forces between molecules are of an electrical orijjin; they are ventral 
forces, i.e.y they act along the line joining the particles. Being .subject 
to Xewton’s third law, they are denoted by f and — f. In I'lg. 9.1 tlie 
external force on nii is Fi, that on is Fj. The total force on mi is Ri; 
that on m 2 is R 2 . 

liy Xewton’s second law. 

m,ai = Ri, m-ja^* = R 2 (9.1) 

But Ri = Fi d- f, and Rj = F 2 — f 

and hence if we add the first two equations we find 

miat + miSL-i = Fi + F- (9.2) 


This result is interesting, for the forces appearing here are external and 
measurable; the internal ft)rces. which are unknown. fortunat(‘ly have 
dropped out. 'fhe sum Fi + F 2 is simply the total (“xternal for<-(“ on the 
pair and will be called F. l-apiation (9.2). being a vector eijualion, is 
ecpiivalent to three scalar e(|uations. 


m, 

7/11 


d-xx 

dt- 

d^Ui 



m, 


(fzx 

dh 


4- m 2 


d^z-i 

di- 



These can be simplified by introdu(*ing the fjuantities 


/njji + m2.r2 




M 


z 


WxZx + m-iZi 

M 


M = mi + m2 





(9.-I) 


for then they read 
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Inspection of Kqs. (9.3) shows that x is the mass-weighted viean of Xi 
and . 1 ':. t'/ is the inass-weiKiited mean of yi and y- 2 , and so forth. 1 o under- 
stand this tcM'ininology we refer to a more familiar situation. Suppose 
wc ire gi\-en two boxe.s of nails and are to determine the tnean length 
Ilf the nails. For this purpose we might measure the length of one nail 
from carh box fall nails in a box have the same length) and take the 
average: /=(/, + /.) 2. But this is hardly the thing to do if the two 
lioxes contain dilTerent numliers of nails. The proper procedure then is 
to weight tlie length (i by the number of nails in the first box and h by 
the numlier of nails in tl»e second l)ox. thus obtaining 


I = -|- ndi) (^*1 “h ^* 2 ) 


'I'his is called the “weighted mean/' the weights and na being the 
numbers of nails of each kind pre.sent. In the definitions of x, y, and 2 
the masses of the particles are used as weights. The three coordinates 
j, ff, z deline a point called the center of mass of wii and m 2 . The vector 
dis])lacement of this i)oint from 0 will be called f; it has components 
I. y, z. (’learly K(|s. (9.4) can then be combined into the one vector 
ecpial ion 



(9.5) 


'I'his re.suit will be interpreted in Sec. 9.3. 

9.2. Motion of a System of Two Particles (Continued). Next we 
consiiler tlie tonpies produced by Ri and R 2 about the origin 0 (cf Fig. 
9.1). .\galn we resolve the forees into external (Fi and Fo) and internal 
(f and -f) components. .\nd now we find that the torques due to f and 
— f cancel each other. 

I'o .see tliis wc examine Fig. 9.1. The torque produced by f is — /d; 
tliat produced by — f is +f(l. The torques due (0 internal forces about any 
axis add up to zero. 'I'liis result is true because the internal forces act 
along tlie line joining the particles; i.c., they are “central” forces. 

riius in comjiiiting the total tor(|ue on our pair we need not include the 
internal force at all. and we find, using hap (3.5), 

L = .vil'iy — — yzF-it 

Now put J-, = j q- X 2 = X + ^2 

!h = 0 + 111 Ih = 0 + li- 
st) that and tji are the coordinates of with respect to the center of mass 
of the pair, ami so forth. Then 



Sec. 9.31 


DYNAMICS OF A RIGID BODY 


135 


L = x{F\ff -f- F^y) — y{b iz + /' sx) + $i/' iv ~ v\^' \t i-J' -Jv ~ ’7-^' 2* 

= xFy — yF X 4- \u — *7i^’ix + ^-iFiy — ‘nJ'-iT (9.1)) 


since Fi + = F, the total external force. 

We now hasten to put some pliysical meaninjit into these matliematical 
results. 

9.3. Significance of the Center of Mass. Equation (9.5) looks very 
much like Newton's second law. It dilTers in three re.sj)ects: (1) .1/ is not 
the mass of a single particle but the mass of the pair. (2) The accelera- 
tion d-x/dt'- is not the acceleration of eitlier mass hut the acceleration of 
an abstract point, the center of mass. (3) The force F is not the force 
on any one particle but the tolid external force on the pair. Expressetl in 
words, Eq. (9.5) says: 

The. center of mass C of a pair of particles mores under the action of 
external forces as if all the mass were concentrated at C and as if all forces 
were applied at C. 

The center of mass of a pair of 
small spheres stuck on the ends of a 
light stick may be found very simply 
(Fig. 9.2). For convenience we 
can take the origin at the position of mass and the x coordinate along 
the stick. We then find 

m 1 X 0 -f- m 2 I m , 

X — : = i t 

mi -|- m2 mi + m2 


I 


m 


■**1 

m 2 


z^C 

Fig. (J.2. (’enter nf inas.'<. 



The student should show that the same point C is located even when a 
difTerent origin is chosen. 

We have proved that, if this stick were thrown, C would move on a 
parabolic path; this point would behave in all respects like a stone of mass 
mi -j- m 2 . Whatever else may take place is contained in l£q. (9.0). It 
says that the torque on the pair consists of two parts: 

(1) xFy - yFz 

the torcpie about O that would result if the entire external force wcmc 
applied at the center of mass, and 

( 2 ) (fiFiv — nd'fx) + (£2^3,, — ^^Fzz) 

the torque of the actual forces F 1 and F 2 about the center of mass. Hence 
the center of mass moves as though it were subject to the whole external 
force, both with respect to translation and rotation; in addition to this 
the pair will rotate about C if the actual external forces produce a torque 
about C. 



136 


PHYSICS 


(Sec. 9.4 


If the external forces are applied at the center of mass, there will be 
no rotation. For example, if the force of the hand is applied to the stick 
of Fit;. at C. it will not rotate while being thrown. When it has left 
tlie fhrower’.s hand, the force of gravity will act upon it at the center of 
f/miili/. But this is coincident with the center of mass, as will be shown 
in the next section. Hence the stick, thus projected, will not rotate in 
flight. 

.VII these results are perfectly general. They hold for a rigid body 
containing not two but a very large number of particles. But we shall 
not prove thc'm again. We shall merely re])eat that part of our analysis 
which led to Kqs. {0.4). assuming that the number of particles is great. 

9.4. Center of Mass in General.* Of all the particles making up the 
rigid l)ody that have masses mi, m>, m 3 . . . we select for consideration 

a typical one, say the ith (cf. Fig. 
0.3). Its mass is m,, and its mo- 
mentary position is indicated by 
the displacement vector r, drawn 
from the origin, with components 
.r„ ijj, and 2 ,. 

This particle is subjected to an 
external force Fi and also to a great 
num!)er of internal forces, which 
may he represented by arrows (not 
^ drawn in Fig. 9.3) pointing along 
K,,:. a. 3 . Ihe lines from m, to all the other 

particles. Let the resultant of all 
these internal forces acting on m, he f*. The motion of this particular 
mass is then (le.scrihed l)V 

to 




(I'T, 

<ir- 


A similar analysis can he made for every other i)artiele, and a similar 
«M|uati()n re.sults. Let us add all tliese e(juations. Wc obtain 



Hut by Newtim’s third law 



since all internal torces occur as e(|ual and opposite members of pairs. 
' Ufvii'W St'cs. 2.10 aiul 3.7. 
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Furthermore, 2 F, is the total external force on the rifjid body, regardless 

I 

of where it is applied; we shall call it F. Hence 



(b.T) 


If we wish to write this equation in the same form as Hq. (0.">), w<‘ must 
take for the position vector of the center of mass the followiiin; 


or, in component form, 







niiXi 




in.Zi 


wher(‘ M = 2 in, 

I 



Equations (9.3) repre.sent a special case of this. The center of mass is 
still the mass-weighted mean of all the particle di.splacements, Init in a 
more general sense. The law of motion of the rigitl l)ody becomes 




The center of mass of the body moves as if all its mass were concentrated 
there and all forces applied there. 

In Sec. 3.7 we introduced a point called center of gravity (Eq. (3.8)] by 
means of a set of equations analogous to Eq.s. (9.8). They involved the 
weights of the particles instead of their masses. If Wi = mg. as we know 
to be the case near the earth’s surface, the factor g cancels from h>q. (3.8) 
and the center of gravity becomes identical with the center of mass. How- 
ever, one should recognize that this is not invarial)ly true. For ^•ery 
large objects such as mountains and air masses, g is not the same at every 
particle, the cancellation of g does not take place, and the two “centers” 
are not coincident. Clearly the center of mass is the more fundamental 
concept. It is always a fixed point within a rigid body. 

9.6. Center of Mass of a Continuous Mass Distribution; Examples. 
In practice it is impossible to cany out the summations over all particles 
that appear in Eqs. (9.8) for a body of ordinary size. Rigid bodies may, 
however, be thought of as having a continuous distribution of mass, and 
the summations then become integrations. 



138 


PHYSICS 


(S«c. 9.5 


In Fits. 9.4 wo liavo depicted a rod. along which the mass per unit length 
may change as wc pass from one end to the other. Let the mass per unit 
length he X gm cm; in general X will be a function of x. We wish to 

calculate 

1 _ 


dx 


0 


'///A 


] 


X - . , ^ rn,x. 


Fui. 0.4. C’alculjitinc the renter of ma.s.s 
of :i roil. 


For this purpose wedividetherod 
into small segments, one of which, of 
length (lx. is shaded in the figure. The mass of this segment, m., equals 
\(\x\ its distance from 0. formerly called x,-. is x. Thus m.X; becomes 
X (lx .r. and 


2 »«,x, = / Xx 
i A- 


dx 


In a similar way, 


SO 


that 


.u = Jj' X dx, 

= /,! ''V Ir.' ^ 


To carry otti these integrations one must know X as a function of x. 
n. 'i’he simplest case is that of a uniform rod of constant density, for 
which X = const. Then 

- _ X[x- _ 1 X 2 " — -rr _ xa + Xi 

^ X[xl,/’ 2 X 2 - Xi 2 


'Phe center of mass lies at the center of the rod. 


h. I><‘t the rod ho <*(Jinposcd of two different substances, so that X = Xi, a con- 
stant. between Xi and x'. X = X 3 , another constant, between x' and x-. Then 

X = 

X, 

= 1 Xi(r^^ - xi9 + Xifx^^ - x'^) 

2 Xi(x' - Xi) + XsCx; - x') 

If we notice that the masses of the two parts of the rod are M\ = Xi(x' — Xi) 
and Mo = X^tx^ — x'), this re.siilt can be written 



4/i((x, + X') 21 + .VjKx' + X5)/21 

Mx + .1/2 


'Phis means that the center of ma.ss of the composite object can he computed by 
)mtting all the mass of one part (.l/i) at its center of mass (xi + x') '2, all the mass 
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of the second part (-U;) at its center of mass (x' + x-.-) 2. and tlum finding the 
ceffiter of mass of these two “particles.” 


c. To find X for u plane lamina in the shape of an isosceles triangle (cf. Fis- 0..5) 
we divide it into vertical strips of width dx. The length of each strij) is 2.r tan or, 
and its mass 


2x tan a dx n 


if n is the mass of the lamina per square centimeter. This will be assumed con- 
stant. For convenience we choose the origin at the ai>ex. 


Then 


2 f'u tan a x'~dx 

X = 

•* fh , 

2 / u tan a X ax 

yn 


2 

3 


h 


By a similar method y could be computed. This, however, is unnecessary. 
For it is easily seen that every vertical strip has y at its center, and we conclmle 
“from symmetry” that y ~ 0. 



Fig. 9.5. Finding the center of mjiss 
of an isosceles triangle. 



d. The center of mass of a circular arc (Fig. 9.G) i.s best calculated in jjolar 
coordinates* Here again, y = 0; 


X 


/: 


r cos 6 r d6\ 


/: 


rdd\ 


a 


sin a 

r 

a 


As before, the mass per unit length of the arc. X, cancels from the final result. 

*9.6. Center of Mass of Three-dimensional Bodies. To determine C for an 
irregular three-dimensional object b3' integration is often a hopelessly' difficult 
problem. It would involve a threefold integration between complicated limits 
and is rarely carried out. The l>est procedure in such instances is to regaid the 
body as decomposed into regular solids for which C is known and then to com- 
I>ound these parts in accordance with the rule that the composite center of ina.ss 
results from treating the indixddual masses as particles, placed at their propei 
centers of mass. 
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Tot hodies of unifoiin composition the center of mass is identical with the 
j^eonietric center, callcil the centroui. 

To sliow how (' can he determined foj- a regular body, we treat the ease of a 
licmisphere of density (mass per unit volume) p gm, cm^ reference being made to 
1 9.7. If the radius of the hemisphere is a. the circular slab of thickness di, 

shaded in the figure, has an urea Try-; and since 


X- + r = u' 

thisisir(o* — .r-). Hence 


l/=Va2-;r2 


f"nr{n- — x')dx p 

X = .. 


TTpa' 

Ui 


Hut we kiiow that -U. the mass of the 
In'misphere. is X The result is 

therefore 


Kir,. 9.7. Center of mass of a 
iK'tnisplicrc. 


X = 


The otljer two coordinates of C, y and z, 


:itv zeio. 


Finally it is well to establish the fact that C is always a Jixal poin/ in the body, 
tliat it (hies not cluinge when a difTerent origin of coordinates is chosen. Assume 
that X has been dcterniineil with respect to a given origin 0. Now bike an origin 
Xo units of letigtli to the left of C, on the negative A* axis. We cull the coordinates 
with rcs|)cct to tliis new (irigin x'. Then 


w m.x.' N m.lx, + x„) N »o.r, 


•Til 2 nii 


r = 


:s 


N m. 


v + “v" — = j + J-o 

2^ ffii 2^ nti 


'I'he new center of mass has a c(»mlinate Xo units of length greater than the old. 
Hut since the origin has been shifted by an equal amount in the opposite direc- 
tion, thi.s specifies the same point in the body. Tlie same liolds for y and z. 

9.7. Rotation of a Rigid Body about a Fixed Axis. An account has 
l)ccn given of tlie general prineiplcs that govern tlie motion of bodies. To 
apply them in detail to aettial problems, as, for example, the behavior 
of the eai th under all forces exerted upon it by the sun, the moon, and the 
other planets, is an extremely difficult mutter. One of the main diffi- 
culties aiises from the faet that the earth does not spin about a fixed 
axis in spaee. In many interesting motions, however, this complication 
does not exist. I lie revolution of a fipvheel, for example, occurs about 
an invariable axis. 1 he rolling of a cylinder down a plane involves 
lotation about an axis, which, while moving in space, does not change its 

direction. These cases can be treated more simply and will now be 
<‘onsidered. 
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The clue to tlieir trciitment is a law \-ery similar to Xewton’s .second 
law; one may in fact he derived from the other. In Fig. 9.8 we have 
drawn in outline a rigid body, which we assume free to rotate about a 
fixed axis through O. The axis extends at right angles to the plane of the 
paper, so that each particle of the body moves in a circle in a plane 
parallel to that of the figure. Unspecified forces attack all particles of 
the body, and we wish to find, ultimately, how the body moves under 
their action. 

We select for consideration the particle whose mass is m,. Let F. 
be the force acting upon it. This 
may be resolved into two com- 
ponents, Fii acting outward along 
Vi and Fiz acting at right angles to 
ri. The first of these prothices ikj 
torque about (); hence the tonpie 
about 0 to which irii is sultject will 
be 


L. = r,Fi 


1 2 


(9.10) 



Now, by Newton’s second law, 

Fiz = if a, is the component 

of the acceleration of the particle 
along the direction of F, 2 . liut the whole body has an angular accelera- 
tion, whose magnitude we will take to be a, about this axis; therefore 


a, = r,a 


and 


Fiz = JniTia 

On putting this in Eq. (9.10) we have 

Li = mifi-a 


(9.11) 


To obtain the tonjue L acting on the whole body this expression must 
be summed over all particles, and this leads to the final result 


/. = (2 miri-)a 

X 


(9.12) 


an equation very similar to F = ma. Like the latter, Eq. (9.12) holds 
only when L is expressed in absolute units (centimeter dynes, or foot 
poundals, or meter newtons). 

9.8. Moment of Inertia. That L is the rotational counterpart of F 
has already been noted. Also a, the, angular acceleration, is the analogue 
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of fi. If m is the inertia of a body relative to motion under forces, Eq. 
(<».12) says that the (luantity 2 m,r,- is the inertia of a body relative to 

I 

I'otutioii umler torcjucs. It is called the mornenf of iiiertin of the body 
atul denoted by tlie symbol /. The fundamental law for rotation about 
a fixed axis therefore reads 

L = la (9.13) 


It is important that we familiarize ourselves with the precise meaning 
of I. The (juantity r, appearing in the summation is the distance of the 
dll particle from the axis of rotation, rr = Tr + y,-; it is not its distance 
from the origin,* which would he (jr + //i" + Since the mass- 

weighted mean of tlie stpiares ot all particle distances from the axis of 
rotation is 2 2 w,. the moment of inertia is this mean multiplied 

I I 

by tlie total mass of the body. Its numerical value for a given body 
depends on the axis clio.sen. For instance, I for a sphere is different 
with respect to an axis through its center from what it is wi th res pect to 
an axis passing through an off-center point. The quantity y/l/M, which 
has the physical dimension of a length, is called the radius of gyration. 
It represents the distance from the axis of rotation at which a single 
rna.ss M would produce the same moment of inertia as the body. 

The simplest application of Eq. (9.13) is to a single particle moving 
uliout an axis as a stone revolving about the finger at the end of a string. 
Its moment of inertia is simply mr-, and Eq. (9.13) says 

L = mr-a 

But here L = Fr if F is the force applied tangentially to the stone, and 
a = (I r. Hence Fr = mrn, which is nothing new. 

A hody that has all its mass disposed at equal distances from its axis 
of rotation — as. for example, a bicycle wheel (we neglect the mass of the 
spokes) — has an / that ecjuals its total mass times the square of its radius, 
for 

/ = 2 nxird = 2 ;n, = 

t I 

*9.9. Calculation of Moments of Inertia. The moment of inertia of a con- 
tinuous distribution of muss is clearlv 

/ = ; F-ilm 

For some regular bodies thi.s can he easily computed. The trick is to express 
in and r in terms of tlie same variable. 
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a. (’yiiform Rod (Kij;. 9.9). 
and 


If the mass [»er c-entimeter is X, dm = X dx, r — x. 


I 




x'-dx 


provided that the axis is ehosen throuj^h tlio end point. Hence / = X/^/3. Since 
the mass of the rod is X/ = M. this csin be written 

I = (9.14) 


6. Flyu'hccl about Its Central Axis (Fig. 9.10). The cardinal rule for comj)uting 


moments of inertia is to select an ele- 
ment dm, which has all its ma.ss equi- 
distant from the axis of rotation. In 
the present instance this is clearly a 
thin cylindrical shell of thickness dr. 
If the mass per unit volume is p. 


0 dz ( 




H 

Moment of inertia of a rod. 

Thus 


Fig. 9.9. 

dm = 2irr dr Ip, provided that the thickness of the flywheel is 1. 


I = 27r/pr^dr = ^ IpR* 


and since M = irR-lp, this becomes 


I = ^iMR- 


(9.15) 


Other exam{)les may be treated by the same method. But there are sometimes 
short cuts based on mathematical trick.s, one of which will here be illusti ated. 
c. Sphere about an Axis through Its Center. Clearly it makes no difference 

wliether we compute I about the A' axis, the i axis, or the Z 
axis, so long as each pjisses through tlie center. The results 
must be equal, though the mathematical expressions look 
different. 



/, = 
= 

/. = 


2 niiigr A~ zr) 

2 mAzr A- X,-) 
2 inAxi- + !/r) 


if /* is the moment computed about X, and so forth. If we add all these, we 
get three times the quantity we want; therefore 


3/ 


= 22 m,(xr + yr + 2 .^) = 2 ^ (x~ A- y~ + z-)dm — 2 ^ 


s^dm 


Here s is the distance of a mass point from the center of the sphere, not from the 
axis of rotation. For a spherical shell of radius s and thickness ds, 


dm = Airs^ds ■ p. 
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Hence 

3/ = 2 / «• X -iTps-da — 2 X 47rp 

Jo o 

aii'i I = 


Since .U = {*:t)irR^p, this is e<iuivalcnt to 



(9.16) 


Tdhie 9.1. Moments of Inertia 


|{(Hi ' 

Trau.svcrsc axis throtijih center 


( 'ircuhir »lisk 

Perpendicular axis tlmmgh center 

h2^tR^ 

( iriMilar t*vlintlcT 

'IVansviTse axis thmunh center 


Itcctanniiljir Itlock 

.\xis through <’enter, j>erpendioular to face 
with side len(;ths a and b 

>i2-V(a* +&*) 

S|>h<Tc, .solid 

.\xis throuph eenter 

%MR^ 

'I'liin spluTical slicll .... 
Itight coiu', radius of 

1 .\xis throuph eenter 

HMR^ 

b!is«* H 

I'dlipsoid of axes 2(i, '2b, 

.\xis of fipure 


2c 

1 .\xis 2a 

+c*) 


9.10. Theorem of Parallel Axes. C'alculations like those of the pre- 
i-(MlinK section cun l)e simplified by an interesting theorem. Often we 

know the moment of inertia of a 
body about an axis through the cen- 
ter of mass and wish to find it about 
some other axis. This can be done 
almost without calculation. In Fig. 
9.11, which represents a section 
through a rigid body, 0 is the point 
at which the axis of rotation, which 
is perpendicular to the plane of the 
figure, pierces this plane. C is the 
point where an axis parallel to the one 
tlirough O and passing through the center of mass intersects the figure. 
I he distance between O and C is r, and for convenience we choose the X 
axis so that it passes through both O and C. The moment of inertia of 
the body about 0 is 



I'n;. !). II. 'rin'orcin of panillol axes. 


/o = 2 nuri^ 

I 

Now from Fig. 9.11 (using the cosine law) 

/*.■ = (r/)2 + r- -|- 2fri cos 


(9.17) 
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jind Ti cos if), = X,', the x coordinate of m, relative to the center of mass. 
Hence 

/<, = 2 m,Ti- + 2 m.r- 2r 2 m,x,' (9.18) 

« I t 

Tlie first sum on the right is /,, the moment of inertia about tlie center of 
mass; the second is M, the mass of tlie l)ody. times f'K tlie s(iuare of th(‘ 
distance between the two parallel axes: and the last sum vani.shes because* 
2 represents the distance of the x component of C from V [sec 

t 

Kejs. (9.8)1, which is zero. Therefore, 


L. = /. + Mr- (9.19) 


*9.11. Worked Examples. «. A grindstone of radius 1 ft and ma.'«s 10 lb. 
initially at rest, i.« being turned by means of a crank having an S-in. arm (cf. 
Fig. 9.12). What constant force apj)lied perpendicular to tlie arm will give the 



circumference must have a linear speed of 2 X 27rr ft/sec, r being the radius of 
the wheel. If this speed is to be acquired umler a (*on.stant acceleration in 30 sec, 
this acceleration is 2 X 27rr/30 ft- sec*, and this corresponds to an angular 
acceleration 

a = 2 X 27r/30 radians/sec^ = 0.419 radiaii/sec*. 

Now we apply the equation 

L = la = 50 lb ft- X 0.419 sec"^ = 21.0 poundal ft 
But L equals the force times ft, so that 

F = ft ^ 3, . ^ ^ 

/3 

6. A pulley of mass 200 gm carries two masses of 1 kg and 1.5 kg, respectively, 
as indicated in Fig. 9.13. The string is perfectly flexible and inextensible. We 
wish to find the acceleration of the masses. 



146 


PHYSICS 


(Sec. 9.1 1 


Since the pulley 1ms mjis.s an<l is accelerated, the tensions orj its two 
not equal. Indeed the inilley behaves in accordance with the equation 


s are 


L = (T, - l\)n = la 

1 . 1 ‘t us <lenote the downward aiM'eleration of wi by a, 

.subject to the relation 

m\ii = »/<!</ — Ti 

while fH ’ obeys 

% 

— m-ri = mj-/ — T-- 

.^ubtractinji the last friitn the next to the last equation we find 


(9.20) 


The m}ii4s mi is then 


imi + w?)n = (mi — mj)^ — (7’i — 7’;) 


.Vccordinj; to K(j. (0.20), T\ — 


la 1 a I 


H ~ 2 R R 


2 M(i because of Eq. (9.15) 


Therefore 


(mi -H m;)fj = (mi — m3)(/ — 2 


a = 


mi — m 2 


mi + m 2 + * 2 


9 


It i.s interesting to note that the siz( of the pulley does not enter the problem; 
R drops imt of the final answer. Xiimerically, we have 


a — 


(1,500 - 1.00 0)Kin 
(1,500 +’i.0()() + l00)Km 


9S() cm sec’ = 188 cm^sec’ 


The difference 7’i - Ti is 100 X IKS dynes, or 19.2 gm. These results should be 
compared with those of Sec. 6.5. 

c. Find tlie moment of inertia of a rini; or lioop about an axis perpendicular 
to its plane and passiiiK through its circumference. 

As we have seen, / with respect to an axis througlj the center is MR‘. From 
the theorem of parallel axes (Eq. (9.19)), we must add to this the quantity MP, 
that is, MR'^, Hence the answer is / = 2MR-. 


PROBLEMS 

1. The ma.«y? per unit length of a thin rod of length I is proportional to the cube of 
the distance from one end. If the constant of proportionality is k. find the position 
of the center of ma.ss of the rod. 

*2. Find tlie {>o.sition of the center of mass of a homogeneous right circular cone of 
altitude h and base radius a. 

3. .\pplying the thconun of parallel axes, find (a) the moment of inertia of a sphere 
about a tangential axis and (6) the moment of inertia of a circvilar cylinder about a 
generatrix. 

4 . Fiiul the center of mass of that portion of a thin, homogeneous elliptical plato 
(r*/a* 4- J/*/h* = 1) that lies in the first quadrant. 

6. 'I'he higs of the table shown in Fig. 9.14 are 2 by 2 by 30 in. and weigh 101b 
apiece. The top is a rectangular slab, 40 by 60 by 2 in., weighing 60 lb. Ix)cate the 
center of mass of the talxle. 
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Fic. Prol>l<*ni 5. 


6. The puttcni shown in Kin. 9.15 cut 
the position of its center of muss. 


from :i thin iioinoi'eneoiis lamina. 



Fkj. 9.15. Problem t>. 


Find 


*7. The moiiuuit of inertia of a einuilar lamina about a t nin.sv<‘rse axis tlm)UKh its 
center is yi-MH-. Show that the moment of inertia about a diameter is 
(Use pnicedure similar to that of See. 9.9c.) 

*8. Hv direct calculation find the moiiumt of inertia of a hoinogencou.s right circular 


cone of base radius l{ about its axi.s of revohjtion. 

*9, Find the moment of inertia of a thin spherical shell of radiits li about a dianu*t«T. 

10. The mass per unit area of a circular lamina is directly pn)portional to the 
distance from the center (/x — kr). (*al<‘ulate the moment of inertia of the lamina 
about a transverse axis through its center; about an axis through a diameter. 

11. Cahudato the moment of inertia of a thin uniform rod about a perpendicular 


axis at the midpoint. 

*12. Use the theorem of parallel axes to calcmlate the moment of inertia of a cylin- 
der of radius R and length I abotit a transverse axis through its center (see Prob. 7). 

*13. Two masses, 50 gm and 30 gm, are fixe<l to tl»e end of a string that passes over a 
frictionless pulley of radius 10 cm. Under the action of gra\ity the 50-gm mass 
acquires a downward acceleration of 200 
cm /sec*. Calcvilatc the moment of 
inertia of the pulley and the tension in 
the string on each side of the pvjlley. 

14. \ vertical disk is free to rotate on a 
horizontal axle, of radius 1 in., as shown in 

Fig. 9.16. \ string is wrapped tightly 9 Problem 14. 



around the axle. When a 5-lb weight is 

attached to the string and allowed to descend, the disk «!onipletes its Hrst revolution 


in 2 sec. Find the moment of inertia of the disk and axle assembly. 



CHAPTER 10 

DYNAMICS OF A RIGID BODY— Continued 


10.1. Work and Energy in Rotational Motion.* Figure 10.1 represents 
a section of a rigid body that is free to rotate about an axis through 0, 
tiie axis extending at right angles to the paper. Suppose that the fth 
l)artiele is subject to a force Fj. The work done by F, when the particle 

is given displacements dxi, dyi is, 
in accordance with Eq. (8.11), 
given by 

d\\\ = h\Mi + h\^y. 



Hut j*. = r, cos 6i, yi = n sin Bi, 
whence 

dxi = —Ti sin BidBi 
dy, = r, cos BidBi 

When the.se relations are substituted into the expression for dll',, we 
ol)tain 

d\y, = (-F,jy. + FiuX,)de, (10.1) 

lint according to the delinition of tonpie [Kti. (.“i.-i)! tlie expression in 
parenthe.sis is the tor<iue acting on the ith particle. Hence 


dll'i = LM 


If the body is riyi i and rotates about 0. the increment in B is the same 
for one particle as it is for any other, although, of course, the F;, the 
j',, ?/,, and Bi are difTercnt. 1\e may therefore omit the subscript on 
dBi and write dWi = LidB. 

Iheie is one such eipiation for each particle of the body, since i may 

take <tn the values 1, 2, . . . up to the total number of particles. When • 

all these etjuations are added, there results 


dir = LdB 


( 10 . 2 ) 


Here dll' is the work done when the whole body is given an infinitesimal 
tlisplacement dB under a toixpie L about a fixed axis. Note the similarity 
of this equation with Kq. (8.8), dir = F dx. 

‘ Ueview Sec. 8.3. 
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Sinfo power is delinofl as dW dt in general, tltc lorimila lor power spent 
in rotational motion is clearly 

= A 

This sliould he compared with Kq. (8.27). 

If the rigid body revolves from an initial position characterized by Ox 
to a final position 0- (cf. Fig. 10.2) {the reference line OP is drawn from 



a point on the axis to any fixed reference point F in the body), tlie work 
done upon it i.s 

fOz 

ir = / Lde 

Hut if we use Im|. (0.18) and recall tliat a = doi, dl, while dO = wf//, we 
liiul 

,1- = /“' ya,(/u, = ,'2/(c..r - a.,-) (lO.Sj 

l)rovided u>i and wy are the angular velocities at 0 i and 82 , re.spectively. 
Thus, if we take the kinetic energy to be 


E^u. = }ilo>- 


(10.4) 


Eq. (10.3) tells us that the work done during the displacement from 
$1 to 62 is equal to the increase in kinetic energy, just as was found to be 
the case for the linear motion of a particle, where Ekin = 

10.2. Kinetic Energy of a Body Rotating about a Fixed Axis. O'here 
is another way of proving Eq. (10.4). The kinetic energy of the fth 
particle of a rigid body is HtHiViK If the body is rotating with angular 
velocity w about a fixed axis whose perpendicular distance from m, is 
n, then r, = rua. Hence 

— 2 = S ^^TTiirroj^ — 

• i t 
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From the result one can draw an intere.sting conclusion. Suppose that 
flic body in Fiji. 1()..3 revolves momentarily about an axis through 0. 
cording to tlie theorem of parallel axes (Sec. 9.10) the moment of 

inertia about 0 is 



so that 


/ = /, -f- Mr- 


r-omiMjsition of 
into rotational and 
tran.'^lational parts. 


Htil rui is the s|)eed tv with which the center of mass, 
r. moves about 0. Hence 

= (10.5) 

In words, the kinetic energy’ of a rigid body is the sum 
of two parts: (1) the kinetic energy of rotation about 
an instantaneous axis through the center of mass, 
(2) the kinetic energy of linear motion of the 
center of ma.ss with the entire mass of the body 
assumed at the center of mass, 32 -^M^ 


Q 


*10.3. The Rolling Wheel. The mf)ti«n of a rolling wheel presents some 
<-nrious and interesting features. There are two ways in which it may he 
described. 

1. One can say that the wheel rotates with an angular velocity o), about a 
moving axis through (\ while C progresses with a linear velocity fv (cf. Fig. 10.4). 

1. One can ai.<o .say that the wheel rotates witli an angular’ velocity tU;, about an 
axis thrrmgh the jHiint an axi>i which is instantnneoHsbj at rest. Both points of 
view Jtre correet. 

As tire point of contact moves from /' Ut 
tire wheel turns through an attglc 6 and (' ad- 
vartces a distance s. From the figure, s = R$. 

Upon differentiating we find 

(Is dQ 
~ dl ~ dt = 

and the aeeelenrtion of (' is 

o. = /i’ ^ = Ra 

What is tire relation betwetui w.- aiul w,,? It rolling wheel, 

■nay seem surprising that they are eciual. But we have just shown tliat iv = 
on tlie other liaiid C has a velocity Ru),, as a result of its rotation about P. If 
these two velocities are to be equal, 

Wc = Wp 

bet us ealeulate tire velocity of the point Q, using both methods. According to 
I ) ue hnd cy by adding to the velocity of rotation of Q about C, namely, Rio, 
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and tliis gives 2 jv. According to (2), cq = 2Rccp, aiu) tliis also is 2»v. Tlie point 
P will lie seen to have zero velocity by botli methods. 

*10.4, The Rolling Cylinder, Accelerated. The niotion of a cylimier down a 
rougli incline {Fig. 10.5) i.s a coin])ositi<in of tlie follouing: an acceleration of tin* 
center rrf mass C rdong tlie plane ami a simultaneous rotation of the cylinder' 
about r. We have indicated in Sec. 0.3 that (' moves as though all the (‘xteriral 
force were applied at (\ Xow the sum of the forces /u r/tt ntiirular to the j^lane is 
obviously zero, for- there is no a<'celeiation 
in tirat direction. Along the plane two 
forces arc active, the <‘omponent of guivity 
and the frictional retardation F produced by 
tlie rough plane. The magnitmle of F is not 
yet known. Neverthele.ss. if tire linear ac- 
<‘elei'ation of C is a, ami the mass of the 
cylimier .1/. 


Mor = Mg sin d - F 


(lO.b) 



We also recall that the brrdy will rotate 
about C as if rrli external torques were 
applied about C. Hut the force Mg sin 6 


sigrt). Therefore 

FH = /« (10.7) 

If the cylinder does not slip along the plane. «<• = Ra, and E(p (10.7) gives 

F ^l± 

^ R^ 

For a cylinder. / = ^^MR-; hence 

F = ^Ma, 

When this is introduced in Eq. (10. G), we find 

fir = sin 9 (lO.S) 

The acceleration is only two-tliirds of what it would be in frictionless sliding. 
The retarding force F has the value l^Mg sin 9. It is supplied by fr iction between 
the cylinder ami the plaire. If the coefficient of fr iction i.s fi, then the maximum 
force of friction is given by /^Fj^, which is fxMg cos 9. The force F cannot exceed 
tliis vahre; that is, l^Mg sin 9 < fiMg cos 9, and hence fx > j g tan 9. When this 
inequality fails, the cylinder will slij). 

Our problem could have been solved more easily by applying energy considera- 
tions. When the cylinder rolls a distance s, its poterrtial energy riecreases by 

Mgh = Mgs sin 9 

Pro\ided that it started from rest, it wiR have acquired kinetic energy of amount 

VAHMR-^W -f yiMvr- 
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;M‘ct)r(linj: to E(j. (10.5). But since /?aj = c,. the kinetic energy is The 

|iiincii»lc «if conservation of mechanical energy then requires that 

Mg-‘i .sin $ = 

,,i' sin 6 . Troru our study of uniformly accelerated motion we see that 

Hiis must (Mjual 2u..v (cf. Sec-. 5.5). Ijeiu-e we find 

= *;{</ sin S 

in agreement \sitli ICq. (lO.S). 

'I'o apply tlie iHinciple of cojiservatlon of meclianical energy in a problem like 
thc‘ pre.<ent. which involves frictioii, may at first seem inconsistent. It Is to 
he observed, however, tliat the forced, though piesent. thes no work: for the point 
/’. whicli tliis force attacks, is momentarily at rest. This proNides justification 
for as.suming that no energy is dis.sij)ated in the motion. 

10.6. Angular Momentum. In a typical lecture demonstration a man 
stands at the center of a ttirntable (piano stool), with hi.s arms extended 
outward and a weight in each hand. He is given an angular velocity 
about a vertical axis. Then, while rotating at a constant speed, he 
draws in Ids arms, and his angular velocity increases surprisingly. 

In explanation of these facts we invoke the fundamental law of rota- 
tional motion [ICq. (9.13)], whieh we now write in the more general form 


A = ^ ,/„) 

When / is constant, tins is e(inivalent to Eq. (9.13). 
K(l. (10.9) is correct and iMp (9.13) is not applicable. 
When L = 0. integration yields 

/co = const 


(10.9) 

^^^len 7 changes, 


( 10 . 10 ) 


The (plant ity Io» is called nmjidar momentum, in analogy to the linear 
momontum me. Wliat we have shown is tins: 

In the absence of external torques, the atKjutar momentum of a rotating 
si/slem remains unchanged. 

I his statement is called the principle of conservation of angular 
inomenluin. 

When a torque is present, Kep (10.9) reads, after integration, 

Ij (it — (/a))2 — (/a))i 


L 


Ihe quantity on the left-hand side is sometimes termed “angular 

impulse” (cf. Sec. 8.12); and the equation reads: The angular impulse 
equals the change in angular momentum 
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In the experiment involvin'; the man on tlie turntable tliere i.'< certainly 
no external torque applied to the system while the man draws in his arms. 
Hence Eq. (10.10) must be obeyed. When I is reduced in value, w must 
increa.se corresponding;!}'. 

If the unweighted man has a moment of inertia of 100 lb ft- and the 
weights (10 lb each) are originally 3 ft from the axis of rotation, the total 
I before reduction was (100 + 20 X 3') lb ft- = 280 ll> ft-. Afterward, 
when the weights are pulled in to a distance of. let us say, 1 ft from the 
axis, I is (100 + 20 X 1) lb ft- = 120 lb ft-. Therefore w m\ist increa.se 
by a factor example. The weight of the man’s arms has 

here been neglected. 

The reader may have wondered what luqjpens to the energy in this 
process. For clearly, if /jwi = / 2 W 2 . then cannot be equal to 

\iLi 032 -. Energy is therefore not conserved. The reason is that, as the 
man draws in the weights, the centripetal force which he applies does 
work, so that the energy is (jreater when the rotation is more rajjid. 

10.6. Rotational and Translational Motion; Analogies. The general 
parallelism between the laws of motion, as they apply to “translation” 
(nonrotary motion) and to rotation about a fixed axis, cannot have 
escaped the reader. In this section we jnesent a review and a systematic 
exhibition of the similarities l>etween the two types of motion. The 
similarities concern the quantilies used to de.scribe the motions and the 
laws that govern them. 


Correspofuliny Quantities 


Translation 
Di.splacoincrit x 
Speed, dx/(U = t 
AcoehTJition, dv/dt = a 
Mas.s m 

Force F 

I.iiiear monn*iiluiii tnv 
Linear iiiij)ul.'ie = //•’ dt 


Roladon 

Angular <lisplaeement $ 

.\ngular sp(>e<l. dd/dt = w 
.\ng\ilar aeeoloration, du)/df » a 
Moment, of inertia, / = 2 

1 

Tonpie, L = Fr 
Angular moment uni /w 
Angular imijul.se = jLdt 


General Laws 


Translation 

F = ma 
dW = F dx 

Lino.ar impulse = A(mv) 


Rotation 

L = la 
dW = L de 

.\ngular impulse = Af/w) 


There is also a thoroughgoing similarity between special laws for the 
two types of motion. Here are a few examples: 
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Special Laws 
I’nifonu Motion 

Translation Rotation 

a = 0. f = const « = 0, w = const 

S = So + C/ d = 00 + w/ 

I'nifonnlv Acc-fOcratcd Motion 


Translation 
F = const, a = const 
i* = t'o + at 
s = So + vj + }^at^ 
I'* — I’n* = 2«.-{ 


Rotation 

= const, a = const 
w = oJo at 
0 = 00 + Wot + I'^at^ 
<c* — «()* = 2«0 



*10.7. Gyroscopic Motion. The motitm of an ordinary flywheel is simple 
hecause the axis of rotation <ioes not channe. If the wheel is so suspended that 
the axle c:n» change its orientation in space, for example by means of gimhal 
linjis, new effects can be observed that are not easily understandable in terms 
of the laws studie<l thus far. for these laws a.ssumed the existence of a fixed axis of 

rotation. These effects are neverthe- 
le.'ss common and very important. 

A spinning top wobl)les; its axis of 
rotation itself revolves on the surface 
of u cone, as indicated in Fig. 10.6. 
This wobbling motion is called preces- 
sion. It is the .steady motion of the 
arrowhead in Fig. 10.6 ui)oii the cir- 
cular path drawn* Sometimes — in 
fact, u.sually — thi.s motion is accom- 
panied by a periodic change in the 
Jingle d, which cau.ses the spin axis to bob up and down while processing. 

The latter rhythmic oscillation is called nutation. In the following, nutation 
will be tiisi egjirded. 

The ejii th’s axis of rotation pei form.s a precession in space. When an airplane, 

whoso propeller rotates clockwi.se, make.s a right turn, it noses down. On making 

:i left tuin it noses up. If a pilot proceeds to dive, the aii plane’.s course changes 

to the left and tlie right rudder must be used to stabilize the airplane. When a 

naval vessel turns too rapidly, its revolving mjichinery may be damaged because 

of its tendency to precess. The housings of bearyigs are sometimes torn for this 
reason. 

On the other hand a rapidly spinning wheel in a univei-sal mounting has a 

tendency to maintain its axi.s of rotation when its position is changerl. This is 

sometimes cjdled gijroscopic stahUity, or run^lity of the gyroscopic axis. It is utilized 

in the construction of gyrocompasses, artificial horizons, and direction indicators. 

(.mis are rifled in order to give the shell a spin that will maintain its alignment 
with resjipct to the trajectory. 

One of the best known examples of precession occurs when the rider of a bicycle 
turns his front wheel. If he turns to the right, the wheel tends to throw him off 
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to the left, and vice versa. This effect is inucli stiaaif^er than a similar centrifugal 
effect. To undei^tafld it we mu.st first learn how to represent aiifiular velocities 

and torques as ccc/ors. 

*10.8. Angular Quantities as Vectors. In (’haj). 3, tor<iuos about a specified 
axis were divided into positive (counterclockwi.se) and ne;;ativo (clockwise) 
torques. This is a useful distinction so long as the axis is fixed in space. When 
this is not true, the vector concept must be associated witli torques. T he follow- 
ing rule has proved successful; V L = Fd 


.. , Vl 

A torque is reiuesente<l by a vector \ 

(arrow) liaving a magnitude piopor- 

tional to the magnitude of the torque. \ 

The vector jaunts along the axis of ^ 

rotation in that direction in which a \ ^ 

right-handed screw would advance \ \ 

under the action of the torque (cf. Fig. \ Vl 

10.7). 

In a .similar way an angular velocity F' - 

is rejiresented by a vector, of magni- jq y Torque a.s vector, 

tude j)roportional to w and jxiinting in i • i 

the direction in which a right-handed .screw would advance when turned in the 
sense of w. Thus the angular velocity of the earth is a vector jaunting north 
along the earth’s axis of rotation. This rule for associating a vector with an 

angulai’ quantitv is often callerl the “right-handed screw rule. 

Angular momenta, too, are represented by vectors in accordance with thi.s rule. 
The student doubtless wonders whether tliis jiicturization of angular (juaiitities 
as vectors is a mere convention or whetlicr there is something in their nature 

which makes them truly vectors in a 

E sense in which mass, for example, is 

~7 not a vector. The answer, whicli can- 
/ not be fully explained without higher 
/ mathematics, is that these quantities 

/ are truly vectors and that the rule is 

/ not merely a convention. One proof 

of this may be seen in the circum- 
stance that it yields jwsitive informa- 
'b tion, as will l>e shown in the next 

Fig. 10.8. Relation of spin, torque, and section. On the other hand not e^ely 

preces.sion. angular quantity is a vector; an angle, 

for examjdc, is not. 

*10.9. Law of Precession. AVe now return to the case of the spinning bicycle 
wlieel that is being turned to the right by a torque on the handle bars. 1 he 
situation is depicted schematically in Fig. 10.8. The wheel has an angular veloc- 
ity given by the vector « to the left; it is subjecteii to a downward torque L. 
Notice, however, that the vectors do not denote the same physical quantities, nor 
do they have the same physical dimensions. 


Fig. 10.7. Torque a.s vector. 




lef' 


Fig. 10.8. 

precession. 


Relation of spin, torque, and 
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We know from Sec. 10. o tliat 


L = ^ (M 

lit 

:in<l this is in fact a vector relation, which we shall now write in the form 

Lfil = f/(/cj) 

4 

The ri<;ht-hatnl side is the inclement in angular inonientiim that occurs in time 
fit wlien a t<ir{jue L i.s aj)pliefl to tlie wheel. The quantity Ldt has indeed the 

physical dimension of angular momen- 
tum, :us the stmlent will readily verify. 


dip 


I Ldt 


In Fig. 10.9 are drawn, as solid lines, the 
vectois /w and L df. Tlieir addition 
yields the dotted vector whose length is 
efjual t(» tliat of /g> because L dt hjis an 
infinitesimal length but wliose direction 
<lilTcrs by dip from that of /o>. We may .say that the original angular momentum 
/to has tJiriied thi(»ugh an angle d<p as a result of L. Hence we have prcvesKioii 
about an a.vis cotning out of the paper, with an angular velocity 


I'lii. 1 0.0. Prorossinn.^ 


0 ) “ 


d<t> 

It 


( 10 . 11 ) 


This \ elocity i.s drawn in Fig. 10. S. 



Butl'ig. 10.9 s1m)ws that d/ /oj = tan {dip) = the last because the tangent 

of a small angle, like the sine, is eciual to the angle itself. Hence we find, by 
tjansposing, 


d<p _ L 
dl lo) 


( 10 . 12 ) 


In words, the angular velocity of precession equals the torque producing it 
divided by the .spin angular momentum; its direction is at right angle.s to both 
spin and tor(iue vec‘t<»rs. Tlie best way to remember tlte sense, or direction, of 
the precession is to note that, while preecssing. tlie spin axis chases the torque axis, 

‘ V.hcn this figure IS compared with Fig. 10.8, it should be noted that it lies in 
a turtiral [ilam*. 
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Figure 10.10, showing a wheel balance*! by a counterweight, provides an 
interesting demonstration of Eq. (10.12). If t)ie rotating disk has an overweight, 
the torque is as indicated and the precession will be about a vertical a.\is. B> 
increasing or decreasing the overweight the precession can be made to go fast or 
slow, and Eq. (10.12) can be cheeked quantitatively when it is noted that A equals 
_ u-j (ff Fig. 10.10) if w and IF are the weights of load and wlieel. Hy jaish- 
ing the weight w far enougli to the left to revei-se the torcpie the precession is also 
seen to reverse. 

PROBLEMS 

1. .\ mass m is revolving at a clistance rj about an axis with an angvilar velocity o.>i. 

Suddenly the distance from the axis is increase*! to r*. (a) Show that the angidar 

v<*locity' now becomes (r,/r:)*«,. (6) Show that th<- kim*ti.- enc*rgy is «lecrea.s.Mi 

by the amount - r,* r,^). (r) Show that this is precisely the amount of 

work done against the centripetal force during the extension from d to r;. 

2. A thin 3-ft rod weighing 8 lb may rotate freely in a v<‘rtical plane about an axis 
through one end. The rofl is held in a horizontal position aiul tlien allowed to swing 
down under the action of gravity. What is the angular velocity of the rod at the 

instant it passes through a vertical position? 

*3. sphere of mass 2 kg ami ra<lius 10 em rolls down a 25" inelined plane. («) 
Find the linear acceleration of the sphere. (6) Kiml the angular acceleration of the 
sphere, (c) Determine the value of the eoelficient of fri<-tion necessary to pn'vent 
the sphere from .slipping. 

*4. k yo-yo weighing 30 gin has a moment of inertia of 120 gm em* abovit its spin 
axLs. If it is allowed to descend on a string a vertieal ilistanee of 50 cm starting from 
rest, determine its final veloeity of spin. Assume the smallest radius of the yo-yo to 

he 1 cm. 

6. .Assume that th«> total power output of all man-nia<le niaehines is of tli<* order 4il 
1 hillion (10^) kilowatts. If the lairth's mtation i-ould bj- gratlually stoj)p*-(!. Imw long 
could it supply tin* |M)Wer neede<l by man? (Ma.ss of tlu* earth is 0 X 10*‘ kg, its 
radius is 6,400 kin : assume it to W of uniform ih-nsity.) 

6. k cylindrical grindstone w<*ighs 500 lb ami has a railius of 2 ft. («) If it stalls 
from rest, what constant torqm^ must he applied to give it a spee<l of 200 rpni in 30 
sec? (6) What is the angular acceleration? (c) How much work is dom* on the 
grindstone during the 30 sec? (d) How many revolutions does the stone make 

during the 30 sec? 

*7. A sphere rolls without slipping on a vertii-al semicircular track (see Fig. 10.11). 
The sphere is started from rest at point A. Show that tin- normal component of tlu; 
force exerted by the sphere on the track when it passes B is (l7/7)Mg. 



Pig. 10.11. Problem 7. 
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8. A torqtK* A = 10^ X d «lyiio rin arts \ipon tho axis of a Ilywhcol of moment of 
iiit'rtia 10 gm cm- wliili* it turns from 0 = 0 to 6 = 2t. Find the increase in the 
-iru'tic ciu-rgy of the Hy\vlu‘cl. If its initial aiigidar velocity was lOr radians/sec, 
tint! its final angular vi'locity. 

9. A soli«l KKFlh cylinder, 2 ft in nnlins, rolls along a horizontal surface with a 
Velocity of 3 ft sec. Wlnit is its translational kinetic energy? What is its rotational 
kinetic cmergy? To what height would the cylintler roll on a 30° inclined plane? 

10. An automobile engine rotating at a speed of 1,500 rpm is developing 60 hp. 
W liat tortjue does it (h‘liv<“r? 

11. Mow far will a cylinder 10 cm in diameter roll up a 30° inclined plane if its 
velocity at the bottom is 20 cm sec? (Use principle of conservation of energy.) 

12. A thin rod. weighing 4 lb and 2 ft long, is revolving in a vertical plane about an 
axis tlirouglj one end. Its angular velocity as it moves through the horizontal posi- 
tion is 2 radians, sec. To what height does the center of mass of the rod rise above the 
axis of rotation? 

13. .V uniforrjj cylinder weighing 50 lb and 2 ft in radius is free to rotate about a 
hctrizont.al axis. mass of 2 lb is attacheil to the end of a rope, which has been 
wrapped around the cylinder. If the mass is allowed to fall, rotating the cylinder, find 
(n) tlte ac<'eleration of the mass, (6) the tension in the rope, and (r) the angular acceler- 
ation of the cylinder. 

14. A circular hoop of ra<lius 3 ft, hanging on a nail, is turned until the line through 
its center atul the nail makes an angle of 30° with the horizontal and is then released, 
(’alr-iilafe the initial angular aeeeleration of the lioop. 

16. The drive shaft of an ele<-trie motor is 2 in. in diameter. A belt passing over 
the drive shaft is used to transfer eiuTgy from the motor to another mechanical 
device. The tension in the slack side of the belt is 30 lb and in the tight side 150 lb. 
If the motor makes 1.500 rpm. what horsei)owcr does it deliver? 

*16. .\ lu)op of mass 5 Ih and radius 2 ft rolls down a 30* iiielined plane from a 
lu'ight of 10 ft. (’ahadatc- the linear aeeeleration of the hoop, us well as its total energy' 
at the bottom of the plane. 



CHAPTER 11 

MOTIONS UNDER INVERSE-SQUARE 

LAWS OF FORCE 

11.1. Gravitation. The search for an explanation of u'hi/ bodies fall 
is as old as man himself. The early answers, half factual and hall 
mythological, do not satisfy the modern scientist; yet it is also true that 
the answer that he himself accepts, the answer given by Xewton, is 
regarded as incomplete by many scientists and jjhilosophers. hor 
Newton’s explanation states precisely hoiv bodies fall, not why they fall. 
Hut to modern science the “how” is all-important. It is expressed 
by the law of universal gravitation. 

During the sixteenth and seventeenth centuries much speculation arose con- 
ceniing the forces that hold together the bodies of tlie planetary system. In the 
year 1604 the students at Cambridge. England, were disciis.sing the latest theoi ies 
dealing with these forces. Among them was a twenty-two-year-old "scholar of 
the college,’’ named Isaac Newton, from Wool.sthorpe in Lincoln.shire. The next 
year the plague broke out, school was temporarily suspended, and the students 
sent home. It was dunng this enforced period of idleness that Newton began to 
woniier — presumably as he was lying in the orchard of Woolsthoipe and saw an 
apple fall to earth — whether the same force of gravitation, which attracts the 
apple, might not perchance reach the moon and cause its deviation from a 

straight-line path. 

Not content with idle speculation and having the good fortune to know mathe- 
matics, the young scholar set to work on the problem of what the force must be if 
it is to cause both the apple’s fall and the motion of the moon in its orbit. He 
foun<l that it must be inversely proportional to the square of the distance between 
attracting bodies. In modern terminology and without further attention to the 
very interesting historical sequence of discoveries that led to its complete formula- 
tion we state the law of universal gra\dtation as follows: 

The force between any two mass particles, of masses mi and Wo and 
separated by a distance r, is an attraction that acts along the line joining 
the particles and has the magnitude 


F = G 


7n i7n2 


( 11 . 1 ) 


The constant G is called the constant of universal gravitation 
was roughly determined by Newton; its modern value is 

G = 6.670 X 10““ dyne cmVgm^ 

159 


Its value 


( 11 . 2 ) 
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We note that Eq. (11.1) expresses the force between mass pariides of 
infinitesimal size. If the force between extended objects is wanted— 
as, for instance, that between bodies A and B of Fig. 11.1 — each of them 


must be regarded as decomposed into particles and the interaction 
between all particles must then be computed by integration. It is iwt 
correct to apply Kq. (Ill) and take for r the distance between the centers 
of ma.<s of .1 and H. Newton was well aware of this point; and there is 


H 


Kk;. 11.1. Fort’<* bi't .-1 and Bxanoi 

,, . 1 / aM II 
(, - 


some evidence to indicate that one 
of the motives which led him to 
invent the calculus was the desire to 
be able to perform this integration! 

11.2. Determination of G, The 
gravitational force between bodies 
of ordinary size is extremely small 
(a fraction of a dyne); hence only 
an extraordinarily sensitive experi- 
Such an experiment was per- 
using a balance of the tjqie now 


ment can produce an accurate value of G. 
formed by Henry (’avendi.sh in 1798, 
named after him. 




Figure 11.2 shows the arrangement in horizontal section. Two small, 
lH*avy (platinum) spherical masses m are placed on the ends of a light 
I'od. \t C this system is suspended from a fine vertical fiber. When the 
system is in equilibrium, two large lead spheres .1/ are introduced. The 
attraction between m and causes the rod to rotate slightly toward 
the large masses. The twist in the 
fiber is registered by a moving light 
l)eam, reflected from a mirror that 
is carried on the fiber. 

The value given in Eq. (11.2) 
was thus found. Note that G 
cannot bo a pure number. The 
left-hand side of Eq. (11.1) has 
the physical dimensions 
the right-hand side except 

for (t. Hence G must be the ratio 
of these, namely, Notice that the units given in Eq. (11.2) 

are in agreement with this result. If masses are measured in pounds and 
distances in feet, the numerical value of G is different. 

1 he attracting objects in Fig. 1 1.2 are, in fact, extended^ and we should 
expect that Eq. (1 1.1) does not apply to them directly. It will be shown, 
however, that uniform spheres play a unique role inasmuch as they act 
gravitationally as though all their mass were concentrated at their 



Fio. 11.2. Cnvendisli experiment. 
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centers. If two spherical boulders, each weishiiiK 1.000 kg (about 1 ton) 
lie with their centers 1 m (about 3 ft) apart, they attract eacli other witli 
a force of 


6.07 X U)-' X 10" X 10" 

ido- 


dvnes 

% 


().()7 dynes 
% 


or about 7 mg. 

By means of his e.\perimcnt C’a\’endish i.s sometiin(‘s said to ha\e 
“weighed the earth.” AMiat is meant is that he dotermiiuHl the earth's 
mass, for the earth has no weight. If both G and (j (acceleration of 
gravity) are known, the ma.ss of the earth Me can be determined from the 
equation 


M.m 

G = mg 


(11.3) 


which says that the force on a mass m at the earth's surface, that is R 
cm from the earth’s center, is mg. Hence 




980 

0.07 X 10-'" 


(0.37 



10-') 2 grn 


5.97 X 102’ Qj. 

0.0 X 102' tons 


Finall}' let us compute the change in y that occurs as we proceed out- 
ward from the earth’s surface. For this jiurpose it is most convenient 
to take the logarithm of Eq. (11.1) and then to differentiate with respect 
to r, 


In F = In G + In + In m-i — 2 In r 
dF _ _ dr 

T ~ ^ r 


since G, m\, and m-y arc constants. Thus the relative increase in F is 
twice the relative decrease in r. In going up 10 miles from the earth’s 
surface, r changes from approximately 4,000 miles to 4,010 miles, or by 
* 400 . Hence g must change by or from about 980 cm sec'-’ to 

975 cm/sec2. We see, therefore, that g is A'ery nearly constant near the 
earth’s surface despite the action of an inverse-square law. It does vary, 
of course, with altitude and with latitude, as was discussed in Sec. 7.7. 


11.3. Gravitational Effect of a Spherical Mass. Since most applications of the 
law of universal gravitation are made to spherical astronomical bodies, it becomes 
necessary to solve a mathematical problem of great fundamental importance: 
What is the force between a large spherical mass and a mass particle? 

Consider the spherical shell, an equatorial section of which is drawn in Fig. 1 1 .3. 
Its thickness i is small compared with its diameter. We wish to find its gravita- 
tional force on an external mass point m'. 
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sinnll mass of the shell situated at A attracts in' with a force Fi. Another 
lajiial mass at B exerts the force Fj. The combined effect of these two small 
ma.vses is niven l)y the ve«'tor sum of Fi and F;. In adding them we notice that 
the vertical force components annul eac-h otlier, while the horizontal components 
/•’[ cos a and cos a are e(jual and must bo added algebraically. In this way, 
cdl tiaiisverse forces on ni' cancel in pail's, a mass in tlie upper hemisphere always 
annulling tl)e downward component of an equal and symmetrically situated 

mass in the lower hemisphere of the 
shell. To find the total effect of the 
shell we need consider only horizontal 
comiwnents. 

As an element of mass of the shell 
we take the circular strip (IS. Its 
length is 2irr sin 6. its width r (/0, and 
its thickness /. Hence it has a volume 

2irtr' sin d dd 

and if the <lensity is p gin cm’, the mass within the strip is 

dm = 2wtpn sin 6 d6 
d'he force exei ted by dm on in' is 

... ^ dm m' , , sin 6 d$ 

db = 0 „ ■ cos tt = 2ir(itpm r‘ cos a (11 '4) 



X‘ 


I- 


'riierc now appear the thice \ ariables 6. x, and a. 
sary to express two of them in terms of tlie third, 
of integration. 

The figure shows that 


Before integrating it is neees- 
We shall take x as our variable 


H — r cos B 



Cos a = • - - 

X 

(11.5) 

Also 

= IP + - 2Hr cos 6 

(11.6) 

am! hom'e 

^ IP + 


r eos e - 2 ^^ 

(11.7) 


If we differentiate Eq. (ll.ti), we obtain 


or 


2x dx = 2Iir sin B dB 


sin B dd — -rr dx 
Hr 


( 11 . 8 ) 


\ow put Eq. (11.7) into (11.5), and then insert Eqs. (11.5) and (11.8) into (11.4). 
'I'he result is 



7r6Vpm'r /?* — r* + 



(11.9) 


To sweep over the entire shell, x must range from = /? — r to j 


n^i 


r. 





See. 11.51 


INVERSE-SQUARE LAWS OF FORCE 


163 



Hence 


fR+r / /r- - r - 
jR-r V X' 

fH + r 

P = ln-r - 


+ I ^ f/x = 4r 

(47rr=/p)m' 

' w~ 


(11. lO) 


Tl»e quantity in parontliosis i.-* .«iinj)ly .1/. tlu* t()tal ina.^s of the shell. 

We hin’e proved, therefore, tliat a spherical shell attracts an external 
mass point as if all its mass were concentrated at its ei'nter C. 

A l)ody like the earth, moon, or sun may (except for departures from 
sphericity) he regarded as composed of a large number of concentric 
sliells of different densities. The result just 
stated must therefore hold for these astro- 
nomical objects, also. 

11.4. A Mass inside a Spherical Shell. It 
is a curious fact that the mass m\ when 
placed inside the spherical shell as shown in 
Fig. 11.4, experiences no force whatever. 

To prove this we integrate just as in the jiroeeding 
.'Section. Hut we notice that R is now smaller than 
r and that the minimum value of x is now r — R 
instead of R — r. As before. = /? + r. 

In integrating Eq. (11. 9) the limits are now r — R and R + r. But 



Fio. 11.4. mass Inside a 
spherical shell. 


Hence 





0 


If a channel were dug through the earth along a diameter, the gravita- 
tional force on a particle would become smaller the deeper we go, for the 
portions of matter external to the position of the particle exert no forces. 
The acceleration of gravity is smaller in deep mines than on the earth’s 
surface. 

11.6. Facts about the Solar System. The most important regularities 
in the motion of planets were discovered by .lohann Kepler (1571-1(530) 
and are contained in Kepler’s three laws of planetary motion. 4'hey 
read 

1. All planets move in elliptical orbits having the sun at one focus. 

2. A line drawn from the sun to the planet, though changing its lengtli, 
sweeps out equal areas in equal times. 

3. The cube of a planet’s mean distance from the sun is proportional 
to the square of its period of revolution. 

Newton’s greatest achievement was to derive all three of these from his 
law of gravitation (Eq. (11.1)]. The complete proof is usually given in 
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s(‘c()n(l- iind third-year pliy.sics coui>cs and will not be produced in this 

book. Onlv the third law will be derived (ef. Sec. 11.6). 

% 

The orbits of the planets about the sun and the orbit of the moon are 
nearlv circular. In tiie following discussion they may be taken as 

to 

circles with good approximation. Numerieal data concerning the solar 
.system, which may be used in problems, are collected in Table 11.1. 


'fahlr ll.l. Data Rtloling to the Solar System 

(In ('K-s system ) 



Karth 

Sun 

Moon 

.\lassrs ..... 

.1/, = oM7 X lO^Kiii 

\f. = 1.00 X 10“ gm 

, .U„ = 7.34 X 10“ gm; 

~ = 332.000; 

= 0.0123 

Mutiii 

1 )istano(*s frtuti 

K. = n.37 X 10* cm 

R. = 5.07 X lO'Oem 

R„ = 1.75 X in* cm 

earth 


R.. = 1.50 X 10“ cm 

= 3.85 X 10'%'m 

1 


11.6. Planetary Motion. When a phinet of mass m moves with speed 
r in a circular orbit of radius r, it has a centripetal acceleration (cf. Sec. 
5.0) V- r. The centripetal force liolding it in its orbit is the attraction 
by the sun, which, according to Etp (ll.l), has the magnitude {GMs}n)/r-. 
Hence by Newton’s sei'ond law the motion must satisfy the equation 

GM.,n ^ 


r* 


Here w, the mass of the planet, may be canceled. This interesting 
circumstance permits us to say that the mass of a planet has no effect 
on its motion and also that it cannot bo found from an analvsis of its 

V 

motion. 

Kqiiation (I l.1 1) may be reduced by canceling m and r. It can further 
be changeil by expressing c in terms of the fre(}Uency of revolution, /, of 
the planet, 

r = 2wrf (11.12) 


or in terms of the period of revolution, P, 


V 


2irr 

P 


'rhus Im]. (11.11) takes the form 

4xV 



(11.13) 


= 47r=r=>/2 


(ll.H) 
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Tliis is the basic ociuation of planetary motion. It can serve a threefoUl 
purpose. 

1. When r ami P are known, the mass of the sun can he calculated. 
Taking the motion of the earth for an example, we have (see d'alile 11.1). 

r = }{,. = 1.50 X 10‘^ cm P = 505 day.s = 3.15 X 10' sec 

,, If X X 3.38 X lO^'* _ OM ^ ,n.u ... 

Hence M. = ^ " 


and this is in good agreement with the value of ,1/, in Table 11.1. In a 
similar way E(i. (11.14) can he u.sed to determine the ma.ss of the earth 
when r and P relate to the moon (see Eroh. 13). 

2. When M, and P are known, r may he calculated. This is one ol the 
best methods for determining the distances of the various planets trom 
the sun. since P can he found easily from astronomical observations. 

3. Knowing M, and r, one can predict P. In the future it may become 
possible to construct an artificial satellite of our earth. If we waht this 
to be a given distance r from the earth. l‘'([. (1 1.14), w ith .1/., tak(Mi to lie 

il/r, will determine its period of revolution. 

Finally we note that Ei\. (11.14) is tantamount to Kepler’s third law. 

For it may be w'ritten 



the quantity in parentheses being constant for all planets. 

11.7. Work Done in a Gravitational Field. 'I'he region of space sur- 
rounding a massive body, like the sun or the earth, in wliich particles 
are attracted in accordance with 
the inverse-square law of force is 
called a gravitational jlcUl. When 
a particle moves or is moved from 
one point to another in this field, 
work is done by or against the force 
of gravitation. Let us find out 
how much. We divide our prob- 
lem into three parts. First we 



calculate the work done by gravity when a particle of mass m moves from 
B to A in the field of a spherical body of mass M (cf. Fig. 11.5), the 
path being along a radius. Second we calculate the work done when m 
moves from C to along an arbitrary path, and third the work done in 
carrying m from infinity to the point A. 

1. Since the force at any point between A and B ^sG{^^m/r‘^), and work 
is defined as d\V = F dr, we have 
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r,(- 7 ) 1- 1 


(11.15) 


it \vc iiso the al>l)reviahon 


r = 6M/w 


(11. Hi) 


Du* minus sijjn undor the intejsral must be written because the force, 

l)eing attractive, is directed along 
tlie negative r axis. 

2. In carrying the mass from C 
to .4 the path does not lie in one 
dimension, and we must use the 
more general definition' of work (cf. 
Kq. (8.11)1. 

^/ 1 |- = FM + Fydy 

Now if at any point, such as P in Fig. 1 !.(», the force F is directed radially 
toward (). 



Hut 

Therefore 


Ft = ~F cos a Fy ~ —F sin a 

cos a = X r sin a = y/r 

d\y = -F-dx - F^du 

r r ^ 

F 

= - - (j (lx + y (iy) 


'I'his expression may be simj)lified when we remember that 

x^-~\-y‘'- = F- 

DifTerentiating tliis relation we obtain 

X ilx + y dy = rdr 
and this changes K(|. (11.17) to 

,/M’ = -Pdr 
C 

TIuM’efon* M’ = 


(11.17) 


f 7^ 


(11.17a) 


In I'ig. we have made r,, the distance of C from the center of the 
attracting mass, eciual to R^, Our result [Eq. (11.17a)l is then seen to 
be (c Ri) — (cT/ 2 ), the same as Eq. (11.15). 

'Die noteworthy fact is that we were able to carry out the integration 
without .specifying the exact path which the particle took in going from 

‘ This was proved in u starred section hut will here be taken for granted. 
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C to A: according to Kq. (11.17a) the work depends only on the initial 
and on the final distance of the particle from O. 

This remarkable result is occa.sioned by tlie mathematical circum- 
stance that (/ir, as expressed by Kq. (11.17), may be reduced to —F dr. 
The physical meaning of it is this: 

The work done in carnjiiuj a moas from one point to another in an ini’erse- 
square field of force is independent of the path. 

The foregoing method shows in fact that this is true for any central 

field of force. 

3. To find the work done by the force of gravity when the particle is 
carried from infinity to .-1 we need only make rc infinite in Kq. (11.17rt), 
or /?2 in Kq. (11.15). Thus 


ir = 


(11.18) 


In spite of the infinite length of the path, the work done is finite. 

The preceding proof is somewhat analytic and may be replaced by ilje 
following simple argument. If we decoinjjose the path CA in I’ig. 11.5 
into small steplike portions, drawn alternately along the radius and per- 
pendicular to it. no work is done along the i)erpendicular segments, since 
along them the force is perpendicular to the displacement. Hut the work 
done along the radial parts of the steplike path adds up to the work done 
in going from F to A. 

11.8. Energy in a Gravitational Field. Potential energy was defined 
in Sec. 8.8 as the work done against a force in displacing a i)article to a 
given position. But what are we to take as the initial, or reference, 
position of the particle? In the motion of a spring we took the neutral 
(force-free) position; in dealing with the constant force of gravity we took 
the earth’s surface as our plane of reference. This could still be done, 
but it proves inconvenient when the variation in the gravitational lor(‘(^ 
is respected. It is customary, therefore, to say that the potential energg 
is zero when the particle is an infinite distance from an attracting center. 

This is indeed the force-free po.sition. 

Assuming this, the potential energy is simply the negative of 11’ as 
given by Eq. (11.18), since II' was the work done by the force. Thus 


_ c _ _ GMm 


(11.18a) 


provided that we write r for the distance of any point under consideration 
from 0 (Fig. 11.5). 

There is hardly another situation in physics where the law of conserva- 
tion of mechanical energy is so well obeyed and so fruitful in its applica- 
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lions as it is in gravitational fields. 'I'he law here reads 


1 „ CfM in ,, 

pr mv = t = const 

2 r 


(11.19) 


From it one can calculate the increa.'^e in velocity occurring as a particle 
moves from a distance to a smaller distance R\, both being measured 
from the attracting origin. If the velocities at /?i and are and ^ 2 , 
we have 

1 G}fm 1 , GMm 

2 R: 2 R. 

and hence 

(^ - ^) ( 11 . 20 ) 

It will be remembered that M is the mass of the attracting body, not the 
moving one. For a body falling near the surface of the earth Eq. (11.20) 
reduces to a familiar form. In that ea.se Ri and R-i are not very different, 
and both are approximately ecpial to the radius of the earth. If the 
parentheses on the riglit be written {Ri — Ri) R^Rn and this is approxi- 
mated by (I R', (I being the di:stance traversed and R the earth’s radius, 
the result takes on the familiar form 


2 . 2r/.i/ . . , 

i-,2 - = v.j- d = 2gd 


in view of Eq. (11.3). 

f\hat is the velocity of a particle that has fallen to the earth from 
infinity? The answer is implicit in Eq. (11.20). If the particle was at 
rest at x , then co = 0, /f. = x , and Ri = /?,. Hence Eq. (11.20) yields 


I'j- = 


2GM 

R. 


Fel us call this value r*. The particle reaclu's the earth with a Knite 
speed; its numerical value is 


-( 


2 X (l.tiT X 10--' X 5.97 X 10*'\‘'^ 

j cm/sec 


0.37 X 10" 

== 1.12 X 10® cm/sec = 0.90 miles 'sec 

Conversely, if a particle is to have a zero velocity at infinity, it must 
have tlie radial velocity tv at the earth’s surfai^, A rocket that is 
to leave the earth, never to return, must have a velocity of at least 
7 miles; sec. I his figure is not very accurate, for air resistance increases 
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the value. It is oalletl the theoretical apfcd of eacapc. A missile leaving 
the earth with a greater velocity will jirrive at infinity with a finite speed. 

The molecules of our atmosphere move very rai)i(lly. Fortunately, the 
mean velocities of O 2 and X 2 are below the speed of escape. Hydrogen 
molecules, being lighter, have speeds that are greater, on an average, than 
r*. Hence this gas, which must have been present in the atmosphere a 
long time ago, has now di.sappeared. On the other hand it has not 
escaped from the sun because of the larger mass of that body. Ib'lium, 
whicli is somewhat heavier than II., is still pre.^ent in small (pianlitics in 
the outer atmosphere but is gradually escaping. 

We have seen that the potential energy of a body of mass m in a gravi- 
tational field is given i)y V = -c r or -GMm r. (’lo.sely related to V 
is a (piantity known as the gravitational potential; it is the potential 
energy per unit of mass V m. Let us call it I ; then 

c GM 


r = - 


mr 


r 


11.9. The Bohr Theory of the Hydrogen Atom. An atom is a minia- 
ture solar system. The center, or nucleus, is relatively heavy and sta- 
tionary, while light particles called electrons circulate about it very much 
like planets about a sun. The distances between sun and planets, which 
are vast in the solar system, are only about 10"“ cm in the case of an 
atom; the motions are much too tiny to be seen. However, they aie 
extremelj' rapid, as we shall .show. 

In an atom the force holding the electrons in their orbits is not the 
gravitational force, which is much too small to eftect this result. It is an 
electrical force arising from the fact that the atomic nucleus carries a 
positive and each electron a negative charge. The significant point, 
however, is that this electrical force is also an “inverse-square'’ attrac- 
tion, varying with the distance in accordance with the law 

F = 


ir- 


where c is a constant. 

The hydrogen atom is the lightest and also the simplest of all atoms. 
Its nucleus consists of one unit of positive charge, usually denoted by -1-c, 
and it contains but one planetary electron, whose charge is -e. Later 
(cf. Sec. 24.5) we shall show that under these conditions the constant in 

the force law is 

c = 

The mass of the electron will be called m. In a circular orbit the cen- 
tripetal force mv^/r is supplied by the electrical attraction, so that 
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rm'2 

r 



(11.21) 


But this result is not very useftil, for the following reason. It is possible, 
to be sure, to measure e and m e.\perimentally (cf. Sec. 25.12) ; hence these 
two (juantities are known, hut. in addition to these. Eq. (11.21) contains 
two unknowns, v and r, neither of which can be directly determined. It 
.seems, tlierefore. tliat our theory is useless. The ordinary laws of 
mechanics have nothing to .say about the velocity of the electron, nor 
about its distance from the nucleus. 

.\n ingenious discovery by Niels Bohr (1885- ), made in 1913 and 

called the Bohr po.stiilate, completely altered this ineffectual situation. 
His brilliant guess, though entirely implausible when first inspected, leads 
to results that are found correct on being tested — leads, in fact, to the 
modern quantum theory of the atom. It asserts that the angular momen- 
tum of the cUrtron in a circular orbit is always equal to an integral number (n) 
of certain quanta of angular fnomentum. A quantum of angular momen- 
tum has the value /j 2jr. /i being the famous P/a/JcA-cons/anf (C.CIO X 10~” 
erg sec). Hence 

1 01 = nh 2Tr (11.22) 

Here / is the moment of inertia of the electron, w its angular velocity, 
n the integer called a quantum number, ('learly, I = mr^, o) = v/r. 
Thus 

mrr = nh 2r (11.23) 


Between the two equations (11.21) and (11.23) we can now eliminate 
either r or c and solve for the other. We thus obtain 


r = 




h-_ 

Air'^nte^ 

1 2it^ 

n h 


(11.24) 

(11.25) 


When values are inserted, the quantity is seen to have the 

value 0.28 X 10“® cm. The electron can therefore move on “quantized” 
circular orbits, the smallest of which has a radius of that magnitude, the 
next 4 times, the next 9 times this value, and so on. O 

The {piantity 2ire^/h is found to be 2.19 X 10* cm/sec, a rather enor- 
mous speed. Ordinarily the hydrogen atom is in the state for which 
a = 1. and its electron circulates with that speed. 
iVccording to Eq. (11.19) the total energy of our electron is 


E — e^/r 


(11.26) 
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since the quantity GMm. the former c. must now he replaced by e'K If 
we substitute Eqs. (11.24) and (11.25) into (11.2(i), we find the simple 
result 



2Tr-m e* 

n-h- 


(11.27) 


'Phe quantity ^Tr-mc^/h- has the value 2.15 X !()““ erg. 
J^o, we may write 


If we call it 


(11.28) 


The energy of the hydrogen atom can be — A'«, or — ^ or — ’ and 
so forth. This is a result of very great importance. A.s we slndl show in 
Chap. 49, the light emitted by gaseous liydrogen allows a determination 
of these “di.screte” energy states, and Eq. (11.28) turns out to be verified 
with great precision. 

PROBLEMS 

1. .\ thill, straight rod of infinite extent ha.s n iiuuss X per unit length. Calculate 
th<‘ gravitational force between the rod and a small mass m. which is a perpendicular 
distance b from the rod. 

2. .Vssiune that the density of the earth is everywhere con.stant and that a small 
hole has been ilrilh-d from the earth's .surface to the center. U’hat will be the accelera- 
tion of gravity at a point in this hole halfway b«*tween tin* surface and the center? 

3. How much work is retjuired to raist? a mass of 10 kg from the surface of the earth 
to a i)oint 2,000 km above the surface? 

4. .\ thin rod is of length I and mass per unit length X. .V sphcTical ma.'is m is 
|)la<*(‘d in line with the rod and at a distance d from one end. Kind the gravitational 
force between the ro<l and the mass. 

6. Using the necessary data from Table 11.1 find the weight of a 1-lb mass on the 
.surface of the moon. 

6. Two spherical masses m and M arc a distance <i apart. Where must a small 
mass be placed in order to be in equilibrium under the attractions of ni and A/? 

7. Two spheres weighing 1 kg apiece are suspend<'d on strings 1 m long and 5 cm 
apart at the top. What angle will the strings make with the vertical? 

8. The planet Jupiter is 74,000 km in radius. It is completely encircled by a 
satellite once every 16.7 days. The radius of the orbit of the satellite is 27 times the 
radius of the planet. Calculate the mass of Jupiter. 

9. It is desired to make artificial sjitellites of the earth that shall cruise (a) east- 
ward, (6) westward over the equator, completing one round trip per day as judged by 
an observer on the equator. Find the distances from the earth’s surface at which 
these satellites must move. 

10. It is desired to make an artificial satellite of the earth, a structure that shall be 
continuously overhead in a certain locality on the equator. Find the distance from 
the earth’s surface at which this satellite must move. 

11. A mass m is shot upward at right angles to the surface of the earth with a 
velocity of 10 kin/sec. How far out^ will it go before turning back? (Neglect air 
resistance.) 
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12. Kind the ucri'U-ralion of prsivity on the surfnco of tho sun. nsiiiK tho nore.styiry 
d,if:i in 'I'ahlc 1 1 . 1 . 

13. I’siiiK the value of Kiven in Table 11.1. and Eq. (11.14), caleulato the mass 
ii! the eartli. Take tlie period of the moon to be 27 days 8 hr. 

14. Kind tlie value of (! in the fps .system and in the inks sy.stem. 

16. Convert the data in 'Table U.l into touH and miles. 

*16. 1'\\o unif(»rni rods, eaeh of lenjith I m and weight I kg, are arranged as in Fig. 
1 1. 7. ’I'lie distance lu'tween their centers is 2 rn. Find the gravitational force between 
tiu-in, C<impare this answer with the result of wrongly assuming that the rods interact 
.as fh«)Ugh all their ma.ss were concentrateil at tlu-ir centers. 



2 m 

Fio. 11.7. Problem 16. 



CHAPTER 12 
OSCILLATIONS 
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— X, 


0 X -\-Xo 
12.1. SimpU* hariuouk- motion. 


12.1. Simple Harmonic Motion. Motion.'; tlinl repeat tliemselve.'; 
after a period of time are said to l)e pcrioiUr. ICxarnples of j)eriodic 
motion are reatlily availaltle — the swini^inn pendulum, the vil)rations or 
“oscillations'’ of elastic Imdies, the rotating wheel, the movin^j; i)iston, 
the crankshaft, the tree swaying in the wind, the heartbeat, the motion 
of planets, and many others. In all these instances the pnux/ of the 
motion is the time interx’al after wliich it r(*peats itself, the tim(‘ of a 
single rhythm. 

Hy far the simplest of all periodic motions are those j)erformed by 
elastic bodies. 'I'heir study forms 
the basis for an understanding of 
all perittdic motions and will con- 
cern us here. I'he instantaneous 
displacements of the parts of an 
ehustic body, when plotted against 
the time, yield — as will be shown — sine or cosine curves. Because the.se 
are called /iarwonie curves, the motion itself is called harmonic motion. 
In general, hai-monic motion may be a composite one in which .several 
periods arc present simultaneously. In the pre.sence of a single period 
the motion is called simple harmonic we/fon. henceforth abbreviated SUM. 

A tj-pical arrangement for producing this ideal type of motion is a 
spring carrying a mass at its end and resting on a smootli horizontal 
table, as in Fig. 12.1. ^^'hen at rest, the mass lies at its neutral ])oint (), 
which we take as origin of coordinates. If the mass is displaced to ;rn 
and then released, it will continue to oscillate between —.To and +Tn. 
The distance To. which is half the total e.xcursion of the mass, is called the 
amplitude of the SUM. The period P is the time taken by tlie mass to 
move from t« to —To and back to To, or the time for one complete excur- 
sion. We know from ('hap. 4 [cf. Eq. (4.1)] that the force acting on m 
at .r is 

F = -At (12.1) 


the minus sign indicating that the force is to the left when .r is positive, 
to the right when t is negative. The constant k, called the “ coefficient of 
stiffness,” represents the force per unit extension and may be measured 
in djmes cm. Indeed every elastic body, in obeying Hooke’s law, calls 
into being a force that is proportional to the displacement t, and this 

accounts for the wide occurrence of »SHM. 

173 



174 


PHYSICS 


[S«c. 12.2 


12,2. Mathematical Representation of SHM. To find the motion that 
results from a force prjven by Kq. (12.1) we must write and solve Xewton’s 
second law, 


m 


d-s 

dr- 


= -kx 


( 12 . 2 ) 


To simplify matters we use an abbreviation 


k 


m 


= u 


(12.3) 


wlu<'h is su"K(‘^lt'fl l\v the fact that the physical dimension of \^kjm is 
indeed that of an angular velocity. At present Fap (12.3) is nothing 
but a convenient substitution, though we shall learn later that it has much 
physical meaning. Kcpiation (12.2) then becomes 


f/-V 

dr 


— wV 


(12.4) 


This is sometimes said to be the “dilVerential equation for SHM”; every 
X siilisfying it de.scribes SH.M. Its phy.sical meaning is the following: 

Tin* acc(*leration is proportional and opposed in direction to the displace- 
ment. 

If tlie student studies the motion of the mass in Fig. 12.1. he will find 
this statement to be true for all values of r. 

The matliematics of solving Eq. (12.4) is ratlier typical of the way in 
wlii(di dilVerential ecpiation.s are dealt with. There is no royal road, and 
tlie steps must simply be remembered. Fajuation (12.4) cannot be inte- 
grated directly. But we may put r = dx 'dt, so that d‘x/dr = vdv/dx. 
It then reads 

dv 


or 


V T- — — u)^r 
dx 

V dv — —u}\rdx 


t)n integration this becomes 


1 .r= + C 


(12.5) 


Ibis is a rather interesting re.sult. Multiplication by m, transposition, 
and use of K{|. (12.3) give 

' 2 me- + ' •iA'.r''* = const 

which is nothing other than the law of conservation of energy [Kq. (8.22)]. 
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Bvit let us return to Eq. (12.5) unci write it in the form 


(h 


t; = ^ = V2C - w-JT- = w V-l- - 

at 




where we have put 2C/u>- equal to -l^, anotlier constant. Hence 


(ix 


V A - - :r- 


= 03(11 


Integral tables show that 


/ 


dx 


\/A-^ - 


■ -1 ^ 
sin * -r 

A 


Hence we find on integrating 


sin * -j = wf + 6 


b being a constant of integration. On taking the sine of both sides there 
results the final answer 


X = -1 sin (u)/ + 5) (12.()) 

The quantities A and 6 are constants of integration and are therefore 
arbitrary. 

12.3. Properties of SHM. When Eq. (12. G) is plotted, one obtains 
the curve of Fig. 12.2. The name 
harmonic motion is obviously justi- 
fied. The cpiantity A is the maxi- 
mum value of x; it is the amplitude 
and equals Xo in Fig. 12.1. 

.4 = Xo 

The intercept of the sine curve on 
the X axis at 0 is .4 sin 5. The quantity (wf 4- 5) is called the phase of 
the SHM, and 6 is the phase constant. The phase increases as time goes 
on. The period P is the time interval marked off in Fig. 12.2; it is the 
time in which the phase increases by 27r radians. It is found by putting 

[o3{t -h P) + 5] - (ojf + 5) = 27r 

Therefore F* = — (12.7) 

03 

This looks very much like the relation between the period and the angular 
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in uniform angular motion (cf. Kci. (5.24)], but so far that is 
merely an accident. On using Eq. (12.3) w e have 




( 12 . 8 ) 


a very useful result since it allows at once the calculation of the period 
of the motion when ma.'^s and stiffness of the spring are given. 

The frequency / is 1/P; hence 

Here again, tu appears as though it were some sort of angular velocity; 
yet there is nothing rotating in the motion of the spring. 

One final point concerning the mathematical form of SHM, Eq. (12.6). 
This could be expanded to read 

j* = A cos 6 sin wf + A sin B cos oit 

Here .1 cos 6 and .1 sin B are just new constants that might as well be 
called a and b. C learly, then, our SUM could also be represented by the 
formula 

X = a sin a>/ + /> cos ml (12.10) 


and. in special cases, either a or b may be zero. 

12.4. Worked Examples, a. A spring is arranged as in Fig. 12.1. It 
carries a mass of 2 oz, and a force of 2 lb stretches it IG in. Find its 
fro(|uency of o.scillation, its period, its amplitude, and its phase constant. 

The e(iiiations in the preceding sections, being obtained with the use of 
XewUm’s second law in its absolute form, hold in absolute units only. In 
our example 


, 2 ll)-f<irc«* 

k = ~ . — 

l(> in. 


(H poundals 

- ‘ 


= 48 poundals/ft 


m = Is 

Fn.m E<,. (12.8), = 2. 


= 0.32 sec 


/ = i/p = 3.13 sec-‘ 


'I'he amplitude and phjuse constant cannot be determined from the data 
thus far available. They are found from the initial conditions of the 
motion. For instance, if the mass was released at f = 0 with a displace- 
ment of 0 in., we find that A = G in. and B = 7r/2. 
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b. If the spring of Example a is hung vertically and loaded with a mass 
of 2 oz, what will he its period of oscillation? 

Assume the spring to he so light as to have a negligil^le mass itself. 
The mass of 2 oz pulls it down 1 in. lienee the extension of the spring 
in its neutral position is 1 in. greater than in Example a. However, 
}; has still the previous value, and so has m. Period and fre(|uen(y are 
tlierefore the same. 

c. \Mien the ])rong of a tuning folk is drawn aside 0.2 in. and then 
released, it snaps hack with an acceleration of .>0.000 in. /sec*. Eind the 
frequency of the fork. 

We are (old that d~x UlC' = —.50,000 in. /sec ’ when x = 0.2 in. t'sing 
K(l. (12.4), 


-d-x.dt- .>0.000 in. -sec- o-^aaa 

w- = = — „ = 2.)0,000 sec - 

.V 0.2 in. 

a> = 500 sec”' 


From Eq. (12.9), therefore, / = .500/27r sec”'. 

d. A body is known to de.scrihe SUM. Its amplitude is 1 ft ; its veloc- 
ity while passing through the neutral point is 10 ft/sec. What is its 
frequency? 

If X = Xo sin (w< d- 3), differentiation gives us 

V = Xooj cos (ut -h 6) 

The maximum speed, possessed when the body pas.ses through tlie neu- 
tral point, is clearly 

Hence oj 

and / 

12.6. The Mystery of o>, IMiat does the fictitious angular \-eIoeity w 
have to do with the to-and-fro motion of the mass in Fig. 12.1? Suppose 
we do make a point P' go around a circle (Fig. 12.3) with an angular 
velocity w, and we watch the x component of r. Since x — r cos 0 and 
0 = u)t, we see that 

X — r cos o>l 

and comparison with Eq. (12.6) shows that x describes SH^M (with 
6 = 7r/2, since sin (ut -f 7r/2) = cos ut]. Its amplitude is r, the radius 
of the circle. 

We may look upon P as the shadow of P' cast by a distant light source 
upon the diameter of the circle. In mathematical language, P is the 
projection of P\ What we have sho^\'n is this: 




I' 




10 ft/sec 


amplitude 1 ft 
= (j}/2'k = 10/2ir sec”' 


= 10 .see”' 
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Fio. 12.3. Rofcroiicp motion. 


7'he projection of a point moving in uniform circular motion describes 

SUM. 

It is sometimes convenient to associate with a SII]M that circular 
motion of which it is the projection. The (fictitious) circle on which it 

takes place is called the reference circle, 
and the circular motion the reference 
motion. The quantity w that appeared 
throuj^hout our analysis is the angular 
velocity of the reference motion. This 
atTords a nice mental picture of what u 
mean.s. 

'I'he same result can be obtained in 
another way. The point P' has an 
actual acceleration r-/r toward 0. Its 
piojeetion along A’ is ( — r-/r) cos 6, 
or ( — l'^ '^‘^)r cos $, which eipials — w-j. Hence the acceleration of 
.f is —u)‘X. Tn view of Kq. (12.4) this shows that P describes SHM. 

12.6. The Simple Pendulum. A simple pendulum is a small bob 
suspended by an inextensilile, weightless 
cord. The hoi) moves along the arc of a 
circle, in periodic fa.shion to be sure; 
whether this motion is SUM remains to lie 
investigated. 

In the momentary position shown in Fig. 

12.4 two forces act on the bol) — gravity, 
mg, and the tension along the cord, 7’. 

The component of mg along is — mg sin 6; 
that along the cord is rng cos 6. Hut since 
there is no acceleration along the cord, the 
foices 7’ and mg cos 0 must cancel each 
other; hence 

T = mg cos 6 

'fhis leaves as the resultant of T and mg a 
force 

P = — mg sin 0 

directed tangentially along the arc. According to Newton’s second law, 

d^s 



m 


= — mg sin 0 


dt^ 

sin 6 = x/l 


But 
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so tliat 



ll‘ X were eciuiil to .s. this o<|uation would imply SUM, for it would ihon 
say that the acceleration is (negatively) proportional to the di.><placement . 
But Fig. 12.4 shows that .r and .v are. in general. difTerenl. Only lor small 
displacements are they approximately ecpial. For small displacements, 
then, 


(r-x 

(ir- 




Under those conditions the motion is SHM, and comparison with lup 
(12.4) shows that 

ij} = \ if I 

whence / = (1 ^tt) \' ij I 

and P = 27r\T7/ (12.11) 

Further investigation shows that the motion of a simi)le pendulum is 
essentially SHM so long as the maximum value of B is .smaller than 15*. 
K(juation (12.11) is then correct to within 0.5 per cent. 

The fact that P (for small oscillations) is independent of the amplitude 
of motion was recognized by Galileo. Because of thi.s a pendulum clock 
keeps correct time regardless of variations in the width 
of its swings. 

K(luation (12.11) is u.seful for the determination of 
(j. If we measure / and find P by counting swings for 
a certain time, y can be computed. 

*12.7. The Physical Pendulum. ‘ Any irregular body 
suspended us in Fig. 12.5 and swinging about a fixed axis 
through .4 is called a “phy.'^ical pendulum.” If h is the 
distance between -I and the centei' of mass C, the torque 
about A is —mgh sin 0. In \'iew of Eq. (9.13), 

.iPB , . . Fio. 12.5. l*hysical 

/ -jTT = ~ingh sin B , , 

rf /2 » pendulum. 

where I is the nuiinent of inertia of the physical pendulum about -1. Again for 
small angles B, sin 6 is nearly equal to 6. and 

d'B ingh 

dF = ~ 'T ® 

This rej)resents SHM provided that we take as our displacement, not x, but the 




■* Keview Sec. 9.8. 
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jinulc 6. Here ai* = myh, /. so that 


P = 2ir \ 


I 


mgh 


( 12 . 12 ) 


12.8. Angular SHM. Let a solid disk be hung from a wire as shown in 
Fig. 12.0. When tlie disk is rotated through an angle B, the wire gives 
rise to a rrstorimj torque of magnitude —t6, the minus sign indicating 
tiiat the tonjue is in the sense opposite to 6. The quantity t is called the 
“torsion constant” of the wire. The motion is described by 





/ l)eing the moment of inertia of the disk about its 
transverse axis, or The motion is SHM, in 

this instance not only for small amplitudes but for the 
entire range of B in which Hooke’s law, L = — rd, is 
obeyed. The period of oscillation is clearly 


Fl<}. r2.(>. lor- 
.sioii pcti(luliiin. 




(12.13) 


This formula ])rovides a method for measuring the torsion constant. 

12.9. Summary on SHM. Any motion that satisfies the defining 
(H)uation 

(I'll 


(It- 


= —u}-u 


(12.14) 


is SUM. The displacement variable u in this e(iuation may be x, s, &, <jr 
any other quantity specifying the position of an object, and Is simply a 
positire constant; its being positive is ensured by taking it as a square. 

'I'hc fnapiency of the motion is / =* w, 27r, the period F = 27r/a>. The 
solution of Kq. (12.14) is 

u = .1 sin (u>/ T" B) 

.4 and 5 are aihitrarv constants, any values of which are compatible 
with Iv). (12.14). Physically .1 is the iimplitude of the motion, 6 its 
phase at / = 0. 

From this result it is easy to see that the total energy' of the oscillator, 
E = A’kin + ^ ffi ^ === ^ mwVl* cos^ (wi+5) 

+ ^ kA^ sin^ (uii + 6) = 


is a constant throughout the motion of the oscillator. 
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Sec.12.101 

*12.10. Damped Oscillations. In reality, SUM doi's not on forever. I lie 
pronjis of a tuning fork vibrate with stea.lily deereasing ainiditudo; tlie swing 
of a pendulum becomes smaller and smaller. The cause of this diminutum of 
amplitude is not far to seek: it lies in the presence of frictional forces, both within 
the metal of the tuning fork (internal friction) and in the retarding action of tlic 
medium (air) upon the motion. 

What is actually observed is the motion plotted in Fig. 12.7, where x is tlie 
ordinate, time / tiie abscissa. If tlie motion were SUM, its amplitude would 
always come u]> to the horizontal line .lo (dotted oscillation) ; in reality the amiili- 
tude diminishes and the motion is confined between the converging curves +.1 



and — -'I, its fretjuency reniainiiig the same as time goes on. 
sent this motion mathematically, we should write 


If we were to r<*pre- 


X = -I cos wt 


where .^1 is a continually diminishing function of unclianging sign, not a constant. 
The simplest function of this kind is where .lo and h are any positive con- 

stants. We might suppose on reasonable grounds, therefore, that the mathe- 
matical expression for damped oscillations is 


X = .-loC”'" cos (i>t 


(12.15) 


This we shall verify. 

To do so it Ls necessai-y to start with Newton’s second law. There are now two 
forces acting on the muss m; first the restoring force — A*x, which alone would 
give rise to SHM; second a retarding force due to friction, whose exact form must 
now be determined. Frictional forces usually increase as the velocity of the 
moving objects increases; in fluids they are in fact directly proportional to v 
for moderate velocities. Much experimental work has been done to make sure 
how the force of fluid friction dejjends on v, since this is a matter of very great 
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roncfin in MOinflyiiiUtni-s aiul in exterior Imllistics. The early researelies of the 
Hu-isian Mayevski with rotating projectiles have shown that the force of air 
lesistaiice iij)on elon^ateil inissilc.s (tlie shape is iinpoj'tant in this connection) 
L-an he represented hy tlie formula 

= li.V' 

where tlie exponent n and the corresponding constant IK have different values in 
different velo<*ity ranges. At ordinary velocities a = 1. However, n = 2 from 
tlie lowest velocity used in gunnery up to 790 ft sec: n = 3 frtiin 790 ft/sec to 
970 ft sec. and so on. The values of the corresponding H coefficients do not 

interest us here. 

Returning then to our prohlem, we have found that at onlinary velocities we 
can write for the frictional retarding force -Rxidjr (It), the minus sign indicating 
that the force opposes the direction of j. Henceforth we omit the subscript 1 
from R. The differential ecpiathm of motion for dam])ed harmonic motion thus 

hectnnes 


(U- ~ ^ (H 


(12. Iff) 


*12.11. Solution of Equation for Damped SHM. To .see whether Eq. (12.15) 
is a solution of Kep ( I2.1ff) we substitute it in. The .solution of differential equa- 
tions in phy.sics is frequently dime in this way: a rea.sonable guess is made as to 
the form of the .solution, and this gue.<s is then either substiintiated or disproved 
bv sulistitution. If the guess is a good one, this method will also lead to a knowl- 
edge of the constants assumed to occur in the solution — in our case, .-lo, b, and w. 

I’roceeding in this way we fiml from (12.15) that 

= ,Iqi '■'(— sin wf — bvoawt) 

<Rt 


ill 


- = ,loc'*‘[(5^ — w') cos w/ + '2Ui} sin w/] 


On putting these results, as well as Kq. (12.15), into Eq. (T2.lff), we obtain, after 
canceling .1«« 

(wq//* — UI-) — Rb -b k] cosojf — (Ro) — 2m}>u) sin wl = 0 

Since tliis e(|uati(m must be true at every instant, tlie coefficients of cos oit ami of 
sin <j}l must individually be zero. Hence, since = ‘Zmboj, 




R 




(12.17) 


Putting this value for b in the equation 


m(6* — u)*) — Rb + A" = 0 


^ve find 


w = \ - , 

’ m 4 


m- 


{VIAH) 
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The interpretation of Kqs. (12.17) ami (12. IS) i.s rather iiiterestinj; and con- 
firms fully our physical intuition. The greater b, tlie more rapidly will tlie 
curves A and —.1 of Fij;. 12.7 approach the zero axis, and Fq. (12.17) tells us that 
h is proportional to It, the frictional force per unit velocity. If It were zero, the 

motion would he SUM. 

In that easeoj, too, would have tlie value derived in Sec. 12.2, namely, \/A- m. 
lint if friction is pre.seut, the frequency is snuillt r and the period is longer. - 

tion slows down the motion, as mi}^ht he expected. If the force of Inctmn is 
too Kieat. the motion will not he periodic at all. This hapiiens when w = 0, 
that is, when It = 2 y/km. For this 
value of It the motion is said to be (Und 
beat, or criticnlUj damped. For it and all 
laiKcr values of It, x simply falls to zero 
in the manner of Fij^. 12.S, without 
oscillatiiif? at all. 

Finally it is to lie noted that this 
method does not determine Ao. This, 

too. is sij?nificant, for it means that / 

Newton’s laws are iiulilTerent to this Pio. 12.8. 

constant. It may have any value and is 

only a measure of the initial displacement— which may indeed possess any mag- 
nitude we wish to ^ive it. 

12.12. Forced Oscillations. Thus far attention has been confined to 
the natural oscillations of an elastic system, i.c., the o.seillations that occur 
when it is displaced and then released. Under such circumstances e\ ery 
elastic body (tuning fork, pendulum, all metal structures) vibrates with 
a natural frequency that is wholly determined by the clastic C(mstants 
and the vibrating muss. For a mass m attached to a spring ot stifTness k 
in the presence of a friction force Itv this natural frequency is 



O) 


4 


in accordance with Eq. (12.18). In the absence of friction it is given by 



A totally different situation arises when the mass is subjected to an 
oscillatory e.xternal force, as in the crude example of a mass attached to a 
spring and also to the moving end of a shuttling rod (Fig. 12.9). lo be 
sure, we shall continue to work with this model for the sake of definite- 
ness, but one could easily cite numerous less artificial examples. Iheie 
is the bridge, which vibrates under the rhythm of marching soldiers; the 
prong of a tuning fork, which is exposed to the regular impulses of a 
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sound wave; the housinj; of a motor, which may he su))iected to the 
periodic heatinRs of an irref^ularity on tiie .'*haft. The oscillations that 
ensue are called forcaf oscillations; they proceed with the frequency of 
tl)e c.vtcnial force and not with the natural fre([uency of the elastic body. 
But tlie res[)on.se of the vihratinj; system depends very much on whether 
the externally applied frecpiency is nearly equal to or very different from 
the natural fre(iuc*ncy of the system. 

d'he prohlem here under consideration is a very jjeneral one. Its 
solutiem is also of interest in the study of alternating? currents and in 
■A acoustics and will l)e used again in 

^ k w (’hap. 3o. Because of its gener- 

^ AAAA/VVVVV'^'^ ality we shall develop this prohlem 

^ F*co% w't some detail and a.sk the student 

^ to endeavor to understand fully the 

mathematics involved. 

hot tlie freipiency of the external force he w', in general different from w. 
The external force is tlien l•\ cos w'l, and the total force, including damp- 
ing, will he 


Ki«;. I2.n. 


d-x dj , , ,, 

wi -77; = —ti-r. — A'/ 4- r 0 cos w / 
(it- <tl 


(12.19) 


In solving this differential e(piation we allow ourselves again to he guided 
by what we already know about the motion. 

*12.13. Solution of the Equation for Forced Oscillations. Our knowledge 
amounts to this: 'I'he mass will execute 8IIM of constant amplitude and witli the 
frtMjucru'v of the force. There are complications — so-called transient motions 
when the force is first applied— hut these soon die out and the mass attains a 
st<‘ady oscillation. AVe .shall ignore tliese trati.sient plienoinena and confine our 
atterdion to the steady state, which usually results after a few initial vibrations. 
'I'his stea<ly state, though cliaracterizcd by the Siune freriuency cj' as the force, 
will not necessarily hr in phase with it, nor can we .say anjdhing about the con- 
stant amplitude of its nu)tion. What we have just stated reads, when e.xpressed 
mathematically (we miglit also have cho.sen a co.sine function!), 

X = A sin (a)7 - a) (12.20) 

From tliis, we ol)tain 

X = .Ifsin u)'/ <’os ft — cos a>7 sin a) 
dx , 

“ w .l(cos (jj't cos ft + sin (t}'t sin a) 


d-x 


- = ~u)'’.l(sin cos ft — ^os w't sin ft) 


where we have e.vpanded tlie sine and cosine in accordance witli Eqs. (1.1) and 
(1.2). When these re.sults are substituted into Eq. (12.19), we find, on collecting 
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terms, 

[{k - cos a + /?a)' sin a] sin + 

‘ - k) sin a + Ro:' cos a - (Fn^ A)] cos w / = U 

Again, this equation must l.e true at all times. At t = 7r,2aj', cos a;'/ = 0 ami 
sin = 1. Hence the first bracket must 
vanish. From it we get 

= tan a = (12.21) 


COS a 


fiO)' 



At / = 0, sin w't = 0 ami cos oj'I = 1. Hence 
the second l)racket must vanish. It yields 

= (mw'' — A-)sina -f Foj'cosa (12.22) 

The meaning of tbe pliase angle a is best . 

aen,onsttatecl by means of tbe rislit triangle, Fi^. 1 2. K). !• rom .t we also see tbat 

liOi' 


Raf' 

Fig. 12.10. Definition of «. 


mu)'* — k 


Sin a — - -jy 


cos a = 


D 


l>« 


■ovided that we denote by D the (juantity 




7 ) = %/ — k)'^ + Ii^o> 


(12.23) 


Equation (12.22) then takes the form 

Fo (mw"^ — ky + ^ jy 

A ~ D 


Hence 


~ D 


When all these results are put back into Eq. (12.20), we have, as our final result 
for the displacement, 


7 0 . r 1 1 \ 

X = -Jy Sin (ut - a) 


(12.24) 


The quantity D is given by Eq. (12.23), a by Fig. 12.10. 

The phase angle a depends on the values of k, and m, that is, on the entire 

phvsical condition of the system. But, for any external frecpiency, it is zero 
when li is very large. This means that force and displacement are out of phase 
by 90*^ since the force is proportional to cos to'b the displacement to sm On 
the other hand, if friction is absent so that 7? = 0, a is either — 7r/2 or +7r/2. 
The first is true for frequencies below resonance, the latter above resonance. 
Hence x is proportional to sin (a,7 ± 7r/2) = ± cosai'i; it is therefore m phase 


or out of phase by 180® with the dri\dng force. 

*12.14. Impedance, Resonance. In the problem of forced oscillations the 

velocUy of vibration is usually of greater interest than the displacement. (In a-c 
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work it is the nirniil tliat eorrcsjumils to v.) It is o()taine(l at once by differenti- 
ating: I'-q. (12.24). 


i- 


Fou' 

D 


cos {o)'t — a) 


'Die (jnantity I) w' is ralleil tl)e tmchnuical impedance of the system and is iisiuilly 
denoted by Z. From licj. (12.23), 


In \'ie\v of this, 



eos (w7 — Of) 


(12.25) 


(12.26) 


Wo remend)er that a was 0 for large If. In that case tlic dis))lacement was out 
of ])hase with tlie force: we now see that the velocity is then in phase with the 
foice. Ibit when l{ i.s zero, velocity of motion and force will be exactly out of 
phase by tt 2. 

The largest value of v during any periofl of motion is Fo Z and is called the 
velocity amplitude. We sliall consider how it varies with the imprc.<sed frequency 

oj'. For this purpose it is necessary to 
investigate tlic variation of Z with w'. 

1. Assume that R = 0; no friction. 
In that case Z = « forw' = 0 and for 
w' = w. It takes on a zero value 
wlien k (j}' = moi', that is, w’hen 
w' = \/ k/ m (see Fig. 12.11, solid 
curve). This, however, means u' 
equals wo, the natural frequency of tlie 
system. Wlien thi.s equality liolds, the 
velocity Ijecoines infinite and wliat is 
callccl tlie “resonance catjistrophe’' 
Oi’ciu's. It is indeed a dangerous con- 
<lition, and the designer of moving maeliinery and the airplane engineer have 
to be veiy careftd never to allow driving frequencies that are close natural 
fre<iuencies of structural parts. The phenomenon of resonance in general is the 
excitation of huge amplit»ides of motion or velocity by means of small periodic 
forces applied at the ))ro|>er fre<piency. It is said that bridges may collapse under 
the feet of marching soldiers unless their step is broken. .\n experience familiar 
to most readers will be the appearance of rattles in an automobile at definite 
driving speeds. 

2. .\ssume that li is finite: friction is present. Even if friction is present, 
resonance occurs. Hut the resonance catastrophe is now reduced to limited 
proportions; v has a maximum but remains finite. The value of ta' corresponding 
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to this maximum is the one that minimizes Z ami is .still ^iven hy w' - wo, as 
(lifferentiation of Z and equating to zero will show. Hence resonance does not 


(lilicrcntiatiou oi aiKi »ui 

take place at the natural frequency of the free motion, wliich is jiiven by I-,q. 
(12. IS) when friction is present. It happens when the impressed fre(|uency 
eciuuls the natural fretiuency of the Hmlamptd motion, given by 



Fig. 12.12. Amplitude of forced os<-illations ns function of imprcssc.l frequency. 

dotted curve in Fig. 12.1 1 represents Z as a function of w' when friction is present. 
At re.sonance Z = li\ and Fig. 12.10 shows that a = 0. Hence 

Fn 

Vft^ = cos a> e 

In Fig. 12.12 is plotted the displacj’tnent amplitude A = Fo'D as a function <)f 
w'. The smaller R, the steeper will be the maximum at resontuice. Tlie maxi- 


Fig. 



mum of -I does not come at wo, nor at a>; tl»e minimum of D occurs at 



Fig. 12.13 shows how the phase angle a varies as w' goes from 0 to It is 
zero at resonance, where «' = «o. 
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1. DifTeTPntiHto K<j. (12.6) with respect to t to get i»: differentiate once more to get 
I he ae<‘el(“rati<)ii o. Take .1—1 tinit, « = »■ sec“*, 5 = »'/4y and plot x, v, and a 
against /. Observe that (t = —ui'x at every /. 

2. (’<)inj)Ute i> from Kq. (12. C) by differentiation, and show that the total energy, 

that is, i.s constant. 

3. Prove that tlu‘ potential energy of a particle in SHM at the extreme point of the 
jiiotion ecpial.s the kinetic energy at its pass;»ge through the nentral point. 

*4. Show that the equation u — satisfies the differential eciuntion for SHM 

(/ = v'-l). 

6. .\ mass of 10 gm executes SUM on the end of a spring completing 2 oscillations 
every .second. 'Phe amplituih- of the motiotj is 8 cm. («) What is the velocity of the 
mass a.s it passes tlirough the neutral point? (b) What is the acceleration of the mass 
at tlie extremity of its motion? (f) Find the stiffness k of the spring, (d) What is 
the t«)lal energy of the vibrating ma.'vs? 

6. mass of 4 lb is free t(* execute SUM as shown in Fig. 12.1. When I = I sec, 
tlu‘ ma.ss is i)rojccted at x = 0 with a velocity!’ = +20 ft .see. 'Phe .stiffness of the 
spring is (M poundals ft. Find the ecpiation of imition ot the ma.ss, i.c., determine 
.1 ami 6 for lap ll2.<>). 

7. Slu»w thiit the pt’riod of a nmss executing liiu’ar SUM is giv«‘ii by 

Z’ = 2sr \ — x/«, 


where x is the displacement of tin* ma.ss at any time aiul a Is the corre.«|Mmding acceler- 
ation. 

8. .\n unknown ma.ss, wh<*n hung on a light spiral spring, stretches it 20 cm. 
Dt’teriniiu’ the perio<l of oscilhition of the mass if it is displaced from its neutral posi- 
tion and then released. 

9. .V particle of m:is.s m, free to move in the xr/ plane. Is s\ibject to a force whoso 
components Jin* /•’* = —kx.Fn = —A'y, where Z' is a constant. The particle is released 
when / = 0 at the pc!iiit (2,31. Show that its subsequent motion is SHM along the 
line 21/ = 3x. 

10. .V horizontjil surface moves up and down in SUM with an amplitude of 3 cm. 
Find the maxinnini frecpiency that thi.s motion may have if a mass resting on the 
surface is to remain continuously in contact with it. 

11. \t a certain loeation on the earth a simple pendulum, 1 n\ in length, makes 
100 complet»> oscillations in 205 sec. What is the value of the acceleration of gravity 
at this point? 

12. What must he the length of a simjde pendiihim, if it is to beat seconds (I’.c., 
exi’cutc 1 coinpleli’ o.s<-illation in 2 .see) at a point on the ojirth where the acceleration 
of gravity i.s 979 cm /see*? 


13. .\ eircuhir hoop of ra<li\is 2 ft and mass 7 lb is suspended on a horizontal nail. 
Find the fnajuem’y with which it oscillate.s if displaced slightly from its neutral posi- 
tion. What would be* the length of ji simple ])endulum with the same frequency? 

14. .\ soli»! .si>her<’, 1,5 cm in nidius and weighing 2 kg, is suspended on a wire ns 
shown in Fig 12.14. 'Phe torcpie required to twist the wire is 5 X 10* dyne cm/radian. 
If the sphen’ is twisted .slightly from its neutral position, what will be its period X)f 
angular oscillathin? 
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Fi«. 12.14. Problem 14. 


16 \ roc-tanKular 1 l.y 3 l.y 10 . n, a.ul wc-iKi.inK .50 cm, is auspond,.,! Iior,- 
at i.a M.i.l-poi„t l,y a vortioal wire. Wla-n twist,., 1 slightly a,„l th,.,. r,.|,.„s,.,l 
tl,e bar os,.ill,itps with a i„.rio<l of 0.3 s,.o. Fit,,! th,- torsion lon.slant of tl„. wiro. 

16. mas., of 8 Rtn oxo.-utos SUM alooE th.- x axis on, lor tho notion o a f-storin,. 
force o, , 111,1 to 10< dyno.s/cn,. ..\ss„n,inK tlio motion to bo ,„,,b,„„.,.<l l.n. lb,- f c- 
niion-v of oscillation of tbo mass. Xow a-s-sunic a dai„i>inK for,-,, of 10- s , r 

0.,„/»:.c), a,„l again find the fro<,„o„cy. What value of « would give critically 

(lumped motion for this system? -m . # if 

*17. A ,„a,« iimlcrgocs diinipod SIlM.givon by the equation ,/ = d,x sm a. . II 
A. = 10 cm, a. = xscc-', and Ij = O..'. sec-', plot y against I from ( - 0 to / - 10. 
*18 -1 mass of 2 gm, free to execute linear SUM, is siibjct to a restoring force of 
_10> ,lv„e/rni ami a ilaniping force -10= dyne per (cm sc,.) If a ,lriv„ig force 
= I0< cos (10x0 dynes is appln'd, calculate the amplitude of tbe motion ami llie 

' * 19 ! ("dculate the mccliiinicid im|i,.,hincc of tbe mass in Prob. 18. Also. Iiml its 

pirof a particle moving in the xy plane is given by tbe folh.wing para- 
metric equationsl X = .1 cos aiO 1 , = .1 sin a,(. Show that the molion is a cin-le of 

rridivKs with its center at the origin. 

Now assume that a mass m is subject to a force whose ‘;omp.>nents are /■ , - - x 
and = -h- the mass be set movinp at the point (.1,0) \uth a • 

.1 in the positive y direction. Show that the motion described above result.s. 

(C'onsid<*r the x and y components of tlie motion independently.) 



CHAPTER 13 
HYDROSTATICS 


13.1. Nature and Properties of Fluids. Hydrostatics is the branch of 
phy.sics that deals witli nonsolid substancc.s at rest (Greek hytlor, water; 
.^Indlco.s, causiiiK to stand). Xonsolids are often called fluids (Latin 
flucrc, to liow): they include liquids, both viscous and nonviscous, as well 
as {jases, even thou«;h the popular use of the term excludes the latter. 
Lkpiids and jiases liave so many things in common that they require in 
many respects the same scientific treatment. 

Like solids, fluids consist of molecules. Democritus, a philosopher 
of ancient Greece, thought fluid molecules were smooth while those of 
solids were rougii and equii)ped with interlocking mechanisms. Today 
we know that the same molecules can, under dilTerent physical conditions, 
compose' a solid or a licpiid or a gas. 

Molecules attract one another by forces that are different for the con- 
stituents of dilTerent substances. In a certain range of pressures and 
lem{)eratures lliese forces are able to hold tlie molecules in definite posi- 
tions, permitting them only enough freedom to vibrate about these 
places of e(iuilibrium. The molecules then form a solid, which is by far 
the simplest kind of aggregate to understand. As the temperature rises 
(and for a corresponding pre.ssure change), the energy of vibration of the 
.solid molecides increase.s until the forces can no longer hold them in 
definite positions; the solid melts or sublimes (turns into vapor). Usually 
it melts, riie molecuU's are now in a state of chaos; they move freely 
and yet have latent bonds that maintain a certain average distance 
between them. Hence the litpiid has a fixed volume. 

Just why li({uids .should exist, just why molecules should “hang onto” 
one another in a manner to preserve a constant volume, instead of moving 
apart as they do in a gas, is a puzzle fre(|ucntly overlooked by the begin- 
ner. In some respects the existence of licpiids is still a mystery of nature, 
and a completely satisfactory theory of licpiids has not yet been evoh ed. 
Nc\’ei‘theless their simpler asj)ects are easily described. 

In some instances the forces are such as to cause the motions of mole- 
cules in a li(|uid to proceed with difiieulty. The liquid is then called 
viscous. A truly nonviscous liquid, of which there is no actual example, 
is called an ideal licpiid. It has recently been discovered that helium 
becomes an almost ideal licpiid at extremely low temperatures. 

The nature of a gas is much simpler to understand. The molecules 
have gained enough freedom to move wherever they like. They collide, 
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See. 13.31 

rebound from tlie walls containing them, and fill the whole volume that 

Fro\'r'the' pottt of view of deformations, fluids differ markeilly from 
solids' they do not resist a shearing stress. When they lion a Im.te 
shear is produced by a zero stress. He.u-e we may say that then- shea. 

"' 13 . 2 !' Density. Density is mass per unit volume, ft is measvired m 
pounds per cubic inch, g.ams per cubic centimeter, and so forth. 1 . 
Ilensity of liquids is nearly uniform; it does not change from o.,e pomt to 
•mother In a large body of gas such as our atmosphere, tins is not t. ..e, 

‘ Density is sometimes expressed in another way hy stat.irg how .mm> 
tirnes as dense a std, stance is as water. This rat.o, the den.s.ty ot the 
substance in question divided hy the density of water, is called specij 1 
arX It is a pure number and has no units. Since the density ol 
'watef is 1 gm/cm’, the specific gravity of all substances is ecpial, name- 
icalhj, to its density in gm/em=*. Notice tliut 

, 1/454 11) _ ,.9 j IK f*3 

1 gm/cm= = p-/ 3 o„ 5 , 3 -ft 3 “ 


SiilKstancc 


Table 13.1. Densities of Various Sub stances 
Density, pm/eiii^ 


Ahiininuiii 

Brass 

Copper 

Glass, coniinon 

Gold 

Ice (O^C) 


2.7 

8. 1-8.7 
8.9 

2.4-2. f» 
19.3 
0.9107 


Substance 


Df'nsity, gin /cm* 


Iron 
Cast. 
Steel . , 
I/»ad .... 
I*latinuin 
Silver. . . 

Tin 

Menairy 


71-7,7 
7,8 
113 
21 4 
10.5 
7.3 
13 0 


13.3. Pressure. Fluids exert forces on all objects immersed m the^ 
To understand why this should be we consider the motion of the mol^ 
cules Much more will be said about molecular motion later; heie 
following facts are of importance; The motion is random m a double sen^. 
there are just as many molecules moving in one direction as m any oth ^ . 
and the velocity differs in unpredictable fashion from one molecule t 
the next. Naturally, the molecules collide frecpiently with ^ 

and with the walls of the vessel containing them, and during impact hot 

direction and speed are usually altered. . ■ i it 

Now suppose an external object to be immersed m the liquid. t 

will be bombarded by molecules from all sides and in all directions. 
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lai'Kor its surface, the greater will lie the number of molecules that rebound 
from it. This molecular bombardment produces a force on the surface 
of the body. Clearly, its properties must be these; 

1. The force is perpendicular to all immersed surfaces. This is because 
e\ erv surface suffers a great number of impacts from all directions, and 
the tangential elTects of these impacts cancel each other. 

2. The force is the same whether the surface i.s inclined at one angle or at 

any other. This again is due to the fact that 
molecules move in all directions. 

As a result of this the forces on the six 
sides of a cube are eciual; the force on a 
sphere {cf. Fig. 13.1) is uniform all around and 
merely tends to compress it; the force on the 
left-hand side of the object in Fig. 13.2 is 
greater than that on the right-hand side. 

Simplest account is rendered of these facts 
if we focus attention on perpendicular force 
per unit area, rather than on the force itself. 
The name for “normal force per unit area” 



Fi<;, 13.1. Forpo on n 


is pre.'isure; the symbol we shall use for it is p, 



(13.1) 


Pressure is indiscriminate with regard to direction and is therefore not 
usually regarded as a vector. Henceforth it will be understood that the 
force involved in p is normal to A, ami the subscript ± on F will not be 
written. 


In general p, while it is the .same in all directions at a given point in a 


fluid, may vary from one point 
to another. In that case, Eq. 
(13.1) must be replaced by the 
more general 

p = (13.2) 



Fio. 13.2. The same prp.ssure produces 
different forces. 


Obvious pressure units are the dyne per square centirneter und the pound 
per square inch. One million dynes per square centimeter are called a 
har; 10’ dyne/cm- a millibar. 

13.4. Pressure and Density. To go on with our study, it is well for 
the present to dismiss from consideration the molecular aspects of pres- 
sure. which served to explain the aforementioned facts, and to think of 
pressure in its more ordinary sense as a force per unit area. It may be 


See. 13.41 
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traced to two plnsical causes. (1) The lower portions of a fluid must 
somehow carry the hlRher ones, and this burden maUes itself felt as an 
luhled pressure below. (2) The surface of the lliiid itself may be sit lijei-t 
to pressure, and this pressure transmits itself to the interior of the fluid. 
A case in point is the pressure of the atmo.sphere, which acts on all bodies 

of water exposed to the atmosphere. 

We shall (irst ignore tlie second cavise and determine how p \ anes from 
point to point in a fluid as a result of its own weight. Typic-al examines 
of this variation are found in the atmosphere, where p decreases with 
height, and in the ocean, where it increases with the depth But the rate 
of variation is <iuite different in these two instances; the difference is due 
to the fact that water is nearly incompressible, while air is a compressible 

fluid. 

There is a general relation between 
p and the density, p. From it one 
can deri\e by integration specifle 
formulas for p as a function of height 
or depth. We first find this general 

relation. 

The flat cylinder shown in Fig. 13.3 
has a height dz, and the area of its 



Fio. 13.3. .V iluitl in (“qailibrinm. 


top and bottom faces is A. It is meant to repre.scnt a mathematical 
surface inside a fluid of density p. The fluid inside it is m eciuih hrium 
under the forces exerted upon the cylinder by the surrounding fluid. 

Since there is no lateral acceleration, all lateral forces (smal 
in Fig 13 3) must have a zero resultant. This can be true only i le 
pressure is the same ever>'where around the cylinder. Hence we may con- 
clude that the pressure is the same within the horizontal segment occu- 
pied by the cylinder and that p can be only a function of z, the vertical 

Ihit the vertical forces on the cylinder must also add up to zei o. 1 h > 
are the force of gravity my downward (not drawn m Fig. 13.3), am ic 
“pressure forces" and F,. But m = pA dz- Therefore 

-h pyA dz = F 2 

If now we take the pressure acting upon the upper face to be p, that on 
the lower face will he p dp. Then 

Fi = Ap, F 2 = A ip A- dp) 

On introducing this in Eq. (13.3), canceling, and rearranging we find 

dv 
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tor tlu* ratp of (‘lianjrc of pressuro witli <listunce. If we follow custom 
uiiil lake tin* po>itive direction of c upward, a minus sijjn must l)e intro- 
duced in tlu' preceiliug eciuation, for /> increases as z decreases. Hence 
\\(‘ Ncrite 


,ip 


(13.4) 


d'o inte<irate this eipiation. p has to he known as a function cither of p 
or of z. Thi' HMiuires further study. 

13.5. Pressure in Liquids. I.icpiitls are very nearly incompre.*<sihle 
(>(>(> tlie values of their hulk moduli in Table 4.1) and therefcjre have an 
a])pro\imately constant density. Intet^ratin^ \'a[. (13.4) for constant p 

, we olftain 


i 


Po 


i 


- /) — 


O 


p = —(Jp 2 4- const 

The orijiin is conveniently chosen somewhere in the 
surface of th(‘ liijuid. The constant is then the value 
of p at the surface, wliich will l)e called po. (C’f. 
I'iy;. 13.4.) Our conclusion may therefore be 

stated : 

(13.5) 


p = p.i 


f/ps 


I'tr:. 13. t. 1'ri‘s- 

siin in .1 Ordinarily p„ is the pre.ssure due to the atmosphere. 

^\'ithout si)(‘eilically askinji the (piestion hou external pressures are 
transmitted throujili a liipiiil. we have fouml the answer to it as well. 
l''or the la'sult shows that p„ is simply aildtal on, at every ])oint of the 
lii|uid, to — f/pc. which is tlie pressure tlue to tlie licpiid's own weight. 
'This fairly obvious fact was first discovered Viy Pascal (U)23 and 

is known as his in inciple. Stateil in ewU nso it says: External pressure is 
transmittni tipialhi (o all parts of a fluid. All important application of it 
will Ik> given In Sec. 13. S. 

13.6. Manometers. Instruments for measuring pres.surc are called 
manoun ti rs ((tieek manos, rare, vacuous). The .simplest type is a tube. 
oj)(‘n at both ends, and partly filled with a liciuid. usually mercury or 
water (Fig. 13.5). .K.ssunu* the left o]>ening to be connected with a space 
in which the pressure is p‘. the other end is exposed to atmospheric pres- 
sure pu. Since the points .1 and B have the same vertical height, they 
are at the same pres.sure. Hence p = po 4" pijh- The distance h is 
usually measured on a scale N placed alongside the tube. 

Figure 13.5 shows the iiiMrunamt mea.suring a pressure greater than 
Pi.. If p < p... the height of the li(|uid is higher in the left arm than in 
the right and h in the formula is a negative quantity. 
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The usual mere:, ryharometrr (Greek ba:-os, wpiglit [of the airP is a elosetl- 
tube mauomoter, shown in F Ir. 13.G. A vo. tieal rIuss tube, closed at one 
end is first completely filled with mercury, d hen, while the open end 
is held closed bv one finRer, this end is dipped into a pool of meicmy 
and then opened. The mercury column will drop, leavinR a vacuum 
at the top to a heiRht h above the level in the pool. Cleaih , if P is the 

density of the inercnry, 

pn — fipo — 0 

The height h is found to be approximately 70 cm, and it x aries in a well- 
known manner with the weather. The density ot mercury is 13.1, t) 
gm/env-' at 32°F; hence the average atmospheric iiressure is 

p„ = 70 cm X 13.00 gm/cm’ X 080 cm/sec'^ = 1.013 X 10‘ dynes/ciu= 

or approximately 1 ha,'. The l\-euther Bureau expresses variations in 

atinosnheric pressure in millii)ars. 

Tlie “centimeter of mercury” is a pressure unit fre<iuenlly used in 
physics. It is tiie pressure exerted by a column ol 
mercury 1 cm. IurIi and etiuals one-seventy-sixth of 
an “atmosphere” (another common unit), or 13.00 
X 980 dynes/cm= = 13.3 millibars. Tlie common umn- 
tational unit of pressure is the Ib/in.- Gravitational 

Po 

M, 


T 

til 

B 




Fio. 13.5. Oppn-tabe 
manometer. 

units are especially u.seful in measuring pressures, for the pressure, in 
Ib/in.^ is simply the weight of a vertical fluid column 1 in. m cross sec- 
tion above the point where the pressure is sought. Also, the formula 
for pressure in gravitational units is simply 

p = hp 


instead of p — 
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The aneroid harometor {Greek a, not, + neros, wet, /.e., dry) is a favorite 
instrument for home use. It is an exhausted cylindrieal metal box, the 
top of wliich is slijihtly deformed when the atmospheric pres.sure changes. 
A mechanism magnifies the deformations and translates them into deflec- 
tions of a pointer, wliich can l)e reail on a scale. To increase the amount 
of th(‘ motion, the box is cornigated. 

'i'o measure high prt^ssures the Bourdon pressure gauge is often used. 

It consists of a bent metal tube of 
oblong cross section, one end of 
which is open and exposed to pre.s- 
sure, the other being closed (Fig. 
13.7). Pressure causes the tube to 
straighten out as shown by the 
dotted outline, and this motion is 
conveyed to a pointer on a scale. 
Such gauges are usually calibrated to reatl pressures ohore atmospheric 
p7'essure. 

'riie highest pressures thus far produced and measured are of the order 
of 10,000 atm. 

13.7. Hydraulic Press. Figure 13.8 illustrates the action of a hydraulic 
])ress. Two cylinders, one of cross section a, the other .1, are hydraulic- 
ally connected. If a force Fa is exerted on the smaller piston, a pressure 
p = F„/a is produced and transmitted throughout the liquid. The 
ujiward force on the larger piston 
is then pA ; hence 



1.3,7. liourdcm paugp. 


.1 

/ I ^ • f ' 

a 




I 




Fio. 13.8. Hydra\ilic press. 


Hydraulic brakes operate in the 
.same way; a is the area of the 

plunger, and .1 that of the brake shoe. To reduce evaporation losses a 
licpiid of low vapor pressure is chosen. 

13.8. Archimedes’ Principle. The circumstances surrounding the 
discovery of Archimedes’ (287-212 n.r.) principle, while somewhat 
legendary, are memorable indeed; Archimedes’ joy over his discovery, 
his leaving the batli, presumuhly unclad, and exclaiming heureka (I have 
found it) form one of the more delightful scientific anecdotes. Yet the 
principle itself is almost obvious. 

('onsider any closed mathematical surface drawn inside a fluid at rest. 
The fluid within is in equilil)rium. Hence the forces exerted upon it by 

the fluid portionsexternal to the surface must support it the resultant of 

all external forces must l>ee(iiial to the a’cfV/i/ofthe fluid within the surface. 


Sec. 1 3.9] 
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Spring 

balance 


But these exteriuvl forces are in no way affect ed by what is contained 
within tlie surface. If the latter were filled with another sulistance, or a 
soliti body, the same forces would act on it. Tliey will svipport it and 
cause it to float when the density of the solid is smaller than that of the 
fluid- otherwise the solid will sink, but its wei-ht is diminislual by the 
weight of the li(iuid that it displaces. Hence Archimedes' principle: A 
body immersed in a fluid is buoyed up by n foree equal to the weight of the. 

fluid that it displaces. 

\n important extension of the principle, not recognized by its (.reek 
discoverer, has to do with the exact location of the buoyant force. Since 
the latter equilibrates the force of gravity on the 
fluid filling the cavity before its displacement, the 
foree of buoyancy acts through the center of gravity 
of the displaced fluid. This point is the geometri- 
cal center of the immei-sed portion of the body 
and is called the center of buoyancy. 

13.9. Uses of Archimedes’ Principle. Archi- 
medes discovered, along with his principle, a great 
number of ways in which it could be emi)Ioyed to 
advantage (look up “Hiero’s crown” in any his- 
tory of science). Later the Arabs (.\.d. 500-1000), 
who were traders in precious stones and there- 
fore required methods for determining the density 
of gems, perfected these procedures. 

To find the specific gravity of an irregular object 
it is first weighed in air and found to have a weight 
w It is then lowered into a container of water (cf. Fig. 13.9) and is 
found to have an apparent weight ai'. The specihe gravity of the object 

is then given by 

w 

Sp gr = > 

lb ic — te 



Fig. 13.9. Determin- 
ing densities. 


where u» — w', the “los.s of weight in water,” 


is equal by Archimedes' 


principle to the weight of water displaced. 

If the body floats on the water, the same operations may be performed 
with an added weight below the body; and weighing takes place first 
with the weight alone immersed in the water, then witli both body and 

weight submerged. 

To determine the density of a liquid one takes a body of mass m and 
determines its apparent weight in a liquid of known density po such as 
water. Let its apparent weight be mug. Next the apparent weight is 
determined after submersion in the licjuid of unknown density and found 



198 


PHYSICS 


{See. 1 3.10 


to be m'(j. We then write 

{m — = p»Vg 

aiul (»f - "''Iff = P^'ff 

C)n (lividinji one ecjnation by tlie other we see that 

p _ 

p„ m — me, 

Tiie volume of the body, V. drops out and need not be determined. 

A simpler tliou^h less accurate way to find the density of liquids is to 
measure tiie deptli of immersion of a floating body (hydrometer prin- 
ciple). d'he cylinder depicted in Fig. 13.10sinks to adepth a in aliquid of 

known density po- In the liquid of unknown den- 
sity it sinks to a deptli x. Let both a and x be 
measured from the base of the cylinder, and let the 
weight of the cylinder be my, its area of cross sec- 
tion .1. Then 

mo = .'lapnff = Arpg 
and p p(i = o/x 

The hydrometer used in determining the density 
of the radiator fluid in automobiles works on this 
principle. 

Gases, too, exert buoyant forces, as is clear from 
the fact that balloons rise. The density of the air, 
().0()123 gm cm\ is .so small that in the measurements discussed above 
it may be neglected. 

*13.10. The Atmosphere. Air is not incompressible, and it therefore is not 
proper to set p in E<i. (13.4) eciual to a constant when reference is made to the 
atinosplicie. The density is in general a function of the pressure itself, though 
tlie pieci.so variation (d p with p is not easy to s|x;cify and depends U|X)n the way 
in whicli the t<Mni>erature clianges as we proceed upward in the atmosphere. A 
rough idea of the actual .situation can be formed if we assume the temjKjrature 
to he constant, which is, of course, not true. In that case, p is proportional to p, 
and one may write 

£ = P 

Po />n 



if Po and p„ are tlie known values of density and pressure at sea level. On insert- 
ing this I'clation in Eep (13.4) we obtain 



or 
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^^'hen this is iiitegnited, there results 


In p = — 2 "h const 

^ Vo 


The constant is In po. as muy be seen hy letting z be zero. 


Hence 

Now 




Po _ 9S0 cm/sec^ X 0.0012:^ gin/cin -* = 1 16 X lO-*"' cm'‘ = 0.116 knr‘ 
^ po~ 1.01 X 10'^ gin cin-‘ sec"* 


Therefore 


F = yv"* 


. 11 ^^ 


nroM that z « measured in kilometers. Accor.ling to Ec,. (Ki.O) the press, ne 
decreases by aliout 11 l)er cent, i.e., from 76 cm to 68 cm of mercury, as we go 


1 km aloft. This is not far from true. 

Table 13.2 shows some measured values 
of pressure and temperature in the 

earth’s atmosphere. 

*13.11. Force of Water on a Dam. 

A typical engineering problem is to 
calculate the force of water on a dam.' 
Assume the side of the dam to be 
inclined at an angle oc with the vertical, 
as in Fig. 13.11, which shows a section 
of the dam. Take the origin in the upper 



sur face of the water (of density p) 


Table 13.2. Vanalion of Pressure and Temperature at Different Heights 

in the Atmosphere 


Prc.s.surc, 
mm Ilg 

Height above 
sea level, km 

Tem]>, 

op 

762 

0 

14.8 

677 

1 

13,6 

600 

2 

6.3 

530 

3 

1.0 

468 

4 

- 4.3 

412 

5 

- i) .9 

206 

10 

-44.9 

177 

11 

-50.1* 

152 

12 

-52.9 

130 

13 

-52.8 

116 

14 

-52.4 

96 

15 

-52.0 

82 

20 

-49 0 


* Not* near constancy of U*mperature in stratosphere, which berins here. 
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■M\i\ nicitsure z «l(i\vn\v!inl. Tlie \Yall has a width / at right angles to the plane of 
the paper, and the distance of the point Q from O is «. Then the force dF on a 
strip of width ds ami length / at Q is pgzl (Li. But s = z/cos a; hence 

pgf 


dF = zdz 
rus a 


\Vc integrate from s = 0 to z = A an<l find 

pgl f). , pgl A* 


COS a Jo cos a i 


But p(jh is j)-., the pressure at the bottom: (A/) ctrs a — A, the area of the dam. 
The forc-e «)n the dam is therefore 


F = ^4}h.\ 


(13.7) 


Imagine now a canal of triangular cros.s section, like that shown in Fig. 13.12, 

and of length /. The weight of tlie water in the canal is 



h tan ah 1 . , 

II = 2 “ 

since the Imrizontal side (if the triangle is h tan a. In terms 
of ir the force F on the .slanting wail, given by Kq. (13.7), 
becomes 

1 211* , ir 

r “ o • TTa “ • 

2 n( tun a sin a 


Fio. 13.12. Hy- 
drci.stal ic para- 
dox. 


This means that the force on the dam is actually greater than 
the weight of the water whicli produces it. This is sometimes 
called the " hydjostatic paradox.” 

However, there is nothing unreasonable about this .situation. For let us look 
again at Fig. 13.12. .\ccording to Newton's third law the forces acting on the 
body of wat«‘r are ecjual and opposite to tliose c.xerted by the water on the walls. 
The water is tlierefcne svd)ject to three forces. 


/• ' i, r ’ 

'■ . = 2 I”''' ''^ = 2 cos « 


H' = s pi.hl tjui a 


(13.S) 


'riio bust of th<*se acts vertically ilownward and is not indicated in the figure. If 
the body is in ecpiilibrium, the .sum of all horizontal components must vanish, 
and hence 

F\ = Ft cos a 

This relation is satisfied l)y K<|. (13..S). Uesolving along tlie vertical we must 
have 

ir = Ft .sin a 


and this is also true. The faet tlnit Ft is greater than IF is occasioned by the 
presence of another horizontal force, Fi. 
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*13.12. Flotation. It is not cnousli to l>uil(l :i ship that floats: tlie naval 
architect must also he able to predict in what position it will float, and float stably. 
Tlie ship drawn in Fij;. 13.13, when slightly listed, returns to its normal position; 
tlie plank of Fig. 13.14, after a slight di.splacement, departs farther from the 
vertical and floats on its larger face. Let us see why this slmuhl be. 


I 



In its normal position, two forces act on the .shij) (Fig. 13.13fi) gravity down- 
ward at the center of gravity b', buoyancy upward through the center of buoyancy 
h (center of gravity of the displaced water). They are etpial and opposit^e; a 

ship’s weight is ecjual to its water <lispl:icement. 

Now let the .ship be tipped as in Fig. 13.l3h. The point li is not a li.xed point 
in the body of the ship: it moves to a new position. The two forces now form a 
torque, and thi.s torcpie re.storcs the original position. The toiapie on the plank 
in Fig. 13.136 does theoppo.site: it urges the body farther from its original position. 



Wiether a body floats stably depends on the location of a certain point m the 
body, called the meUicenier. It is a fixed point through which the force of 
buoyancy acts in both the normal and the tipped position. In Fig. 13.13a the 
force acts along the dotted line, in Fig. 13.136 along the vertical arrow through B. 
These intersect at the point called M, and this is the metacenter. 
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l- lotatidn is stable when .1/ lies above (i, unsttible wlien .V lies below G (which 
is the c-ase in Kig. 13.14). 

Tiie ilistanco between M and G is called the “metacentric heij^ht.” If it is 
larne. the boat is stable but stiff; if small, the boat rides gently but is unsafe. 
Shipbviihlers strike a <-omproinise between these extreme.s. 

More generally the metacenter of a floating object is the center of curvature of 
the curve on which li moves as the object is tipped slightly from its normal posi- 
tion. A laidy may have several stable positions for flt)tution and hence several 

iiieUuaMitei's. 


PROBLEMS 

I. Find the prcs.sure, both in Ib/in.* and iti dynes/cin’, 500 ft below the surface 
of the ocean. (S|M‘citic gravity of sea water is 1.03.) 

*2. ('oinpute the pressure in the atmosphere 25.000 ft above .sea level. 

3. What is the force «m a tliver’s ovitflt, 100 ft below the surface of a lake, if its 

surface is 10 ft*? 

4. .\ swimming pool is 50 by 100 ft. The bottom slopes from a depth of 4 ft to 
12 ft frotu one end to the other. Supposing the pool to be completely tilhal, find 
(fi) the normal force on the bottom; (6> the vertical force on the bottom; Ic) the force 
on the four sides. 

*6. Calculate the moment of force exerted by the water on the vertical wall at the 
deep end of the ixad in I’rob. 4, («) about the upper edge; (b) about the lower edge. 

6. A cylindrical cask of height 5 ft and diameter 3 ft stands upright. A vertical 
1-in, pipe. 50 ft long, is attaclual to its upper suifaee. What is the force on the wall 
of the ca.sk when both cask and jjipc are filled with water? 

7. An automohile lift, operated as a ‘hydnudic” press employing air pres.sure 
of 100 Ih/in.*, has a plunger 10 in. in diameter. What weight can it lift? 

8. Water pressure in the city ntains is 50 Ib/in.* If a hvalravdic elevator has a 
piston of diameter 1 ft an<l an eflieiency of 75 per rent, what load cun it raise? 

9. An icc'berg. floating in sea water (density 1.03 gm/cm»), has ?io of its volume 
below the water surface. Find the density of ice. 

10. A block of woo<l floats in water with % of its volume submerged; in oil it has 
^ j 0 of its volume .sulunerged. Fiml the density of the wood and the oil. 

II. ph'ce of eork (sp gr = 0.25) weighs 20 gm. A piece of metal weighing 100 gm 
i.s fiistcne<l to the eork. and the system is weighed in water. Its apparei\t weight is 
found to he 20 gin. What is the ilensity of the metal? 

12. A pieee of metal weighs 250 gm in air, 210 gm in water, 225 gm in oil. Find the 
dciisitit's of metal ami oil. 

13. What is the buoyancy of air ujam a brass weight of I kg? 

14. I/M)k ufi tlu* story of IUito's crown (cf. Kncyclopaedia Britannica). In yoiir 
o|iinion, what method ilitl .Vrchiinedes i-mploy in determining the comimsition of the 
emw'n? 


CHAPTER 14 
HYDRODYNAMICS 


14 1 streamline Flow and Turbulence, llydrochnamics (C'.reek 
hydor, water; dynamis. force) is the st.uly of the motion of flmds umlcr 
forces- it is a field of great complexity, yet of unusual beauty m its matbe- 
matical stnicture. Physicists and engineers are at present devoting to 
it much enthusiasm and iiainstaking elTort, for from its further develop- 
ment will come an understanding of the conditions under which thgh 
at very high speeds is possible. We give here only the barest outline 

of the subject. 



I-'IG. 14.1. Stream line flow ami turbulent flow. 


\ liquid or ga,s can move in two fundament ally different ways. M hen a 
liquid Hows slowly through a pipe, the motion of its molecules is ordcily, 
all molecules passing a given point inside the pipe proceed with he same 
velocity; the motion is eyeryxvhere wholly predictable. On the othe. 
hand, when air rushes pa.st an obstacle in a wind tunnel, a <-hurning of the 
air masses behind the obstacle takes place, numerous 

and the motion of the air molecules is unpredictab e m detail. Ihe hist 
kind of motion is called sireamliiie flow, the second turbulence. 

Interest in turbulence ari.ses from the disadvantages and dangers that 
attend its presence. Whenever a body moves through a fluid and cause.s 
turbulence in its wake, the resistance to its motion is very great, 
reason airplanes, cars, and locomotives are streamlined t.e., are gnen a 
shape that will prevent turbulence (cf. Fig. 14.1). (To discor 
reason for streamlining of fountain pens and ice boxes is left as an exercise 
for the reader.) The sudden onset of turbulence caused by icing of u mgs 
and other circumstances has thrown many an airplane out of controU 
The eddies occasionally trailing the wing tips of fast airplanes 

familiar sight to many pilots; they are signs of turbulence. 
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'rurl)ulonce may occur even in fluids streaming through pipes. In this 
instance it occui’s fairly regularly \\hero the fluid moves with a velocity 
greater than what is called the critical velocity rv- Reynolds discovered 
that, for a given fluid at a certain pressure and temperature, 



(14.1) 


wliere C is a constant peculiar to the fluid and d the diameter of the pipe. 
F'or water, C = 0.0384 ft ’ sec. Thus turbulence occurs at higher speeds 
ill narrow pipes tluin in wide. 

Oil is sometimes saiil to calm a turbulent sea. This, while true in a 
sense, is a rather remarkable misstatement, \\hen an oil film covers 
the water surface, the wind, tearing at the oil molecules, sets up small 
eddies, or vortices, in the water below the oil film and these irregular 

eddies prevent tlie formation of orderly waves 
and their growth, which would occur in the 
absence of the oil. 

Mathematically, the motion of a fluid can 
best be described by making a sort of three- 
dimensional map of the velocity of the fluid 
molecules at all points within the fluid. Thus 
in general the velocity v at a given point x, y, z, 
will be a binction of the time; v will change as 
time goes on. In turbulent flow this change 
is erratic. 

In the remainder of this cha])ter we shall 
dismiss turbulent flow from our consideration and assume that v at a 
given point is not a function of f; v = v{.r,i/,z). 

14.2. Streamline Flow. \V\\en v at a given point is constant in time, 
the fluid motion is said to be steady. Consider the point A (Fig. 14.2) 
within the fluid. Since v at .4 does not change in time, every particle 
arriving at .^l will pass on with the same speed in the same direction. The 
same is true about the points B and C. Therefore, if we trace out the 
path of the particle, as is done in Fig. 14.2. that cuiwe will be the path 
of every particle arriving at i-l. It is called a streamline. A streamline 
is parallel to the velocity of the fluid particles at every point. 

Theoretically it is possible to draw a streamline through every point 
in the fluid. We thus obtain a streamline pattern, as in Fig. 14.3. Let 
us select a bundle of streamlines, like the one indicated in the figure. 
This is called a tube, of flow. The boundary of such a tube, consisting of 
streamlines, is always parallel to the velocity of the fluid particles. Hence 
710 fluid can cross tJie boundaries of a tube of flow. The fluid that enters 
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at one end must leave at the otlter. In steady flow the pattern of tubes 

pervadiuK the fluid is stationary in time. 

In Fig. 14.4 we have drawn a thin tube of flow. The velocity of the 
fluid within, while everywhere parallel to the tube, may change its 
magnitude. Suppose it ‘to be r, at P, r, at the point Q. If -1 1 and .1, 
are the cross-sectional areas of the tube at these two points, the mass ol 
fluid passing across -4i per second is -lipiCi, that passing across Q is 




Fig. 14.3. Stroamlino patti-rn 
and tuho of flow. 

A 2 P%V 2 , provided that we write for the density of the fluid pi and p;, lor 
this may also differ from point to point in the tube. Since no fluid can 

leave through the walls of the tube, 


-4ipif’i = Aip»v> 


(14.2) 


If 



This very important result is called the equation of continmt;/ of flow. 
the fluid is incompressible, pi = Pi and Lq. 

(14.2) takes the simpler form * 

*4ii'i = A-iV-y (14.3) 

It says: A\Tiere the area is large, the speed 
of flow is small, and vice versa. A river is 
not unlike a tube of flow: an abrupt de- 
crease in velocity without increase in u idth 
implies increase in depth, for water is 
nearly incompressible. 

14.3. Bernoulli’s Equation. One of the most useful and practica 
theorems of hydrostatics and aeronautics was discovered by Daniel 
liernoulli in 1738. It is very easily demonstrated by applying iSewton s 

second law to the fluid within a tube of flow . 

Consider the portion of fluid in the shaded part of the tube drawm in 
Fig 14.5, a part of infinitesimal length ds and of cross-sectional area A. 
The pressure on the left face of the shaded portion is p, that on the right 


Fig. 14.5. Bernoulli's equa- 
tion. 
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is p + <ip. If m is the mass of the fUiiU. Newton’s law retiuires that 

(h 




or. since 

p beiiiK tlie density, and 


m 


= oA ds 


we luive 


(Iv _ dv 
dt ~ ' ds 


v,lr + '-!P=0 
P 


and. on inteKratiiiK. 






const 


(14.4) 


This is the tenoral form of Bernovilli’s eciuation. To use it we must know 
p as a function of /> so that we can carry out the indicated integration. 
Kor the specdul case of an iiu'otnprcxsiblc fluid, p is constant, and Bei- 
noulli's cciuation takes the form * 2 ’’" p/p — const. Ihis is custom- 
arily written 



1 -i 


^p,.2 + p = // (14.5) 


the right-harui side liere being the 
eciuivalent of the former const^ant 
times p. 

14.4. Significance of Bernoulli’s 
Equation. Each term in Eq. (14.5) 
lias the physical dimension of a pres- 
sure (show this!), and H is called 
the pressure head, or total pressure. 
Tliis is made up of two parts, p, the ordinary, or static, pressure; and 
i-ipr-, the “kinetic pressure.” When a licjuid passes through a pipe, the 
pipe very nearly forms a tube of How, and if we disregard fluid friction, 
Eq. (14.5) may be applied to it. Let us therefore consider Fig. 14.6. In 
parts I and I\' tlie pipe is supposed to he so wide that, in view of Eq. 
(14.3), c is practically zero. Eciuation (14.5) then tells us that the 
manometers on I and IX read a pressure p which approximately equals 
II, the total head. The pressures in II and III are less because Hpc" 
is greater. 

When a liipiid flows through the pipe of Fig. 14.7, the pressure at the 
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constriction is greatly reduced. When the velocity in the normal part 
of the pipe is v and the area of the constriction is one-tenth the noimal 

area, we have 

' 2 P'"' 4- ;>i = * >p(10c) ‘ d- 1)2 

Qi- pi — p-2 = * 2P X !h)c- 

For water, p = (i2.4 Ih ft^ and with 1 - = I ft. sec, 


p. _ = 31.2 11), ft-’ X 99 ff^ sec- 

' ^ ' = 3.090 11) ft sec- = ;?.090 pounda! ft- 

= 9() 11) ft' = -;i 11) iii- 

If Eo. (14.:>) is applied to the motion of gases it is not a very good 
approximation to the truth (since gases are not at all incompress.l,le)^t 

it gives results that arc (pialita- 
tivcly correct. 

*14.6. Venturi Meter and Air- 
speed Indicator. The reduction in 
pressure occurrints at a throat in a 
\n\ie has a nuinher of applications. 




Fio. 14.7. Principle of the aspirator. 


Fig. 14.8. Venturi inotcr. 


The priiu-inle at work in tliese .levieos is always Hie same: tlie <-,imh<m -)/ con- 
linuLj (Eci. 14.3) requires that tlie velocity of tlie flnnl at a constriction inciea-se, 

lienioulli’s equotiou (14.5) then shows that the pressure must fall. 

The renf urf iiirlcr is a K.iiiRC inserteil in the fliin pipe for file pnrp.ise o nieinsiir- 
ing the 5 ,«e<l of flow of a liqiiiil. Its action may he iimlci-st.io. frnin 
A liquiil of riensity p flows tl.rough a pipe of normal cross section A At t c 
throat, where tlie area is reihiccil to n, a manometer tn he is a tnehed, .iml the 
manometer liquid (merenry or water) has a density p'. By appljnng Eqs. (14.3) 
and (14.5) the student may show that 

I 2 p'gh~^ (14.6) 

^p{A- - fl'O 

The volume of the liquid transported iwr second, Q, is 

= vA 

Usually a is about one-fifth of A, and for many purposes may be neglected 
in comparison with A^-. Ai>proximately. tlierefore, 
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Q ^ a\‘^k (U.7) 


'I'lu* aii-s|)<*(Ml Indicator of airplanes involves an adaptation of this principle. 



V 

Fio. 14.0. I'itot air italicator. 


axes jiaiallel to tlie fuselajje, are exposed to the air stream as is indicated in Fig. 
14.9. Tlie n[ii)er ttd>c ii is ojK'ii at tlie forward eiul; the lower h is closed but 
carries lioles in its wall. The air flows past tlicse holes with a sjwcd e that equals 
tlu* air spee<l of the airplane. In front of tube «. however, the air is stagnant, 
and the velocity is nearly zero. If we call the piessures inside tlie tubes and 

Po, we have, by Bernoulli’s equation, 

Water 



Fig. 14.10. Aspirator pump. 


Pb + Hpv- - Pa (14.X) 

Tlie pjessure in tube a is higher than in tube b; 
therefore n is called the “pressure” tube, b the 
“sbitic” tube. The leads from the two tubes 
are connected to a pressure gauge, usually in 
the form of an aneroid liarometer. Tube 6 is 
connecteil bi the inside, the other to the outside 
of the barometer liox, and p^ — ph is measured. 
By Etp (14.8) this is approximately (air is 
(■ompressiblo!) equal to hipv-. This de\dce, 
called a Pilot tul>e, can lie calibrated to read c 
directly. 

Though it serves a different purixise we men- 
tion in this connection the aspirator pump, 


which also uses the reduction in pressure at a throat. 


Its action is illustrated 


in Fig. 14.10. At the |K)int A, where the water stream leaves the constricted 
nozzle, the pressure is lower than atmospheric, and suction occurs through 
the side tulie. The iiump can be used to produce pressures as low as a few mil- 
limetei's of mercury. 
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Gasoline vapor finds its way into tin- manifol.l of an anto,nol>ile onKina l.y 
throat suction. 

14.6. Speed of Efflux under Gravity. The speed with wlin h a li<|Uid 
flows out of a spout ean ire found to a fair desiree of approximat ion n dh 
the use of ifernoulli’s equation, .\ssume that tlie container drawn in 
Fist 14 1 1 is kejit tilled to a heijtlit h aliove tlie siiout while Inpiid runs out. 
The stream has a varyiuR eros.s section; it is sometimes called a rnu, 
conlracta. Since it is exposed to the 
air, the pressure act ins npon it is 
nearly atmosplieric. At the luirrowest 
point of the stream it is almost exactly 

atmospheric (p = 7>n). 

A tube of flow has been drawn in Fig. 

14.11; this tube comprises practically 
the whole vessel and the spout. Vie 
apply Bernoulli’s etiuation to thclitpiid 
in this tul)e. At the point (1). where 

the tube is wide, v is practically zero, 

= p, + pyh. At the point (2) in the rc/m ronlracUi the lupnd 

has velocity v, but the pressure is p,i. 

Hence Po + P" 


v = 0 


P = PoV3* -^4 




(D 


Fig. 14.11. Kfflux utalcr uriivity. 


and 


V = \/2(jh 


(14.0) 


This result was first found hy TorrMli and is known as his theorem 
The speed of water flowing from the bottom of a standpipe .50 ft high 

would be 

a = (2 X 32 ft/sec= X 30 ft)^' = 43.8 ft/sec 

*14 7 Lift of an Airplane Wing. Wherever, in any How iiatteni, the streain- 
lines are abnormally crowded, the velocity of flow is large Hence Bernoull. s 
equation requires the pressure to be small. Figure 14.12 shows the streamlmes 
around the wing of an airplane or a model of it (airfoil) such as is use<l m wind 
tunnels. The crowding of streamlines above causes p, to he greater tlian /q, 

and the lift force results. 

The crowding can he strengthened, and therefore the lift can he increased, h> 
tiltiuK the tail of the foil downward, thus chanRinK the “aiiRle of attack. 1 o be 
sure, this is practicable within limits. But for every air speed tliere is a ce. ta.n 
maximum angle above which streamline flow cannot be maintained. The air 
tlien breaks into myriads of small vortices past tlie edge of tlie foil, and the aii- 
plane stalls. Even at the proper angle of attack, irregularities on the wind 

surface (ice) can cause turbulence and stalling. 



210 


PHYSICS 


[Sec. 14.8 


As already mentioned, the drufi due to turbulence is very threat. As an illus- 
tration we have drawn in Fis- 14.13 three shapes in a wind tunnel. The first 
is an ordinary l yliuder. the second a cylinder tipped by a rounded cone, the last 
a •' teardrop’’ shape. In the first instance there is much turbulence, in the second 



some, in the last none. For a certain air speed, ecpial in the three cases, the drag 
on the objects is listed in the figure. 

Rapidly falling (hops have the teardrop shape. This is partly because the 
forces exerted by the air on the falling droj) produce that shape, partly because 

Drag 


1 Ib 




0.021b 


Fio. 14.13. .\ir n^aistance. 

if tlie drop diti not have this form it would not fall rapidly, or be destroyed by 
tuibulence. 

*14.8. Limiting Velocity in Air. The student has probably wondered about the 
so-called “souml wall,” the mysterious obstacle that makes it so extremely 
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.lillk'ult to nv an ordinary airplane with a speed app...a. h.np that of sound. 
The answer is sivcn to a fair approximation hy Hernonlh s eqnat.on, whleh .lots 
not allow streamline fh.w to exist at liiith veloe.ties. 

Ijit US cunsicler the air as incumpic.-^sihlc ami write 

p + ’-iP'’' = 

.\ssnmc the airplane to he stationary, ami let the air move past it, as in a w.nd 
unmol. This e.p.ation mnst he true hoth for the stagnant an a - 

of the wins and for the air rnshina over the wma stnfa. e I.et ^ ^ " 

httenideh is the veloeity of the flyin, airplant^he e. ^^here the an s 

sfmnant the pressure i.s approximately atmospherie. llei.ee, pnt p - ) 

dv,’;^ an<i e = 0, -e Hntl // = 10« -lynes en.h X..w the greatest e .s that 

for whicli p = 0. Tlierefore 




For air, p = 1.2 X 10 ami 


V 


inAi 


= 4 X 10* cm/sec = 000 miles hr 

“ ' 1.2 X 10 ^ see- 


approximately, .\etnallv, tronhles start at lower veloeities heeause the an- ,s m. 
im-ompressihle. The veloeity of sound is 770 miles hr. 1 he .atm ..f he a. 
velocity to the veloeity of soun.l is .-alle.l the MnrI, m.mUr. .\ «as ...ay he t.eat. d 
as ineon.pressihle without n.ueh e.ror if the Maeh nun.he.' is less than .. 

PROBLEMS 

1 \Vat,.r flows through a f>-in. pipe at thr rat.- of 20 sM -miu. .\t one- plm-e .Lon- is 
a ra.lh.s 2 i... What is tl... veloeity of the water, m ft .s,.e, ,.t tins 

'"”2!'in'i>r'ob. 1, the ....rmal pres-sure withit. the pipe is l.fi ..fttospheres, t\ hat is 

‘1'’~.h;ipe"ir;;0 n'hdl'a...! hU...! eo...pletely. .tt half its Iwipht them is a 
eircular hole of radius H in. (u) Mow n.ueh water w.ll sc,...rt ot.t iwr ...un.tc. 

When* will thf stream hit the ground? 5t 

4. Explain why wati-r flows as a eontinuous stream down a vertieal pipe, 

breaks into drops when falling freely. • * i* ;• a-unmed and 

drops 30 ft. ^Vhat is the mnximuin horsepo"'’'' available for a hydroe ee ru p a 

'*6 ‘'r\lntnri water meter registers a pr...s.s..re differenee ..f 8 ll.,i...= hetw..en the 
eon;t;ietion, of infernal .liameter it.., and the t.ormal section of dia...e,er 1 n.. How 

vi^s^r^alm. Ber,...n,li’s pri..ei,de 
with tvhfeh water at ...mospheric pressure can flow p.ast .... obstacle without t.rcaku.g 

‘"*8. ‘whlf is'the differe..ce of pres-sttm h. the two arn.s of an air-spee.l indicator 
(Pitot) of an airplane traveling at 250 miles/hr? 

*9. Derive Formula (14.6). 



CHAPTER 15 

INTERMOLECULAR FORCES 


16.1. Origin and Nature of Intermolecular Forces. On many occa- 
sions in t]»is text, rofeience has been made to the forces that act between 
lite molecules, and the lime has come when tho.sc should be more carefully 
c<»nsidered. All atoms and molecules contain electric charges. If all 
carried an excess of the same kind of charge, i.e., positive or negative, 
there would be very strong forces of repulsion between the particles. 
'I'his, however, is not the case, for the negative charge on the electrons 
(Sec. 24..">) is just e(|ual and opposite to the charge on the nucleus. 

From this fact one might draw the conclusion that molecules cannot 
interact electrically; this would be erroneous. In fact, when two mole- 
cules api)roach each other, the charges in each are disturbed and depart 
slightly from their normal positions in such fashion that the average 
distance between opjmsite charges in the two molecules is a little smaller 
than that between like charges, .\ttraction thus wins over repvdsion. 
and intermolecular forces result. Because these delicate internal read- 
justments take place only when molecules are fairly close together, the 
forces act over short distaiiees only: they are said to have a short range. 
A .s])here of radius etjual to (he range of the forces, constructed about a 
gi\en molecule as center, is called a “sphere of action.” 

'riie sitiiation is dilTerent when the molecules come very close together, 
so close that tlieir outer charges touch. They must then repel each other 
strongly, for there is no way for the molecule to rearrange itself internally 
so us to anul (he repulsion of the closely adjacent external electrons. It 
is this repulsion on contact that accounts for the rigid behavior or the 
elastic-billiard-ball character of molecules. AV'ere it not for its occur- 
rence, molecules could not rebound in collisions but would move right 
through each other. 

To describe intermolecular forces graphically it is customary to plot, 
not the force, but the potmlial energy of two molecules as a function 
of the distance, .r. between their centers. The force F is related to the 
potential energy V by the equation 


F = - 'A (15.1) 

ax 

It e(|uals the negative .slope of V. This allows us at once to interpret the 
graph of V vs. j* (Fig. 15.1): Let one molecule be fixed at 0. Then the 
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other will be urged awuy from it where tlie .^lope of V is downward, toward 
it where the slope is upward. The range from 0 to .co is called tlie 
repulsive range of the force; that from .ro outward to a point where 
the curve is practically horizontal and the force vanishes is the attractive 
range. At j'o no force acts between the molecules, for <!V dr = 0. 
The steepness of the slope is a measure of the strengtli of the torces. All 
this may be summed up by noting that a particle “slides down a potential 

hill." ^ , 

When molecules collide, their centers approach each otlier until tliey 
are approximately within a distance x' from each other. ^ This ibstance 
is therefore to be regarded as the (iiainclcr of a molecule. Tor the simplest 
molecules, x' is about 2 or 3 X 10“'' cm; .lo about 3 or -4 X lO^V-m, and 

the forces practically cease at about 10“’ cm. 

Equation (15.1) and the potential diagram of Fig. 15.1 illu.strate a 

general principle of physics, sometimes called the principle of minimum 
potential energy. It says, somewhat 
vaguely, that physical systems al- 
ways tend to make their potential 
energy a minimum. Really this is 
nothing new, but an immediate con- 
sequence of Kq. (15.1), which indi- 
cates that forces always act to 
compel a system down the potential 
hill until (/r/f/.r = 0, and tliis point 
must be a minimum. The tendency 
for V to seek a minimum is not 
limited to molecules or other particles but applies to large asseml)lages of 
objects, for Eq. (15.1) can be generalized to all such sUuations. c 
shall have occasion to use this principle again in Sec. 15.3. 

Since different molecules have difl'erent internal arrangements of 
charges, intermolecular forces differ from one kind of molecule to anothei . 
But they always show the characteristic (pialitative behavior drawn in 
Fig. 15.1. In Table 15.1 we have listed the force of attraction for a few 
simple molecules at a distance of separation of 4 X 10“** cm. In the last 
column there is given the grantational attraction (cf. Sec. 11.1) at the 
same distance. It is seen to be so small in all instances as to be utterly 
negligible in comparison with the intermolecular forces. Because the 
mass of a molecule is so small (about 10'^^ gm) the intermolecular forces 
given in the table are strong enough to impart to it an instantaneous 
acceleration of about 10^’ cm/sec% However, these enormous accelera- 
tions last for only a very short time, since one molecule moves quickly 
out of the range of action of the other. 



Fio. 1.5.1. Intermolecular pnlenlia!. 
{Dotted curve rcpr<‘.‘Jcnts forc<-.) 
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*16.2. Effects of Intermolecular Forces. Cohesion, or the “hjinging together” 
of the molcfules of a solid body, is due in most instances to the action of the 
foices described above. The fact that glass lesists breaking, the hardness and 
rigidity o( rocks, the elastic projK^rties of soli<ls may till l>e traced to their presence. 
Bv fitting together the pieces of broken glass no joint can be achieved in spito of 
the fact that befoie breaking the same molecules attiacted one another strongly. 
This is because of the short range of the forces; it is impossible by mere mechanical 
fitting to bring all molecules back within their ranges of action. Union can be 
achieved, however, by fusing the pieces together. \’ery carefully polished glass 
plates, so-called “optical flats,” when placed with their faces in contact cling 
t<»getlicr so firmly that they are exceedingly <lifhcult to separate. 

.[(Ihe.-ilon i.*^ the sticking of one substance uiMm another. Powder and dust 
adhcio to almost anything; water adheres to glass, oil to water, paint to walls. 
These are some of the more obvious examples illustrating the action of inter- 
molecular force.s. The lubricating quality of oil. wliich creeps over metals, is 
another useful instance. When gases adhere to solids, tliey are aiid to be 
adsorhal. A charcoal surface attracts and retains ujKm itself great quantities of 
gas molecules. .\t low tempeitrtures every metal surface exposed to gas is 
covered \sith a film of gas molecules. 


Table 1.). 1. Comimrison of I nivnnokculnr and Grainlational Forces 


MohuMllc 

t 

lrit«“rinolorular force. dyn<‘.'<, 1 
a( a separation »)f 4 X 10“' <'Jn ■ 

Ctravitatiomd force, dynes, 
at a separation of 4 X lO"' cm 

Ib' 

(i X 10“' 

7.3 X 10-" 

Ih 

43 X 10“' 

1.8 X 10“" 

A 

22.T X 10-' 

7.3 X 10-“ 

N- 

21.5 X 10-' 

3.0 X 10-“ 

02 

1.50 X 10-' 1 

4.7 X 10- “ 

C'Oj 

.5(10 X 10-' 

8.8 X 10-“ 


The ))ro])erties of a li(juid cannot be explained without an understanding of 
intermolecular forces. By virtue of their presence a licjuid is prevented from 
expanding into a gas. fn the process <rf evaporation, certain molecules are taken 
out of the clutches of tlreir neighbors; this requires work, and it has been found 
that the work needed to pull one molecule free is of the siune order of magnitude 
as the deptli of tire minimum in Fig. 15.1. Again, the forces manifest themselves 
in the belmvior of li(juids at membranes, in osmosis, in the lowering of the freezing 
point and the raising of the boiling point of liiiuids by foreign admixtures. Their 
complex action in living organisms is gradually revealing itself to the scientist, 
and the new science of biophysic.s involves them in innumerable instances. 

Tliree specific effects caused or greatly influenced by intermolecular forces in 
li(|uids will be dealt with in the following sections. They are surface tension, 
cnjnllariiy, and viscosity. To he sure, fluids would be %nscous even in the absence 
of attractive forces between their molecules; but these forces modify the viscous 
behavior sufficiently so that it is proi>er for us to treat \dscosity in this chapter. 


Sec. 15.31 
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Fio. 15.2. S«-paratinK two 

halve'S of ii n-ciuires 

work. 


In ea.sos tlie effects of int^ermolecular ftnces are hut minor. They introduce an 
additional internal pressure at high compression, when the ^as moleou es arc 
close together. This, however, can be measured witli great accuracy and i.s the 
exiJerimental source of most of our present knowlclge concerning these forces. 

16 3 Surface Tension. Consider an imaRinary surface S as dividinR 
a liquid into two parts (Fig. 15.2). Since tl.ere are forces of attraction 
between the moleeiiles of the liipiid, stresses must act across 
the molecules on the left attract the molecules on the riRht. 1 lierelme, 
if the li<iuid were actually separated into two parts with *S as the houndniR 
surface of one of the parts, teorA- would have 
to be done. 

The only result of this work is the creation 
of two additional surfaces of the luiuid. 

Hence we may say that the production of a 
larger amount of free surface recpiircs an 
increase of potential energy of the liciuid. 

And since the liquid, when undisturbed, seeks 
to minimize its potential energy, it must take 

a shape in which its free surface is as small as 

possible. Its surface tends to contract, and the mea.surahle force of con- 
traction is called “surface tension.” Ml, wtinn 

As evidence of this contraction we note that a small di op of liquid, « 
falling in a vacuum and thus subject to no stre.s.sc.s except for the force.s 
between its moleeules, takes on tlie shape winch lias the smallest surface 
f c the shape of a sphere. Kvery distortion from sphericity iin oh es an 
increase in the distance between some of the molecules, and this is 

resisted by the attractive forces between them. 

The surface tension of a liquid has many features in common with the 

tension in a stretched rubl.er memlirane, Init it is quite dilTercnt m one 

important respect. Imagine a plane liquid surface of area A and a 

stretched rubber membrane of the same area. If a 

across each surface, the part of the surface on one side of the line pulls 

on the other with a force, /•’, for the liquid and f \ for the ™'> 
proportional to the length of the line, d. In general will he much 

grreater than F., but otherwise the situation is the same m * 

However if the surface area is increased, let us say to 2.4 , /- , w ill mci ease 
while F, remains the same. Stretching the rubber inembrane 
the tension; increasing the liquid surface leaves the surface tension 

Tat noted, the force F. is proportional to the length of the line 
imagined drawn across the liquid surface. 4\hat physicists mea y 
surfLe tension is not the total force F, but the force per uml length, h ,/d. 



S16 


PHYSICS 


ISec. 15.4 


Surface tension, therefore, is not truly a force; it is a force divided by a 
distance. When thus defined, surface tension is constant for a given 
liciuid at a given temjjerature. 

To measure surface tension one may apply this definition in the follow- 
ing way: A wire is l)ent into the shape of an open rectangle (Fig. 15.3), and 
a thin, straiglit wire is placed across it. A licpiid film (e.g., soap film) is 
llieii formed as indicated, arul the force is measured that will just keep 

the film from contracting. If the length of 
the cro.«s wire in contact with the film isd, the 
surface tension is given by 



ff = 


F 

2d 


(15.2) 


the factor 2 being inserted because the film has two surfaces. This 
experiment has the advantage of conceptual simplicity; but for most 
litpiids such a film cannot be formed, and the pre.sent method of measure- 
ment is not practicable. In Sec. 15.0 we describe a more useful procedure. 

Surface tension is measured in dynes/cm. Some typical values are 
given in Table 15.2. 

Tahle 15.2, Values of Surface Tension for Various Substances 


bi<iuid 

Temp, 

^ ff, dynes/cm 

U'lltfT 

1 0 

75 0 


30 

71.4 


f)0 

02 . 0 

Ktliyl alcohol 

0 

23.5 


30 



70 

17.3 

Mercury 

IS 

520 

He 

— 200 

0 12 

Xc 

m0 yf s* 

— 247 

5 1 ^ 

Oj. 

1 

-103 

M . 1 ij 

15.7 


*16.4. Pressure within a Spherical Drop. The pressure witliin a spherical 
drop is greater than the pressure outside. Suppose tlic drop were divided into 
two lieinispheres (cf. Fig. 15.4). If tlie [irossure insi<le is p and that outside is 
zero, the foicc that the up|K'r heiuisplierc exerts on tlie shaded equatorial jdane 
Is Trr-p. Since the drop hold.s together, surface tension acting across the equator 
must provide an equal force. Since <r is the force per unit length and since the 
iengtii of the equator is 2irr, we must have 


Hence 


7rr*p = 2vra 
2c 

P = - 


(15.3) 
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If the outside pressure is not zero, p stands foi tlie excess pressure insi.ie the chop. 
The smaller tl»e radius of the drop, the greater the pres.sure withm. 

Equation (lo.3) also represents the pressure w.tlun a gas huhlde enclosed m a 
licmid It poses an interesting pa.adox with respect to tl.e mecliamsiu of l.uhl.le 
Jowth. For if. in the formation of a Imhhle, a very small cavity m tl.e h-inul 
had to he formed first, enormous initial pressures would he reciuiied. In water, 
for example, a spherical cavity of diameter ecpial to 
the size of 10 molecules (3 X 10'’ cm) calls for a 
pressure of lo0/(1.5 X 10'’) dynes 'em- = 1.000 
atm, approximately. It is likely, therefore, that air 
bubbles form on nuclei of impurities in the water. 

The excess pressure inside a soap bubble is also 
given by Eq. (15.3). but allowance must be made 
for the fact that the soaj) bubble has two surfaces. 

SO that 



4a 

p =- 


Kio. 1.5.4. Pressure inside 
sphcTU'ul drop. 

The same result holds for an inflate.! Imlloon, ,)rovi<le.l that a is taken to 1><; the 
(variable) surface tension of its walls. If two soap hubbies are fnr.neil on the 
ends of a tube that connects tbcm, the larKCr one wdl grow at the e.M>ensc o 
the smaller until the latter disiippeam, for the pressure m the snmller hnhi.le is 

greater. 

16.6. Angle of Contact. T-iepuds frecpiently “ereep up” on solids. 

To understand this we note that, while theie 
are forces between the molecules of tbelitiuid, 
there are also attractions between those of the 
solid and the liquid, and these latter may l>o 
either greater or smaller than the former. If 
they are greater, it is energi'tically favorable, 
in tlie sense of the minimum principle dis- 
cussed in Sec. 15.1, for the liipiid molecules to 
be near the solid suidace or at least to strike a 
compromise between adhering to the solid 
surface and minimizing the free surface of 
Fig. 15.5. Angle of contact. the fluid. 

This may be illustrated with reference to Fig. 15.5, which shows the 
behavior of a liquid near a solid wall. Surface tension alone would force 
the liquid molecules to form a minimum surface, which is horizontal 
(a in the figure). Attraction by the wall would cause them to creep up 
in a vertical film (5 in the figure). The actual behavior a compromise 
between these two situations, is depicted by cuiwe c. 1 he liquid comes 
up to the surface under a definite angle a, called the angle of contact. 
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Table lo.3. Angles of Conlacl 

Glass-wafrr 0® 

Stwl-wiitcr 90® 

(ilass-rncrrurv . . 140® 

% 

Parnfrm-watcr ... 1 10® 

( Iluss-<*thvl . . 0® 



/ 


/ 



/ 

/ 

/ 

Fig. 15.6. Mer- 
cury ill glass. 


.Vnjiles of contact have liocn moasiirod for many .‘iolid-liciuid pairs. 
'I'hcir values are not very accurate or meaningful, for they vary greatly 

with conditions of purity. A few representative values 
are given in Table Idipiids that “wet” a sur- 

face ha\'e contact angles smaller than 90®. Clean 
wati'r makes a zero angle with glass, whereas mercury 
with a contact angle of 140® forms a convex meniscus 
in a glass tube (Fig. l.'i.O). 

16.6. Capillarity. The rise of water in tubes of small 
bore, so-called “capillaries” (Latin capilla, hair), is a 
well-known ])henomenon. Sap rises in trees partly be- 
cause of capillary action; water creeps up through 
cracks in rocks, often causing them to crumble when the 
water freezes. Unless soil is plowed, water rises quickly 
through its pores and evaporates, causing it to dry out. CAipillary action 
is caii.srd by the intermolecular attraction between li{juid and solid mole- 
cules on tlie one hand and liy sjirface ten.don on the other. 

The rise or depre.ssion of liiiuid in a tube of circular cross section will 
1)0 studied by reference to Fig. 15.7. whicli shows a li(piid that has risen 
in a tulie to an average height h above the li(|uid 
surface. Surface tension acts along the junction of 
the li(piid and the tube, i.e., along a circle of length 
2Trr if the tube has an internal rad'.us of r cm. It 
is directed upward at an angle a with the wall and 
exerts ji force of 2irr<T cos a dynes vertically uj)ward. 

'Fhis is just sufficient to balance the weight of the 
liquid, which is 7r/**Apf/, provided that its density is p. 

Thus 

27rra cos a = Tri 'hpg 

, 2<t cos a ..... 

or h = (15.4) 





Fig. 15.7. Capil- 
lary action. 


For water, cos cr = 1. For a li{[uid like mercury, w hich makes an obtuse 
angle ol contact, cos a is negative; hence h is negative, and the liquid is 
depressed below the level in the container. 

'I'he student can show by the same method that the liquid will rise 
between parallel plates to a height 
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h = 


2<t cos a 




if „ is the distance between the plates. Observations on the 
rise of liquids and on the anfile of contact provule a ,,ract.cal metlual 

measuring surface tension. 

.16.7. Viscosity. In Sec. 4.3 we defined the shear n.ndnlns as the ratio ol 
shearinfi stress to shearing strain, 


M = 


I'g/A (IT).')) 

As- Ay 

III Sec. 4.2 the ratio As Ay. lu'ing siuall, 

F 




in the notation illustratea by I'ig. In.S. 
was identified with the angle 6. If the 
(•ul)e drawn in tlie figure were a cube of 
liiluid, tlie tangential force /■’ would 7Wt 
produce a finite disidaceinent A.s; it 
would, in fact, cause the horizontal layei-s 
of liquid to flow with varying velocities. 

If the bottom of the cube is in contact 
with a st.ati(niary wall, observation 
shows that the lowest layer would be at 
restand the higher ones wouhl have uni- 

S,r" t " t ^S^nXitmr .. np... mye,. drn.s the lower ones 

■■‘'^J^^^fi^rsir'n!::;:;;: -hCiS'^t .hcrcinre ........ 

,eJ f " wetT we rcplnce s by ds.u/f in thnt eqnntion. s„ thut the ..oefircent 
..reasurcs the ™tin of stress to r,dc of then ^.worn^^ ^ t ty, 

railed the roe#rfc,d rfscosdy and ^ 7- , j^t ‘ 
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called the coeJiticienf oj • ;■ • • 

take Ay to be infinitesimally small. The <lefinition of y is the 


_ (111 'A 

^ ~ (Iv/dy 


(15.0) 


iXlt" «. 

S; ■ ^'=— 

Ap between its ends, is given by 


(15.7) 
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7'nl-le 15.4. Coefficient of Viscosity 


Substunco 

j Temp. '(• 

Tj. dyne sec /cm* 

Water 

1 

1 0 

0.0170 


20 

0.0101 

1 

40 

0 006t) 


60 

0.0047 

\ir 

0 

1 1.68 X10-* 


20 

' 1 .72 X 10-‘ 


40 

1 1 .00 X io-« 


60 

i 2.02 X 10-« 

Merenrv 

20 

0.00155 

(flvforin 

% 

20 

8.3 

Oil: 

SAF 10‘ . 

40 

2 

SAK 20 . 

40 

2 8 

SAK 30 

1 

40 

1 

4 


♦SAK II mhIi* by thv of Antoniotivv KuKiiuHTJi. 


'Fliis jn-ovirlo.-^ an cxccllcttt inctlKii! for dctorininin;: tlie coefficient of viscosity for 
!i(inids. Since a jjas is coinpie.^sihlo, Poiseuille’s law neetls sUglit modifications 
when it is a|)plied to fja.ses; hut it is still c.ssentially cori'ect. 

Another important relation, which will not he derive<l here, is Stokes’ low. A 
small dro[) fallinji in a viscous modiunj is retarded by a f«)rce that is proportional 
to its radius r and to the coefficient of viscosity of the inetlium, as well us to its 
s[)eed V. Tims 

F = i'nnjrv (15.S) 


In view of what was learnc<l in Sec, 7.4 [see E(i. (7.10), with b = (m^r] tlie drop 
reaches u terminal velocity 


Vi 


OwTjr 


(15.9) 


This relation will anain he used in Sec. 25.12, 
on an electron. 


where wc discus.s tlie eleetri<‘ chaj'go 


PROBLEMS 


1 . How luKh will water ri.se in a gljiss capillary of internal diameter 1 mm? 

2. Find the <lcprc,saion of the mercury in a glass tube of internal diameter 0.01 in. 

3. .\ mercury barometer consisting of a gla.sa tube filled with mercury reads 75.43 
cm at the top of it.s meniscus. The internal <liameter of the tube is 0.5 cm. Correct 
this rending for capillary action. 

4 . What force, in addition to gravity, is required to pvill a horizontal glass rod of 
length 5 in. slowly upward throiigh a water surface? 

6. \ piece of a matchstick of length 1 cm Hoats on a water surface*. drop of 
alcohol added on one side of the stick reduces the surface tension on that side by 
8 tlynesVm. In what <lirection will the stick move? What force will act on it and 
what will be its initial acceleration if its mu.ss is 0.02 gm? 
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*6. Whiit is the (Imnu'ttT uf a sphcriral drop of watrr in whirl, the prrss.irr oxrr.als 

that on the outside hy 3 atin? , . , . , i- 

7 Two vertical glass plates arc plare.l faro to fare in a hasin of water, prolrudi if, 

above the water surface. They arc separated by 1 n.in <listan<-e. Ih.w l.igh will the 

water rise between them? Calculate the average pressure brtwe<-n the plates, aiul 

find the force with which the plates arc pressnl together. Assume the plates to have 

a length of 20 cm (Fig. 15.9). 



Fio. 15.9. Problem 7. 

8 Two vertical gla.ss plates are set in a dish of water in the manner of a .slightly 
open book. They make an angle of P/ with each other ami are in rontart at one 
edge Calculate the curve that the water surfa.-es makes betwe.ui them. 

*9. Water at room temperature drains slowly from the bottom of a container 
through a capillary tube of length 10 cm ami internal diameter 1 m.n. \\.thm the 

container it staiuls 20 cm high. How much water Hows out in 1 mm . 

*10. Find the viscous force on an oil drop of diameter 10"^ cm, falling with a speed 

of 10"* cm/scc in air. . i ♦ . ♦i.,. 

*11. Taking account of weight, buoyancy, ami viscous rctanlation, caleuh.t. tin 

limiting velocity of the oil drop of Prob. 10 (Density of ml = 0.9o0 gm/cc. densiti 

of air = 0.00125 gm/cm>: » 1.7 X lO"* dyne sec/cii*.) , , , , , 

*12. Oil having a ^^scosity of 0.2 dyne see/em* is forced through a tube of h ngti. 
1 m and diameter 0.2 mm under a pressure of 50 Ib/in.* How much oil will pass per 

iiiiiiute? 



CHAPTER 16 

TEMPERATURE AND THERMAL EXPANSION 



16.1. Temperature. If wc are given a number of similar bodies each 
of wliicli has been heated a different amount, it may be possible by the 
sense of touch to arrange them in increasing order of hotness. The 
liotter tlie lauly. the higher its ivmperature, which is merelj' a number 
on some ar)>itrarily eliosen scale expressing how cold or hot a body is. 
.\llhough our concept of temperature is basically associated with thermal 

sensation, this sense is not very acute and its availa- 
bility is. of course, limited at both ends of the scale. 
It is therefore necessary to devise more accurate 
ways of measuring temperature, making use of some 
of its many effects such as the change in volume of 
a sul)stance. Similarly, forces are measured by means 
of some effect such as the extension of a spring. Any 
instrument that measures temperature is called a 
thermometer. 

(lalileo’s thermoscope, invented about the year 
KiOO, was the first thermometer of which we have 
any knowledge. This instrument consisted merely of 
a glass bulb with a long, narrow stem dipping down- 
ward into a ve.x.sel of water (Fig. IG.l). As the tem- 
])erature of the bulb rises, the air within it expands 
and tlie water level in the stem falls. If the tempera- 
ture of the bulb drops, the contraction of the air causes 
the water to rise further in the stem. Hecatise of the large thermal expan- 
sion ol the enclosed air, this is a temperature-sensitive device, but it is use- 
less us a practical tlierinometer since variations in the atmospheric pressure 
also affect the height of the water in the stem. This was recognized 
during the first half of the .'seventeenth century, and by 1050 there had 
l)een invented the li(|uid-in-glass instrument with the end of the tube 
s(‘aled. Tliis was the forerunner of the modern mercury-in-glass or 
alcohol-in-gla.ss thermometer. 

16.2. Thermometers. C'hanges in physieal properties with tempera- 
ture that are u.sed by thermometers ineliide variation of the physical 
dimensions of a substance, the pressure of a gas held at constant ^■olumc, 
the electric resistance of a wire, the thermoelectric effect, and the color 
of a hotly so hot that it is radiating visible light. Common, everyday 
therinoineters are based either on tlie differential volume expansion of a 
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and its container or on the linear expansion of a metal strip, while 
thermometers based on the other effects have special applications sucli 
as the measurement of very hi^h or ^'ery low temperatuie.s. 

The common liquid-in-shiss thermometer consists of a thin-walled 
class bulb from which a long glass cai>illary tube rises. Mercury or 
colored alcohol is the licpiid usually employed. With increase in tem- 
perature these expand much more than does the glass, and the sensitivity 
is increased bv using a capillary of very fine bore. Before sealing oil 
the upper end of the capillary lube the space above the liiiuid is usually 
evacuated. The scale is cither engraved on the glass capillary or marked 

on the baseboard. 

In the metallic thermometer, an example 
of which is the oven thermometer, the expan- 
sion of a coiled bimetallic strip acts through 
a lever system to move a pointer o\ er a scale. 

Becau.se of shifts in sensitivity this instrument 
must be recalibrated freituently. 

The constant-volume gas thermometer is 
illustrated in Fig. 1().2. The pressure of the 
gas, usually hydrogen or helium, in the con- 
tainer B of constant volume is a function of 
the temperature only. ith change in tem- 
perature of H the mercury level is adjusted to 
the fixed point A and the pressure determined 
by adding the atmospheric pressure given by 
a barometer to the difference in level h of the 

two interconnected mercury columns. There 
are good reasons for considering this instrument as the standard ther- 
mometer with which other more convenient forms of thermometers may 

Since the electric resistance of a wire is a function of its temperature 
(C’hap. 30) and is an easily measured quantity, the resistance thermometer 
is a useful instrument, particularly at high and low temperatures. 
Another type of electric thermometer makes use of the fact that m an 
electric circuit formed of two different metals a current f ows if the two 
junctions are at different temperatures. This thermoelectric effect is 

described in detail in Chap. 31. 

In the thermoelectric pyrometer the total radiant energy from a hot 
source falls on a thermocouple or thermopile (Chap. 31). Since the toUl 
radiation from the source is a function of its temperature (Sec. 2 . ), 
the heating of the thermocouple junction and hence the electric cuiien 
in the circuit varies with the intensity of the radiation, and the reading 
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of tlio millivoltmetor in the circuit may be used as an indicator of the 
temperature of the source. 

'I’lie optical pyrometer for the measurement of very high temperatures 
is l)ased on tl»e fact that, when an ol)ject is so hot that it is incandescent, 
its temperature may be judged from its color. This instrument consists 
of a telescope in whose tube are a red filter and a small electric lamp 
w hose filament current is adjustable, d'he telescope is sighted on the hot 
ol)ject, for example a furnace, and the current in the lamp varied until 
its filament appears to have the .same brightness as the furnace. From 
a calibraticm obtained by noting the filament currents to give a brightness 
match for hot sources of known temperature the meter may be marked 
to indicate the temperature directly. 

The r(‘a<ling.s of two different kimis of thermometer will not agree 
exactly o\ er any range of temperatures. But before making any com- 
])arisons we should first consider the construction of temperature scales 
and the general definition of temperature. 

16.3. Temperature Scales. In defining a temperature scale two 
fixed points must be chosen and arbitrary values assigned to these tem- 
j)eraturc.s. This d(*termines the zero i)oint and the size of the tempera- 
ture unit or degree (®). h'or all scales the fixed points are taken as the 
temperature of a mixture of ice and pure water and the temperature at 
which pure water boils, both at atmospheric pressure. On the Fahrenheit 
scale, which is in common use in this country, the melting point of ice is 
de.signated 32 and the boiling point of water 212. On the centigrade scale, 
which is universally u.sed in .scientific work, these two fixed points are 
labeled zero and 100, respectively. 

Let P represent the value of the physical jiroperty whose variation 
with heating is u.sed in the construction of a thermometer. Then on the 
centigrade scale if we denote by Po the value of P at the ice point, by 
Pit>o its value at the steam point, and by Pi its value at any other tem- 
ture t, this temperature is defined by the equation 


Pt - Po 

(/hoo - /"«)/100 


(Ifi.l) 


'I'liis re])resents temperature as a linear function of the property P. On 
the Fahrenheit scale the corresponding definition of temperature is 




(P213 - Pu)/m 


(ie.2) 


Comparison of these two temperature scales, together with a third, the 
absolute scale, on which temperatures are reckoned from the lowest 
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temperature theoretically conceivable, is made m I'ljj. 11ns 

absolute scale, which is also known as the “Kelvin scale’ after Lord 
Kelvin (William Thomson, 1824-1907). who sup:M:esle(l it from thermo- 
dynamical considerations, uses centij-rade divisions. Since between the 
iJe point and the steam point there are 100 centisrade (bvjsions or 180 
Fahrenheit divisions, the centifjrade dej;ree is or ■ r., times lart;er 

than the Fahrenheit degree. Therefore in converting from one scale to 

the other we may use the relations cpntiaraHP Kelvin 


C = ^.,(F - 32) 
F = + 32 


(10.3) 



Fahrenheit 

O 


Boiling point 
of water 


Melting point 
of ice 


373® K 


Absolute zero H 


where C and F reinesent corre- 
sponding temjieratures on the cen- 
tigrade and Fahrenheit scales, 
respectively. For exami)le, given 
that absolute zero is — 273®C, to 
convert this to the Fahrenheit scale 
we compute from Fkp (10.3) that 

F = i^i) X (-273) -h 32 491 

-b 32 = -459°, the value given in 
Fig. 10.3. 

Hy using E(is. (16.1) and (10.2) 
any one of the various types of ther- 
mometers may be used to establish 
a temperature scale. They will all 
agree at the fixed points, but the 
properties P are in general dilTerent 
functions of the temperature, and 
hence the scales based on the variations of dilTerent P’s 
general agree exactly at any points other than 0 and 100 C . It 
is therefore necessary to have a particular property of some ther- 
mometric substance for the establishment of a standard temperature 
scale against which the scales of other kinds of thermometer may 
be compared. The standard adopted is the constant-volume gas ther- 
mometer using hydrogen or helium, for which the property I is the 
pressure p of the gas. With this standard gas thermometer, temperature 
on the centigrade scale is thus defined by the relation 



Fig. lf>.3. Coinpiirtson of tcnipi-nilurr 
sc»lc.s. 


t = 


p - po 


Hoo(pl 00 ■" Po) 


(16.4) 


Except for the different zero point this scale for the constant-volume 
hydrogen or helium thermometer differs but little from the Kelvin 
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thermodynamic scale (C'hup. 21), which is independent of the choice of 
property P or of tlte substance. A comparison of the constant-volume 
hyilrogen tliermometer with several other thermometers is given in 
'r:d)le lO.l. Note the close agreement between the air and hydrogen 

scales. 


Table Ui.l. Comparison of Temperature Scales 


Const-vol hy<lr<)H‘*n 

tlicriiionictfr 

(\mst-vol air 
thormoiiu'tor 

1 

1 

1 

Mcrciirj’-in-gljiH.s 

thermometer 

Pliitiiujm rcsistjm<-e 
thermometer 

1 

1 

o*c 

0°(’ 

0“(’ 

20 ' 

20 (K)S 

20.001 

20.240 

1 

40 

40.001 

40.111 

40.360 

00 

50 090 

00 . 080 

60 . 360 

SO 

70 . 087 

SO . 04 1 

SO . 240 

100 

100 

100 

100 


16.4. Linear Expansion of Solids. \>ry nearly all solids expand when 

they are heated. Steel rails are usually laid with small gaps between 
% 

their ends to accommodate this expansion, and in welded streetcar tracks 
large thermal stresses accomi)any temperature changes. The expansion 
of a steel bridge may i)e allowed for by having one end slide on rollers 
on the abutment. If a metal rim can be placed on a wheel only when 
hot. its .shrinkage when cooled will result in the desired tight fit. In a 
long steam pipe, expansion and contraction arc provided for by expansion 
joints or by a section of the pipe bent into a U form. Many other such 
examples of thermal expansion might be cited. 

If a rod has a length at 0°C. while L, is its length at PC, L being a 
regular function of /, it is known in mathematics that any such relation- 
ship may be represented by a series of the form 

L, = L„(l + at-\- a'P + + ' * *) (10.5) 

where a, a', and a" are constants. W'hen the measurements arc extended 
over a consiilerable temperature range, all the terms in Kq. (10.5) must 
be retained. Hut for small temperature differences, say 100®C, just 
the first constant a is suttieieiit, and hence 

L, = Lu(l + at) (16.6) 

'Fhe constant a, known as the coefficient of linear ej'pansion of the sub- 
stance, has the value 

Lj — Lq 

TtJ. 


a 


(16.7) 
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It is to be noted that the dimensions of a are veeiproeal temperature. 
Its value depends on the temperature scale used but not on the units with 
which L is measured. Some representative values of this coefficient ar(‘ 
trivon in Table lf).2. The value of a for aluminum of 23 X 10“'’ means 
that a 1-cm length of aluminum at 0®C' becomes 1.000023 cm at 1 ( 
and a 1 ft length at 0‘^C becomes 1.000023 ft at 1°(’. A mean coeflicient 
of expansion between two temperatures /, and b., defined by the equation 

« „ = (10.81 

A .(/2 - 0 ) 

is often used. In a temperature range of 100" about 0"C' the dilTerence 
between a and ai .2 is insignificant. 

Table 1().2. Coefficients of Linear Expansion 

(.Approxiinntf vnlues) 


Substance 


a (per °C’) 


a (per °F) 


Aluminum 

Brass 

C’opp*“r 

Pyrex gla.ss 

Ice (-10 to 0“(’J 

Invar 

Qiiartz, fused 

Steel 

Tungst<*n 


1 

23 


X 

10-« 

13 


X 

10 

4 

18. 

0 

X 

10-® 

10. 

5 

X 

10 

0 

Hi. 

8 

X 

10-® 

9. 

4 

X 

10- 

4 

3 

2 

X 

10-6 

1. 

8 

X 

10- 

4 

of 


X 

10-6 

28 


X 

10- 

'4 

0 

.9 

X 

10-6 

0. 

.5 

X 

10- 

-6 

0 

.40 

X 

10-6 

0, 

.22 

X 

10- 

-4 

10 

.7 

X 

10-6 

f) 


X 

10- 

-4 

i 

.5 

X 

10-6 

2 

. 5 

X 

10- 

-4 


Inspection of Table 10.2 shows that the coefficients of expansion of all 
solids are very small, being especially small for invar (a nickel-steel 
and for fused quartz. From Etp (10.8) a steel rail 00 ft long at —20 b 
increases in length 00 ft X 6 X 10'^ X 130 = 0.047 ft, or 0.56 in., when 
the temperature rises to 110"F. Because of its small a, fused quartz 
would have been the best material out of which to make the 200-m. 
mirror of the Mt. Palomar reflecting telescope, for there would then 
be a minimum change in the focal length of the paraboloidal surface with 
change in temperature. Actually, because of technical difficulties, a 

borosilicatc glass was used. ^ 

A bimetallic strip (Fig. 16.4) formed by riveting together a strip of 

brass and one of steel is used in metallic thermometers and in thermo- 
stats. Owing to the larger coefficient of expansion of brass the strip 
bends when heated. The movement of the pointer may be a temperature 
indicator, or, in the thermostat, it may make or break an electrical con- 
tact and thus control a heating unit. 
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III ail accurate pendulum clock there must be some compensation to 
keep the effective pendulum length constant in spite of temperature 
changes. One method of accomplishing this is to construct the pendulum 
of a numlier of steel and brass liars so that the downward e.vpansion of the 
.steel is compensated by the upward expansion of the brass. To do this 
the total length of the brass must be to that of the steel inversely as their 
coefficients of expansion. In another method of pendulum compensation 
I the bob includes a vessel of mercuiy. The expan- 

sion of the mercury raises the center of gravity, com- 
pensating the lowering of the center of gravity from 
— PT-i — ' the expansion of the pendulum rod. 

^ The successful sealing of the metallic wires into the 

0 glass of elect I’ic lamps, radio tubes, etc., is a matter 

^ ^ of closely matching the expansion coefficients of the 

K \ metal and the glass, since otherwise cracks develop 

® \\ when the seal cools. Inspection of Table 16.2 shows 

^ that pyrex gla.ss and tung.sten metal have coefficients 

^ y of expan.'^ion differing but little, and hence this com- 

K bination is widely used today in the fabrication of 

M vacuum apparatus. 

0 \ If a metal rod is so rigidly held that it cannot 

^ P^^pand when its temperature is raised, a compressive 

K stre.ss is set uj) in the rod. From Eq. (16.8) the frac- 

^ tional change in length of the rod if it could expand is 






L 


= a At 


(16.9) 


Fic,. ir».4. ItiiiK*- ^ 

tiillii .strip. expand, and hence the eom- 

pressive force must increase by the amount necessary to produce this 
.same fractional change in length. Now Young’s modulus is defined by 


}' = 


an<l therefore 


AF = .1 1 


AF/A 
AL.L 
. .. AL 


Using Eq. (IG.O) for AL/L we have 


AF = .1 Va At 


(16.10) 


for the increase in the compressive force needed to counteract the tend- 
ency to expanil. The corresponding tiurmal stress is 


AF 

~ = la At 

.1 


(16.11) 
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similar fashion. 


See. 16.6] 

16.6. Surface and Volume Expansion. Suppose u phme slieet of solid 
materiul to be liomosoneoiis (consist ins of tlie same substance throu-;h- 
out) and isotropic' and to have a sipiare shape. Let the side ot die square 
be of length U at O'^C and L at rC. Then, since L = /.>(! + a/)^ the 
area .1 = of the square after expansion is related to its aiea .L t.o 

at 0° by the expression .1 = -Ldl + «0' = -Ufl + 2al + a O- 
small term a-l~ may be neglected in comparison with 

2at. Therefore 

A = Au(\ +2«/) = .lud +/30 

where 0 = 2a is the cocficient of surface expansion. 

If part of the area of a plate is surrounded by a 
dotted line as indicated in Fig. 16.5. the inscribed area 
will expand proportionately with tlie i)ortion Iranung 
it if the whole is heated. Now if this central part had 
been removeil l.efore the heating, tlie frame would 
expand just as if the plate were continuous. There- 
fore Kq. (U>.12) also gives the expansion of a hole m 

a surface when tlie latter is heated. 

The expansion of a solid volnme may he treatcl m a snn.lar faslnon 

If y„ is the volume of a cube of ed^e /. , at 0°f, its volume 1 = L alte> 
tlie temperature rise is 

Y = rn(i + octy = r„(i + 3a/ + • • ■) 

= r„(i + 70 

Since the square and cube of the small quantity at may be neKle.'tcl, 
the coVmfcd 0/ rolurne c.„ansiou y equals 3a The ' aU- of y or any 
solid may thus be simply computed from the hnear coeHicent, uh.ch 

the only one usually tabulated. * if u „ (died 

A. cavity in a solid volume expands at the same rate 

with the solid. Thus, a steel tank of oapacty bOOO gal at 0 C u .h n 

a volume of 1,000(1 + 32.1 X 10-' X 100) or 1,003.21 Ral " C' 

16.6. Expansion of Liquids. The performance of a hquu -n -pi uss 

thermometer is evidence that liquids such as mercury or 

larger volume coefficients of expansion than has the gla.ss. In y nti.d 

tlm expansion of a liquid may be represented by the same approxm a 

relation as for solids, 

r = r«(i 4- tO 

but one usually observes only the differential expansion of the liquid and 

its container. . ... 

. A mixture of flour and sugar is not homogeneous but 
ous but not isotropic (Greek isos, same, + trope, turning, i.c., g 

erties in all directions). 
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Tins container iisnally consists of a glass Inilb with a capillary stem 
(Fig. !(>.()) so that small changes in volume become eviilent. Remember- 
ing that the volume of the bull) expands as if it were solid glass, let 
r.i = vol of bulb = vol of liciuid at 0®C 
= vol of bulb at 
Vi = vol of liciuid at /°(' 

= vol coefficient of the glass 
y, = voi coefficient of the liquid 
Then. 


r, - = T'o((l + y,l) - (1 + yj)\ = r„(7i - yo)f (16.14) 


'I'his is the nppmrnf expansion, the difference 7 / — 7 ^ being known as the 

apparent coefficient of expansion of the liquid in glass. 
If the volume coefficient 7 „ of the glass is known, 
observation of the apparent expansion, Vo and t yields 
the value of the coefficient 7 / for the liquid. 

As a volume of liquid expands, its mass remaining 
constant, the density of the liquid decreases. Sub- 
stituting m p and >n'p» for V and Vo, respectively, 
we may write Eq. (10.13) in terms of density 


I 




8 


P = 


Po 


I + yt 


(16.15) 



Hy the method of Dulong and Petit (Prob. 14) the 
expansion coefficient of a liquid may be obtained with- 
out reference to the expansion of the container. 
4'his method has proved of value in determining 
accurately the expansion coefficient of mercury, which 
is a substance much \ised in physical experimentation. 
If the value of 7 for mercury is known, this liquid 
may then be used for obtaining the coefficients of 
expansion of solids by some differential method. In 
Table 10.3 are given the volume coefficients of expan- 
sion for several liciuids. 

16.7. Expansion of Water. Water has the anomaly of having a 
maximum density at 4®C at atmospheric presvsure. Above 4®C it expands 
with increasing temperature, while below 4®t’ it contracts as the temper- 
ature ri.ses. This anomalous expansion of water is plotted in Fig. 1G.7. 
ilecutiso of this behavior, when a body of quiet water cools from contact 
with cold air above the surface, the water that has cooled to 4°C sinks 
to the bottom. It is therefore the surface water that first drops to 0°C 
and begins to freeze. Were it not for this property of water, our northern 
wjiters woidd freeze from the bottom upward and become choked with 


Fio. 16.6. Dif- 
fcrc'ntiiil expansion 
of li lujiiui and its 
(container. 
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.-Alcohol (othyl) 

Ether 

Glycerin 

Merc\»ry 

Sulfnric }ici<l 
Water (20°C). 


1 

7 

'’(■) i 

1 

111) 

X 

lO-"- 

164 

X 

10-" 

51 

X 

10-^ 

18.2 

X 

10-^ 

56 

X 

10-^ 

i 20.7 

1 

X 

10-^ 


7 (per 
61 X 

91 X 10-^ 
28 X 10-«- 
10.1 X 10"^ 
31 X lO-*- 
11 ..’) X 10"^ 


ice Salt water has its maxiimun density at a temperature several 
degrees lower than this value. This anomalous ex,)unsion of water is 

uncloul>tedly i)rodnced by the as- 



sociation of the water molecules 
into groups or liquid crystals near 
the freezing point, but as the 
temperature gradually rises above 
4®C these groups break up into 
single molecules. 

16.8. Mercury Thermometers. 

Mercury is not the ideal thermo- 
metric substance, but because of 

their compactness and simplicity 
mercury thermometers are widely used. Since mercury freezes at 
— 38 8°C', its use for low temperatures is limited. I'or measxirement of 
lower temperaUircs, similar thermometers using alcohol (freezing point 
-IIS^C) or pentane (freezing point -131%') are used. Mercury boils 
at 356 9®C at atmospheric pressure, but thermometers are made ol 
strong, high-melting-point borosilicate glass with the space above the 
mercury filled with an inert gas such as argon under about 20 jitna pressure 
to prevent the mercury from boiling. Temperatures to 5oO°C may be 


wHtcr. 


read with such thermometers. 

Thermometers are either calibrated for use with the bulb plus capillai-y 
stem at the temperature read or for a specified depth of immersion. I 
the bulb alone is at a high temperature, the stem remaining cool, the 
thermometer will read several degrees too low at the highest temperatures. 

Clinical thermometers have a constriction in the capillary near the 
bulb. In expanding the mercury pushes through this constriction; but 
after the maximum point is reached and the mercury is allowed to con- 
tract, the mercury column breaks at the constriction because of surface 
tension. The mercury column then remains at its maximum /wading 
until vigorous shaking causes it to reunite with the mercury in the bulb. 

In another form of maximum thermometer, which is mounted at a 
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slijjht inclination with the horizontal, a small iron piece is pushed along 
Ix'fore the mercury column and left when the mercury contracts. The 
lower end of the iron j)iece then imlicates the highest point reached by 
the mercury column. In the accompanying minimum thermometer, also 
mounted nearly horizontal, alcohol is used. A suitably shaped light 
index is dragged down by the meniscus of the alcohol surface, but when 
the alcohol subse<juently expands it flows past the index, which thus 
indicates the lowest point reached by the liquid meniscus in any period of 
varying temperatures. 

PROBLEMS 

1. (\>nv<Tt body trinpcnitiirc of US.f)®!’ an<l room temperature of 68®F to the 

2. W rite an etjuatinii by which any tc-mperatiire in (IcRreos lauitigrade may he 
chanm'd to dcurc«-s Falmudicit. .\t what temperature do the Fahrenheit and centi- 
grade scales read the same? 

3. bic}ui«l oxygen has a normal boiling point of — 183°f': gold melts at 1063*C. 
Cortvert thcs<‘ ti-inperatures to the Fahrenheit scale. 

4. An iron st«*am pipe (a = 10 X 10'* <h-g C“‘) is 150 ft long at O^C’. W’hal will 
l)c its iiicr<*asc in liMigfh when hc'atc<l to lOO^C? 

6. C'aliailate the incrca.se in length of 300 ft of copper wire when its temperature 
changes from 10 to 35®(’. 

6. A clock ha.s a l)rass pendulum, which we a.ssume to he a simple pendulum and 
whi«di makes one comi)lete vibration in exactly 2 .sec at 20°(\ W’hat will be the gain 
or lo.ss in time per day if th<* temperature of the clock drops to 0“('? 

7. .\ steel siirviwtjr’s tape e<»rre<-t at G5®F is used at 00°F. W’hat is the percentage 
error in h-ugths measure*! with this tape at the higher tcmjjorature? 

8. A steel ring I in. iti diameter at 20'"(' is to be shrunk on to a steel shaft 4.002 in. 
in iliaiinder at 20'’('. To what Uunperature mu.st the ring he heated to just slip onto 
tlie shaft? 

9. .\ l)rass {date at TO'T has in it a <'ireular hole 10 ern in <Uameter. W’hat will be 
tlie area of this lade at 2f)0^F? 

10. A pyn*\ gl.a.ss flask has a volutne of «>\a*-tly 1 liter at lo^C. If it is completely 
fill*'*! with mereiiry and tluai ral.s**d to 75®(’. how jumdi inertairy will spill out? 

11. A l>ar of aluminum 2 by 3 by 40 «'iu in .size is inimerseil in water at 4‘’r. W’hat 
will In- tlic> ^•h.•lnge in the buoyancy of tli<* water on tlie bar if tin* tetnperature of the 
wat«T rises to 2.")‘’('? 

12. A eojiper liar *)f cross .section 0.5 in.- is heateil frotn 20 to 100®(’. W’hat force 
w«udd be necessary to previuit it from cxpantling? 

13. If steid rails are w«dded together and held so that no expansion is |M)Ssible, what 
is tlie increase in the stress in the rails when tin* temperature rises from 50 to 100®F? 

14. 1 wo vertical eotumus lilled with a liquid are interconnected at their lower ends 
by a horizontal cajiillary tube. One of tin* columns is surrounded by a jacket con- 
taining icc and water, while a Iiigh-temperaturo bath encloses the other. If the height 
and density of the liquid iu the two columns are denoted by ho, po and ft,, p, n'spec- 
tively, show that the volume coeflicient y of the liquid Is given by y ~ (ft, — fto)/ftof 
(ini'thod of Duhuig and Pi'tit), 

16. If a stiad scale is t<» be ruled so that all millimeter intervals are correct to 
±0.001 mm at the spe<-ified tempernture. what is the nmxinuim variation in the 
ti'inperature that may occur during the ruling? 
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17 1 Heat Is Energy. That lieat is a form of motion is an old idea, 
held fOT example, hv Franeis Baeon, Ifoyle, and lUioke in the seventeenth 
eentnry. Toward the end of the eighteenth eentnry, howe\ er. heat was 
eommonly helieverl to he an imimnderahle fluid, ealled cdonc wim h 
na.sses into a hodv when its temperatnre rises and whndi the body loses 
when its temperature drops. M'e lane inheriKxl from that ,.er,o<l our 
terminology of heat. .Vlthough we now kno« that a rise m temperature 
means merely an inerease in the kinetic and potential energy ot the 
molecules of the material, we eontiuue to use the 

quantities developed by Lavoisier (1743-1794), .Joseph Black (1 <28-1 , .).)), 

and other eighteenth-century scientists. . . , 

In 1798 Count Rumford (Benjamin Thompson, an .\merieau lory a ho 
fled to Europe at the time of the Revolution) concluded from qualitative 
experiments performed while he was in charge of cannon hormg or 
the Elector of Bavaria that heat cannot be a substance. Obsen ing thi, 
large amounts of heat generated in the boring operations, whether the 
tool was sharp or dull, Rumford deei.lcl that heat must be a form of 
motion. Soon after this Sir Humphry Davy (li78-182<)) showed that 
when two pieces of ice are rubbed together under comlitions of no heat 
transfer from outside sources, enough heat is generated by the work 
done against the frictional force to melt the ice. .\lthough the calm is s 
still maintained for some time that their theory of heat was coriet-t, the 
idea that heat is a form of energy gradually prevailed and became hrmlj 

established by the long series of experiments of .James 1 . .Joule 
to 1878, which showed that there is an exact equivalence of heat and w oi k. 
These experiments of .Joule were careful, quantitative researelies m which 
he transformed work into heat in a large variety of ways. For eNamp e 
descending weights caused various surfaces to nth against each other the 
heat generated being absorbed by a given quantity of water. A gi\ 
amount of work done against friction always produced the same quantity 

“^Shlct there is no evident change in the kinetic or 

of a body as a whole when it is heated, the energy- given to the bodj must 

be taken up by its molecules. These ‘'"f, 

temperature, but as the temperature of the body 

molecules move about with increased translational speeds bot also t 
atoms in the molecules have greater vibrational and rotational energie . 

233 
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'I'ho expan.sion of solids and liquids with heating indicates that there is 
also a gain iii the potential energ>' of the molecules, for work must be 
done against the interniolecular attractive forces when the average 
distance between molecules is increa-sed. 

The conduction of heat through a body when its boundaries are^'armed 
is easily explained by this kinetic theory of heat. For the molecules are 
continually colliding with each other, and the slower moving molecules 
gain energy in this way in their impacts with faster moving molecules. 
1'he molecules of a gas in striking the heated walls of their container 
rebound with greater velocity, and they pass .some of this increased energy 
on to other gas molecules by collisions. 



Fio. 17.1. Itoliitivo vrtlups of the calorie at clif%ront temperatures. 


% 


It is necessjiry to distinguish clearly between heat and temperature. 
With a given gas flame it will take much longer (f.c., take much more heat) 
to warm up a pail of water than is needed to warm a cup of water to the 
same tempiuature. The temperature of a body is merelj' a number on 
some arbitrary scale expressing how hot the body is as compared with 
some standards. Heat, on the other hand, is a form of energj' and may 
be measured in energy units. 

17.2. The Unit Quantity of Heat. We use today the same heat unit 
employed by the calorists, the quantity of heat that will raise the tem- 
perature of unit mass of water one degree. Since the amount of heat 
reejuired to raise the temperature of unit mass of water one degree is not 
the same at all temperatures (cf. Fig. 17.1), it is necessary to specify a 
tempei'ature in the definition. The calorie is defined as the quantity of 
heat required to raise one gram of water from 14.5® to 15.5°C. The mean 
calorie, defined as one one-hundredth of the quantity of heat required to 
raise the temperature of 1 gm of water from 0 to 100®C, is practically 
the same as the 15® calorie. This calorie is often referred to as the 
“gram-calorie” or the “small calorie.” In dietetics and most other 
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calorimetric studies the kilocalorie, larger than tlie Riam calorie by a 
factor of 1.000, is employed. The British thermal unit (IMu) is the 
ouantity of heat required to raise the temperature of one pound of umter 
tlirough rr. It is easily shown that 1 Btu = 2o2 -m cal. \^'e shall now 
drop the prefix gram in referring to the small calorie, while retailing tlm 

term kilocalorie for the larj^er unit. 

Using these dehnitions of heat (luantity, we compute, for example, that 
to raise 10 kg of water from 15 to (»5°C would take 10 X 50 or 500 kcal 
or 500,000 cal. Similarly, to raise 10 lb of water from tiO to 200 1- would 

require 10 X 140 or 1,400 Htu. 

17.3. Mechanical Equivalent of Heat. In .Toule’s experiments it was 
observed that if a given amount of mechani<-al energy, no matter how 
generated, was all transformed into heat in a constant amount of water 
the temperature ri.se of the water was always the same. 1 he (iuantit\ 
of mechanical energy that, if entirely conyerted into heat, could raise the 
temperature of unit mass of water one degree is known as the meehanical 
equimlent of heat. This is u.sually designated by the letter J. 1 he 
accepted yalue of this important constant is 

J — 4.180 joules cal 

Therefore 1 joule = 0.239 cal. and conyersion to the I-higlish system of 
units giyes 1 Btu = 778 ft lb. 

Suppo.se that a 3,000-Ib automobile moying with a speed of hO 
is brouglit to rest by application of its four-wheel brakes. 1 he kinetic 

energy of the car is 

3,000 lb X (88 ft/sec )^ ^ (ilOOOO ft poundals = 303,000 ft lb 

2 

This is transformed into 3(i3,000 778 or 4(i7 Htu in the l.rakos, or 117 lUn 

’’'"iTr'Heat Capacity and Specific Heat. The quantity of heat needed 
to raise one gram of a substance one degree centigrade is d.lTerent for 
every substance. One calorie will raise about 30 gm of mercury or 
platinum or about 101 i gm of copper through one degree centigrade 
The heat capacity of a ho</y is defined as the number of heat units neede. 
to raise the temperature of the body through one degree. Spec, fic heal 
c is defined as the heat capacity per unit mass. The unit of specific heat 
is thus the calorie per gram per degree centigrade or the Htu pel poun ^ 
per degree Fahrenheit. That is, the specific heat of iron is 0.12 cal g 
deg e- and is also 0.12 Btu lb- deg F-. For water the specific heat has 
the value 1 cal gm"' deg C- only for the range 14.5 to 1 5.5 C l"! « 

17.1 we list the specific heats of some common solids and liquids, it is 
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nocessary to specify the temperature or the temperature range for the 
specific heat value.s given, for in general the specific heat of any substance 
increases with its temperature. We have already mentioned the small 
variation in the specihe heat of water over the range 0 to 100°C. For 
other li([ul(ls the specific heats vary appreciably with temperature. 
I'itliyl alcoliol. for example, has a specific heat of 0.450 at — 100®C, but 
at + 10()®C' this value has risen to 0.824. For most solids, however, the 
\ ariations of the specific heats with temperature if above 200°K are so 
small that they may be neglected. 


Table 17.1. Specific Heals 

(( al clot 


Siihstniicc 

Temp, ®C' 

Specific heat 

AN'oliol. ethyl 

2.5 

0.,581 

Ahiininuni 

20 

0.214 

1 

( opper 

20 

0 . 092 

(ilveerin 

0 

0 . .540 

Ico . . 

-20 to 0 

0.48 

Iron (cast) 

20 to 100 

0.119 

. 

20 

, 0.031 

Mt'reiirv . ... 

% 

20 

0.033 

Steam (at mospherie pressure' , 

UK) to 2(M) 

0 48 

1 III . 

' 18 

0 . 0.54 

'I'uilKsteri 

20 to KM) 

0 034 


In an e\])eriment to measure tlte heat capacity of a specimen of material 
a finite range of tem])erat\ire must be u.sed. Therefore a mean specific 
heat for tlie temperature interval is determined. To raise a mass m of 
material of mean specific heat c from temperature ti to temperature ti 
re<piires a quantity of heat 

Q = — /i) (17.1) 


This will also be tlie cpiantity of heat given out by this mass if it drops 
in temperature from lo down to /i. The specific heat Ci at the temperature 
/ would be defined by the relation 


1 

m dl 


(17.2) 


where dQ is the small quantity of lieat liberated or absorbed by the mass 
m for an infinitesimal temperature change dl covering this temperature. 
In practice c< may be taken as ecpial to c for a moderate-sized temperature 
interval about the temperature t. 
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If a 100-sm piece of east iron is l.eatecl from 20 to lOO^C, it "01 absorlt 
100 X 0.119 X 80 or 9")2 cal. In coolinji from 100 down to 20 ( tliib 
iron will lose this same number of calories of heat to its surroundmirs. 

*17.6. Internal Energy. AVhy should the heat eapaeities of various suhsta.u-es 
he so different, and w hv should all speeific heats deerease inarke( h as th< tt 
«rture drops toward 'absolute zero'' At -2o:l“C' the spe.'.fic hra.t of copper 
has dropped to 0.0031, that of ahiminuin to 0.00.S9, wlulc at -3.1 ( i.ii ion in 
re forl!r of dianro.ul has a s,«.ifie heat nearly zero (O.OOO.a). In seek,n« answem 
to these questions it must he rememhe.e.l that the l.eat energy stored m a hod> 
is the total energy of all its molecules, which iliffer m mass for each suhstance and 

which cun move only in limited paths in a solid or hqunl. 

The .lifferenees in the mimher of moleeules that make up umt mass for varum, 
substances .should affect their spec-ihe heats, as will also <hfferenees m energy 
internal to the moleeules. This “internal energy” includes the vibrational oi 

translational kinetic energy of the molecules, the kmet.c ami I’" ™‘'” "‘'I' 
of the atoms a.rd their electrons, which compose the nmlemdes and tin iio cut ,d 
enerity accompanyinK the hrerease in tire ayerase .hstanee between nml.Mad s 
when tire Irmly expamls. liecanse the expansmn of solids and liquids rwlh 
increasini! temperature is .so .small, the work done in tlie e.xpaiision against 
atmospheric pressure and the last-meutioned contrihutiori to tlie iiiteimil emrsj 

''T^:«.n.e observation was made in ISIS by I>i.oii« and Petit, ndled 
the Inw of atomic healc. They found tl.at tlie product of tlie specific heat and 
atomic weiBht, which has heel, named atomic heat capanty, is the same for all the 
sS elemmrts. This relation is only approximate, but for most of the sohd 
elements, exelndin.! Be, B, C, ami Si, the atomic heat capacities he ... 

5 8 to 6.8 cal gm-ato.n- deg-‘ ami group themselves about a nea. x.rlue b 3 
This near constanev of the atomic lieats of all the sohd elements nrdlcato.-, th.it 

Sie energv associated with the vibrations of the atoms j;;'''*’™";, 

positions in the crystal lattice constitutes the man. heat content of ‘ ^ ^ 

’•ibrational motion may be resolyed into components along three * 

nemlicular directions, and a vibration along any one of these directions ha.s no 
components in the other two directions. The atoms in a solid thus "e ^'il <> 
have three degrees of freedom. By the reasoning of the kinetic theory (C hap, 20) 
each vibratioLl degree of freedom has 2 cal associated with it, so that 
heat of a solid should be 0 cal gm-ato.n- deg-, or close to the mean expe.imcnt. 

'’'^gure 17.2 shows the manner in which atomic heats of solids fall 
decrealg temperatures. The curves for all other solid elements he betwe .. 
those for lead Tnd carbon. As the temperature approadies absolute zero tlm 
heat capacities of all solids drop toward the value zero. The explanation of tin 
beiiax-ior is given by the quantum theory, according to which the energy associaterl 
“hTBequenly of oscillation f is hf. where h is Planck’s unirersa cans ant of 

action. The characteristic frequency / of an atom n-ill not he 

the energy it receives from an impact equals the quantum hf. I urthe. more. 
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eneigy hf mijilit l)C sufficioiit to start one tyj>e f)f vibration but not otliers. At 
very low temperatures the impacts may not be energetic enough to excite any 
\ il)iati()ns. The low values of the atomic heats of the light elements Be, B, C, 
anil Si at room temperatures are caused by the fact that, since the light atoms 
li.ave huge vibrational fte<piencies. a correspondingly higher temperature is 
necessary to excite by impacts all tlie modes of vibration. 

17.6. Heat of Fusion and Heat of Vaporization. .Although we shall 
postpone to the following chapter a detailed discussion of the change 
of a .substance from one state or phase to another, we must define at this 
point, because of their use in calorimetric meiisurements, the terms latent 
heats of fusion and vaporization. Block (1728-1799) was the first to 



Km. 17.2. 'J'ln' atcunic liralsof suli<ls drop toward zero as the temperature approaches 
ahsohito y.vro. 


.show that wliile ice is melting or water is freezing the mixture remains at 
constant temperature, as does also water boiling under constant pressure 
or steam condensing into water. However, large quantities of heat are 
ahsorlied in the melting and vaporization processes and are released in 
the freezing and vapor-condensation processes; Black called these latent 
heats. The energy of motion gained by the molecules of the solid or 
liquid from the heat source is elianged in these transformations immedi- 
ately into potential energ,v; i.e., it i.s consumed in working against the 
intermolecular forces that bind the molecules close together in the solid 
or liquid states. 

'I'lie quantity of heat that is ab.sorbed by unit mass of a solid to melt it 
without change of temperature is called the heat of fusion. Then the 
quantity of lieat Q that will melt a mass m at constant temperature is 

Q = niL (17.3) 
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where L is tl>c heat of fusion of tl.e sul.stance. For water nnder normal 
atmospheric- pressure the melting point is (fC or 32“F. ()ne sram of 
in meltins uiuler these conditions absorhs 80 cal from its sun onndmus, 
while a gram of water in freezing gives out 80 cal to its surroundings. 
That is, the heat of fusion of water is 80 cal gm, the correspoiulmg value 

in the Englii^l' svstem of units being 144 Iftu, 11). 

Similarly the cpiantity of heat that must be supplied to unit mass ol a 
hciuid to convert it to vapor without change of temperature is called the 
iJal of vaporization. Kipiation (IT.-I) may be useil to calculate- the quan- 
tity of heat Q needed for this vaporization iirocess, if L now denotes the 
heat of vaporization of the substance. At normal atmospheric pre.ssurc 
of 7(i cm of mercury, water boils at lOO-C, and it takes .All) cal t<> vaporize 
a gram of water under these conditions. The heat ot vaporization of 
water is thus .'iSO cal gm, the corresponding value in the Fnghsh system 

\)ciuK 970 Btvi n>- r -i r < 

17 7. Calorimetry. The Method of Mixtures. One ot the earliest 

methods of measuring heat ipiuntities is the method of mixtures. Ihe 

principle of this method is simple: if heat interchange between two 

bodies at dilTerent temperatures takes place m a thermally msula ed 

enclosure, the heat lost by the warmer body ecpials that gamed by the 

colder body. Such an experiment would be very simple, merely u eig iing 

the two bodies and reading the initial and final temperatures, were it not 

for the necessity of taking considerable care to minimize or measure the 

heat losses from the vessel, known as a calonmvtrr, m which the leat 

interchange takes place. The following example illustrates the applica 

tion of this principle in the determination of a specific heat: 

Worked Example. A copper calorimeter cup weighing 2dn gm contains 

250 gm of water at IT’C. Small pieces of a metal of unknown 

heat 0 totaling .300 gm are heated to 99°C and then dropped into he 

water. The final temperature of the mixture is 19.8 C. Kipiating 

heat lost by the metal to that gained by the water and calorimeter, 

300 X c X (99 - 19.8) = 2.)0 X 1 X (19.8 - 17) -h 200 X 0M>2 ^ 

= (2.50 -I- 18.4) X 2.8 

giving c = 0,031 cal gm- deg C-. The product of the mass and the 
Specific heat of the calorimeter, 18.4 cal/deg in this example, is knou n 

. In this example and in others to follow the units, 
simple, will not be consistently carried through ns » as done m 1 

ics. The student is asked, however, to insert units everywhere and to verify 

consistency. 
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its wafer equivalent. That is, a given (luantity of heat will raise this 
calorimeter or 18.4 gm of water through the same temperature difference. 

An apparatus for the ineasviremcnt of the specific heat of a metal is 
shown in Fig. 17.3. The sample *S is heated in a steam jacket to a temper- 
ature hut little less than that of the live steam. It is then dropped 
(luickly l)ut carefully into the calorimeter C of known water equivalent, 
Idled with a known mass of water. .Any additional piece of equipment 
that cfune.s into contact with the mixture, such as the stirrer, must also 
be represented in the heat ecpiation. 



Fk;. 17.3. Heater uinl culoriiiicler for measvireinent of the specific heat of motaLs hy 
I lie incthod of mixtures. 


'I’he precision of .such an exjieriment is ordinarily not high because of 
heat lo.sses. 3'o minimize these losses the calorimeter may have a bright, 
ni( k(>l-|)late(l suiface to reflect back the heat radiation, and it is always 
placed within another vessel to limit heat conduction to surroundings. 
.\nother good precaution is to choose the initial and final temperatures 
of the water so that, during the time for the mixture to come to the 
e{iuilibriurn teiniierature, heat is at first absorbed from the surroundings 


and then toward the end of the run given out to the surroundings. Since 
in this experiment the rise through the last degree of temperature takes 
much longer than that through the first degree, the final temperature 
of the mixture should be about that of the room or but slightly above it. 

17.8. Latent Heats by Methods of Mixture. The latent heat of fusion 


of ice may be measured by dropping a piece of ice, dried with a towel to 
remove the water film from its surface, into slightly warmed water in a 
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calorimeter. From the minimum temperature reachoil by the mixture 
the heat lost by the water in meltin}>: the ice may be calculated. If the 
initial temperature of the water is about as much above room temperature 
as the final temperatiire is below it, the heat losses are minimizetl. 

Worked Exornple. Dried ice at 0°C’ was droppetl into a calorimetcM- 
of water equivalent 10 cal des"' and containing 190 gm of ''f-jer 
at 30°C. The minimum temi)erature reached by the mixture was 9.8 ( , 
and the water content was then found to be increased by To gm. There- 
fore, 4.')/. + 45 X 9.8 = 200 X 20.2, giving L = 80 cal gm. 

The heat of vaporization of water may be determined by injecting 
saturated steam into a (piantity of water, below room tciniierature, in u 
calorimeter. The initial and final temperat\ires of the water are noted, 
and the amount of steam condensed is computed from the gain in weight 
of the contents. To the latent heat given out by this mass of steam in 
condensing at the steam temperature must be added the lieat gamed by 
the cold water from this condensate cooling to the final temperature ol the 
mixture. The sum of these two terms is equated to the mass of the cold 

water times its gain in temperature. 

*17 9 Specific Heat of a Liquid by the Method of Cooling. If two identical 
containers are filled, one with water, the other with a litpiitl of unknown specific 
heat, and both are heated to the same temperature, the lengths of time for the 
two to cool down to the same lower temi>erature are proportional to their respec- 
tive heat capacities. For the rate at whi<h heat is given off from identical con- 
tainers of the two li(iuids at the same tem|«rature will be tlie siime. Hence tlie 
rate at which the tempenitiirc drops will be more rapid for the container of lower 
lieat capacity. Natural convection currents in the liquids serve to k(‘ep the 
temjieratures of the cooling liquids uniform enough throughout their volumes. 

If the liquid of unknown specific heat c has a mass its beat capacity is wc. 
Suppose the mas.s of water in the other container to be ic and its specific heat to 
be unity. Let the mass of each container he m' and its specific heat be c . 
Then if the unknown liquid requires h sec to cool and the water sec o coo 

between the same two temperatures,* 

(17.4) 

(17.5) 


me + wi'e 


tc 4- m'c' 
wt\ - b m'c'(b — 
mil 


b 

ti 


or 


c — 


There is a useful approximate relation, first proposed by Newton in liOl and 
known ever since as Newtm’s law of cooling, Koverning the rate at which a l.ot 
liody loses lieat to its surroundings. According to this law of coo hug the rate 
of loss of lieat from a body is proportional to tlie difference in tcm,xirature betw« 
the body and its surroundings. If the heat capacity of tlie body is constant, 

» Note that in this section t denotes time, not temperature. 
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the time rnte of coolinK is J'lso proportional to the temperature difference. There- 
fore. if T is the temperature of the body and To that of its surroundings, 

= HT - r.) (17.0) 

where k is a constunt involving the heat eapacitj' of the body. Integrating Eq. 
(17. h) we obtain 

In (7’ - To) = -kl + C (17.7) 

in which C is the constant of integration. If at f = 0 the temperature of the 
body is Y'l. r = In (7'; — 7’.,). and conseciuently 

111 I “4" = -ht (17.8) 

1)^/0 


A plot of In (7’ — To) against the time t shouhl l)e a straight line if Newton’s law 

of cooling is correct. Actually this law 
is a fair ai)proximation only when the 



l''io. 17.4. .\rratigemont for determina- 
tion of the .specific heat of a fluid by the 
methoti of continuous flow using electri- 
cal hcatitig. 


temperature difference T — To is but a 
few degrees. However, the nature of 
the law of cooling in no way affects the 
principle on which this method of 
determining the si)ecific heat of liquids 
dei)end.s: Eq. (17.4) is still true. 

*17.10. Continuous-flow Method. 
In modern calorimetry electrical heat- 
ing is mucli used, since electric power 
may be accurately measured and the 
relationsliip lietweon the unit of electric 
energy and the calorie is well established 
(Joule’s equivalent). With electrical 
heating, the continuous-flow method 
ns sketched in Fig. 17.4 is an excellent 


way to measure the specific lieat of a fluid. In the steady state, with constant 
electric power and uniform flow of fluid, a constant temperature difference 
(7\ — 74) will exist between the input and output flui<i. If p is the density of 
the fluiil, c its specific heat, and </V dt the volume of fluid passing per second, 
then 



volts X amp 
J 


— losses 


(17.9) 


wlicre the product volts X amp is the electric power in watts (Chap. 30). The 
effect of losses may l»e calculated by using different rates of flow but with the rise 
ill temperature always the same. 

The continuous-flow method may also he used to measure the heat oj comhusixon 
of gaseous fuels. The heat of combustion of any substixnee is defined as the 



See. 17.111 


CALORIMETRY 


243 


amount of heat evolved per unit mass (or per unit volume of a «as) upon roin|)lete 
lmrnin« or oxidation. A steady stream of water is ])assed through the calorim- 
eter, which is so arraiiKed (of. Fig. 17.5) that all the heat from the burning fuel 
is absorbed. The heat of combustion may be calculateil from tlie steady-state 
rise in temperature of the water, its rate of flow, and the rate of consumption of 
the fuel. 

Measurement of the heat of combustion of a solid substance may be made with 
a bomb calorimeUr. The specimen is placed togethcj with oxygen vnnha' sc•^•eral 



Fkj. 17.5. 
fuels. 


(ontimimis-flow calorimeter for iiieasuring heat of combustion of gascnui-s 


atmospheres pre.s.surc in a stout-walled container or bomb. The bomb is tlien 
place<l in water in a calorimeter, the fuel is igniteci by a wire made incand<‘scent 
by an electric current, and the ri.se in temperature of the water noted. In Table 
17.2 ai e given the heats of combustion of a few substances. 


Tabic 17 . 2 . Heals of Combiuition 


Substaiu’c 

1 

Cal gm 

1 

Btii/lb. 

Htu/fC 

1 

Acetylene 

Coal, bituminous 

Coke 

Gasoline 

Furnace oil 

Methane , 

Ooal cas ... 

11 ,8(X) 

5,000-7,000 , 
6 , 000 

11.500 

10.500 
13,000 

1 

21,200 

10,000-14,000 

I2,fi00 

20 . 7.")0 
19,000 

23 , 550 


Natural cas 

1 


Fats, animal 

1 9 , 500 

17,000 


*17.11. Heat of Formation and Solution. In all chemical reactions heat is 
either evolved or absorbed. The number of calories of heat absorbed or liber- 
ated per gram-molecular weight (mole) of compound formed from the elements 
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uii'U'r the c<in«liti(>n of coii.-stant volume is called tlie heal of formation. Oxida- 
tit)n is, of course, a chemical reaction, and therefore the heat of combustion of a 
compound may he calculated from the heat of formation of tlie compound and the 
lieats of formation of the products of combustion. The heats of formation and 
coml»ustion in kilocalories ])cr mole for a few compounds are collected in Table 
17.3. 


Table 17.3. Heats of Formation and Combustion 

{k<'al mole at 20°(’) 


( otnpounil 

^'«>^mula ' 

$ 

lloat of 
fc»rnin1 ion 

1 

Heat of com- 
t>u:$tion 

AcctNlrrM' 

% 

!CdI, ’ 

-o4 3 ; 

1 

310 

( 'nrboM (t<i f ‘Oj) 

(’ 

1 

i 

94 

(':irl»on dioxide, gas. . . 

CO, 1 

94.4 


IXhyl al<Mihol, li(iui<l 

(’,1U(4H 1 

05.9 

341 

( 'arl)on disulliih*, gas 

f\S; ' 

-28.7 

265 


cii. 

20.3 


Water: 

1 

1 


i 

l/i<]uid . 

1 Il.o 

1 

08 . 4 


(las 

1 

1 

1 

1 57.8 

\ 



.\s an example of tlie relation between the heat of combustion of a compouml 
and the heats of formation involved in the reaction, consitler the combustion of 
metliane accordinj; to the e<iuation, 


C'H* + 20, -> CO, (j^as) + 2H,0 (liquid) 

,\<ldin>j the lu'ats of formation foi CX), and 2H,0 and then subtracting the heat 
of fornnition of C'lli, we get for the heat liberated in this reaction 

94.4 + 2(GS.4) - 20.3 = 210.9 kilocal/inole. 


If the heat of formation of a compound is negative (heat is absorbed when the 
compouml is formed), us in the case of jicetylene, tlie heat of combustion is usually 
large, for, upon burning, the heat given out includes this heat of formation 
as well as the heats of comlmstion of the eleujents carbon and hydrogen. 

W’hen a compound di.xsolves in a sohent, heat is eitlier evolved or absorbed. 
'I'his is called the heat of suhition and is usually exj)ressed in kilocalories per mole 
of comjiound at an indicjited temperatuie. The number of water molecules to 
one of the substance is also usually specified: and if it is not, the dilution is under- 
stood to be such that any additional dilution piod\ice.s no appreciable lieating 
elTects. If concentrated sulfuric a»-irl is poured into water, the solution gets warm 
and the heat of solution is tlierefore positive (17.75 kilocal at 18®G for 200 water 
molecules to 1 of acid). If, on the other hand, ammonium chloride is dissolved 
in water, the .solution becomes cooler, and the heat of solution is negative (—3.895 
kiiocal, also at 18®C and for 200 water molecules to 1 of the NH^Cl). 
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PROBLEMS 

Conversion factors: 1 kcal = 1,000 cal.: 1 Btii =* 252 cal = 778 ft 11>: 4.18(5 
* 1 cal; 1 joule = 0.23S) cal; heat of fusion of water = 80 cal./fjm = 144 JUii Ih; heat 
of vaporization of water = 530 cal grn = 070 Htu Ih. 

1. How many calories are needed to raise the tejnj>erature of 1.2 kg of aluminum 
from lO to 100°('? How' many Btu are required to raise the tempt'rature of 3 ft® of 
water from 40 to 2(X)'^F? 

2. A mass of 150 gin of aluminum is heated to OO^C' ami placed in 1(X) gm of a licpiid 
at I2‘’('. contained in a copper calorimeter who.se ma.s.s is 30 gm. The temperature 
of the liquid rises to 40®('. Kiml the specific heat of the liquid. 

3. .\ quantity of lead shot weighing 400 gm is heated in a steam jacket to 00°(' 
ami then dropped into 200 gm of water at 10®C, contained in a copper calorimetcT 
cup of mass 80 gm. ^^■hat is the final temperature? 

4. .\ quantity of ethyl alcohol at 30®(' was mixed with some water at 12'’C'. Tin* 
resulting temperature was 20®C\ What was the ratio of the mass of alcohol to tliat 
of the water? 

6. What is the restdt of mixing in cipial parts hy wi'ight ice at 0"*C’ ami watiT at 
(j0“('? 

6. What is the conversitm factor to chaiigi* a heat of coinhustion in calorie.s p«>r 
gram to Bin j)er |>ound? 

7. How manv IHu woidil be r«*quire<l to change 1 lb of ice at — 20®(' to steam at 
1S0®(’ and atmospheric pressure? 

8. The gas company in a certain city supplies a mixture of coal gas ami natural 
gas having a heat of combustion of 850 Btu ft®. If in a hot-water .system 0.3 of the 
fm‘l heat is wasted, how much of this gas will be required to heat the (5 ft® of water 
needed for a bath from 50“* to 105‘’F? 

*9. Using a flow calorimeter with elei-tric-powcr input of 200 watts, it was observed 
that, with a flow rate of 1,200 cm®/min of a liquid of density 0.02, a steady-state 
temperature dilTeremM* of 5.5®C’ existed between tlie inpiit and output licpiid. Calcu- 
late the specific heat of the liqtiid. 

*10. In a calorimeter using the method of cooling, the copper container weighs 
100 gm. When it is filled with 300 gm of water, 800 sec is required for cooling between 
two observed temperatures. When it is filled with 275 gm of another liquid, 350 sec 
is required for cooling bctw'een the same two temperatures. What is the specific 
heat of the liquid? 

*11. In a bomb calorimeter made of steel and weighing 2 kg tluTC are 2 kg of water. 
Five grams of coal is burned, causing a rise in temperature of IS^C. Taking the 
specific heat of steel as 0.107, calculate the heat of combustion of the coal. 

*12. \ body is initially at a temperature of GOT, while its surroundings are at 50°C’. 
After 5 min its temperature is 56°C. When will its temperature be 53*0? 
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CHAPTER 18 
CHANGE OF STATE 


18.1. Solid, Liquid and Gaseous States of Matter. From X-ray 
fitudios it is known that in crystullim' solids the atoms are all located at 
definite i)oinls in a lattice arrangement. The atoms vibrate about these 
lattice points, the amplitude of the vibration increasing with the rise in 
temperature. At the melting point, which occurs at a fixed temperature 
(litTerent for each crystalline substance, the amplitudes of the vibrations 
have become so large as to disturb the orderly arrangement of the atoms. 
Heat energy absorbed by the solid during the melting proce.ss is used in 
overcoming the attractive forces between the molecules and so producing 
increased molecular potential energy. Amorphous substances such as 
wax. tar. and glass, as well as most alloys, do not have sharp melting 
))()ints but rather pass from the one state or phase to the other over a 
rang(‘ in temperature of a few degrees. The change from the solid to the 
licpiid state is known as m(Ilin<j, or/a.s-m/i; the reverse change, i\s freezing. 
During freezing the molecules in settling down into their lattice positions 
liave their potential energy changed back into kinetic energy, which is 
given as heat energy to the immediate surroundings. 

W'hen a litpiid changes to the gaseous state, a process known as vapor- 
ization, there is a further, much larger increase in the average distance 
between molecules. Heat energy is absorbed by the licpiid to supply 
this increase in potential energy, or internal energ>'. of the substance. In 
addition, a ])ortion of the ab.sorbed heat energ.v is consumed in doing 
(‘.rlrrnat work in the expansion against the pressure confining the sub- 
stance. In (he rever.se change from the gaseous to the liquid phase, 
known as rondenmfion, energy must be given tip as heat energy to the 
surroundings. 

The transition directly from the solid state to the gaseous state, called 
snhliinalion, also occurs. It takes ])lace. for instance, when “dry ice” 
at atinosjtheric pressure changes to carbon dioxide gas without going 
through (he liquid ])hase. To produce sublimation there is, of course, an 
absorption of heat energy in order both to increase the potential energ>’ 
of the molecules and to do the external work in the large expansion against 
the pre.ssuro of the atmosphere. 

18.2. Melting and Freezing. Every pure crystalline solid has under 
the usually existing condition of atmospheric pressure a definite fixed 
melting point. The mixture of solid and liquid remains at this constant 
temperature, continually absorbing heat from the surroundings, until all 
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the solitl is molted. When the pure litpiid cools to this same teinperatui e. 
freezing begins and the mixture stays at this temperature, giving out heat 
to the surroundings until the mass is eoinjiletely solid. Hy placing tubs 
of water in their fruit cellars on cold nights, farmers sonu'times make 
use of the fact that sufficient lieat is given otT by the water in freezing 
(80,000 cal, kg!) to prevent tlainage to the fruit. As already mentioned, 
the’ amount of heat absorbed in melting or evolved in freezing per gram 
of substance is called the heat of fusion. This (piantity may be measureil 
by the calorimetric methods discussed in the preceding chapter. In 
Table 18.1 are given the melting ])oints and heats of fusion for a number 
of crystalline substances. Note that the ratio of cal'gm to the cor- 
re.sponding Htu 11) is 5/9. 

Tabic 18.1. MeUiruj Points and Heats of Fusion 


.\lcoho!. ctfiyl 
Ahiiaiiuiiii ... 

Copper 

Ix*a(l 

Mercury 

Nitrogen 

Oxygi’ii . . . - . 

Pliitiiaim 

Silver 

Tin 

Water 


Melting;; 

point 

Ill'.'lt o 

f fusion 

0(. 

oy 

e»l fiiu 

btii 

Ih 

- 1 1 J . 4 

1 

-174 

' 24.5) 

44. 

8 

(5.18 

1 ,21() 

76.8 

138, 

2 

1 , 083 

1 ,080 

42. 

75 

.6 

327 

(521 

5.8(5 

10 

, 55 

- 30 

- 38 

2.82 

5 

.08 

-210 

-346 

(5 . 00 

10 

.0(5 

-210 

- 362 

1 

3.30 

5 

.04 

1 , 7.15 

3,100 

27.2 

40 

.0 

0(51 

1 , 7(52 

21 .07 

37 

.0 

232 

4.10 

14.0 

25 

.2 

0 

32 

70.71 

144 



Most substances contract on freezing, so that the solid sinks in the 
liiluid. Water, however, expands when it freezes, resulting in such 
efTecds as the bursting of water pipes, rupture of plant cells, anti splitting 
of rocks. In addition to water, iron, bismuth, antimony, and a few 
alloys such as type metal (58% Pb, 20% Sn, 15% Sb, 1 % C’u) expand on 
solidifying. Because of this property excellent castings result when 
these metals in the molten state are poured into molds. 

Even though a fixed melting point exists, there is no sharp transition 
from the crystalline state to the litiuid state in which all the molecules 
are in random translational motion. X-raj'" analj’^sis show.s that neai the 
melting point the solid is not entirely crystalline, wliile just after melting 
there is still much crystalline structure in the liquid. It has also been 
revealed by X rtiys that many amorphous solids are really made up of 
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inkTuscopic crystals. Other amorphou.s solids, such as |?luss, arc uruler- 
coolcd liifuula of veiT high viscosity. 

W'hen a crystalline substance is heated until it is li(juid at a temperature 
well aljove the melting point and it is then allowed to cool, a jdot of its 
temperature against time is known as a cooling curt'c. Such a curve 
for pure iron is shown in Fig. 18.1. At 1539®C the liquid freezes, as is 
indicated by the horizontal portion of the curve at this temperature. 
Hut this is not the only transition point, for in cooling to room tempera- 
tine the solid goes successively through four crystjilline fonns, or phases. 
As the iron in cooling passes from one of these phases into the next, there 
is a rearrangement of the atoms, \Nith accompanying evolution of heat, 
similar to tlie heat of fusion. This is ea.sily observed in a length of iron 

wire heated bv an electric current 
to a bright orange-yellow color. 
On cooling, as it approaches 900®(’ 
it is red in color, but at about this 
temperature it suddenly brightens, 
indicating transition from the y to 
the d crystalline structure. Such 
changes in the arrangement of the 
atoms in their lattice striicturehave 
l)een observed for many crystalline 
solid.s from these transition points 
in the cooling curves. 

-Vny cooling licpiid if quiescent and free from impurities may be uruler- 
coolvd several tlegrees below its normal freezing point without solidifica- 
tion. This condition is unstable, however; and if a particle of the solid 
is dropped into the undercooled liquid or if the liquid is agitated, crystal- 
lization immediately occurs. There will then be such a rapid evolution 
of the latent heat of fusion that the mixture will usuallv rise to a 
temperature several degrees above the freezing point before settling 
back to that temperature as the solidification becomes complete. 

18.3. Effect of Pressure upon the Melting Point. On a substance, 
such as water, which contracts on melting, external work is done during 
the mc'lting process. Since greater pressure increases this external work, 
tlie melting will thereby be aided, so that it will occur at a lower tempera- 
ture. If, however, as with most other solids, exi)ansion accompanies the 
melting, increase in pressure will raise the molting point. The effect of 
increase in pressure on the melting ])oint of water is represented in Fig. 
18.2. This lowering of the melting point is not large, for to drop the 
melting point i°V the pressure must be raised to about 135 atm. 

This curve represents the only conditions of pressure and temperature 
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vmder " hicl, the solid ,md liquid can exist toKCthcr in cq.iililainm. The 
resion of this diaRia.n to the left of the eu.ve .epresents the solal stale, 
and for eciuilihrium for any combination of ,,res.snre and teinpeiatine 
Iviiie to the right of the cvirve the suh^^tanec nuist lie entirely in the luivn.l 
state. Following the lowering of the melting point with 
i„ pressure, it has been found that a minimum value « “ ^ " 

at about 2,500 atm i>ressure. For even greater pressure^ 1 . . Hi idgma i 

has shown that water is transformed liaek into the solid phase again am 
a, extremelv hish press, nes he has demonstrated that ice exists m at eas 
live dilTerent forms. For one of these forms the melting point at about 


20,000 atm is 80®C. 

If a wire with weights at each 
end is looped over a block of ice, it 
slowly melts its way through tlic 
ice, whicli freezes again above the 
wire. 'I'his process is known as 
rc(jelation. The iec immediately 
hvlow tlie wire, being under 
increased jjressure, bvit at 0 C , is 
above its melting point. A little of 
it therefore melts, with absorption 
of heat, below the wire. This 
water at slightly below 0°C flows 
around the wire, above which it 
freezes again be(‘ause in that region 
the pressure is normal. Tlic heat 



Fio. 18.2. FfTiMtt of pressure on meltiun 
j)oint of water. 


used up in melting below tlic wire is provided by the heat of fusion of 
the water freetiing above it. The formation and flow of ghicers are an 

example of regelation. 

*18.4. Impurities and the Melting Point. The presence of even a slight 
amount of any imiairity lowcr-s the melting point of a substance. U bus sea water 
luis a lower freezing jKiint than i>ure water. For dilute solutions the loueiing o 
the freezing lioint is approximately proportional to the amount of the dissolve, 
material. If the tcmi>erature of a solution is lowered l>eyond its freezing point, 
the pure solvent only will at fii-st freeze out of the solution. An antifreeze imxturc 
of alcohol and water to freeze as a mushy mixture of lee and liquid. Upon 

lowering the temi>cratuie further the alcohol content of the remaining solution 
rises until a certain concentration is reached, and then the mixture crystallizes. 

Such a mixture is called a cryohydratc. , ..v 

This effect of impurities in loweiing the melting point is m accord "’J^h oui 
discussion of tlie nature of the melting process. If foreign particles are embede ed 
in the crystal lattice, it is fairly evident that their presence will result m the 
breaking up of the regular arrangement of the atoms at a lower temperature. 
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III an alloy comiiosoil of two metals the presence of small amounts of either 
metal lowers the meltiii}? [loint of the otiier. tlie drop in the melting point being 
|)i()portional to tlie amount of the minor component, up to a certain limit. That 
combination of two metals which gives a minimum melting point is called a 
i iiltdic' mixlun. Figure 1.S.3 is a |)h)t of the molting point of solder, which is a 
le!»d-tin alloy, for various percentages by weight of the two components. The 
eutectic comes at !S1®(' for the composition tin (i3 i)er cent, lead 37 per cent. If 
one started with a nmlten mixtuie of 20 jjer cent tin and SO per cent lead at a 
temperature of 4(K)’(’ and allowed it to cool, the process would i)roceed along 
the dotted r-urve of the diagram, rjxin reaching the point .1. lead would begin 
to freeze out. T.iitent beat <»f fusion would be released to retard the cooling. 

Finally, when the eutectic eomixrsition 
is reached, the residue would freeze, 
the tem|)erature remaining constant at 
1H1“C’ until solidification i.s complete. 
Starting with an ISO per cent tin. 20 per 
cent leail mixture, the tin would begin 
freezing out first at B, continued cooling 
leading again to the same eutectic. 

By introducing a third metal, bis- 
muth, into this mixture a eutectic alloy 
with a melting point of 90®C maj' be 
made. With more constituents an even 
greater lowering of the melting point 
may be effected. An example is 
Wood's metal (o0% bismuth, 25% lead. 12.5% tin. ami 12.5% cadmium), 
which melts at r)5.5°C'. 

18.6. Vaporization. The molecules in a litiuiil are moving incessantly 
in a random manner with a ratluM* wide distribution of velocities abont a 
moan value that increases with the temperature. If a molecule at the 
surface of the li(iuid has a velocity with an upward component normal 
to the surface, it will shoot out of the liquid. Possilily the attractive 
force from the molecules in the surface will pull it back into the liquid; 
hut if its velocity exceeds a certain critical value, it will escape into the 
region al)ovc the !i([uid and form part of the vapor. If the faster moving 
moloculos arc thus constantly leaving the liquid, the average kinetic 
energy of tlie remaining molecules in the litpiid must be lowered. Now, 
as will be seen in (‘haj). 20, tlie temperature of the Utjuid is proportional 
to the average kinetic energy of its molecules, and hence the process of 
cvatioration must cool the liquid. This cooling effect is a matter of 
common experience, illustrated, for example, in the cooling of the skin 
by tlie evaporation of perspiration. 
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Sec. 1 8.51 


CHANGE OF STATE 


251 


Table 18.2. SattiraUfl 
Ti’inp 

20 

40 

(iO 

SO 

UX) 

140 

ISO 


Vapor Pressure of U aler 
I’n'ssiut’. nil llfi 

0.4r)8 
1 .751 
5 . .5 1 3 
1 4 . 02 
35.51 
7f) 0 
271 .0 
751 . 4 


120 


V 
3 

^ OO 
w ^ 

|o 80 

Si ^ 

<5 






“zr 



1 




1 



Liquid 

J 




Vapor 



If the spare above tlie litiuid surfare is some of the molorules 

of the vapor in their random motion .strike hark into tlie luinid. As the 
density of the vapor increases, the 
luiniber of molernles retnrninfi; to 
the licinkl per second increases, until 
finally a state of ecinilibrium is 
reached in which the number return- 
iiiK to the litpiid balances the number 

leaving. The vapor is then s;dd to 
be saturated, and this maximum 
vapor jjressure is called the saturated 
vapor pressure. \ allies of the satu- 
rated vapor pressure for water at 
several temperatures are gi\’en in 
'I'able 18.2 and arc plotted in Fig. 

18.4. The points on this cuiwe 
represent the conditions under which 
liquid and vapor exist together in 

eiiuilibrium. If at any of the.se 
points the pressure is inerenserl witln.ut increasing tlie temperature, 

all the vapor will condense, while if the temperature is increased with- 
out increasing the pre.ssure all the liipiid will vaporize. The region to 
the left of the curve in this diagram represents the all-hquid condition, 

that to the right of the curve the all-vapor condition. 

The vapor in the confined space above the liquid will increase in densdy 
up to the saturated condition even though other gases may be oircupymg 
the space. Thus, if air at the normal 76 cm of mercury pressure is pres- 
ent and the temperature is 20°C in the enclosed space above a liquid 
water surface, water vapor contributing an additional partj^d^pressurc 
of 1.75 cm will form, so that the total pressure becomes 77. i a cm ol 
mercury. The presence of the other gas retards the rate of evaporation, 
however, because of collisions between molecules of the gas and of the 
vapor. If the space above the liquid surface contains nothing but the 
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Vapor 


h — Liquid - 


vapor and the volume of this space is suddenly increased, as by raising 
the ga.-^tight piston in a cylinder containing nothing hut the liquid and 
its vapor in equilibrium (Fig. 18.5), the increase in the evaporation of 
licpud to restore the vapor to it.s sjiturated pressure takes place practically 
itistantaneously. If the piston is then suddenly lowered, the rate of 
return of the vapor molecules to the liquid immediately increases until 
the erpiilibrium saturated vapor density (and pressure) for the existing 
temperature is again established. 

18.6. Boiling, ^^*hen bubbles of saturated vapor form in the interior 
of a mass of licpiid an(l have sufficient pressure to be stable, growing by 
accretion of more molecules as they ri.se to the surface, the liquid is said 

to be ))oiling. These vapor bubbles in the interior 
of the litpiid will not be stable unless the pre.s.sure of 
their vapor is at least equal to the external pressure 
on them. TIjerefore, the boiling point of n liquid u 
that lewperoliirc at which ils vapor pressure equals the 
aluiospheric pressure on the liquid. 

At normal baiometric pressure of 7() cm of mercury, 
the boiling point of water is 100°C; in fact, this is arbi- 
trarily taken as one of the fixed ])oints of the tlier- 
mometer scale. Hut it will boil at a lower temperature 
if the pressure above the liquid surface is reduced. At 
an altitude where the normal barometer reading is 70 
cm of mercury, water boils at 07.7®(\ From the data 
in Tal)le 18.2 it is evident that, if the pressure above 
the water in a clo.sed vessel is reduced to 35.51 cm of 
mercury, boiling will begin at 80®(\ Thus a satunited vapor pressure 
curve such as Fig. 18.4 may be said to be a boiling-point curve. The 
essential e((uipment to obtain this in the laboratory is sketched in Fig. 
18.(). The ii(juid is placed in the boiler B, which is connected through the 
condenser C to a manometer ^f and to a vacuum pump. The thermom- 
eter T for reading the l>oiling temperature at any pressure should have 
its bulb just above but not in the lujuid, for the temperature of the liquid 
may be slightly higher owing to the presence of impurities. 

Impurities in general raise the boiling point of a liquid, the elevation 
of the boiling temperature being, for small amounts of impurities, pro- 
portional to the amount iiresent. In cooking, salt or sitgar added to the 
water raises the boiling temperature somewluit. The rise in the boiling 
point is about 0.5°C for each mole of any nonvolatile substance dissolved 
in a liter of water. 

18.7. Heat of Vaporization. Work Done in Expansion. The amount 
of heat letiuired to change unit mass of a liquid to vapor without change 


Fig. 18.5. Siitu- 
vapor pre.s- 
SJirr is iiitlrp«-n<loiit 
of vtjhniH* aliovc 
tlio lii|ui(L 
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of temperature is called the hrnt of vaporization. This (juantity may he 
determined by one of the calorimetric methods ovitlined in the previovis 
clmpter. As seen in Sec. 17.6, most of the heat energy absorbed by the 
substance to vaporize it goes into increa.^ng the potential energy of tlie 
molecules, z.c., into work done against tlie intermolecular attractive 
forces in producing the large increa.se in the average distance bet^^■een 
molecules. A sizable fraction of tliis lieat energy, however, goes into 
external work done in the expansion of the substance against the conlinmg 
pressure. When the vapor changes back to the liquid state, the heat of 



Kic!. 18.G. Apparatus fur (lotfriiiination of hoilinK-l>‘>int cvirvo. 


vaporization is given up to the surroundings, wUh conversion of the 
molecular potential energy into kinetic energy. For example, in steam 
heating systems it is chiefly the heat of vaporization of the steam m 


condensing that warms the radiators. 

The value of the heat of vaporization of any substance depends on the 
temperature at which the change from liquid to vapor occurs. For 
water it is 539 cal/gm at the normal boiling point of 100°C, but it is 
596 cal/gm for water boiling under a pressure of 0.46 cm at 0°C, while at 
ISO^'C the heat of vaporization of water has fallen to 478 cal/ gm. At the 
critical temperature (C^hap. 19), at which the distinction between liquid 
and vapor vanishes and which occurs at 374'’C for water, the heat of 
vaporization becomes zero. In Table 18.3 are given the normal boiling 
points and corresponding heats of vaporization for a number of common 


liquids. 
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Tahir 18.3. Xonnal Boilinij Points and Heats of Vaporization 



Hoiling pt 

Heat of vaporization 


.(■ i 


cal gm 

litU/lb 

Alcobol. cthvl J 

! 78 3 

100 

2W 

368 

llclinin 

1 -208.6 

-451.5 

6 

10.8 

Merenrv 

! 3.57 

675 

65 

117 

Nit ronton . . 

! -105.6 

-320 

47.6 

85.5 


-182.0 

-207 

50.0 

91.6 

h' ^ * 

Sulfur . 

138 

280 

50 

00 

\\*at<T 

100 

212 

530 

070 

One gram of water at 100^0 occupies 

a volume of approximately 1 cm^, 


h 


- 1 
■ I 
I 


.-.I 


4 • • 

wlu’roas 1 of saturated steam at tliis temperature has a volume of 

1.G7G cm^ Before computing the 
exact amount of work done in this 
expansion, let us consider the gen- 
eral prol>lem of the work done in an 
expansion against a constant pres- 
sure. Suppose that the substance 
fills the volume between the end of 
the cylinder and the gastight, fric- 
tionless piston in position a {Fig. 
18.7). Atmospheric pressure p is 
exerted against the other side of 
the piston, which has an area A. 
A certain amount of heat is now 




I'lt;. 18.7. Work is done by the <-xpHa- 
.sioii in the' v.'ipori/iition process. 


supplied, enough just to vaporize all the Uipiid in this case, the resulting 
expansion i)ushing the j)iston through a distance j in the cylinder. Since 
the total force against the piston has been constant and of value pA 
throughout, the work that has been done is 


ir = Fx = pAx = p X (vol change) 


(18.1) 


We may now compute the external work done when 1 gm of water is 
converted to steam at atmospheric pressure: 

ir = (7G X 13. G X y80)dynecm"“ (1,G7G — Uem^ 

= 1.013 X 10®dyneem“- l,G75cm^ — 1G9.7 joules 

and since 4.18G joules = 1 cal, 

,,, 1G9.7 , 

" = 4186 = 
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Therefore, of the 539 cal absorbed by the Brain of water, 408 cal is con- 
sumed in producing the increase in molecular potential energy and 

41 cal in (loins external work. 

Eciualion (18.1) holds when a substance, say a sas. expands asauist 
conskint pressure. If the jwe.ssure varies durin- the expnnsu.n. the 
increment (/U' of work done for a small volume chanj-e f/l is 

,/M- = pdV OS.2) 

and hence tlie total work done for the finite expansion from the on-inal 
volume to a volume Vi is 


M 


■ = (’■' 
j\\ 


P 




( 18 . 3 ) 



To evaluate this intejiial the func- 
tional relationship between p and V 
must be known. Graphically, if the 
\'alues of p are plotted against V 
as in Fig. 18.8, the area under the 
cur\’e represents the value of the 
integral between the volume limits 

given. If the pressures are known ,.x,mii<linK apainst. the pressure* 
from a gauge calibrated in lb, in- and 

the volumes are measured in cubic feet, the gauge readings must be con- 
verted to lb ff^ by multiplying by 144 in order to give U in foot pounds. 
Finally considering this work done in expansion as positive, if a vapor 
condenses or a gas contracts in volume, then the external pressure does 
the work and we must regard 11’ as a negative (quantity. 

18 8 . Sublimation. The change directly from the solid to the vapor 
state can occur under the proper conditions of temperature and ijressure. 
('ommon exami)les of this process, known as sublimation, are the vapor- 
ization of iodine crystals and of “dry ice.“ The latter subluncs at 
normal atmospheric pressure, for carbon dioxide cannot, exist m he 
liquid state at a pressure below about 5 atm. If ice is heated vhen i is 
under a pressure less than 4.G mm of mercury, it will pass directly to the 
vapor state. Just as for the solid-li(iuid and liquid-vapor transitions, a 
curve may be drawn connecting all the points of corresponding pressure 
and temperature at which the solid and vapor phases can exist together m 
equilibrium. Such a line in the pt plane is known as the sublimation 


curve. 


} f 


1 y C 

In Fig. 18.9 are plotted in one diagram the three e(iuihbrium curves for 
water. Each of the three areas of this diagram represents all the condi- 
tions under which just the one state can exist. The curve PA represents 
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all tho prossure-temperature combinations for which liquitl and gas may 
exist in etiuilibrinin with each other. Similarly, the curve PB gives all 
the pt combinations for which solid and liquid may exist together in 
e(pulibrium, while PC is the plot of the solid-vapor equilibrium conditions, 
'riiese three curves meet in a common point, where all three states — solid, 
li(|ui(l. and vapor — must exist in equilibrium with each other, and this 
is the sole press\ue-temperature combination at which freezing and 
l.oiling can occur .simultaneously. The point P i.s called the iripk point, 
and for water it corresponds to a pre.ssure of 4.(5 mm of mercury and-a 



Kn:. 18.0. Tin* throe oquilihrium oiirvo.s meet in a common point, the triple {mint. 

temperature of -(-0.0()72°(’. The temperature for the triple point of any 
substance is very near its normal freezing point, since the change of 
fn*ezing point with pressure is very slight. 

PROBLEMS 

1. How much heat is liberated when 10 ft* of water freezes at 32®F? 

2. A piece of copper weighing 250 gm is hcate<l to 400°( ami placed on a large 
l.lctek of ice. A.ssumiiig tliat all the heat given up by the eopper goes into melting ice, 
how iiiueh ice is melted? 

3. What must he the velocity of a lead bullet at 50®C so that when it strikes a 
target, If all tlje lu'at is developed within the bullet, it will just he melted? 

4. How much steam at must be added to 1 kg of ice at — 20®C’ to give noth- 

ing hut water at O’^C? 

6. pre.s.sure cooktT is filled with steam at a gauge pressure of 15 Ih, in* (gauge 
pressure i.s tlie pressure in excess o4 atmospheric pressure). What is the approximate 
temperature within the <M)ok«'r? 

6. Hc*at is supplied to 500 gm of ice at — 10®(', converting it finally to steam at 
1(K)°(’. If the heat is supplied at a eonstunt rate of 1,000 cal min, how long will this 
take? I’lot a graph with time ns ahseis.sa and temperature as onUnatc. 

7. How much heat will be liberated when 1 lb of sleani at 212®F is changed to ice 
at 32“ K? 

8. One pound of water is boiled at 212“F and atmospheric pres.sure. becoming 
20.8 ft* of steam, f’nlculate the external work of the expansion, in foot pounds. 
\\’hut is the increase in internal energy, in Bin? 
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9 Take a ina.ss of water substaiiee across the triple-point ilia«rain at some con- 
stant pressure above the triple point, explaininf; just what bapi>C'iis a« the hues an- 

crosse<l Do this also for a constant temperature of - DC . 

10 What is the total force on the eml of a boiler 2 ft in aiaineter if the temperatun- 

of the water insi.le is 1-10°C? (Netih-et the weight of the water.) ^ 

11 The skatiiiK o<lge of one of a pair of ice skates has an an-a of 300 mm-. 1 h. 
skater weighs 17o lb. .UsuminR that the drop in the meltinR point <.f lee varies 
linearly with pressure at the rate of DC drop for each 135 atm increase in p calculate 
the lowering of the melting point under the runner of this skate. Do vow Wipe th.i 
this is the main reason for tlie small amount of friction between the steel skate ami 

^''izl '^Ono thousand gallons of water is heateil in a boiler from 70 to 302°K, at wlrn-t. 
temperature water boils under a pre.s.surc of 60.04 Ib/in.* If the heat of yaponza u>n 
at 302M*' is 907 Btu lb and the average specific heat of water in this temper.itun 
range is 1 01 Btu lb*' <leg F->. how much heat is recpiired to raise the t.-mperature 
and evaporate this water? How many cubic feet of natural gas would produce this 


heat? 



CHAPTER 19 

PROPERTIES OF GASES AND VAPORS 


19.1. Boyle’s Law. .V gas is a fluid that will expand so as to occupy 
completely any volume into which it is placed. For gases, as for liquids, 
the shear modulus of elasticity is zero, as de.‘<cribed in C’hap. 13. In the 

j)resent <'hapter we shall discmss those properties of 
gases that are temperature dependent. Since all gases 
may he liquefied, there is no real difference between a 
gas and a vapor. Below its critical temperature (Sec. 
19.9), however, a gaseous substance may properly be 
referred to as a vapor. But an unsaturated vapor 
docs obey all the gas laws. 

Robert Boyle in 101)2 discovered a simple relation- 
ship between the pre.ssure and the volume of a con- 
fined gas. For a given mass of gas at constant 
temperature the product of the pressure and the volume of 
the gas is constant. For pre.-isures above atmospheric 
Boyle used a tube of the form .sketched in Fig. 19.1. 
.\ir uas trapped in the closed end of the tube at V by 
mercury, and the pressure on this air could be varied 
by regulating the height of the mercury in the open 
arm. 'Hie ])ressure for a difference in level h of the 

mercurN' in the two arms is R + h, where B is the 

atmospheric i)ressure in centimeters of mercury on the open end. If p 
is the pressure and V the volume of a mass of gas, then 

pV = C (for const temp) (19.1) 

\N here tlie vahic of the constant C is. of course, proportional to the mass of 
gas used. If />i and I’l are the jjressure and volume of the gas under one 

condition, while ps and !'« are another pair of values for the same gas 

at the same temperature, 

Pil’i = p-iW (temp const) (19.2) 

(’areful measurements show tliat this law is not perfectly accurate, the 
inaccuracy becoming noticeable at high pressures (Sec. 19.8). For all 
gases at low j)ressures aiul at temperatures well above their boiling points, 
however, Boyle’s law is accurate enough for all practical purposes. It is 
found convenient to speak of an ideal gas, an imaginary gas that obeys 
Boyle’s law e.xactly for all pre.ssures. This ideal gas has simple proper- 
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fsiin-s i)v«‘r atnios- 
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Sec. 19.2] 

ties and is .'loselv approximated l>y real sases at v.-ry low pressures and 
by helium and hydrogen even at ordmary pressures. I rom anothei 
point of view an ideal gas is one dcvoi.l of intermolee.dar forces. In 
(’hap. 20 we shall show that sucli a gas satisfies Hoyle s law^ 

19 2 Isothermal Expansion of an Ideal Gas. In 10.2 aie p o o 

the pressure-volume relations of an ideal gas for two dilTerent t.unpera- 
tures 'I'hese so-eallcd isolhermal (GreeU ikos. ecptal: Ihrrmos. heat) 
curves or pV curves for constant temperature, are eqiulateral hyperbolas, 
asymptotic to the p and 1’ axes. The tem,)erature h is higher than b. 

for tlie eonstant C increases with 
temperature. 

A\'hen any gas is compressed 
rapidly hy a pump, the gas is 
lieated. A rapid expansion, con- 
versely, cools the gas. Most p\ 
cluinses are therefore not isother- 
mal ])rocesses. To ensure the 
validity of isothermal relationships 
we shall have to assume, then, that 
the comiiressions and expansions 
arc carried out so slowly that heat 
transfer to the surroundings can 
take place to maintain the temper- 
ature of the gas constant. 

Sui)pose that a given mass of an 
ideal gas at a pressure p and volume 



Kki. 1U.2. Isothermal ciirxes 
{f}V = const) for an iilcal gas. 


Ideal gas ai a piesnun- // 

r has its volume .Iccreused hy an amount dl by appheatmn o a sh J t 
ad.litional pressure dp. Xow the hulk mo.lulus of elastuuty (( hap. 4) is 

. djl 

(iV 


\f - — ^ 

" -dlM 


= -1 


where the minus sign indicates that for increase in pressure the ™hime 

decreases. Hy Hoyle's law, y> = C/ V, so that Cl p ■ 

Hence 

M = p 

That is, for small strains the bulk modulus of elasticity of an ideal gas 
is equal to the initial pressure, if the compression is earned out is^ 
thermally. For a sudden compression with a rise in temperature the 

stress-to-strain ratio is larger than this (Sec. 19.6). 

If the gas expands isothermally from a volume I , to a volume 4 ,, t 

work done by the gas is 
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ir = /;;■ „ ,,r 

In \ iew of Moyle's law, j> = C I*, and therefore 


(19.4) 




C In XT- = ;>|l I In -ri^ = ■p->\ 2 In 

* i * i I i 


(19.5) 


.\nd since rM l’i = Pi, Pi, (19.5) may also he written 



I-'n:. in. 3. U'ork doin' in isotlioriiial 
oxpan.sioh is (^ivcii l>y slmdi'd arou. 


11 ' = p.Whi^ = p^\\\n^ 

Pt p2 

(19.0) 

On a pV diagram this work is 
represented by the area under the 
isothermal curve bounded by the 
I'l and V 2 limits (Fig. 19.3). In an 
expansion, To > T’l, and IF is posi- 
tive (work is done by the gas), while 
in a compression, r 2 < I'l, so that 
In V-,/V\, and hence TF, is negative. 
A negative value of IF means that 
an external force does work on the 


gas. 

IForArd K.rnmpl('. Two cubic feet of air at 100 lb in. ’ gauge pressure 
expands isothermally to atmospheric pressure (15 Ib/in.-). Calculate 
the work done. My K(i. (19.0) 


ir = 1 15 lb/in.2 X 144 in.Vft^ X 2 ft' X In ' 

5lb in.^ 

= 3.31 X 10^ X 2.0373 ft lb = 0.73 X 10^ ft lb 


19.3. Thermal Expansion of Gases. Absolute Temperature Scale, 
'riiere is a large variety of ways in which a gas may expand when heated, 
for both the jiressure and volume may change simidtancously. The 


experimental results of greatest significance, however, are obtained by 
allowing the gas to expand at constant pressure. Tliis may be accom- 
plished by having the gas in a cylinder closed by a frictionless piston with 


the constant pressure of the atmosphere backing it (Fig. 19.4a). It is 
found that the increase in volume is closely proportional to the original 
\oIumc and to the temiierature increase. If the original temperature 
i.s (FC\ tlie volume being F,,. tlien the volume V, at is given by 


C, = ri)(l -{- /Sf) for p = const (19.7) 
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Sec. 19.31 

where the qviantity /3 is known as the volume coeficicnt of exponsum of the 
gas. This linear relation hetween volume and temperature, with pres- 
sure constant, is shown in Fig. \{)Ab. 

This relation is often referred to as C’harles’s law, in honor of .huMnies 

Charles (1746-1823), who in 1787 discovered that all gases have the same 
expansion coefficients. Actually it was Gay-Lussac who in 1802 first 
published experimental results confirming this law. Later work showei 
that the law is only a close approximation, just as is Itoyle's law. Still 
it should be noted that the volume coefficients of exiiansion ot all gases 
are very nearly equal, whereas for licpiids and solids this is not at all the 
case. The lower the pressure, the more nearly do all gases exhibit the 


V 






(a) 

Fio. in.4. Kx[)ansion of a gas at coii.stant pre.ssiirc. 

same value of ^ as well as conform to Hoyle's law. This common value 
of 0 is 0.003660 deg C“‘ which may be taken as the volume coefficient foi 
an ideal gas. Since 0 is expre.ssed in reciprocal degrees, its numerical 
value depends on the size of the degree. The decimal 0.003r)60 is very 
nearly 1 ^ 273 , and so it may be said that the volume of a gas at constant 
pre.ssure increases by ^i 73 of its value at 0 °C for each centigrade degree 

rise in temperature. . . , * 1 •* 

men a mass of gas is kept at a constant volume as it is heated, its 

pressure also varies linearly vitli the temperature. If the original 

temperature is 0°C and the pressure is po, then the pressure p, at ( L is 

irivGD bv 

p, = po(l + ^0 for V = const (19.8) 

where we represent the pressure coeficient of the gas by the same symbol 
0 used for the volume coefficient, since for our hypothetical ideal gas the 
two coefficients are identical, while for real gases the two are both very 
nearly H 73 deg Q"'. Equation (19.8) is often called Gay-Lussac s law. 
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(living its numorical value 


I273 in K(i. (10.8) we may write 


+ 273) = 

Tlip (luaiitity (273 + /) is a temperature that we shall denote l»y T, 
refen-ed to a zero point 273° below 0°('. This zero point is called absolute 
zero, anil the tempeiat\ires calculated from this zero are called absolute 
tempi raturvs. The pressure variation with temperature of a gas held at 
constant volume is then 

(19.10) 



where 7’o denotes the ice point on the absolute scale. The temperature 

scale based on absolute zero is com- 
monly known as the Kelvin scale, 
the designation of a temperature 
being 7’°K. An ideal gas when 
used in a constant-volume gas ther- 
mometer (Sec. 16.2) should give 
the Kelvin thermodjTiamic scale 
(Sec. 21.7) exactly. The precise 
value of absolute zero is — 273.18®C, 
the lowest temperature that can 
possibly he attained (Fig. 19.5). 

19.4. The Equation of State of an Ideal Gas. Fxpiations (19.1), 
(19.7), and (19.8) give the relation.s between the pressure, volume, and 
temperature of an ideal gas. in each case with one of these quantities held 
constant. It is convenient to combine all three variables, p, V, and /, 
into one eipiation. Such a relation is called an equation of state of the 
substance. For an ideal gas we may derive such an equation by combin- 
ing Boyle’s law with Kq. (19.10) in the following manner: Let the gas be 
initially at the temperature Tn (= 0°C), with pressure and volume po 
and Fo, respectively. Then let the gas be heated at constant volume 
to the temi>erature T (Fig. 19.6). liy Kq. (19.10) the pressure pi is now 
Pi = p()(7' 7’fl). Xext, holding the temperature constant at 7’°K, let 
the pressurt*-voIume values change from p,, Vo to p, V. By Boyle’s law, 
P/Fo = pF. B)' eliminating p, between these two equations, 



I'lij. 10.">. .\t O" on the absolvite tem- 

piTiihin* s<-iilc Jin j<U*a! gus would have 
ziTo i)r(“ssur<'. 


= const (19.11) 

i i 0 

The value of this constant ratio of the product of p and V to the absolute 
temperature of the gas will depend on the kind of gas and on the quantity 
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of it Now iUTortliiiK to u suKKestion miule in ISll l>y Avoj^ailro. lyunl 
volumes of clifrerenl gases at the same temperature amt pressure eoutaiu eguaf 
numbers of molecufes. liy this law a mole of any sas. wliu-li is the numhor 
of grams equal numerically to its molecular weight (O. = 32 - iS. 

^ 4 ptc ) under standard conditions {p = 1 atm. /-()(). shonhl 
occupy the same volume, 22,400 cm”. Heuce, if the volume 1' contains 

exactly one mole of any gas, we may A\rite 


T 


( 19 . 12 ) 


where It is written for the combination 7 >(d n/7’n and is called the gas 
eonsUinl per mole. Its constancy can be seen from the fact that p., = 1 


r — 

Gay-Lussac 


Boyle 




r„*/C T^K TK 

Fig. ID.O. Combination of Boylo’s law ami (lay-lAKs^^ao s la\s . 

atm, 7’o = 273'’K, and T^o = 22,400 cm^ If V refers to the volume of a 
moles of any gas, then we may write as the final form of the equation of 

state 


pV = nRT 


( 19 . 13 ) 


Avogadro’s law is strictly true only for an ideal gas, l>ut it is a good 
approximation for real gases. To evaluate R in cgs units, take n - 1 
mole and assume standard conditions, 


_ 1.013 X 10^ dyne cm ‘X 22,400 cm^ _ g ^ ^07 dpg-i mole ^ 
“ " 273.18 deg 

Worked Example. A tank of oxygen gas has a volume of 3 ft^* and 
shows a gauge pressure of 150 Ib/in.^ at a temperature of 70 F. How 
many pounds of oxygen does the tank contain? On taking 15 Ib/m - 1 
atm the gas pressure in the tank is 11 atm. One cubic foot is 28.3 liters, 



264 


PHYSICS 


ISec. 19.5 


and 7()®F is 273 + (lO — 32) X = 294. 1®K. Substituting in Kq. 
{19.13), 


1} 


II X 1-013 X 10« X 3 X 28.3 X 
S.3l'4 'x lb’ X 294.1 


or 38.8 moles 


Since one mole of oxygen weighs 32 gm, the contents of this tank weigh 
(38.8 X 32) 4:.4, or 2.73 lb. 

19.6. Specific Heats of a Gas. A\'hen any body is heated, part of the 
heat may be ii.'^ed in doing external work AlT in its volume expansion 
against any external forces acting on the bocly. But a greater portion of 
the heat energy Q alisorbed by the body always goes into increasing its 
internal energy The internal energy is composed of (1) the total 
kinetic energy of all the molecules, to which the temperature of the body 
is proportional; (2) the energy of the atoms within the molecules; and 
(3) the }>otential energy of the molecules with respect to neighboring 
molecules to which they ;rt*e bound by (attractive) forces. Because of 
the conservation of energy the heat-energy input should ecjual the sum 
of the increments in these several forms of internal energy, AL\ plus the 
external work done if the body expands. Stating this mathematically, 

AQ = AC -H Air (19.14) 


Nvhere the three terms must, of cour.se. all be in the same energy 
units. .\s will be seen later, this ecpiation is the first law of Ihcrmo- 
thjnamies. .Vn\* of the (piantities AQ, At’, or All' may, of course, be 
negative. 


In (’hap. 17 we defined the specific heat of a .substance as the quantity 
of heat absorb(*d or given otit when unit mass of the substance changes 
its temperature by one degree. Similarly the molar specific heat of a gas, 
C, is defined as the (juantity of heat reiptired to rai.se one mole of the 
gas l^Cl. Since .specific heats vary with the temperature, if Af,) represents 
the ipiantily of heat passing into or out of a mass of n moles while it 
changes in temperatiirc by At, the molar specific heat at temperature t 
in the interval At is 


r - 

n At 

or, in dilTerential notation, 

1 

n (It 


(19.15) 


1 he (luantity of heat involved in raising the temperature of a gas one 
degree depends upon whether the volume or the pressure is held constant. 
If the volume is constant, the external work AH' = 0. We therefore 
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clistinsuisli between tlie molar spcrijic heal at con.laal volume. C mul ll.e 
molar specific heal al eoaslaul pressure, C,.. (Aetually one ran ,lofme any 
nnmber of .peeifie beats for a saa if l>olh P ami 1 are allowed to vary 
in flic beating process, bnt these two are <,f greatest mteres . I'oi a 
solid C, = C,., of conrse, becaii.se of the negligddc CNpansion with temiiei- 
atnre.)'' Suppose that we have « moles of a gas in a volume T at a pres- 
sme P and an absoUde temperature V. Writing E,,. (10.14) m ddlerentad 

notation* we have for C., sinee r/ll = 0, 


_ 1 (<iQ\ ^ 1 'ZL' 

" uKJt) n (IT 


(ID.Ki) 


]hit since, for the constant-pressure case. 0. we have, for ( 


^ 1 A/r \ ^ 1 ^Zli' 


(19.17 


Now tiW = V e(iuation ot state for an ideal fj^as 

K(|. (19.13), we have 


n (IT n ^ (IT n 


Therefore, 


- Cr = R 


(19.18) 


where the universal gas constant li must be expressed m the same units 
used for the molar specilie heats. The dilTerence between the two molar 
specific heats .should, then, be the same for all gases if the specifications 

for an ideal gas were actually met. 

If C„ and Ct. are determined experimentally for any gas, Ecj. 19-18) 
foi-ms a means for evaluating the mechanical equivalent J. 1 his is 
essentially M'hat ,1. R. Mayer (1814-1878) <lid when Im made the hmt 
calculation of J in 1842. For example, hydrogen lU lo C has C „ 
and Cy = 4.812, both in cal mole"* deg C?"*. From the equation o 

state, R = 8.314 X 10^ ergs deg C"‘ mole"' of IE- Hence 

_ 8.314 X 10" ergs mole7* degj’^^ ^ ^ 2 X 10- ergs/cal 
1.971 cal mole"' deg C' * 

The measurement of C, can always be m.ade by a continuous-flow method 
(Sec. 17.10) without much difficulty. The direct determination of C. 
for a gas is rather difficult, however, because of the fact that the gas has 
such a small mass compared with that of its container. Fortunately the 
ratio y = CJC, is easily obtained from a measurement of the speed ot 

» In order to avoid confusing flic student we purposely do not use partial derivatives. 
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sound in the gas (See. and hence Cv may be calculated if Cp is 

known. Knowing Cp, E(i. (19.18) may also be used to calculate Cr. 
The specific heals of a few common gases are listed in Table 19.1. 


Further discussion of the specific heats of gases is found in our treat- 
ment of the kinetic tlieory in the next chapter. We shall there consider 
the theoretical values of the specific heats and the partition of the interaal 
energy of polyatomic molecules. 

19.6. Adiabatic Processes. Any thermodynamic change during which 
no heat is allowed to enter or escape from the substance is called an 
mh'nhafir procest; (Greek a, not; dia, through; balk, inarcliing). This 
can l>e realized in praetiee either by having the proce.ss take place in an 
enclosure with .such well-insulated walls that heat is not transmitted 


through tliem or by having the whole process occur in such a short 
interval of time that no appreciable amount of heat can be conducted 


Table 19.1. Specijic Heats of Gases at Atmospheric Pressure 


(ias 

Tomp. 

o^. 

1 

1 

1 

cal gni“' deg 

F., 

cal rnolf ' deg (' ' 

Cp/C, 

1 

ctlivl i 

m> 

o.too 

18.704 

1.13 

1 

.\ir 1 

100 

0.2-104 ' 

0 , 924 


1 

Atfunonin i 

i:. 

0..')232 

8.910 ' 


Argon 

i.") 

0 . 1 2.'i3 

5 . 00.5 

WBM 

(’arlmn <Hoxi<l«' 

i,'> 

0,1989 

8.752 

1.304 

Hv(lrog«‘ii 

1.^ 

L 

3.389 

6.783 

1.410 

Nitrogrn 

\'y 

0.2477 

6.941 

1.404 

()x>Hrn 

' 1.-. 

0.2178 

6 . 970 

1.401 

Uatrr 

1 00 

1 

0.4820 

8 . 686 

1.324 


tlirough the walls. We reijuire the relation between the pressure and 
volume of an ideal gas in an adiabatie ehange, a relation that is the 
counterpart of Hoyle's law, pV = const, for an isothermal change. 

In an adiabatic proce.ss IQ = 0; hence we may write Eq. (19.14) in the 
form 

dU = ~pdV (19.19) 

'I’hat is, the change in the internal energy of the gas equals the external 
work done. From Fap (19. Hi), dl' = dT, and thus 

C,ndT pdV (19.20) 

From Etj. (19.18), we have 


pdV A-Vdp = jiRdT 


(19.21) 
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C.ipdV + yjp[ ^ 

R ^ 
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Now, li = C,- (\, and (\ (\ = 7. Making these substimtions in 
Kq. (19.22) and rearranging terms we ol)tain 


<12 + 7 '' ' ■ = 0 
p ’ 

Integration of this equation gives 

l/t p y In 1 = const 


(19.2:i 


or 


pyy = const 


. (19.24) 
(19.25) 


This is the ecpiation of an adiabatic curve. Plotted in a pT diagram as 
in Fig. 19.7 it gives a steeper curve at any point such as .1 than the 

isothermal that passes through the same 

point. _ ) 

A sudden compression of a gas is usiiain 

an adiabatic process. If the strain is simdl. 
the adiabatic bulk modulus of elasticity 
4 / = -~V(lp/(IV is obtained at once from 
Eq. (19.23). The result is 


M = yp 

(adiabatic change) (19.29) 



■where p is the initial pressure of the gas. 


Fio. 19.7. .Vii julialmtir curve 
is steeper thsui an isothermal 
curve* (daslu'il limb at the 
same point. 


*19.7. Expansion of a Gas. We have already 

noted that, if there are forces between the mole- , , 

eule.s of a gas, the change in the average distance between molecules a ccom- 
,mn,nnB «n alteration in the volume of tl.e gaa involves some change 

!n tile internal energy. (It is evident that there are strong 
molecules together in the solid and liquid states, but it is not at all ob% ions tin t 
for a gas, with the much larger distances between molecules, these mterinoleeul. 
forces are appreciable.) In the famous Joule-Tl.omson porous-plug e.xpennie t 
direct evidence was found for the existence of intermolecular forces in a Jbe 
ga,s at constant high pressure was allowed to expand through a p ug of tightly 
packed cotton (a small-bore needle valve could have been used) into a 
sure region (Fig. 19.8). A slight cooling was found for all gases except 1 > „ 

and he^m. This cooling is evidence that there is indeed a small 
between the gas inoleenles, the gain in potential energy in the 
a corresponding reduction in the kinetic energy of the molecules. The “ b 
approximately proportional to the pressure difference on the two sides of the plug 
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:iml i.s t'reatcr the lower the initial temperature of the fias. Even hydroj;eu and 
Jielium are (aioleil Ity expansi«»n if their temperature is first lowered below the 
so-eallc«l “temperature of inveision.” — sO.o^C’ for liy<lrogeii and about —238*0 
for helium. 

In an iileal gas wliose mr)leeules are not suppt>sed to exhibit any forces on eat^h 
other, this temperature drop in a free expansion shouhl not occur. The cooling 



effect in a “Joule-Thomson expansion” 
found i]i real gases is emi)loyed in all 
metlmds of liquefying air and the other 
gases that at one time were thought to 
be permanent ga.ses. If the expansion 
is so arianged that a real gas, instead 
of expanding freely, pushes a piston 
against a back pressure, this energy, 
too. must be supplied by the gas at 
the expense of the kinetic energy of the 
mole<'ules and a further cooling effect 
results. 


*19.8. Deviations from Boyle’s Law. If Hoyle’s law were an accurate relation, 
holding for all gases no matter h<iw liigli the pressure, the plot of pV against p 
would he a horizontal straight line parallel to the p axis. The first careful investi- 


gation of tlie deviations from Boyle’s law was carried out by Regnault in 1H47, 
and his measurements were later extended to high pressures by Aniagat. The 
variation of the pnahict of p and V for a given mass of several gases is sketched 


ill I'’ig. 10.9. I''or all gases except )iy- 
drogeii and lielium the cui ves first drop 
to .a minimum value that de|H'nds lioth 
oil tlie kind of gas and on its tempera- 
ture, and tlien for still higher pressures 
the p\' products show steaily increase 
with p. The curves for hydrogen and 
lielium have an upward slope at all 
pressures, as do tliose of otlier gases at 
high teiiqu'iatures. 

Over the iimge of pressures and tem- 
peratures jdotted in Fig. 19.9 liquefac- 
tion of these gases does not take place. 
The investigation of the pressure-vol- 
ume relations of a gas at and near the 
liquefying point is a matter tif very 
considerable imiiortance. A careful 
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/) in atmospheres 

Flo. 19.9. Deviations of a given mass 
of several gases from Boyle’s law at high 
pressures. 


study of the liiiuefaction of eurhon dioxide was carried out by Thoma.s Andrews 

(1S13-I.S.S5) in 18(13. His results are typical of the behavior of gases near 

lit]uefartion, for .similar pi T relations, but with different numerical values, hold 

ftir any gas as it is being liquefied. The next section describes Andrews’s 
Work. 
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19 9 The Critical Point. In Andrews’ exporiineiil. carbon dioxide was 
contained in a ^lass tube. To moasnre tlie pressure recpiired to compress 
the gas to various measured volumes, mercury was lorced into tiie tulie. 
The tube could be kept at a constant temperature duriiifi: these operations. 
Isothermal curves olitained by Andrews in the temperature ran-c irom 
13 to 48 are plotted in FiR. 10.10. The curve tor 48. TO re.sembles 
the typical hyperbola for a gas obeying Hoyle’s law. As the temperature 



Fir.. It). to 


6 9 

V in cmygm 

IsctlierniJils for rarbon Otoxidc 


is lowered a few degrees below this, hower-er, the isothermals m H'lh 
plane become distorted. The curve for 31.2“C is known a.s the entical 
isothermal. No part of it is horizontal, but there is a marked point ot 
inflection at p = 73 atm, and for still higher pre.ssures the ctirye rises 
almost vertically, indicating that the substance is incompressible like 

a liquid. . . 

Proceeding along the 21.5''C isothermal from a point such as .4, «e 

see that the gaseous CO. is at first rather easily compressed into a small 

volume bv increase in the pre.ssure. At li the gas begins to lupiefy ami 

one observes a definite meniscus separating liquid and vapor in the tube. 

There is then a considerable decrease in volume but no increase in 
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pressure until tlie point C is reached. Here the sul)stance is all in the 
li(iui(l state, and further increase in pressure produces but a minute 
decrease in t!ie volume. The isothermal for 13°C has a similar but longer 
liorizontal portion, indicating that there is a greater difference in density 
between the liciuid and its vapor at the lower temperature. In fact, as 
the t(*inperattire is raised to the critical value 31.2®C , the horizontal 
portions of the isotlierrnals get shorter, disappearing altogether at this 
temperature. Above 31.2°(’ no liquefaction of the CO 2 gas is possible, 
however much the pressure is raised. 

I'liis temi)crature above which the gas cannot be liquefied by applica- 
tion of ])rossure alone is called tlie critical temperature. The pressure 
that is just sufficient to litpiefy the gas at this temperature is called the 
critical presfiurr. 'I'he dashed line through the ends of the horizontal 
portions of the isothermals below the critical isothermal surrounds an 
area representing all tlie phy.sical conditions in which the licpiid and its 
vapor can he In etiuilibrium with each other. The highest point of this 
dashed curve is called the critical point, and the corresponding volume 
is the critical volume. The part of the dashed curve to the right of the 
critical point is called the .saturation curve. It represents all pVt condi- 
tions for .siituratc'd vapor, and its abscissas are the specific volumes (V 
|)er gram or the reciprocal of theMensity) of the saturated vapor. The 
portion of the dotted curve to the left of the critical point is the liquid 
curve whose abscissas are the specific volumes of the licpiid. At the 


critical point the ii(|uid and the .saturated vapor have the siime density. 

It is po.ssible to ])ass from a point such as .1, where the .substance is a 
gas, to a jmint I), representing a liquid state, by passing along the dotted 


curve witliout crossing the dashed curve, i.e., without having tlie liquid 


distiiH-t from the vapor at any time. 


There iscontinuity of state above the 


critical temjierature; there is, in fact, never any distinction between the 


Tahle 1U.2. Critical Constants for Gases 

,, Crit temp, frit pro.s.sxire, Densitv, 

fjlH o,, - , , 

( atm Kin rm* 


Air -140.8 37.2 

Alcoh<*I, ethyl 243.1 63.1 

Amimmia 132.4 111.5 

( 'arhon tlioxitlo 31.2 73.0 


Helium -267.9 2.26 0.069 

IlydroKcn -239.9 12.8 0.031 

SilToRi'u -147.1 33.5 0.430 

Oxygen -118.8 49.7 0.430 

Water. . . 374.0 217.7 0.4 
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liquid and vai.or states. All sases exldl.it pruperlies like tins, hut the.e 
il a wide variation in eritieal constants. Critical data lor a few connnon 

gases are asseml)lett in lal>le 19.2. 

*19 10. Liquefaction of Gases. In order to liquefy a ^as it nnist he .•ooled 
l,elow its critical temperature, and then hy appln-atu.n of sun.cient ,>,essn.c .t 
may he liquefied. -\s Tal.le 19.2 indicate.s, air and some otl.er -.ase.s hare rcir 
low critical temperatures. Tl.e commercially succc.ssfnl method <.f li.pielrn.tt 
such prses was developed hy I.inde in ISO.a, usin« the 

metliod (Fig. 19 U). A compressor raises the pressure of the -.m to ahont 4,0 



Compressor 


Liquid air 


l-'ic;. 11). 11. Sfhcinatir iirriui(;rniciil «f apparatus for lupicfying air 


11, iit = the heat geircraterl in the gas hy the compre.ssion hcing r einoyed m uatei- 
cooling tanks. The high-pre.ssuie air then pr.sse.s through the nu.ny t'"";’ " 
tubing in the liquelicr, issuing rrt the bottom through an adjrrstahle rrce.lle r.rhe 

into a space in which p is atrrrospheric. This expansron produces 
coolirrg (0.2o“C per atmosphere decrease in ,nessure, rrnd thrs l■o.,hrrg rrirc.rscs 
udl cLVeasing temperature), and the air thus cooled Hows up arournl the cod 
irr the liqrrefier. thus cooling the orreorning compressed arr. Thrs regerre, rt, e 
process goes orr, gradually loweri.rg the temperature at winch exprrnsror, lak s 
place, until finally some of the air liquefies on expnn>^'°n and flows rnto ..a M.r. k 

'’'The yield of liquefied gas may be increased considerably by precooling the 
compressed gas in some manner before it enters the bquefier. For example, rf 
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tli(‘ ciiil ill the procoolor i.s surroiimlerl In* a ini.Kture of dry ice and some solvent 
.such as <ail»oti tctrachlorhle. the hi^h-pres.sure air is cooled to about — 80°C, 
'rid' [nim iplc is usc<l in liciuefyinij liydrof'cn, the iirecooling boinj; accomplished 
wit I liipiid nitrogen. Further cooling needed to reduce the hydrogen gas 
liehiw its ctiticai teniperatuie is produced by the c.xpan.sion. Fitjuid liychogen 
ma>- in turn l>e iised to precool helium, which is the most difficult of all gases to 
licpiefy. P. Kapitza has used a jegenerative balanced-expansion method for 
li(jU(“fying helium witiumt the aid of liriuifl hydrogen. In Kapitza 's apparatus 
tlio compressed gas is made to do external work, which cools it more. This 
procedure in adilition to the precooling with licpiid nitrogen and cooling from the 
Joule- 'I'homson <*fTect results in yields of as much us several liters of liipiiil helium 
per hour. This method of producing liquid helium is enjoying a great vogue at 
the pres(‘nt time, for it makes jxissible many re.searehes on the behavior of matter 
at temperatures near ab.solute zero. 

*19.11. Equations of State, van der Waals’ Equation. It is obvious from 
our iliscussion of the isothermals of a real gas tliat the equation of state of an 
ideal gas [l-i(j. (10.13)) is increasingly inac-curatc the closer the approach to the 
li(|uid state. 'Pwo sinqtlifying assumptions were made in the derivation of the 
i(h‘al-gas (xpiation, ami these must be improved upon if we wish to obtain a 
general e<iuation that connects the three variables ]), F, and T and tliat will 
hold even for a condensed state of a real gas. One of these improvements is to 
recognize (Ik* existence 4)f foi-ces of attracti<u\ between the nnolecule.s; tlie other is 
to allow for tin* fa<*t that the volume available for the gas to expand into must be 
reduced by an amount of the order of the actual volume oe<*u])itxi by the molecules 
of the gas. Of the several impi’oved e«|Uations of state whielj have been produced, 
that .suggi-sted by .1. D. van der Wauls (1S37-1923) is the most generally used. 
'I'he van dor \Vaal.s ecjnation, applicable both to tlie gaseous and to the litjuid 
state, is 


(/' + f:) (>■ - 


(19.27) 


u lierc' K and h aic constants j-liar;K-teristi«‘ ctf each gas. 

To explain simply the form of the van tier Waals eorrection to the pres.surc, it 
is to be noted that the forces of attraction between the nmlecules constitute an 
imbalanced force directed into the gas ami lienee form a sliglit addition to the 
laessine p. iMiipirically it was foumi that this eorreetion has the form «/!'•. \ 

detailed treatment, beyond the scope of this text, shows that the b constant is a 
volinne jibout three times that which would be occupied by the gas molecules 
packed most closely together as in the solid state. A plot of an isothermal as 
given by Ihi- (19.27) ami corresponding to, say, the 21.o“C isothermal of CO 2 
ill Fig. 19.10 is given in Fig. 19.12. Hetween the points li and C the curve is 
continuous, cutting the experimentally observed horizontal portion BC at three 
points. I he reason for this is that the equation is eubie in V, with all three roots 
real in this region. For the pressure p, and the temperature 1\ at the critical 
point, the three roots of tlic e(juation are e(|ual. .\bove the critical point the 
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ecuntiim has only on.. ,oal lo..., an.l fo,- la, no valnos of V an.l T ..o. , o,..ly .op, .- 

""u^Vo^^mt■'.’hnp«ssil.lo\. .■opi<..ln..e ..xpoiiin.',. tally tl,.- p.aln.n ol tho 

in.. 2 lynl^ ....tii-oen .n.nnnnnp oi • ; 



Fir,. 1U.12. lsothrrii.nl arronlinu to van (h-r W aals’ r<iu:.tion. 

side above II. The points beloiv C a, e obtaineil by su,„ rhmling a ii.pii.l, "bile 
those above H represent an undvrcoohd vapor. 

PROBLEMS 

Where will the i.H'reury btaiul when the ‘ „„a its pressure' (-ange reads 

3. A eylhuler of oxygen .as has its 

2,000 Ib/in.* What volume would this ^ P- 

temperature did not chan.e? temperature is 20'’('. 

4. A tire is iniiate.1 to temp<‘ndure of the tire 

While the car later is traveling at lug ^ Hh leakage, what is 

becomes 50»C:. Assn.ning no eh.ange ,n the volume of the tir. .uul 

then the pre.s.sure in the tire? on H./in 2 aiul a temperature 

6. If a .as has a volume of 10 ft* at a .au.e ^,^^0 30 Ibjin.* and 

of GO”!-', what vohime will it oeeui.V if its .au.f pr< sf’ 

tin- temperature is raised to SO^F? heated at constant 

6. Some <lry air oeeupyin. a volume of 140 <m at 
X i<5 tlu* new volume? 

ei^rLs „ v„.nme of 2 n. ^ - 
" . Le .hen ^ 

hented from 15 to 05”C at a constant pressure of 76 cm of mereurl . 
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10. What prossure is oxortrd l)y 2 gin of nitrogen gas eontnined in a 3-liter flask at 
20 ^( ■ ? 

11. ( ’alciilate the work done in compressing 2 ft* of gas i.sothermnlly into 1 ft*, the 
initial i)re.ssiire Ix-ing 7o ein of mercury. 

12. An ideal gas iimU'rgoes an adiahatie expansion from eontlition p\, I’l to condi- 
tion y Slunv that the external work done is (1 (7 — 1 )1 (/nl’i — 

13. S<)me air at 27*(' and 7h «-in of nu-reury pressure is suildeidy compressed to 
half its volume. If t)ic‘ corni)re.ssion is mliahatie, what will be the new temperature 
anil pressure? [Combine liijs. (19.2.")) and (19.13t to eliminate either p or V, as the 
ease may be.l 

*14. riu* constants in the van der Waals ecpiation for methane are a = 0.004.'>nnd 
h - 0.00191 for p in atmospheres and 1' in ft '. If 1 ft * of methane .at O^C and p = 1 
atm is compressed to O.O.j ft* isothormally, what is the new pressure and by how 
mueh does it ditTer from that caleulafed with Boyle’s law? 

16. h'ind the density of water vapor at 2.5®C' and a pressure of 20 mm of mercury. 

16. How mueh heavier Is a volume of 1 liter when fdled with carbon dioxide at 
1()0''(’ and p = 70 cm of mercury than when tilled with hydrogen at 0°C and the same 
|>ressure? 

17. Because of air in the space above the mercury surface in a barometer tube the 
inereury column Is but 40 cm long and the space above the mercury is 40 cm long when 
a good barometer reails 75 cm. Some lirjuid ether is then introduced into this space. 
'I'o wh.'it level will the mercury column fall? Take the .saturated ether vapor pressure 

40 cm and that of inereury as 1 X 10“' eiii of mercury, respectively. 


CHAPTER 20 
KINETIC THEORY 

20 1 The Kinetic Theory of Gases. IVe have made nu.m-roos 
,.eferon<'C.s to tl.o molocdar stnu-lore of .natter and to the randon. tl.e, mal 
.notion of the .noleet.les of a gas. The existence of ...olecnles .,s the 
smallest entities el.aracteristic of a given chemical con.pom.d ..as li.ml. 
;stahlished experimctally during the lir.st half of the nn.etee.. h c.m u.,v 
hv Dalton Gav-I.ussac, .\vogad.o, and many otheis. What 
kno.v as \vogadro-s la.v, viz., that ecptal volnmes of d.fterent gases at the 
same temperature and piessure contain e.p.al numbers of niolecules, ... s 
actually at the time (1811) only a hypothesis made by ,\vogadio. . 

of this la.v ciune later ..hen it ..as sho.vn that the ™ 
molecular ..eights of various gases are the same as the ratios ol thin 
densities .vhich can he true only if the number of molecules per unit 
.olume is the same for all gases. There are depaitures Irom exaxd 
etiualitv of these ratios for all gases, ho.vever, the deviations being the 
greatest for those gases .vhich fail to obey Boyle's la.v. .Vvogadro s la., 
i* iiUn thc'ii only ^ good appioxnnation. 

‘ lust aftcr'the middle of the last century the mechanical nature of heat 
..as iirnily established, principally by the many accurate experiments ot 
loule It then became evident that the remarkably simple h... » go. e. n- 
£ the thermal behavior of ideal ga.ses co.tld be explained by a theory 
hied upon a simple model. The Huelic tl.ory 

during the second half of the century by .1. t . Max-.. ell (1831 18/.)), 
L. Holtmnann (1844-1000), and others into one of the importan branc .s 
of theoretical phvsics. The theory in its simplest forn. is based upon . 
follo.ving assumptions regarding the gas molecules and their behav.o. . 

1 Iiitn enclosed gas at a fixed temperature the molec.iles are moving 
in a purely random manner, so that on the averap the numlver moving m 

any direction is the same as that in any other direction. 

2. The volume occupied by the molecules themselves is negligible 

comparison with the total volume of the enclosure. _ 

3. The molecules exert no forces on each other except at the instant 

tL impacts of the molecules with each other and 'vitb wa^ 
are nerfectlv clastic. If this were not the case, energy would be lo.st bv 
the gas because of i-ollisions of the molecules with the walls, with rcMilting 

a., a. “I 
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an' I'ar from truo for real gases near their liquefying i)oints and under 
consitlerable pre.<sure. We liave in mind here, liowever, the close 
approach to an ideal ga.s exhiiut('d by any gas at low pressure and well 
above its liciuefying point. 

20.2. Derivation of the Equation of State of an Ideal Gas. ith this 
model (}f a gas, it is possible to demonstrate that Boyle’s law and the 
eiiuation of state of an ideal gas, pV = riRT, receive satisfactory expla- 
nations. Sup|)Ose the gas to be eoiifined in a rectangidar box (Fig. 20.1), 
each molecule having a mass m. DilTerent molecules have different 
speeds ranging fi'om zero to very large values and move with etpial 
probability in ail directions. If at some instant a molecule has a velocity 
V and eoinponcnt velocities a*, Vy, and Cj along the thr(« coordinate axes, 

then 

= iv -H tv + (20.1) 



Of the .Y molecules in this box of 
volume r let .V, be tlie number 
having a velocity component a,. 
Hence there are Nf/V of these per 
unit volume. C'onsider those mole- 
cules tluit are in a thin layer of the 
gas of thickness vM adjacent to 
wall /i, which has an area A. The 
volume of tliis layer is ivf/.l, and it 
contains iv/f.-l • .Vr/T molecules 
with velocity components Cx in tliox 
direction. Of tlu'sc molecules onc- 
half will be moving to the left, one half to the right in the .r direction. 
Therefore the miinber of molecules <IX striking the wall B in a time dl is 


dX = '-uv/f .lA'x/r 


We justify the neglect of eollisitms between the.se molecules by taking the 
time element dt very small. 

In each of these perfectly elastic collisions (Sec. 8.1(1) there is no 
change in the y and z components of momentum. The x component will 
undergo a change given by; momentum after relleetion at wall (mcx) 
minus momentum before { — mi'A, and tliis is 2wt'x. Hence the rate of 
change of momentum involved in the collisions with the wall of all these 
molecules in tliis layer of the gas is 


2»iyx 
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and by Xowton’s second and third laws of motion this is tluMcftne the 
force experienced by tlie wall from these particailur impacts. To n'pre- 
sent the total normal force F aj;ainst this wall from this molecular 
bomljardinent, we must sum over all the existing values of or 





Since the pressure p is this force divideti by the area .1 of the side, we may 
write 






( 20 . 2 ) 


where p is the density of the gas and = (1/A") ^ A'^r,- is called the 
mean square value of r, for all moleciiles. 

It follows from K(i. (20.1) that e- = + i'„- + t'r) and sin<-e all 

directions for the velocities are ccpially proi)able, = t’A, so that 

,T 2 = 3 , 1 ^ 8 . Therefore, 


V = 


(20.3) 


This is a most imiK)rtant relation, for the pressure of a gas is here simply 
related to properties of its molecules. If we set p = M/V, where M is 
the mass of the gas, Imj. (20.3) may be written 

pV = (20.1) 


Now the total kinetii^ encugy 
may be expressed as follows: 


E of all the molecules in this mass of gas 



We therefore see that the right-hand side of Ecp (20.4) is two-thirds of 
this total kinetic energy. If we assume that, when the total kinetic 
energj' of the molecules remains constant, the temperature is constant, 
then Eq. (20.4) is just l^oyle’s law. According to the kinetic theory, this 
law follows direct!}' from the four assumptions enumerated in Sec. 20.1. 

I-^t us therefore take the absolute temperature T of the gas to be 
proportional to the kinetic energy of its molecules, and take V in Eq. 
(20.4) as the volume of n moles of the gas. 

Then }iMF- = const X T = nRT (20.5) 


and Eq. (20.4) becomes the equation of state of an ideal gas, 

pV = nRT 


(20.(5) 



278 


PHYSICS 


ISec. 20.3 


It i.s iioccssary to aj<s\ime Ecj. (20.5) in order to reconcile the kinetic- 
theory result ^vith the empirically determined equation of state. In 
other words, Hcj. (20.5) constitutes the kinetic-theory definition of 
temp(‘ratur(‘. 

If V = ,V I’ i.s the num))er of molecules per unit volume, then Eq. 
(20..'^) may be written 

p = i r- = I vmi'‘ = ^ vE I (20.7) 

uh(*re El = E X represents the average kinetic energy per single mole- 
cule. Placing this value of p in Eq. (20.0), we have 

2{ivVEi = 7 iRT ( 20 . 8 ) 

Xow vV/n equals the number of molecule.s .Vo in a mole of any gas, or 
Avotjcdro's ninnhcr. The value of A’o is 0.02 X 10'-^mole"b In terms 
of A'o, Eq. (20.8) may be written 

2;,A'«E. - RT (20.9) 


E, = = \kT (20.10) 


where k = /f/A^l is an impoHant (plant ity called tlie gas constant per 
niiflcrnlf, or the Boltzmann constant. We see that the average kinetic 
energy of a mol(*cule of any gas is the same for a given temi)erature. 
The value of k is 8.314 X 10' ergs deg“* mole“'/0.02 X 10-® mole~* 
= 1.38 X 10~'* ergs deg C”‘. Since this is the same for all molecules, it 
may be called one of the universal constants of the physical world. 

Summary of Symbols i'sed in This Section: 

N = total number of molecules present in gas 
n = number of moles of gas 
V = number of molecuh‘s per cm* 

= number of molecules per mole (.Vvogadro’s number) 

7n = mass of a single molecule 
M = iYm = total mass of gas 
p = /V = density of gas 
E = total energy of gas 
E\ = E/X = energy per molecule 

20.3. Molecular Velocities. The mean-square velocity of the mole- 
cules of any gas may be computed from Kq. (20.3). By taking the square 
root of this mean-sciuare velocity we obtain what is known as the root- 



See. 20.3) 


KINETIC THEORY 


279 


mean-square (mis) velocity. Thus, 



( 20 . 11 ) 


Hocauso of the rolntively small p tho molec\iles 
liave the largest rms \'elo(*ity. For hydrogen 
p — 9 X 10"^ gm ern-'. and hence 


of hydrogen gas should 
at /> = 1 atni and ()°(’, 

♦ 


J 


3 X 70 cm X 980 em/soc- X 13.0 gm/cm 


9 X 10“^ gm cm 


= 1.84 X 10° cm, sec 


The most convenient method of computing the rms velocity of the mole- 


c\\\es of any gas at any lemp{‘rature 
it as an exercise for the student to 
show that from this ecpiation 

\/p = (20.12) 

where n is the molecular weight of 
the gas. It is to be noted that, 
according to this kinetic-theory re- 
lation, the molecular velocity would 
be zero at the absolute zero of 
temperature. 

So far we have been concerned with 
the mean velocity of the molecules. 
There is a large variation in the actual 


is to employ Im}. (20.9). e leave 



3 are the most prohahlc, the iiritlinietic 
mean, and the root-meuii-s<iuare veloci- 
ties respectively. 


velocities, and the velocity of a given 

molecule changes continually as it collides with other molecules. The instan- 
taneous value of the velocity might he nearly zero, or it might be much 
larger than the rms value. Since the number of molecules is huge and since 
there is complete randomness about their motions, the well-known methods of 
statistics are applicable for deriWng the manner in which the molecules are dis- 
tributed over the whole range of velocities. It turns out that the form of the 
distribution is similar to that for the variation of the number of bullet holes with 
distance from the bulls-eye of a target, pro\ided that a large number of shots are 
fired by persons of equal skill. The distribution for the molecular velocities was 
fii-st calculated by Maxwell and by Holtzmann. In Fig. 20.2 we plot such a 
Maxwellian distribution for a given number of molecules for two different 


temperatures. 

Since the two curves in this figure each represent tlie same total number of 
molecules, the areas under the two curves must he equal. Kach curve starts 
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from zero. i»o.'«sos tlirough a maximum, and then comes asymptotically down to 

the /• axis. As tlic temperature increase.^, the maximum, whicl» represents the 

most i>rol)ahh> \el«»city, moves towar<l larger velocities. It is to he noted tliat 

there are manv molecules at 373°K witli velocities gieater even than the most 

N 

prohahle vehu-ity at 1273'’K. The nn'fAwr/iV wcmj of all tl»e velocities {1 /A' 2 y.) 

1 = 1 

c<imes at a \ahi(‘ somewhat larger than the most jirohahle value, and the rms 
• fN 

\elocity * / 2 i',\ is still larger. About 0.(» of the molecules have velocities 

greatei- than the most prohahle velocity. 'I'he fact that a small fraction of tlic 
molecules may Ih-n e (luite huge velocities even for moderate temperatures means 
that hydrogen molecules high in the earth's atmosphere may frequently have 
velocities greater than the velocity of escape (Chap. 1 1). 

I'xjierimcntal evidence for tlie existence of the random motion of the molecules 
in a gas or licpiiil is supplied by a discovery ma<le by Robert Brown, a botanist, in 
IS27. He noticed that, witli a good microscope, colloidal particles suspended 
in water or smoke particles in a gas are observed to dance about in a rapid, 
irrcguhir manner. This lirowniaii tnovewcnl is cause<l by the une<iual bombard- 
ment of the particles on different sides by the very much smaller molecules 
of the li<iuid or gas. Careful study of the motions of these colloidal particles 
re^•cals that they liave a mean kinetic energy equal to that of a gas at the existing 
temiierature. 

Furtiier evidence for molecular motion conies from measurements of the rate of 
iliffusion of the molecules of one fluid through those of another fluid. The 
diffusion rate de])ends among other factors on the relative thermal velocities of 
the two types of molecule. 

*20.4. Specific Heats of Ideal Gases. Equipartition of Energy. The molo- 
I'ules of a monatomic gas may be considered as little spherical particles. Now a 
particle constrained to move along a line, either straight or curved, is said to 


have one degnr of freedom. If tlie particle is re.stricted to move only on a surface, 
it is said to have two rlegrees of freedom. If, however, the particle can move 
freely in three-dimensional spa<-e. it has three degrees of freedom. In general, a 
molecule has us many <legroes of freedom as coordinates necessary to descrilie its 
position. As compared with a monatomic molecule a diatomic or polyatomic 
molecule has additional possibilities for its motion, lienee more degrees of freedom 
than the three associated with the translation of its center of mass in space. 

1'lie dijitomic molecule may bo tliought of as a dumbbell-shapetl body with an 
elastic ctmncction between the two mass particles (Fig. 20.3). Tlie rotation of 
this molecule about its center of mass C may be described in terms of just two 
coordinates, since tliere would be a negligible moment of inertia and hence 


negligible energy associated witli 


rotation about the line connecting the two 


atom.s. Sucli a molecule has then two degrees of freedom of rotation, which, 


togetlier with the three degrees of freedom for the translation of the center of 


mass in space, makes five degrees of freedom in all. In a polyatomic, nonlinear 
molecule there is an additional rotational degree of freedom (three coordinates 
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used in iloscrihini; the rotation), or a total of six. Also, in both diatomii- and 
polyatomic molecules there is the possihility that the atoms or j^rojips of atoms 
mav vil)iatc with respect to each other. These vibrations .should be more 
prominent the hijiher the temperature. Tliey form another means of storinj*; 
energy and constitute other dej^rees of free<lom. 

The total intejual energy of a monatomic nas is ju.st the kinetic enertjy of 
translation of its molecules. For this three-dimensional motion tliere are three 
dej^recs of freedom: and .since the molecular motion is ])erfectly random, e.xactly 
one-third of the total cuertjy is sairl to be associated with each decree of fj oedom. 
This is an example of the principle of eqiiiparlition of energy, which says that cock 
decree of freedom has associated with it an energ>' ecpial to ‘ 2 ^ '^’ PC niolecule. 

I>et us see how well these ideas ajjree with . 

the observed values of the specific heats of ] 

various ^ases. From l-^q. (20.9) wc may j \ 

write for the total kinetic energy of the mole- t 

cules in ii nu)le of an ideal 1 '"2 




(20.13) 


For a monatomic ^as this is the total internal 
eneiKy l)er imdc, and by the e(|uii)artition 
piinciplc we have for the energy per degree of 
freedom 


nil I 


b.-W;, = HUT 


(20.14) 


Fics. 20.3. -V diatomic molecule. 


From Etp (19.20) the molar specific heat of a gas at constant volume is 


n\<lT/ n 


1 dU 
n dT 


(20.15) 


Therefore for a mole of a monatomic gas 




(20.115) 


or close to I cal mole~‘ deg"' for each degree of fieedoin. If one assumes equi- 
])artition, the existence of five degree.s of freedom for a diatomic molecule woidd 
then indicate that a diatomic gas should have a molar specific heat of 5 cal mole"' 
deg"b For a polyatomic gas with six degrees of freedom the theoretical value 
of C, is G cal mole"' deg"'. 

In practice the specific heat at constant pressure Cp is the quantity usually 
measured, using the continuou.s-flow method, and then Cv is calculated either 
from the relation Cp — C, = R or from the ratio y — CpfC^ as determined from 
measurement of the speed of sound in the gas. 

For a monatomic gas such as argon, helium, or mercury va])or, y sliould be 
= 1-G7. A diatomic gas like hydrogen, oxj'gen, nitrogen, or air 
should have y equal to 1.4, while y for a triatomic gas such as carbon dioxide or 
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WMlcr slidulfl l)e 1.33. (’(>nipari.‘^<ni of these theoretieal predictions for Cr and 
for y with the experimental ^•alues at rootii temperatvre is made in Table 20.1. 
Iiisper tion of this table shows tliat for the simjrler molecules the agreement 
l»etween the theoietical and experimental values is excellent. For triatomic or 
more ct)mj)lex molecules some enerjiv may go into tiie xibrations of tlie atoms, 
with the result that botl> (\ and (\ may l)e expected to be larger and their ratio 
smaller than tlie theoretical values based upon the six degrees of freedom. 


Tahle 20.1. 
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• 
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3 

(> or more 

>.'>.0(> 


<1.33 





G . G7 


1 . 324 

lo 

1 

>G 

> . OG 

30.9 

<1.33 

1 1.08 


*20.6. Variation of Specific Heats with Temperature. Quantum Theory. The 
good agrc(>nu*nt between tlie the<»reticjd and experimental values of f 'r at ordinary 
temperatures for the diatomic molecules listed in Table 20.1 disappears at high 
temperatures. For example, at 200()®C', Ijydrogen has a ('. equal to 5..S cal mole'‘ 
deg t ‘. I his increase in tlie amount of eiiei’gy needed to raise the temperature 
of tlie gas by one degree must be absorbed into the vibrational degree of freedom, 
but the gradual inc*rease of the specific heat with temperature indicates that only a 
fraction of the molecules receive enough energj' in tlieir collisions to set their 
atoms into viliration. Also, the values of for the diatomic molecules in Table 
20.1 imiicate that near room temperature tliese molecules have no vibrational 
degrees of freedom. J he specific lieat of hydrogen lias been investigated <lo\vn to 
20 K. At low temperatures the number of degrees of freedom seems to decrease, 
■so tliat below GO^K C, for hydrogen has tlie value 3 cal mole“‘ deg C"* found 
foi monatoiiiie gases. At this low temperature the hydrogen molecules do not 
even have their rotational degrees of freeilom activated. 

'I'he fa< t that a molecule must receive a certain dcfuiite amount of energy in 
Older to liave one of its rotational or vibrational degrees of freedom activated is 
contrary to the classi<al laws of mecliaiiics. For, classically, a body capable of 
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vibrating would be set vibrating with small amplitude no matter liow small the 
blow. Many types of experiment liave now convineed i)liysieists tliat, if a 
molecule has a natural fundamental frequency of vibration/, it will viluate only 
when its energy is hf or some multiple of this amount. The h is a universal 
constant of action discovered by Max IManck in 1000. The quantity A/ is called a 
quantum of cnergu and the theory the quantum theeinj. Tliere is now mucli 
evidence that all the vibrational, rotational, and electron motions in molecules are 
quantized; i.e., tliey can lie excited only when the energy receive*! by an impact 
exceeds a' critical amount characteristic of the particular atoms involve*!. I'or a 
light diatomic molecule like H,>, A/ is greater than Is, = for T = 300“K, and 

therefore this vibration is not produceil by impacts with otlier II, nmlecules 
having only this amount of energy. For a heavy diatomic molecule like iodine. 

on the other hand, the natural vibration 
frequency / is so mucli smaller that, for 
a00“K, A’l is larger than hf and nearly 
all the iodine molecules will have at 
least one (luantum of vibrational energy. 

*20.6. The Mean Free Path of Gas 
Molecules. In its random thermal mo- 
tion a molecule in a gas at atmosjiheric 
pressure makes many collisions with the 
otlier gas molecules. For this reason the 
diffusion of one gas through another is a 
very slow process if mass incition of the 
gas through convection currents or tur- 
bulence is not present. If a strong odor 
released in one corner of the room is soon 

detecte<l in the far corner, the molecules of the odorous compound must have been 
carried this distance by convection. Uiion collision any molecule is just as likely 
as not to be set into motion in the reverse direction. The average distance / that a 
molecule travels between collisions with other molecule, called the mean free path, 
is an important quantity in tlie kinetic theory. An expression for I in terms of 
the diameters of the molecules and their number v per cubic centimeter can be 

derived as follows: 

Let us a.ssume that the molecules are spheres of effective radius r. One of 
these molecules, traveling with an arithmetical mean velocity r, sweeiis out in 
1 sec a cylindrical volume Trr^f cm^ but of course this volume has a kink or bend 
in it for each collision (Fig. 20.4). The average volume occupied iier molecule is 
\/v cm>. Now any molecules ha\ing their centers within a radial distance 2r 
from the axis of the cylinder project into it and will be struck by this inolecule. 
Per second, 4TrrH<v of these collisions will occur. The mean free i>ath / is then the 
distance the molecule travels in a second, v cm, dixdded by the number of colli- 
sions in that same time; thus 



Fio. 20.4. Illustrating tiic broken 
cylindrical volume swept out by one of 
the gas molecuh'S in its random motion. 


I = 


4irr-vv 4irr-n 


cm 


(20.17) 
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Since V varies directly with tl»e pre.ssurc, the mean fiec path is invejsely propor- 
tional to tljo piessute of the gas. 

Phis eah ulati<m is oveisimplified, for we liave assurne<l tfiat all tlie gas mole- 
( iiles except the one are at rest. Maxwell showed tliat l)y taking into account 
the fact tliat all the molecules are in motion with various speeds the mean free 
path sliould he given hy 

1 

(20. IS) 


/ = 


4wr-u \^2 


- CIll 


It is easy to see ([ualitatively that, since all the molecules are in motion, the 
chatx-e <tf collisions will therel)y he increased atul thus the value of I as given by 
liq. (20. 1 7) should imleed he somowliat lowered. 

If any two of the three quantities I, r, and v are known, Eq. (20.18) maj' be 
used to solve for tlio third. The number of molecules per cubic centimeter for 
an ideal g.as under starnlard conditions i.s Avogadro's number, 0.02 X 10*® mole“h 
di\’iile«l l»y the volume of a mole, 2.241 X 10* cm®, as d(*tei'miiuMl from the ideal- 
gas ecpiation. I’lietefoi'e 


u = 


0.02 X 10-® 


2.241 X !0‘ = ^ 


This is often calle<l the Eoschmhlt number. The mean free path may be 
measured dii’cctly, using the mo«lern metluxl of molecular beams, and may be 
calculated indirectly from measurements of the viscosity, diffusion, or heat 
conduction of the gas. I'tir the ordinary gases under standartl conditions / has 
values between 1 anti 2 X 10'^ cm, and the fairly good agreement between the 
\’alues for a given gas as calculated hy the different methods gives one confidence 
in the general correctness {)f the kinetic theory. 

The value of r may he determined from viscosity measurements (Sec. 15.7), 
X-ray diffraction patterns, and molecular spectra and from the constant 6 of 
van der Waals’ ecpiation. All these methods yield values of r that arc fairly 
consistent with each other, with r lying in the range 1 to 3 X 10“* cm for the 
ordinary gases. In this eonneetion it should be mentioned tliat, since the mole- 
cules are not .spliores actually, it is <limcult to .say exactly what their <liametei-s 
are. 1 lit* outer portioii.s of all atoms and molecules consist of a rather diffuse 
distiibiitioii of negative electrons, and so the stmlies of the several phenomena 
mentioned may be expected to yield sliglitly different values for the size of any 
molceule. It is really very satisfying tliat the information from the data of a 
number of rather unrelated types of experiment (plus their theoretical interpreta- 
tion) about tliese molecules, which are so small tliat they cannot be seen and 

is all (piite consistent. 

For hydrogen at normal atmospherle pressure and O^’C tlie following approxi- 
maU- values are found;/ = 1.42 X U)-^cm,2r = 2.4 X IQ-" cm, and ii - 169,500 

V\U SO(‘. 

20.7. The Mass of an Atom. Ihe out.stunding property that all 
al oms pos.sess is that of mass. Mass is, of course, an important parameter 
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in the study of the motion of atoms by themselves, as well as in the study 
of the motion of eolleetions of atoms, i.e., of solid bodies and fluids. 
Since Avogadro’s number is so large, we know that ordinary ejuantities of 
materials contain very large numbers of atoms. From Avogadro’s 
number the mass of an atom can at once be found. If .1 is the atomic 
weight of a substance, then the mass m of one atom is 

;h = 4 - (20.111) 

A a 

Thus for hydrogen, the lightest atom, ,1 = 1.008 gm and /h = l.O X 10^-’ 
gm. The hydrogen molecule, which contains two atoms, has twice this 
mass. Similarly, for iron, -T = 55.85 gm, and m = 9. 10 X 10“-^ 
gm; for one of the heaviest atoms, uranium, .1 = 238.07 gm, and 
m = 3.93 X 10"'- gni. The range of masses is just the range of atomic 
weights and varies by a factor of more than 200 from the lightest to the 
heaviest atom. 

*20.8. The Size and Shape of Atoms. liy a procednro exactly analogous to 
that of the preceding section tlic size of an atom can be determined. The volume 
of one mole of atoms is .1 p, where p is the density of the substance. Tlje average 
volume V occupied liy one atom is therefore 

r = 4 - (20.20) 

.\ I'P 

or, from Fep (20.19), ^ ~ ^ 

The average volume occupied by one atom is, of course, a volume much larger 
than the atomic volume itself unless, in the substance under consideration, the 
atoms are in contact with one another. Thus the average volume that an atom 
or molecule occupies in an ideal gas is, since one mole occupies 22.4 liters at 0®C. 

2.24 X 10- _ 

' " 6.02 X 10=^ “ ^ " 

If the temperatui’e is lowered, the tlensity of the gas increases and F decreases, 
until the gas becomes a Hejuid. The atoms still have some heat motion, but a 
further reduction in temperature causes the substance to solidify. In a solid, 1 
is still smaller, and the atoms may be said to be truly in contact with one another. 
A reduction in temperature produces little change in volume, and the com- 
pressibility of a solid is extremely high. To find the volume of a hydrogen atom 
we should use the density of solid hj’drogen, therefore, in Eq. (20.20). This 
densit}' has been determined to be p = 0.081 gm/cm®, and hence, for hydrogen, 
V = 1.008/6.0 X 102= X 0.081 = 2.1 X 10-== cm=. For iron, p = 7.8 gm/cm=, 
A = 55.8 gm, and V = 1.18 X 10“== cm=; and the corresponding quantities for 
lead are p = 11.4 gm/cm=, A = 207.2 gm, and V = 3.4 X 10“== cm=. We shall 
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examine in more detail later (Fig. 49.1) liow V varies from the lightest to the 
heaviest atoms. 

To find tlie linear dimensions of an atom from the volume, it is necessary to 
know the slmpe of tlie atom as well. If the shape of a hydrogen atom is assumed 
to be spherical, then the volume just calculate<l corresponds to that of a sphere of 
diameter 3.4 X 10“* cm. 

It is interesting to compare this diameter with the diameter of the orbit of the 
ciiculating electron in a hydrogen atonn In Sec. 11.9 the orbital diameter was 
found to be I.O.") X lO’** cm and hence smaller than tlie distance between atoms, 
as might be expected. 

Some clue to the shape of the atoms of an elejnent might be obtained from the 
h)iin and symmetry of crystals of tlie element. Iron forms crystals with cubic 

symmetry, and the arrangement of the 
atoms witliin the crystal is indicated in 

Fig. 20.5. The structure is called a 

body-centered culhc structure. Sul- 
^..-''9“ fur, on the other hand, forms crystals 

— P"*^ needles. We cannot conclude 

from tliis, however, tliat iron atoms 

— Cr have a cubic shape, whereas sulfur 

atoms are necdlelikc, since, if iron and 
sulfur are combined to form iron sulfide 
\, ^,y X ^y^ Y ^y^ crystals, a new and complicated struc- 

ture results. i?ome elements, more- 
I'lr.. 20,5. The liodv-ccntcrccl cubic , . i • « r , i i * i 

,. , • , , over, form two kinds of stable crystal. 

structure «>f iron and rnanv other metals. 

(. arbon, lor example, exists eitlier as a 
diamoiui or as grapliitc. 'I'lnis it is difiicult to find evidence for a definite sliape 
that is chara<’teristi<* of an atom of an element. 

Some adilitional evidence on the sliape ami size of atoms can )>e obtained by a 
detailed study of the collisions in a monatomic gas. Tlie value of the ratlins of 
an atom of a gas obtaiiual frtnn the coefficient of viscosity agree.s, altliough not 
exactly, with that from the simpler method indicated above. It would be 
ex|>ected, however, that the sliape and size of an atom in a solid body where it is 
close to many other atoms might be different from those of an atom in a gas where 
tlie atoms spend most of tlie time far away from tlieir neighbors. Tlie wave- 
mechanical theory of atomic structure tells us that atoms do not have sliarp 
boundaries, ami conserpieiitly the concept of shape loses much of its significance. 

*20.9. The Production of a High Vacuum. Most of the discoveries of the past 


50 ycai-s in atomic physics have been made with liigh-vacuum apparatus, and 
today the manufacture of many articles such as incandescent lamps, radio tubes, 
neon signs, X-ray tubes, vacuum bottles, etc., requires the use of liigh-vacuum 
tecliniipies on a huge scale. During the evacuation process all glass parts are 
usually lieatcd to drive off occluded vapors and gases, and metal fittings within 
the vacuum may be outgussed by high-frequency induction heating. In radio 
tubes tlic last traces of gas are removed by a chemical “getter,” which is usually 
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some alkjili or alkaline-earth metal <listillo(l into t!ie tube to r<)in!)ino witli 
residual oxygen, nitrogen, or water viipor. 

Tlie moilern roUtrij pump usually consists of an oci-entiic rotor (' revolvinji in a 
cylindrical casing (Fig. 20.0). Once each revolution 

the gap space between rotor and cylir.iler wall is con* \ s -- 1 

nected at *1 with the vessel being evacuated and fills 

with air, which is then coinpres.sed and forced out / /y 

through a valve in the outlet tube li. A plungei D / ^ \ \ \ 

is ])re.ssed against C by a spring and prevents air if 111 

from lejiking back from to A. Tlie pumi) works I l\ ^ / / / 

in oil, which acts as a vacuum seal. Sucli pumps \ / J j 

can reduce the gas pressure to al)out 10“® mm of \ / 

mercury. They are used as /ore pumps to prorluce 
the preliminary vacuum for mercury- or oil-rlifTusion 

pumps, with which a vacuum of 10“' mm of mercury ^ *‘^0.0. A rotar> \ni 

' , , . 1 uum j)ump. 

may be ol)tained. 

A single-stage mercury -<lifTusion pump is sketclied in I’ig. 20.7. Mercur y is 
heated in the boiler H, producing vapor, which passes up tlie tube, issues at the 
nozzle 0, is condensed by a water jacket, arid falls back into the boiler to be 
vaporized again. At 0 tlie fast-moving mercury atoms collide with air mole- 


Fio. 20.0. A rotary vac- 
uum ])ump. 



Fio. 20.7. Single-stage Fio. 20.8. Mclx.*od 

mercury diffusion pump. gauge for measuring 

low gas i>ressures. 


cules that liave diffused in from .1, which connects with the ajjpai'titus being 
exliausted. The air molecules are thus given a downward velocity component 
and are removed through the outlet C by the fore pump. Often these pumps 
have two or tliree nozzles or stages in series for more rapid pumi)ing and a better 
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ultinmte vacuum. A trap T cooled by iiumei-sion in liquid air or in a dry-ice and 
(»manic P<ilvcnt mixture mui^t be used to freeze out mcrciir,v vapor that diffuses 
back towartl the evaciiaterl apparatus. Kecently fractionating diffusion pumps 
(»porating with a low-vapor-pre.'v>jurc oil or a li<}uid such as n-butyl plithalate have 
<-otiie into use bec-ause for many purpo.'ses no liquid-air trap is neederl to prevent 
tlie.se A’apor.s from <hffu.sing into the evacuated apparatus. 

'I'o measure the.se low pressure.s it is customary to use a McLeod gauge, a 
I'irnui gniige, or an ionization gauge. A simple form of McLeod gauge is shown 
in Fig. 20.x. The gauge Ls connected at A to the apparatus l)emg evacuated. 
When the mercury in the lower tube is raiserl, it traps gas at the low pre.ssure p 
into the accurately known volume V from the apparatus. Further raising of the 
mercury level compres.ses this gas into a known volume of the capillary C. The 
piessure of this compressed gas is given by the difference in level of tlie mercuiy 
in (' and that in the parallel capillary tul>c /?, which has the same bore as that of 
the (' tul)e to minimize error due to capillarity. The original pressure of the gas 
tiapi>cd iti r may then lie computed witli the aid of Boyle’s law. 

One weakness of the McLeod gauge is that it docs not indicate correctly the 
pressure of condeu.sable vapors. For fairly low but not the lowe.st pressures 
the I’irani gauge is satisfactory. It consists merely of a wire carrying an electric 
current in the low-pressure region. Since the lieat conducted away from the 
wire is |)i<)portional to tlie pressure of the gas, one need only measure tlie electric 
resistance of the wire, for this resistance in turn varies linearly with the tempera- 
tiiro of the wije. For measurement of pressures lower than 10“* min of mercury 
the ionization gauge is now conumuily used. This U actually just a triode 
thermionic vacuum tube, whicli fuiudioiis very well as a low-pressure gauge 
.since the ionization current in the residual gas for fixed electron current is pro- 
jiortional to tlie prc.ssure. 

PROBLEMS 

1. If 10” mohM-ulcs j»T second of hydrogen moving with a speed of 10* cm/sec 
strike 2 cm- of wall at an angle of 4.1®, how much jiressure do they exert on the wall? 
The mass of the 11. moleeule is 3.32 X 10"’* gm. 

2. raleulate the rms velocity at T = 300®K of (<i) helium atoms and (h) uranium 
hexafluoride inoleeules (mol wt = 3.'>2). 

3. What is the total average kinetic energy of the molecules of 1 cm of oxvcen 

gas;it300®K? ■ 

4. How muc*h slowiT ilocs a moleeide move at 4®K than at room temperature 

(20®C)? ' 

6. (>lie gram of hydrogen ami 2 grii of helium arc introduced together into a com- 
pletely evacuat<-d hull, of ra.lius 20 cm. Find the total pressure exerted by this gas 
mixture on the walls of the bulb if the temperature is 20®(\ (From Dalton's law of 
partial pre.s.surea, total pressure ecpials sum of partial pressures.) 

6. 'Ilie he.st vacuum yet attained in experimental apparatus is 10“® mm of mer- 
cury. How many molecides of resulual gas still remain in 1 cm’ at 0®C in this so- 
c'alled vacuum? 

/ '■‘‘'"'•■‘y "f hy<irogon molecules at liquid-air temperature 

( — 190 C) and at the s\irface of the sun (6000®C). 
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8 . If of 100 molecules 10 have a spee«l of 1 cm/soc, 10 liave a speed of 2 cin/sec, 
etc., with the last 10 having a speed of 10 ^•m/.sco, calculate (o) (heir nns velocity and 
(h) their arithmetic-mean velocity. Xote that (o) is largi‘r than (/>). 

*9. Heat is supplied to a quantity of ether vapor (7 = 1.08). What fraction of (his 
heat is used in increasing the transhdional energy of the ether molecjdes? 

*10. The diameter of the argon atom (argon is monatomi<-) is 2.2 X 10~' cm. Cal- 
culate the mean free path of argon atoms uiuler standard (•onditiojis. 

11 . .\t what centigrade tem|)erat»jre is the rms velocity of a mole<-ule one-half its 
value at 20“C? 

*12. Generalizing Kq. (20.16) to the case of a molectde with / (h*gr«‘es of free<loin, 
show that then 7 — 1 -1- 2 /. Calculate from the exp(‘rimental value of 7 for etluT 
(Table 20.1) the ntimbcr of degrees of freedom for this molecule. 



CHAPTER 21 

THE LAWS OF THERMODYNAMICS 


21.1. The First Law of Thermodynamics. Thermodynamics is the 
scienc(‘ that dc'sciibes the chaiifies oc(*urring in bodies as they are heated, 
or do (‘\tenial work, or change their .state. Any of the.se effects may take 
place singly or in combination. Hodies of particular interest in this 
rc.'^pect are gases, .sucli as air; vapors, such as steam; or mixtures, such as 
gasoline vapor and air. 

The subject is dominated by two laws, the of which has already 
been stated in Sec. 19.5. S\ippose that a body is heated, receiving AQ 
units of heat, nuring this proce.ss it does All' units of work. Writing 
AC for the increase in infcrnul envnjy of the body, we may express the 
first law of thermodynamics in tlie form 


AC = AQ - AW (21.0 


The (juantity AQ in this e(iuation. as everywhere else in this chapter, is 
ius.sumed to be expres.sed in the same energy units as AC and AH', for 
instance, ergs (calories times J). In words, the fii-st law says that the 
increase in int(*rnal energy eciuals the heat received by the substance, 
less the work done by the substance. The internal energy is not a 
directly mea.surable (juantity, for it includes the kinetic energy of the 
molecules, the energies of vibration and rotation of the constituents of 
the molecules, and the potential energy due to the intermolecular forces. 
In the form of Kq. (21.0 the law does no more than assert the validity 
of the principle of conservation of energy. Its \isefulness arises from the 
fact tliat a thermodynamic sy.stem, when taken through a transforma- 
tion that finally restores the original .state, in<*urs no change in internal 
energy (AC' = 0) despite the fact that AQ and AW individually are not 
zero. 

Let us apply the first law to a very simple process, the flow of heat from 
a body at a temperature to another, at temperature with which it 
is in contact. In this process the Iiotter body loses an amount of internal 
eiu'rgy At\, tlie colder one gains Al’i, and if the two bodies are in.sulated 
from their surroundings these two quantities are numerically equal. The 
total change in internal energy of the system (consisting of the two 
bodies in contact) will thus be zero. Similarly the heat lost by one body 
will equal that gained by the other, so that AQ = AQi -|- AQa will also be 
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zero. No external work was clone during the process; lienee Kq. (21.1) 
is obvioiKsly satisfied, its left- and right-hand sides being zero. 

Hut imagine now that heat, instead of flowing from the hotter to the 
colder body, had passcKl from the colder to the liotter. All ejuantities, 
Af ' 2 , Af * 1 , AQ 2 , Af^i, would then have thc*ir signs reversed, and lOcp (21.1) 
would still be satisfied. Such a process, however, does not occur in 
nature, for heat of itself always flows from high to low temperature's. 
Hence the first law of thermodynamics, while always true, is not sufli- 
ciently re.strictive in selecting those processes which actually take jilace. 
It must be supplemented by anotlier law which somehow specifies the 
(Hrcction in which heat changes occur. This is the function of the sc'cond 
law of thei’modyiiamics. 

21.2. The Second Law of Thermodynamics. The oldest and probably 
the simplest .statement of the second law is due to H\idolf Clausius 
(1822-1888), who announcc'd it in 1850 in the form: Ilvat cannot Jhir 
from lower to hitjher temperatures in a self-acting manner, d'he ([ualifying 
phnuse “in a self-acting manner” is extremely important ; for it is possible 
to transfer lieat from cold to hot bodies, as in a hou.sehold refrigerator. 
The point is that this cannot l)e done without the expenditure of external 
work. 

The history of physics knows innumerable attempts to disprove the 
laws of thermodynamics. Even today amateurs endeavor to construct 
perpetual-motion machines that run forever while doing work, in viola- 
tion of the first law of thermodynamics. None have e\’er worked. 
Technically these fictitious devices are known as “perpetual-motion 
machines of the first kind.” Similarly the scientific literature of the last 
century abounds with descriptions of devices, like steamships that cross 
the ocean by drawing lieat energy from the surrounding water, that con- 
tradict the second law. These, known as “perpetual-motion machines 
of the second kind,” are etpially futile inventions. For in order to 
extract heat from the water an engine would have to cool the water, and 
this (^an be achieved only bj' doing an amount of external work greater 
than the energy released by the water. Experience shows that the 
second law is never contravened and is quite worthy of forming one of 
the pillars of physical science. 

Strangely enough the second law has never been derived from the laws 
of dynamics by purely logical reasoning. It can be shown to represent 
the most probable course of events, but not the only possible course. 
Therefore it should be regarded as a principle which operates above the 
laws of dynamics, on a plane more general than that of Newton’s laws, 
for example. 

To be more fruitful in application the second law must be stated in a 
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prooi.se mathematical way. This requires the introduction of a new 
physical cpiantity, called entropy, which will now be defincKl. 

*21.3. The Meaning of Entropy. Wo consider again an example of lieat 
transfer taking place between two bodies in contact (Tig. 21.1). They constitute 
wliat we sliall call iho “thermodynamic systeln^^’ If Ts > 'I\, a small quantity 
of lieat tlQ will be transferred from body 2 to body 1 in some small interval of 
time. The ratio T will be seen to have a peculiar significance in thermo- 
(iMuunics. For the present we note that, during the transfer under consideration, 

bo<ly 2 lose.s the ratio dQ/Tn while body 
I gains dQ/Ti. The system therefore 
gains 

dQ dQ 
Tx ■■ T, 



/in 

o 

'A 

© 

A 


Fio. 21.1. 


This is a positive quantity. If heat 
flowed from body 1 to 2, it would be nega- 
tive. Natural proces.ses occur in such 
a way as to make this difference positive. 
For this reason it is iiulicate<l that the ratio be given a name and a symbol. 
We define 


r, Ti 


§ = d.s 


(21.2) 


T being the absolute temperature, ami call N tlie entropy, and dS the change in 
entropy caused by the transfer of dQ at the temperature T. In our example the 
increase in entropy of body I is d.S'i = dQ/Ti, that of hotly 2, d.s'j = —dQ/Tz, 
and we have .seen that the entropy of the system, 

dS = dS\ -f- dSi ^ 0 


What has here been illustratetl by reference to a simple instance is actually a 
very general situation: the increase in entropy, always defined by Fq. (21.2) for 
an infinitesimal piocess, is found to lie jiositive in all processes that occur of 
themselves in grtmjis of bodicvS that tire insiilatetl from their surroundings. When 
a finite transfer of hctit over a finite range of tcinj)eratures takes place, Kq. (21.2) 
may be generalized to read 

A-S = Y (21.3) 


but only with one imiiortunt j>rovist»: the transfer of heat considered in the 
evaluation of the integral must bike jilaee .so slowly that the system is always in 
internal equilibrium. Such proee.sses are of groat interest in thermodynamics; 
they are called qiunti-sUitic, 

'Po illustrate the use of Kq. (21.3) in a ilifTercnt way we eahailate the entropy 
change tliat one mole of an ideal gas undergoes in an expansion from volume 




Sec. 21.41 


THE LAWS OF THERMODYNAMICS 


293 


to volume Vi. In every part of tlie ])ioees.s tlie first law is ol)eyo<l; henre 


(ir = ,IQ - (IW 

l^ut for an ideal ga-s, unless the temperature oliange-s, tliere ean he no depeiulence 
of I on volume— there are supposedly no inteiinoleeular forces. Thetel(U(* 
dV — 0, and dQ = dW — p dV as was shown in See. 1S.3. We thus .see that 




= / 


pdV 

T 


(21.4) 


Now, for an ideal ga.«, pV = nRT 
and Kq. (21.4) becomes A5 


-i 


d\ 


= nir-^ = 


V 


nii In 

r 1 


(21.5) 


Again we see that AN is positive, for ]'■< > I'l. Spontaneous condensations, 
for which AN would he negative, do not take ))lace. 

We are now in a position to formulate the second law of thermodynamics in 
the following simple way: In naUtrtd proveama taking i>lace in isohUvd sijst(m.-< 
the entropy he\ er decrea.ses. 

There are prticesses, to he sure, in which the change in entropy (of an isolated 
sy.stem) is zero, as, for example, all puiely dynamical motions in which dQ = 0, 
and many thermodynamic changes. Such ])i-ocesses aie called rcirrfiihle. To 
give a nuinerieui example, we comi>utc the entropy increase due to the niclting 
of 1 gm of ice. In this process, 'f = const = 273®, aiid SO cjil (latent heat of 
fusion) is taken in. Hence 

AN = J^ = ^JdQ = Y. = cal /deg = 1.23 joule/deg 

On the other hand, Avhen a substance of mass m liaving a constant specific heat c 
is heated from Ti to To degrees absolute the entropy change is 


AN = 


= r 

jTi 


Tt me dT , 7’o 

/HC In rjf 


*21.4. Entropy and Probability. From its definition [Kq. (21.3)] tlie reader 
w’ould hardly suspect the entropy to hear any lelation to the prohal)ility of a 
system’s state. Yet it is possible to show, by considerations given in Ixx'ks on 
statistical mechanics, that entropy is a measure of the probability for the arrange- 
tnenl of molecules to which the stale corresponds. To make this clearer we may 
compare the molecules with the cards in a deck. If they are dealt at random to 
four players, it is very unlikelj’ that each i)layer will receive all the cards of one 
suit, very likely that they are pretty evenly distrilmted in the different suits. 
Now it is pos.sible to calculate numerically the j)robahilities of the various possible 
distributions of cards among the players; distributions with high probability 
have a large entropy. 

Similar reasoning can be applied to the distribution of molecules in space. 
When a volume V is available to the molecules of a gas, the state in wliich they 
occupy this volume uniformly is more probable than the one in which they are all 
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erowded into part of it. For tins reason the entropy of the ideal gas after 
expansion is greater than before, as indeed we found to be true in the preceding 
section. 

The quantitative relation between the entropy S of a system containing N 
molecules and the probability u* for the arrangement of molecules is 

S = k In ir (21.6) 

1'his may be shown to be equivalent to definition (21.3), although it cannot be 
done in this book. Hut wc shall prove that Eq. (21.6) agrees with Eq. (21.5), 
which was dcrivcai for the expansion of an ideal gas. 

If nothing is known about the i)osition of a given molecule, then the probability 
tliat it may be found in a volume 1' is proportional to V: the greater V, the greater 
the chance of finding it in V. Hence the probability of finding a single molecule 
in 1' is 

wi — rl* 


wliere r is some constant. Now the probability that X molecules shall be present 
.simult:ineou.s|y in V is the .V-fold })roduct of U’l: in other words 

U7 = (cl’)-'- 

According to E(j. (21.6), «S = A*.V(ln c + In ]*) 


The difference in entropy between a state of volume Vj and a state of volume V\ 
is therefore 


N = A-.Vfln c + In 1%) - kXiUi c + In V,) 
= kX In In 

r 1 V j 


ami this conforms exactly with Eq. (21.5) because R = X(Jc [cf. Eq. (20.10)]. 

delation (21.6) is quite general and shows the meaning of entropy in terms of 
probability. With this new meaning of entropy the second law of thermo- 
flynamics jusserts that every natural system changes toward states of greater and 
greater probability — which is not particularly surprising. Heat flows from high 
to low temperatures because the state in which all temperatures are equal, i.c., 
in which all molecules have the Siune average kinetic energj', is more probable 
than any other. The second law holds for the same reason that a new deck of 
cards, when .slmflled, takes on a random distribution. 

From this point of view a violation of the second law is not an impossibility! 
If the deck is sluiflled long enough, order among the cards may return! If we 
wait long enough, the im)lecules of a gas might temponirily all be in one corner of 
its container or the water in a glass might siuldenly freeze on a hot summer day. 
Hut if the probabilities for such occurrences are compute<l, they turn out to be 
unbelievably small, so small in fact that a i)eriod of time far longer than the age 
of the universe must elapse before such freak phenomena should once take place. 

21.6. Thermodynamic Cycles. A set of quantities or variables, such 
as pr«*ssure p, volume F, and temperature 7’, are said to define the thermo- 
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dynamic state of a system. In tlie present section it is well to tliink ot 
the system as a gas or vapor enclosed in a container of variable volume 
such as a cylinder with piston. A change from one slate to anotlier is 
called a “thermodynamic process,” or “transformation.” Such a 
change can be represented in a number of ways, of which the p\’ plot is 

the most common. 

« 

An illustration is given in Fig. 21.2, which repre.sents a process in 


which a gas is taken from a state 
pi, Fi to another whose variables 
have the values p-:, The tem- 

]>erature T will in general have 
different values at different points of 
the path. 

The work done by the gas during 
the passage from A to B is, according 
to Sec. 18.3, 

p dv 



Fio. 21.2. /<r tliaKrain. 


and tliis is equal to the shaded area in Fig. 21.2. 

A transformation that returns the gas to its original state is called a 


cycle. Figure 21.3 represents a cycle, the gas being taken from A to B 
and back to A. During the passage from .4 to B the gas expands and 
does an amount of work ecpial to the area under the uj)per curve. In 
passing from B to A the gas is compresswl and receives an amount of 

work etiual to the area under the 
lower curve. The net work done 
by the gas during the cycle is the 
area on tlie pV plot that is enclosed 
by the cycle. In a cycle, although 
the substance retums to its original 
state, the net work done is not zero. 
The reason is that the gas has 
received heat while performing the 
cvcle and this heat has been trans- • 

Fig. 21.3. Diagram of a cycle. 



If the cycle in Fig. 21.3 had been traversed in the opposite sense, so 
that what was previously an expansion has now become a compression, 
and vice versa, the work done by the gas is the area under the lower curve, 
the work done on the gas is the area under the upper cun-e, and the work 
enclosed by the cj^cle is no longer the work done by the gas but that done 
on the gas during the cycle. In general, then, if a cycle on the pV 
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{liajiiain is traversed in clockwise* manner, its area represents work done 
1)V the system: if it is traversed in counterclockwise manner, it represents 
in<in/ir(' work done htj the system, i.c., work done on the system by 
I'xternal anoncies. 

Arnony: th(‘ infinite variety of possible cycles, several simple one^s are of 
}ii-cal practical inteiest, and one of these will first Ixj singled out for 
special consideration. 

21.6. The Carnot Cycle. Let the “working substance,” which need 
not be a gas but will here be assumed to be one for the sake of simplicity, 
h(‘ (uiclosed in a cylinder with a piston. The piston and the vertical 



walls of the cyliiuh'r are ma<Ie of insulating material, l>ut the base is 
c(indu(!ting (I'ig. 21.1). In addition to the cylinder usst'mbly we iUssuinc 
the presence of thrc'e bodies, all shown in Fig. 21.4. The first is a large 
body at temi)eraturo T-;, a body that for practical purpose:^ has an 
infinite heat capacity. The strond is a noncondueting slab; the third, a 
body with infinite heat capacity at a temperature Ti < 1\. 

In its initial state the working substance is represented by the point 

of I'ig. 21.5. It is then subjected successively to four processes, which 
will form a cycle. 

1. \\’e place the cylinder upon the heat reservoir a and allow the 
suhstunce to exjjund very slowly. During the coui'sc of this expansion 
the gas will be at temperature 7^, and it will take in Q.. cal of heat from 
the reservoir. In the diagram (Fig. 21.5) this part of the cycle is repre- 
sented by the isothermal AB. If the gas were an ideal on(^— which we 
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are not assumin*; — the eurvo AB be lejiresenlc^l l)y pV = B'J'-', 

in general it will be dilYereiit. 

2. Place tlic cylinder on the slab b, wlucli seals it against heat con- 
duction, and lot the gas expand farther to the point (’ in the diagram. 
BC is an adiabatic curve for tlie gas; for an ideal gas it would have the 
form pV"* = const, as was sliown in Sec. 11).(). During jiassage from B 
to C tlie temperature of tlie gas drops to T\, for tlie gas does work but 
nMteivos no energy from the outside. 

3. Put the cylinder on restuvoir c, and compress the gas slowly, 

isothermally. In this process, h(“at in tlie amount of Qi cal is givcui oil 
because work is l)eing done on tlu* gas wliile its tempcuature nunains 
unaltered. This corre.sponds to CD in I'ig. 21.5. The iioint D is so 
cliosen that it can be connected ^ ^ 

with A by an adiabatic curve. i‘ ^ 

4. Finally we return the cvlinder \ 

to the slab 6, and compress the gas \ ^ 

adiabatically until tlie initial point \ 

A is reached. The cycle is now \ 

complete. 

21.7. Efficiency of Engines; Ab- 

solute Temperature. Tlie C’arnot 1 ^ 

cycle typifies the action of many ^ 

. 1 xL A 1 ! Im. 21.5. Carnot cvi’lc. 

engines, although the actual cycle 

performed by a given lieat engine differs markedly from it. The essen- 
tial facts are these: Q-> cal of heat is taken from a reservoir at a high 
temperature To) Qi cal is given off to another reservoir (the condenser 
of a steam engine) at a lower temperature Ti. In return for the heat 
received the working substance performs work etiual to the area enclo.sed 
by the cycle. 

We may apply the first law [Eq. (21.1)] to this cycle, noting that 
Ab' = 0. Further, writing simply IF for AIF, the work done by the gas, 
and putting SQ = Q 2 — Qi, "e have 

Q2~Qi = W (21.7) 

an equation that directly expresses conservation of energy. 

By the “efficiency” of an engine is always meant the work output 
divided by the work input. In the case of a heat engine tlie former is 11 , 
and the latter might seem to be Q 2 “ Qi- As a matter of fact, however, 
the heat rejected, Qi, is usually not retrievable and should therefore also 
be counted as lost. Hence the efficiencj'^ of a heat engine is 

-I 


Fio. 21.5. ( 'jirnot cvi'lc 
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aiul tliis b(M-onu\<, by virtue of Ecj. (21.7), 

E = (21.8) 

Now there are two remarkable tliinj;s about a Carnot engine, the first 
proved by Sadi (’arnot {179()-1832) him.-^elf, the second by Lord Kelvin 
(1824-1907). One is that the efficiency calculated from a (’arnot cycle 
is tlie greatest possible efficiency which any engine can attain. It is an 
upper limit 1o the efficiencies of real engines. The other is that the heats 
Qx and (}■< are in the same ratio as the absolute temperatures Ti and T 2 . 
'riiis ratluM- unexpectcHl fact is of very great importance and has been used 
to formulate and determine absolute temperatures in a manner wholly 
independent of the propeiiies of thermometric substances, the efficiency 
of a Carnot cycle being the same for every working substance, 
rtilizmg the second fact, expressible in the form 

Qx Tx 


we may rewrite Eep (21.8). 




(21.9) 


No heat engine can have a greater efficiency than this. Only if 7’i, the 
temperature at which he^it is rejected, is zero can the efficiency be 100 
per cent. 

A steam (uigine that takes in heat at 200®C, or 473® abs, and discharges 
its exhaust at 20®(> or 293® abs, cannot have an efficiency greater than 



473 



even if it is mechani(*ally perfect. 

21.8, Refrigerators. The basic principle of refrigeration is easily 
understood in connection with Fig. 21.5, which, as already stated, repre- 
sents a cycle for an idealized sort- of heat engine. When the cycle is 
traveled in reverse, it bwomes a refrigerator cycle. 

In the passage from .4 to I) the gas expands adiabatically, lowering its 
temp(aaturo while doing work. From D to C it expands isothermally, 
withdrawing cal from reservoir c in Fig. 21.4. The compression from 
C to B is adiabatic, that from B to .1 isothermal. In this latter part of 
th(‘ cycle, Q.. cal is given up to the warmer reseiwoir a of Fig. 21.4. As 
shown in Sec. 21.(1, the work done on the gas is the area enclosed by the 
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Evaporator 


Cooling 

water 


Condenser 

coils 


Carnot diagram. Tiic effects of tlic cyclic process are therefore: (1) a 
removal of Qi cal from a colder body; (2) a transfer of Q> cal to a hotter 
body; (3) an expemliture of mechanical work on the working substance. 
In shoii the system has fulfilled the function of a refrigerator. 

From an engineering point of view, of course, this retrigerator, con- 
sisting of the as.sembly drawn in Fig. 21.-1. is most unsatisfactory. .V 
more practical arrangement, used in the commercial manulacture of ice 
(working substance Xlh) and in electric household refrigerators (working 
substance SO 2 or C^IUC'I), is shown in Fig. 21.0. On the downstroke of 
the compressor piston the substance, 
existing as a vapor in the cylinder, 
is forced into the condenser coils on 
the riglit, where it becomes a litiuid. 

The latent heat of condensation is 
carried off by the cooling water, 
which continually flows around the 
condenser coils. In passing through 
the throttle valve V the licpiid ex- 
pands, aided by the upstroke of the 
piston, so that in the evaporator the 
substance becomes a vapor again. 

The heat needed for expansion, and 
also the latent heat of vaporization, 

is withdrawn from the water or brine in a tank surrounding theevapoiatoi 
coils. 

This process, it will Iw observed, contains all the e.ssential features of the 
('arnot refrigerating cycle; differences are that the substance change's its 
state and that the contours of the diagram are not exactly isothei-mals 
and adiubatics. Also, the real cycle is not truly reversible and has a 
lower efficiency. 

*21.9, Other Cycles. The working substance of a steam engine is water, who.se 
cycle differs appreciably from that of Carnot because it changes its state from 
liquid to vapor in tlte proce.ss. The ideal thermodynamic behavior of water in a 
steam engine is represented by the Rankine cycle (tMlliam J. Hankine, 1S20- 
1872), sketched in Fig. 21.7. From A to B, water is compie&sed (isothermally) 
to the pressure inside the boiler. Since water is nearly incompre.ssible, almost no 
change in volume takes place in this process, between B and C there occurs 
an isothermal vaporization (boiling) of the water; the piston is pushed out in the 
cylinder, and a certain amount of heat Q 2 is taken from the furnace. From C to D 
there occurs an adiabatic expansion of the steam, and from D to A an isothermal 
condensation of steam into water; this requiies removal of an amount of heat Qi 
from the water. The work done is again the area of the cycle. 



Fig. 21,0. Hrfrigenitor. 
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til practice the Itaiikiiic cycle is, of coiii-sc, not realized. l>ut the actual cycle 
can he traced out on an indicator duigram, in which is plotted autoinaticully the 
pro.'ssurc in the cylinder vs. the position of the piston, the latter being proportional 
to r. The result ajiproxirnates the Hankine cycle, as sliowTi qualitatively by the 
dotted curve in Kig. 21.7. 

An inteinal-coinbustion engine, used in 
automobiles, airiilancs, and so forth, has a 
number of cj'liiulers, one of whii-h is sketched 
in I'ig. 21. S. A complete cycle consists of four 



Kio. 21.7. Uankinc (.sti'am-cngine) 
cvch*. 



engine. 


strokes; its action can be illustrated by referetu'e to the Otto cycle drawn 
in Kig. 21.1). On the first downwanl stroke, fuel enters through the open 
valve. This corresponds to the intake part <if the Otto cycle, Ali, where the 
volume of the fuel increa.scs without increase in pressure. t)n the upstroke 
. the piston coinpi-csses the fuel, closing 



V 

Fio. 21.0. Otto (gasoline cngiin*) cycle. 


the valves. This i>roce.ss corresponds 
to the adiabatic curve from }i to C. 
Near tlie end of this upward stroke the 
e.xplosion occurs, temperature aiul pres- 
sure of the cylinder contents rise greatly 
and almost without change in volume 
(part CD of the Otto cycle), and an 
amount of heiit is tiiken in. The 
piston is now ready to go down again; 
the hot gases exi)and (power stroke; 
portion DE of cycle) nearly adiabat- 
ically. At the end of tliis stroke the 


e.xhaust valve opens, and the ])ressure 
in the cylinder drops nearly to atmospheric as indicated by EH. Here heat Q- is 
given up by the exhaust gases. Finally on the fourth stroke (upward) the 
exhaust gases are pushed out of tlie cylinder, a process that corresponds to BA. 
The cycle is now completed and about to repeat itself. 
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The hid! pump, a inodeni <levire for cooling a huildinfi (luj in^ tlie sjunmei' ami 
heatiii^i it in winter, is a gas engine operating between tlie teinpeiatiire of tlu* 
building and that of tlie ground. One set of coils runs through the former: one 
set is embedded in the grouiul. During the cold season, gas is coniine.ssed into 
the house coils, wheie the heat of compression is released. The same gas is then 
allowed to expand into the grouml coils, wheie it momentaiily attains a tem- 
perature lower than that of the grouml and thus absorbs heat from it. d'hen tli(‘ 
cycle starts over again, the gas lieing compressed into the house coils, and so foi th. 

In the warm season the cycle is re\'er.se<l : gas is compiessed into the ground coils 
and expanded into the house coils, .so that the ground is heat€‘d and tlie house is 
cooled. 

*21.10. Heat Death of the Universe. Hefore closing this chapter we shall give 
one final thought to the second law of thermodynamics. To some philosoplnns 
it has had frightening aspects, for it forebodes a future state in which the entropy 
of the univei'se is a maximum, in which all things are of one common temperature, 
in which there is no relative motion of parts. Indc*ed this is the condition toward 
which the second law propels the universe, a condition in which life is imjaKssible 
and which is therefore known as the “heat ileath” of the universe. To remove 
this unpleasant prospect, scientists have claimed that the second law is not of 
univei-sal validity; that it holds oidy for inorganic and not for living matter; 
that the living cell produces what has been called “ektropy” (negative entropy); 
that mental proces.ses “u.se uj)” entro])y and therefore violate the .second law. 

Actually there is evidence for none of the.se assertions. So far as we know, the 
second law holds for the processes taking place in living matter as m*curately as 
in the inorganic realm. The heat death of tlie universe cannot be forestalled 
by such specific proposals, liut there are a few general observations that should 
properly be made concerning it. 

Fii-st the heat death i.s an extremely long time away. No dmibt the planetary 
system, and man, will have disappeared long before its occurrence. Second there 
may be distant regions of our vast universe, not known to us, where the second 
law actually fails. Cosmic rays continually decrease tlie entropy of the earth 
upon wliicli they impinge, and their origin is not clear at present. Last, and 
[leiTiaps most important, the universe may not he a closed, or isolateil, system, 
in wlii(*h case the second law is inapplicable to it as a whole. The heat ileath, 
witli its unhappy prospei-ts for our beloved univei-se, is therefore by no means a 
certainty. 

PROBLEMS 


1. Using the first law of thermodynamics, show that when a substance undergoes an 
isochoric (constant-volume) change the increase of internal energy equals the heat 
absorbed. 

2. .\ gas is heated and receives 30 cal from a burner. At the same time it expands 
against a constant external prt.ssure of 1 atm, its volume increasing from 1 to 1.5 liters. 
What has been the change in internal energy? 

3. gas is heated and receives 1.2 I3tii from a burner, .Vt the same time it expands 
against a constant external pressure of 2 atm, its volume increasing from 0.0 to 0.9 ft*. 
What has been the change in internal energy in foot jKninds? 
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*4. Why is thi' oiitrojn- change in a (reversible) atUiibatic process zero? 

6. A ('artiot engine works between oOO and 20°C’. \\ hat is its efficiency? 

6. A Carnot engine' has its low-te-niperature reservoir at 50°F, and its efficiency is 
30 per cent. What is the temperature of the other reservoir? \Miat should it be if 
the eflieic'ncy were oO per cent? 

*7. Consider tlu' entropy of water at 32®F to he zero. Calculate (a) the entropy of 
I lb of ice at 32'F: (h) the entropy of 1 lb of ice at 0®F t’^pecific heat of ice is 0.5 Btu 
ll>'' deg F"‘): (<■) the entropy of 1 lb of water at the normal boiling point; (rf) the 
entropy of 1 lb of steam at I atm ajid 2r2T. Express your answers in Btvi/deg F abs. 

*8. One porind of air (which for the present purposes may bo considered as ideal 
gas) exp.-iiuls slowly until its volume is tloubled. C'ompute its change in entropy. 

9. Plot an <-xact ( 'arnot cycle on a pV diagram for one mole of an ideal gas between 
temperatures 300 and 100’ abs. Let the point .1 corre.spond to p = 1 atm, the point 
li to 0.5 iitm. Compute, graphically or otherwise, (he work done in this cycle. Take 
7 = 1.5. 



CHAPTER 22 
TRANSFER OF HEAT 


22.1. T 5 rpes of Heat Transfer. Iierever a dilVoronco in temjxaature 
exists, a flow of heat enerj^y occurs from the region of liijjher to that ot 
lower temperature. Sometimes the enp:in(K'r wish(‘s to Ix'tter tlie heat 
transfer, as, for example, from the firebox to the hot, water in a ))oiler or 
from the motor block to the circulatin}; coolant in a hot motor. In other 
instances the problem is to minimize the heat flow, say throujjh the walls 
or roof of a dwelling or tlirough the insulated sides of a refi-igerator. In 
all cases of heat transfer there are involved one or all of the following 
processes: convection, conduction, and radiation. 

Convection is Iieat transfer by the mass motion of fluid matter, eithei- 
luiuid or gas. It is brought about by the changes in density of the fluid 
caused by heating. Familiar exami)les of convection are the draft in a 
stove, the wanning of all the air in a room by a hot stove in one corner, 
and the circulation of the water in a hot-water lieating sy.stem. 

Coiuiuciion is the transfer of heat by matter but without a!iy motion 
of the matter itself. When one end of an iron jjoker is placed in a fire, 
in a short time the handle becomes warm. The kinetic tlteory makes 
this understandable; for the molecules of the iron at the hot end are set 
into violent motion, and because of the .strong forces binding the mole- 
cules together this increased motion is passed along successively to tlie 
other molecules down the length of the rod. Ihe good conductors 
of heat are the metals, and of these the metals which are the be.st electric 
cond\ictoi's are also the best heat conduct or.s. Since electric conduction 
is explained as a drift of electrons, more or le.ss free, through the metal, it 
must be that the motion of these electrons is in good measure responsible 


for the conduction of heat. 

Radiation is the process of the conversion of the heat energy in matter 
into electromagnetic radiation, similar in nature to light, and the sub- 
sequent reconvereion of this radiant energy into heat by absorption by 
any substance upon which the radiation falls. Heat radiation and light 
travel through empty space at the huge speed of 1 80,000 miles/sec. We 
receive energy from the sun by this process, and a beam of radiant energy 
is sent forth by reflection from the parabolic mirror of an electnc heater. 
Most of the heat transfer from steam radiators to the air in a room, 
however, is by conduction and convection. Still it is true that, if you 
hold your hand to one side of a hot steam radiator, the warmth you 
receive comes by the radiation process. In fact the walls of an enclosuic 
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aiul all the objects within are continuously radiating energj' to each other 
\\ hothc*r they arc at the same or different temperature.s. 

22.2. Convection. Of the three methods of heat transfer, convection 
is the easiest to understand, for it involves only the usual laws of fluid 
mechanics. The houseliold water heater provides a good illustration of 
convection in a li(piid. The water in the copper coil C (Fig. 22.1) 
becomes lu'atcnl !)>' conduction throtigh the metal pipe. This hot water, 
being less dense, rises to the top of the tank, wliilc cold water from the 

bottom of the tank enters the coil 
and is in turn heated. Thus by 
convective circulation all the water 
in the storage tank becomes heated. 

.\ll heating systems for dwellings 
make large \isc of convective cir- 
culation for the distribution of the 
heat. The draft in a stove or 
chimney is pnkluced by convection. 
For the heated air in a chimney, 
being ligliter thanthccorrcsponding 
column of cold air, ^^ill experience 
a buoyant force, by Arclumedes’ 
principle. The draft is better the 
taller the chimney; for tlie greater 
the pressure difference between tlie 
top and bottom of the clumney, the 
greater this buoyant force. 

In cold weather the surface water 
in a lake is the first to cool, thus 
b(H'oming heavier than the wanner 
layers below. This surface water 

I-'kj. 22.1. ( 'ojivortivo l•it•l•ulalint 1 of tin* 

wntor in a li«»t-\VMtcr lank. 

by the lighter water from below. 
'Fliis m‘w surface water is then cooled, sinks, and is replaced by more of 
the warmer water from below. Thus by convection the whole body of 
water is cooled to 4°(‘, the temperature at which the water has its maxi- 
mum density. Furfher cooling of the surface water makes it lighter, 
with the result that it d(jes not sink and all convective circulation ceases. 
It is th(‘ surface then which frwzes first, so that marine animal life is 


conseiiiu'ntly sinks and is replace<l 



protected and livcus 


in cold climates do not bei^ome choked with ice 


building up from the bottom. 


Ocean currents and winds are often large-scale examples of convection. 
The Gulf Stream and the .lapan (’urrent are at least to some extent 
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caused by convoction, tlie warm suiTaco ocean curronts orijiinatinjj; near 
the c(iuator beinji; balanced by a return (*o!<l curr<ait near tlie oc(‘an Hof)r. 
Land and sea l)reezcs are local convection currents in the atmosphere. 
During the morning the land btrcomes warmer than the near-by water, 
both because it absorbs the solar radiation more rapidly and because of 
its lower specific heat. The warmer air above the land then expands, 
rises, ami is replaced by the cooler sea air. At night the; land loses its 
heat by radiation more rapidly than does the .sea, and hence the return 
current of cooler air is from the land to the sea. As a final exam])le we 
should mention the trade winds, which blow steadily in regions within 
a few degrees of latitude of the e(iuator. The considerable heating of the 
atmosphere near the e(iuator causes this air to expand and rise, and the 
cooler air comes in from north and south of the eciuator to re))lace it. 
Jiecause of the rotation of the earth these return currents arc somewhat 
deflected from the north-south line. 

The analytical treatment of convection currents forms a rather difficult 
bramih of hydrodynamics and will not be considered here. Dis])ensing 
with approximate. analyses we shall limit our discussion of convection to 
the few examjdes cited above, which should serve to emphasize that the 
convective circulation of fluids is a very common and important proce.ss 
in the physical world. 

22.3. Conduction. Tlie amount of heat that is transferred by con- 
duction between two surfaces, one of which is at a higher temperature 
than the other, depends greatly on the character of the substance filling 
the intervening space. As alread}' mentioned, tin? metals are the good 
conductors of heat energy. Poor conductors, or good heat insidators, are 
nonmetallic substances such as dry wood, cloth, leather, and glass. 
Porous materials like cork, sawdust, asbestos, and rock wool arc, because 
of their fine subdivision and their air holes, the best heat insulators. The 
heat conducted through any cross section of the substance depends also 
on the temperature gradient, dT/dx, at the point and on the area of the 
section. Consider the heat flow after steady-state conditions have been 
reached in a bar of length L and cross-.scctional area ^1, the temperatures 
of the ends of the bar being 'I'-i and 7’i, witli T 2 > T\ (Fig. 22.2). 
The average temperature gradient along the entire bar is the ratio 
{T 2 — T\)/L, and at any particular section x the temperature gradient 
is the ratio of the temperature dilTerence dT between two parallel 
sections flanking that at x to the distance dx between them as tliis 
interval becomes infinitesimall)’^ small. Finally it is obvious that the 
amount of heat conducted through the bar should be proportional to its 
cross-sectional area A. 

Denoting quantity of heat by Q, we maj’^ then write, for the rate of flow 
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of heat throujih any se<-tion of area .1, 



( 22 . 1 ) 


when^ the factor of propoiiionnlity iv is a constant called the thermal 
rondiictirih/ of the substance. The mimis sign indicates that the heat 
How ilQ (It is positive, i.c., from left to riglit in l‘ig. 22.2, when the tem- 
perature <jtadient dT/dx is negative in this direction. If the rate 
of flow of heat is in calories per second, the area in sipiare centimetei-s, and 
tlie temperature gradient in centigrade degrws per centimeter, the \mits 
for the conductivitv K are calories di\'ided by (second*centimeter-degree 


centigrade). Fngineei-s in English- 
speaking countries often express the 
temperature gradient in Fahrenheit 
degrees per incli, the area in s(iuare 
feet, and the rate of heat flow in 
litu per hour. With these units K 
is the number of Htu that is con- 
ducted in one hour per scpiare foot 



Fir,. 22.2. Hont How along ti bar with 
oiul toinpcratviros 7’- and 7'i(7's > Ti). 


of mat<*rial one inch in tliickness, 
with the two surfaces at a temperature 
Fahrenheit. In Table 22.1 are listed average 
tivities for several materials. 


difference of one degree 
values of thermal conduc- 


Tahlc 22.1. Thermal Conductivities at Ordinary Temperatures 


Svih.stnnci' 

eal eni ‘ sec ' deg 

Suh.-itance 

cal cm"' see ‘ deg C“' 

Aluminum 

0.49 

0 . 2(5 

Cement 

Cork 

0,0007 

0.0001 


0 . 92 

0 15 

(Jlas.s 

0.0025 

\ OpUtT 

Ire 

0.005 

1 run 

1 .ix 1 i 1 

0.08 

Silk 

0.0001 

Silver 

Cf i.dA 

0.98 

0.11 

Water 

Air 

0.0013 

0 . 000057 


1 



Suhstanee 

btu in. ft"’ hr"' deg V~' 

Substance 

j 

Btu in. ft”’ hr”' deg F”' 

Hair felt 

0.2f) 

Suwd\ist 

0.41 

Itoek wool 

( ilns.s woo! 

0 . 2f> 

0.29 

Celotex 

0.34 


'I'o measure the thermal conductivity of a metallic svtbstaneo the 
specimen should bt' in the form of a rod or bar. The surface of the bar 
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must be well insulated to prevent heat lo.sses to the surroundinji^s. Heat 
is supplied electrically at one end, and in the steady state the heat arrivinj; 
at the other end may be determined by having a continuous flow of water 
in contact with the end of the bar. If the rate of How of tlie water and its 
temperature rise are known, the quantity of heat arriving at this end 
may be computed. The temperature gradient down the bar is best 
measured by thermocouples buried in small lioles in the bar at known 
intervals down its length. The input electric power in watts divided Ijv 
tlic mechanical equivalent of heat, 4.18G joules/caloric, gives tlie heat 
input in calories/sec. An arrangement for sucli mea.surements is shown 
in Fig. 22.3. 

Kssentially the same procedure may be u.sed for the measurement of the 
thermal conductivity of a heat-insulating material, but because of tlie low 





Metal bar 


Water 



T T T T 

Fio. 22.3. Dotorminntion of the tliermal conductivity of a bar. T indicate.^ a 
tlicrinocouplo for tcm]>oraturc incu.-stircinciit. 

conductivity it is ner'essary to have the specimen in the form of a sherd, 
or slab of fairly large surface. C’onductivitics of li(]uids or gases are 
measured only with difficulty becau.se of ever-present convection. To 
minimize convection in the fluid sample, heat must be supplied at the top 
and removed at the bottom. Inspection of Table 22.1 shows that air has 
relatively a very small thermal conductivity. This accounts for tlie 
insulating qualities of materials such as the five at the end of Table 22.1, 
for all such substances have much air trapped in pores or between the 
small particles of finely divided matter. 

*22.4. Heat-flow Calculations. We may apply Eq. (22.1) to get the tempera- 
ture at any point along a bar (Fig. 22.2) when the heat flow has reached a steady 
state and a.ssuming perfect insulation along the sides of the bar. Since the heat 
flows at a constant rate, we set dQ/dt = H, a constant. Then, 


dx 


If 

KA 


( 22 . 2 ) 


and since H/KA is independent of x, we olitain, by integration, 

II 


KA 


X -f* C* 


T = - 


(22.3) 
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wlicre r is a constant of intcfjmtion. To evaluate tliis constant we take x 0 
at the hot end where T = T,, while, at the other end, j = L, 7' = T,. Upon 
placitjg tiiese values in Eq. (22.3), C = T-:, ainl 


r,= -^^ + r, 


(22.4) 


'riierefore l ai. (22.3) may he written 


II 




(22.5) 


Dti s(dvint; l■;(^ (22.4) for II and siihstitiitinji in I'ki- (22.5), there results 

(?’, - 1\)^- 



T = 


L 


-- + T, 


(22.6) 


showing that the temperature varies linearly with 
distance alon^ the bar. 

A moie complicated ca.se is the important one of 
lieat transfer througli the cylindrical wall of a pipe. 
Suppiise the l)ipc of lenp;th L to carry steam at a 
temperature T-, with the outer surface at tempera- 
ture 7’i. the inner and outer radii being r; and fi, 
res|)ectively (Fig. 22.4). Take the radius of any 
cylindrical surface, such as tl>e dotted one in the 
sectional drawing of Fig. 22.4, to he r. Tlien, in I'.q. (22.2), A = 2jrr/>, and 
lienee wc may write the .steady-state eijuation of heat flow 


Fio. 22.4. (’(Jinhiction of 
heat through a pipe wail. 


or 


dr 

dr 

dr 


//_ 
2irr/-/C 
II dr 
'ItIK r 


(22.7) 

{22.S) 


Integrating between tlie limit.s of T and r for the inner and outer surfaces of the 
pipe, 

r = - 2^- /: 7 

we have 


r, - Tj = - 


II 


dr 

T 

(22.9) 

Tv 

Ti 

(22.10) 


2irLI< 

'rhercforc the rate of How of heat radially out through the pipe wall is 

2irLK{T2 - r,) 


U = 


In (ri/rs) 


(22.11) 


This radial heat flow through cylindrical walls may conveniently be used to 
measure the eondurti\’ity K of the walls. The inner surface may be heated 
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electrically, or the cylinder itself may carry tlie electric current. Wlien .'^team or 
other vapoi-s anil liquids are in contact with the pipe walls, thin lilins of tliese 
liquhls probahlv aclhere to the walls. Such filin.s liave rather low thermal con- 
ducti\ities and hence delinitely affect the heat How to the surrounding medium. 

22.6. Radiation. The radiant energy tunitted by a bod\- is not heat, 
bnt upon absorption by another surface it is coinerted back into heat 
energy. Heat radiation is, in fact, electromagnetic radiation like light, 
radio waves, and X rays, and it exhibits sucli optical properties as reffec- 
tion, refraction, dispersion, interference, and polarization. Electro- 
magnetic, waves consist of an electric, and a magnetic force varying 
periodically and directetl tran.sversc to the direction of propagation, and 
tlie transmission of such disturbances is a property of emjjty space. Tlu^ 
experimentally produced radiation spectrum 
e.xtends in wavelength from roughly 10-'-' mm 
(hard gamma rays) to effectively infinity (radio 
waves from a slowly oscillating charge). Tlie 
eye is sensitive merely to the sliort range 
from about 4 X 10“’ mm (violet) to 7.5 X 10“^ 
mm (red). Heat radiation comprises the range 
of wavelengths longer than t Jy X 10"^ mm, 
hence infrared (Latin infra, below), merging 
ataliout 1 mm into the short-wavelengt li limit 
of tlie so-calletl “microwaves,'’ wliich may be 
jiroduced by electric circuits. 

Suppose that the box B (Fig. 22.5) has its 
w'alls maintained at a constant temperature 'If and that we suspend insidi* 
it, successively, various small objects, some with well-polished, reflecting 
surfaces, others with dull, blackened surfa<*e.s, and all at dillerent tempera- 
tures To. Each time we promptly evacuate the box. Regardless of f lieir 
initial temperatures To and the nature ol their surfaces the bodies always 
come to the same temperature Ti as that of the walls. The body on the 
whole radiates to the walls. If, however, Ta is initially lower than Ti, the 
net exchange of radiation is from tlie walls to the body. Therefore, when 
the tw'o come to thermal equilibrium, there must be equal amounts of 
radiation streaming both ways. Now, of the radiant energy from the 
walls incident on the body, part is reflected, and part is absorbed. After 
thermal equilibrium at the temperature 7’, is established, though, eacli 
of the bodies must emit radiation at the same rate as it absorbs it. that 
is,, if one of the bodies is a good absorber, it must also be a good emitter, 
and vice vei’sa. And since the amount of radiation from the walls 
incident on each of these bodies per second is the same, the body that is a 




Kkj. 22. .5. Ixidy in an 

ovinanifixl li(*x conu’s to 
thermal etiuililtriiim with 
tlie walls. 
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poor absorber must be a good reflector, llieretore a g<)od reflector is a 
poor emitter. 

\n instructive experiment corroborating this was first performed in 
1804 by Sir .lolm Leslie. A hollow metal culie with one side highly 
polished, another painted witli dull black paint, another with a mat- 
white paint, etc., is filled with hot water, thus bringing the whole to the 
same temperature. Wlien each face in turn is pres(mted to a thennopile 
((‘hap. 31 ), which connected to a sensitive galvanometer forms one of the 
l>e.st lafliation-measuring devices, tiie surfaces exhibit marked differences 
in the amount of radiation being emitted. Ihe largest current in the 
thermopile-galvanometer circniit is produced by tlie dull black surface, 
showing that while it is the best absorber it is also the best emitter. The 
polished .surface, on the other hand, reflects most of the radiation incident 
upon it back into the cube and emits but little to the thermopile. 

There are many practical applications of these facts. In the doubU^ 
walled vacuum, or Thermos bottle, the space between the two walls is 
evacuated to eliminate heat flow by conduction and convection. These 
interior walls are also sih'ered to redtice the emission of radiant energj'. 
In tlie walls of dwellings and refrigerators a layer of smooth, nontarnishing 
aluminum foil will aid materially in reducing the heat transmis.sion 
througli the wall because of the high reflecting power and hence low- 
emitting power of the shiny metal suriace. 

.V body having a black surface that absorbs peiiectly all the radiation 
striking it is called an ideal hinrk ImUj. Such a body would also be an 
i«leal radiator and Avould tlierefore emit more radiation than any otlier 
surface at a given temperature. No actual surt’ace is perfectly black, for 
even lampblack reflects about 1 per cent of radiation incident on it. 
Basing his ideas on experiments by John Tyndall (1820-1893) concerning 
the total radiant energy emitted by a hot platinum wire, .loseph Stefan 
(1835-1893), in 1879, conjectured that the total radiation from a heated 
body is propoilional to the foudh power of its absolvite temperature. 
.\ few years later, in 1883, L. Boltzmann (1844-1900) showed that this 
fourth-power law is to be expected theoretically for a perfect radiator. 
Shfan's law is usually written 

ir = err (22.12) 

where IT is the rate of emission of radiant energy per unit area. If this 
is in ergs sec"' cm"^ tlie constant <7 has the value 5.7 X 10"^ and if W 
is giv(*n in w'atts m* (mks system of units), <r has the numerical value 
5.7 X lO"**. For any real emitting surface we should write tliis law in 
tlie form 


ir = ear 


( 22 . 13 ) 
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where f is the emissivity of tlie surface. For copper, c has a ^■aIue of 
about 0.3. According to Kq. (22.12) a black body at SOO^’K radiates 
about 462,000 ergs sec"* cm-=. At 1000°K. when the body just begins 
to glow with a dark-red color, the rate of emission is aliout 125 times 

greater than at room temperature (300®K). 

As we have already setui. a body is continxiously exchanging radiation 
with its surroundings. If a body at temperature 7’. is .surrounded by 
walls at a temperature 7’i, the net energy radiated is 


]y = c<r{T-2^ - r,‘) 


(22.14) 


Further disciission of the emission and absorption of radiation will be 
found in Cliap. 48. 

PROBLEMS 

1 \n icebox has an inner v..Iunu- 2 by 4 by 1 4 ft, and the waits may be as.sum.-d 

to l>e made entirely of cork 2 in. thick. How much ice will melt in 1 .lay if the mtenor 
is to be maintained at 42"F while the out.side temperature is 72=F? lake the con- 
ductivity of cork as 0.3 Btu in. ft'Mir-MleK F-‘. , o- f . 

2 V room 12 by 18 by 12 ft is completely insulated on all .surfaces by 3 in. of rock 
wooV If the temperature of this room i.s to be maintained at 70H- while the tcmi«‘ra- 
ture outside is 3()^F, how much heat must be sup|)lied to the room p.‘r hour to «-om- 

pensate for the loss by conduction through the walls? , • f*-. 

3 \\'indow glass has a thermal conductiyity of approximately 7.24 Bfu in. ft 
hr-' deg F-'. Calculate tlie amount of heat conducted in 1 hr through a window 

whose glass measures 3 by 4 ft and is M thick. ... 

4 One end of a cojiper bar 4 cm- in cross section and 40 cm in length is. in a steani 

bath while the other end i.s in a mixture of iee and water. Assuming tliat th.> sides of 
the bar are perfectly insulated, find the rate of heat (low in the bar and tin- tempera- 
ture at a point 10 cm from the hot end. 

*6. A steam pipe 100 m in length and 5 cm in diameter is covered by a tight-htlmg 
cylindrical jacket of insulating material 2 cm thick an<l of conductivity 0.0003 cal cm 
sec-i ,lcg C-'. The temperature of the steam pipe is lOO^C, and that of the outer 
surface of the jacket is 20^(\ Calculate the heat lost througli the jacket per hour 
*6. Calculate an expression for the rate of flow of heat through a spherical shell of 

inner radius Hi, outer radius li-, and eondiietivity K. 

7. A compound wall consists of three layers each 2 cm thick and of thermal con- 
ductivities 0.01, 0.02, and 0.03 cal cm-* sec"' deg C respectively, (’aleiilate the 
conductivity of a single layer of material 3 cm thi<-k tliat will transmit the same heat 

flow for the same temperature difference. . , i r 

8. C’alculate the energy in watts radiated per square eentimet.T by a block ot 

copper at 400®(' and at 1000°C . . , , , i i i ,«% • 

9. How many calories per second will be emitted by a spherical black body 10 cm m 

diameter at a temperature of COO^C? 



CHAPTER 23 
METEOROLOGY 


23.1. The Atmosphere, ^[cteorolog;^^ the study of the weather, is 
line of tlie most recent brandies of physical science. Its development 
has been retarded, not for lack of interest— this ]>eing proverbially 
prt'senl anionf!; all [K^oples and at all age.s — l>ut by tlie difficulties that 
bes('t lliis science. Meteorolofiy involves a thorough invt'stigation of the 
eatlh’s at mo.sphere, an extremely difficult subject. 

If a uniform gas is enclos(‘d in a vessel, its behavior is easy to under- 
stand in terms of the laws ot fluid mechanics (Chap. 1-i). If it is uni- 
formly heated, the laws of thermodynamics (C’hap. 21) enable us to 
predict the changes in temiKMature, jiressure, or volume that will oecvn*. 
The situation is less simple mIicu the heating is not uniform; for then 
convection currents will be created. A fuilher complication arises when 
the walls of the ves.sel are not smooth but irregidar, so that the currents 
will suffer n^sistania* near th<‘ wails of the vessels. .\ll these ditticidties 
are minor in coinjiarison with those which arise when the gas itself is not 
homogeneous but contains condensable vapors, like water. Finally, 
imagine that the whole vessel with its contents is in a state of rotation 
ami you have a fair appreciation of the troubles with which the meteor- 
ologist has to contend. For the atmosphere is indeed a system of gases 
and vapors enveloping the rough surface of the earth like a relatively 
thin film, unecpially heated, and rotating with the earth. 

The ultimate source of atmospheric heat is the sun. However, as the 
sun’s rays pa.ss through the atmosphere on their way to the earth, only 
about 10 per cent of their energy is absorl>ed, the remainder serving to 
heat the earth underneath. The atmosphere is then heated secondarily 
by the long-wave heat radiation emitted from the earth, of which it 
absorbs about 90 per cent. This is sometimes called the “greenhouse 
effect” of the atmo.'^pherc because of its similarity to the action of glass in 
a greeidiouse. .\s a residt the atmosphere, instead of being unifoiTnly 
h(‘at(^d by the solar rays, takes on the local temperature pattern of the 
pcjrtion of the earth that it covers. Tropical air masses are usually hot ; 
polar masses, cold. 

The difference between Jam! and sea is of importance in this connection. 
The absorptive properties of both are about equal, but they differ with 
respect to conduciivihj and thermal capacity. The conductivity of water 
is much better than that of rock; hence water takes on heat faster by 
exposure to the sun. The thermal capacity of one cubic centimeter of 
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siibstiinc’O is the product of specific heat and ti<'nsity. I’or rock, llu'se ai(‘ 
approximately 0.15 cal de^ and 2 or 3 -m cnv^; for water, both 

values are 1. Hence water, while conducting heat more readily, also 
retpiires more lieat to be in thermal equilibrium with land; once lieated, 
it must lose more calorit's than land to liave its temperature reduced. 
Water tlierefore. acts like a heat reservoir, and the sea lias a tempering 
elTect on coastal climates. 

The vertical height of our atmosphere cannot be specific'd since it 
shades gradually into the interplanetary vacuum. Nevertluiless it can 
be said that the air column standing above every .sipiare inch of the 
earth s surface weighs U.7 lb. If its density were constant and eiiual to 
its value at sea level, the whole atmo.sphere would extend only to a height 
of about 5 miles. Actually the pressure (and hence the den.sity) ol air 
decreases in a manner roughly descrilMnl in Sec. 13.10. Near the earth s 
surface the i>ressure drops by about 1 in. of mercury for each 1,000 ft. 
increase in elevation. 

The vertical variation in temperature is somewliat peculiar. .Vs we 
proceed upward from sea level, T drops by about 3 1' per 1000 11. A 
decrease at this approximate “lapse rate” continues until an elevation of 
about 7 miles is readied. The temix-rature has here attained a value of 
-r>0°F. and it stays at about this value for several miles. 

The part of the atmosphere below a height of 7 miles, where the tem- 
perature varies rapidly and the air is agitated in short, the weather 
layer— is called the (ropusphcri'; above it li<‘s the .sfrulosphcir, a (piiesctuil. 
body of air at low though constant temperature. All clouds are contined 
to the troposphere, and our interest will henceforth be directed mainly 
to this lowest stratum of air. But it should l>c remarked that other 
layers of the atmosphere with unusual ele<-trical properties have been 
found to exist above the stratosiihere. To thes(^ the name ionosphnr has 
been given; they are important in explaining the propagation of radio 
waves around the <*urved surface of the earth. 

*23.2. Meteorological Measurements. Weather foiei-astiiig is based cm two 
things — accurate knowledge of the condition of the atino.sphere to as huge an 
extent as pos.sible, and an undei-standing of physical principles. Tlie condition 
of the atmospliere is determined by making suitable meiusuiements, some of 
which will now be discussed. Until tlie last decade or two, these measurements 
were made at the earth’s surface, so that knowledge of atmospheric conditions 
was confined largely to the very lowest stratum. With the coiuiuest of the air 
by man has come tlie possibility of an analysis of the troposplic*re at all heights: 
weatlier forecasting has become three-dimensional and has thus attained an 
unprecedented accuracy. The use of balloons and airplanes to cany mcasuiing 
devices aloft is now very widespread. 
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I’crli:j[)s of jiroatcst interest to the inetooroloKist is the pressure at tlie various 
point-s in the atmosphere. Everyone knows that a falling barometer indicates 
the coming of rain, and this chiefly for two reasons: (1) Water vapor saturated at 
ordinary temi)erature.s is lighter tlnui air: lienee a low pressure may indicate its 
presence and so the probability of precipitation: (2) Air ma.sses move toward 
legions of low pressure, and their coming invites turbulent, unsettled conditions 
[iromoting rain. Instruments used for measuring pressure are the niercurj' anil 
tlie aneroid barornetei’, which were describeil in Sec. 13.6. 

'Phe qiinnlUii of n-oler vapor present in the air, or tlie humidity, is of great 
importance, ami its determination will be explained in the next section. The 
lempcraliire is, of coui-se, measured by means of thermometers and need not be 
discus.sed further, except to point out that the maximum-minimum thermometer, 
described in Sec. Ib.x, fiiuls much apjilication in weather forecasting. Continu- 
ously recording thermometeis are in eon.stant use. The “mean temperature,” 
as the term is used bv the U.S. Weather I^ureau, is not the time average over a 
<iay l)Ut simply one-half the sum of maximum and minimum temperature for 
the day. 

Much attention has recently been paid to the vertical temperature gradient in 
the lower atmosi)here. In certain parts of the world, notaldy in the near-<lesert 
regions of (’alifornia, there occur abnormalities and local inversions of this 
gradient. The.«ie have been found to have a remarkable effect upon the climate 
of that region, and incidentally upon the propagation of raiiio waves. 

The (lirertion of the is fletermine<l by weather vanes, its rvlorify by a <le\nce 
known as a “cup anemometer.” This instrument consists of .several (usually 
three) hollow aluminum hemispheres mounted on arms extending from a vertical 
axis, so that they will revolve in the wind, tlieir speed depending on the wind 
\ el<icity. They operate a set of geaj-s, wliich directly indicates wind velocity in 
inih*s per hour. The customary scale of wind velocities is one devised by the 
Mritish admiral, Sir Francis Heaufort, in ISOo: it is given in Table 23.1. 


Table 23 . 1 . Beaufort Scale of Wind Velocilies 


Ilcauforl 

nuinlxT 

1 

Xanu* 

lir 

1 

Description 

0 

Calm 

1 

Smoke rises vertically 

1-2 

bight bn*czc 

1-7 

D'aves rustle 

3 

(I(*ntlc breeze 

8-12 

Pwigs in motion 

•1 

Moderate breeze 

13-18 

Small branches move; dust is raised 

5 

Fresh breeze 

19-24 

Small trees sway 

6-7 

Strong wind 

2o-38 

Uirge branches, whole trees move 

8-9 

Gale 

39-o4 

'Pree limbs break 

10-11 

Wliolc gale 

55-75 

Trees uprooted 

12 

Hurricane 

>75 

1 

(Must be seen to be appreciated) 


liainfall is recorded by means of a rain gauge, a tiny bucket that tips each 
time l-ioo of rain has fallen into it, the number of tips being mechanically 
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(•(Hinted. Tliere is also an insti ument known a.s a sunshine recorder. It is essen- 
tially a hlaek-bulb thermometer, the mereury eolumii of which closes an electric 
contact whenever it reaches a height which it attains only in sunshine. 


23.3. Atmospheric Humidity and its Measurement. The maximum 
amount of water vapor that can be present in air corresiionds to satura- 
iion. At saturation the pressure of the vapor is an increasins function 
of the temperature, as was shown in Sec. 18.5. In Fig. 23.1 we have 
redrawn the so-called "vapor-pressure curve” for water. 

Under ordinary atmospheric conditions tlie amount of water vap<n- 
present is less tluin that wliich would bo pre.sent at saturation, and it 



becomes necessary to define a suitable measure, called "degree of humid- 
ity,'’ for the water content of the air. Two such measures are in use. 
One is spoken of as ai)solute humidity; it is the actual mass of water vapor 
in a given volume of air and is expressed in gm /m^ or more commonly in 
the United States, in grains ft\ Absolute humidity varies greatly from 
place to place and is not a ver>' significant meteorological index. More 
often used is relative humidityy defined as the ratio of the mass of uater 
actually present in a given volume of air to that present at saturation. 
This ratio is expressed in per cent. An example illustrating the meaning 

of these terms is given in Table 23.2. 

Since at a given temperature the density of water vapor is ver>' nearly 
proportional to its pressure, relative humidity may also be taken to be 
the ratio of actual vapor pressure to saturation pressure at the tempera- 
ture in question. Thus, in Fig. 23.1, if at the temperature 85°F the 
actual water^vapor pressure were represented by A while saturation 
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(•()rr<‘sj)<HKl.s to B, tho relative humidity would be the ordinate of A 

divid(‘(l hv the ordinate of B. 

\ 

'l’h«‘re is a simple experiment by which this ratio can be obtained. 


Assume, that the point .1 repre.sents the humidity, the temperature l>eing 
85“F. riace a thermometer in a metal cup polished to a high luster on 
the (uitside. and tilled with water. Now drop a few pieces of ice into the 
water, so that its temperature will fall. Suddenly a haze indicating 
condensation of vapor will form on the outside ol the cup. Note the 
tfunperaturc at which this happens. I.ct us say it occurred at ()0°F. 
'Khis t(‘inperature is known as the (kw point of the air; it is the tempera- 


ture at which the air would be saturated under the circumstances of 
humidity actually prevailing. 


Tahk 2:V2. Rchilkt' Hnmulilks 


'TrlnptTal lirr, 1' 

Ahs hnmiiUty. khohs : 

Pel liiiiniility, 

}(» 

2 9 i 

100 

<>u 

2.9 i 



2,9 1 

, 87 

90 

' 2.9 

19 


Translated into terms of Fig. 28.1 onr experiment indicates that a 
horizontal line, traci'd from |)oint .1 to the left, intersects the curve at 
(i()°. the dew i>oint. Hut we see that at this temperature the saturated 
vapor has a density of 5.7 grains ft\ and this must therefore be the actual 
density of the vapor. lUnce the relative humidity is 5.7 12. G, or 45.2 
per c<*nt. 

In practice tlie method just described for finding atmo.spheric humidity 
is neith(‘r coiwenicnt nor a{'cuiate. Two devices are in use. The more 
important one is the urt- and dnj-huih hi/tjromdcr ((hn'k hyyro.'i, moisture). 
This is an ordinary thermometer, put to double use. Fii*st it serves to 
measiiie the air t(unperature in the ordinaiT way. Then a piece of 
loosely woven muslin is ticnl around the bulb and moistened, and the 
instrument is whirled vigorously so that rapid evaporation from the 
cloth takes place. Thus the temperature will fall, the fall l>eing greater 
the smaller the relative humidity of the air. The latter can then be read 
from chails accompanying the instrument. 

'rh(‘ second typ(* of hygrometer that enjoys some popularity is the hair 
hi/aromckr, whose action is based on the circumstance that human hair, 
d(*prive<l of its oil content, lengthens as the relative humidity increases. 
Hy wimling hair around a spindle, changes in length can be made obvious 
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in numerous ways, such as the omert^en(•e of different ^^^^ures Irom a to>- 
weather house. 


*23.4. Visibility and Ceiling. Tlie prcvaltMico of air tran.'^portation has 
l)r(mght into eoininon use two meteorological terms, visibility and ceiling. 
VmMil!/ is the greatest distance in miles at which large ol)jects on tlie grovmd, 
such as buihling.s, can he seen. In aviation weather reports the numl)er for 
visibility is usually followed by a letter indicating the obstruction to vision. 
Thus K F imidies a horizontal range of vision of M mile owing to fog. 

Uy ceiling is meant the distance between the ground and the lower suiface of 
the lowest cloud layer covering more than half the sky. It is expr<‘ssed in num- 
bers indicating the ceiling in hundreds of feet. A ceiling greater than 100 (that 
is, 10,000 ft) is regarded as unlimited; ceiling zero means 50 ft or le.ss. 

A crude estimate of the ceiling can often be obtained from the tyjje of clouds 
tliat are found lowe.st in the sky, since mo.st clouds have their characteristic 

altitudes. 

Accurate determinations arc made during the day by means of ceiling halloon.^, 
small rubber craft containing a (piantity of hydrogen, which causes them to 
ascend at a rate of 400 ft/min. The time retpiiied by the balloons to ilisapi)ear 
in the cloud then gives the ceiling. At night a vertical-beam searclilight is 
directed against the cloud: it forms a bright spot, visible for a considerable 
distance, upon the base of the cloud. At a distance of about 1,000 ft fiom tlu^ 
piojector an observer measures the angle at which the sjjot api)ears, and the 
ceiling is found by triangulation. 

*23.6. General Distribution of Winds. If the earth were smooth and tli.I not 
rotate, the uno(iual heating of the various ])ortions of its surface would give ri.se 
lo a fairly simple i)attern of air currents. H<d air would rise at the ecpiator, 
cold air would move from the poles to the ecpiator, hot air in the upper atmos- 
idiere from the eciuator to tlie poles. If, therefore, we can disregard local 
irregularities, such as mountains and bodies of water, the winds on a stationary 
earth would, near its surface, blow south in the Northern and north in the 
Southern Hemisphere. 

This simple ])attern is considerably di.sturbe<i by the earth’s rotation. Its 
effect is not easily explained in elementary terms. It is due to a force, callctl 
Coriolis force, which is brought into being by the circumstance that the earth’s 
surface is not in uniform motion (cf. Sec. 10.5). But a simple consideiation 
shows qualitatively what happens. 

Suppose that a mass m moves northward from the equator, starting out along 
a meridian (circle of longitude) and remaining in frictionless contact ith the 
eiirth’s surface. At the equator its angular momentum is mR-o), R being the 
radius and cu the angular velocitj' of the earth. As it moves north, it ai)proaches 
the axis of rotation ; hence R becomes smaller. But the ])rinciple of conservation 
of angular momentum requires )tiR\o to remain unaltered. The consequence 
is that (!> must increase, m must be deflected to the right as the mass moves 
northward. 
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This is iilso wh;it happens to a mass of air. An application of the same principle 
t<i masses moving south in tlie Northern, north in the f?outhern Hemisphere leads 
to the followinji two propositions, valid in both hemispheres: 

1. Air traveling away from the ecpiator is deflected eastward. 

2. .\ir traveling toward tlie ecpiator is deflected westward. 

This -dves rise to the system of winds represented schematically in Fig. 23.2. 

Confining our attention to the Northern Hemisphere, we note that air rises 
in the ecpiatorial calms, moves northeastward in the upper troposphere, and 
reaclu‘s the surface at a latitude of about 30°. From there up to about 60° it 


About 60“ lat. 


Polar 

air masses form here 


About 30 
lat 


Irregularities: highs and tows 


Region of prevailing 
westerlies 


air ( equatorial calms ) 


Antitrades 
in upper air 
reaching sur- 
face here 



^ Horse latitudes, 
high pressure Trade winds 


W//7V 


Tropical calms 


Irregularities; highs and lows 



near surface ) 

^ Equator 
( doldrums ) 


\ 

Trade winds 
( near surface ) 



Region of prevailing 
westerlies 
(temperate zone) 


Fig. 23.2. Prevailing winds over the cartlds surface. 

.sweeps ovt'ti the sinfacc in an easterly direction, giving rise to winds called the 
*' ]>revailing westerlies” in the temperate zone. Helow 30° there lies a belt in 
which surface motion over the earth is not yet clearly developed, while the upper 
air currents leave it relatively unaffected. It is known as tlie belt of the tropical 
rahn, or the “hoi-se latitudes,” Uotween it and the equator the winds come 
predominantly from tlie northeast and arc called trade winds. 

The main part of North .\meriea lies in tlie region of the prevailing westerlies. 
Hence our weatlier comes to us from the west. This region is also marked by the 
occurrence of interesting irregularities called “highs” and “lows,” which will be 
de.scrihed in the next section. 

*23.6. High- and Low-pressure Areas. One of the outstanding features on 
any weather map is tlie distribution of liigh- and low-prCvSsure areas. A low, 
.sometimes called a cijchne, attracts the air from the surrounding regions of higher 
pressure. Hecause of the deflections of air currents studied in the preceding 
sei'tion the low will take on a counterclockwise whirl (of. Fig. 23.3). Also, since 
it is the meeting place of frequently incompatible air masses, it represents an 
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area of unsettled conditions. Tlie siunificance of a falling barometer, indicatin 
tlie approacli of a cyclone, is thus clearly apparent. 

For the reasons already stated a hij;h revolves in a clockwise manner in the 
Xorthern Hemisphere. Winds dispense from it, and hence its internal condition 
is seldom unsettled. It contains little water vai)or and usually brinjjs good 
weather. 

A remarkable property of highs and lows is that they persist as entities foi- a 
considerable time. Some have been traced around the glol)e, and '• weathermen ” 
are accustomed to thinking of them as slowly disappearing objects to which they 
occasionally give names. These vast air masses travel at a fairly definite rate, 
lows at about 20 miles, hr in summer and 30 miles hr in winter. Highs travel 
somewliat more slowly. Tlieir course is easterly in the Ignited States, as noted; 
tliey liave a tendency to move along the isotherm (line along which the tempeia- 
ture remains the same) drawn through their center. Observation has shown that 



Fig. 23.3. Rotation of a cyclone in the northern liemisphere. 


cyclones travel in general along one of several well-marked paths across the 
continent, and it is chiefly because of this behavior that the ingenious metecn- 
ologist can predict the weatlier for several days. 

The regular eastward movement of the air in the tem])erate zone is disturb<*d 
by the passage of a low. Recause of its counterclockwise vorticity, a south wind 


at a given locality usually means the ai)})i oach from the west of a low, and an east 
wind indicates that a low is j)assing to the south: north and west winds follow the 
passage of a low. 

For a high the relations are roughly reversed. Highs are sometimes to be 
feared in the winter, for they may forbode tlie coming of a cold polar air muss fi om 
the arctic regions. Thus a northwest wind during winter often indicates the 
appioach of a high from western Canada, which will bring a severe cold wave to 
the central and eastern parts of the United States. 

A liurricane, or tropical storm, is a \dolent cyclone originating mostly in the 
vicinity of the West Indies. It occurs in the autumn and takes its course toward 
the Gulf states. If thereafter it travels inland, it becomes extremely destructive 
and may leave in its wake a devastated country-side. Winds reach velocities of 
75 miles/ hr and drive high waves into coastal towns. Fortunately, many 
hurricanes swerve off northeastward into the Atlantic, causing damage only at 


sea. 
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*23.7. Local Climatic Conditions. I.oc:il i)eculiarities of weather are too 
[Hiiiieroiis foi' eoosideration here, 'rtiere are, however, a few facts of interest 
that ilUistnite iinpoitant pliysical principles. AmonK them is the formation of 
hot winds, like the chinook on the eastern slope-s of the Rockies and the/ocAn of 
the Ruropeun -Vlps. Their production is illu.strated in Fij;. 23.4. 

S(ii)pose that the surface winds have their ‘'normal’’ coui^e and blow from the 
west. 'I'o cross a mountain they have to ascend. During this process the air 
mass lowers its pressure, expands more or less adialmtii-ally, and is thus cooled. 
Mcasuiements .'ihow tliis cooling to take place at a rate of about 5.5 1' pei- 1,(H)0 

ft 4»f as<-ent.‘ 



Xow let tis assume that the air has a high relative humidity. As soon as it 
cools below the dew point, precipitation will form and the laU nt heat of vaporization 
will be given to the air. Thus, in its further a.scent, the cooling rate is reduced to 
a value of alauit 3®F per 1,000 ft. At the summit the air is relatively dry; on 
descendiitg it is heated at the original rate, so that in the eastern valley the wind 
blows abnormally hot. 

The same reasoning a<TOunts for the fact that there is usually more precipita- 
tion on tlie windward side of mo\intains than on the leeward slopes. This effect 
is veiy noticeable in the Hawaiian Islands. 

*23.8. Polar-front Theory of Cyclones. The work of two Norwegians, the 
physicist \'ilhelm Rjerknes (lS(i2- ) and his son Jacob (1S97- ) has 

contributed greatly to a deepened understanding of meteorological phenomena 
and ha.s revolutionized the art of weather forecasting. Their theory has led to 


‘ Notice that the r.ntc of cooling of adiabatically expaiuling air is greater than the 
lapse rate (3®F per 1,(UH) ft), which is the rate at which T decreases as a thermometer 
is carrital aloft. 
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what is now calleci oir-tnass atiali/sis. tho stinly of lar*iO hoclio.'^ t)f air in thoit throo- 
(limensional behavior. We wish to discuss here l»iiefly some of tlie central ideas 
of this tlieory. 

It lias already l)Ocn noted that great masses of air take on the cliaracteristi«-s 
of the region over which they form and tliat tliey are objects of considerable 
permanence. Tims, when two such masses meet, they do not mingle at once l>iit 
form a definite boundary, a surface of discontinuity called a front. The air 



Fio. 23.0. Cold and warm front.s. 


mas.ses involved in such encounters may vary from 10 billion to 100 liillion tons. 

A cold front is formed when an advancing cohl, and th(‘refor<‘ denser, air mass 
wedges itself under a warm and less dense ma.ss that it overtakes in its course?. 

On modern weather maps a cold front is symbolized by AAA A — A.. 

tlic teeth extending in the direction in wliicli the front advances. On tlie other 
hand, when a warm air mn.ss overtakes a retieating cold ma.ss, it flrives it back 
by flowing upon it, as is shown in Fig. 23.5; the surface of contai-t then becomes 
a warm front and is represented by . 

Along botli fronts warm air rise.s, e.xpands, and tends to slieil its wat<*r: hence 
clouds will form, and precipitation may develop along either front. .An interest- 



Fio. 23.6. Development of a low. 



ing correlation of clouds with types of front has been made. A stationaiy front 
is indicated by the symbol 

The front theory gives .satisfactory account not only of surface weather but 
also of conditions aloft and is of considerable benefit to the airplane jiilot trained 
in meteorology. 
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To c.xplaiti the formation of cyeloncs in the temperate zone it is assumed that, 
of all, a stationary polar front is formed. That is, a cold air mass, coming 
from the arctii- regions, is blofked in its progress by an opposing warm mass 
(Fi- 2;blio). The arrows indicate the direction of the winds likely to be set up 
un.^er the.-^e conditions. The front <loes not remain stationary but suffers (lis- 
tortion, the warm air forming a tonguclike projection as shown m I'lg. 23.66. 
Finally (Fig. 23.0c) tlie colii aii- Hows around the projection and severs it, and the 
trapiied warm air becomes the nucleus of a low. 

PROBLEMS 

*1. l-xplain why the lapse rate of the atmn.sphere is .smaller than the rate of cooling 

*2. riic* temperature at sea l.*vel is (iO"F. .V mass of dry air rise.s 3.000 ft. W hat 
will l.e its temperature in relation to the temperature prevailing at that height? 

*3 \K.smnc that in Fig. 23.4. conden.satioii starts halfway up the moimtam range 
a.ul’eonti.mes to the loi). If the mountain is 6.000 ft high, « hat temperature increase 

h;i.s taken place when tlie air reaches the eastern valley? 

4. 'I'he air in a room has a temperature of 70°. Its dew point is 45 . What is the 

relative humiihty? ^ 

6. What is the aiisolute humidity of water vapor at 100°(’? 

*6. .\n air mass of 2 X 10‘° tons has a relative humidity of 75 per cent at 70°F. It 
comes in eontaet with a polar ma.*«s ami cools, Itising om-half its moisture. C aleulate 
the energy that is released in the form of latent heat of vaporization (about GOO 
calgm). 'Whal would this energy cost at the rate of 5 eents per kilowatt hour? 
(( 'ondensation provides the energy of hurricanes.) 




CHAPTER 24 

ELECTRIC CHARGES AND COULOMB’S LAW 

24.1. Electrification by Friction. It has hoim known since llie lime of 
the ancient Greeks (000 B.G.) that certain substances wlien nil)l)ed 
aeonire the ability to attract stronsb' bits of paper and otiier h-ld 
objects. The body is said to have become “eltH-lrified by rubbing. 
Amber is outslandins in the ease witli which it can be electrified, and the 
word “electricity” and its many derivatives originated from the Greek 
word for amber, chktrou. .Vn electrified bod>' is said to possess an 
electric charse, and the propeiiies of attraction are to be ascribed to this 
charse. A .small pith ball susi>ended by a lisht .silk thread is a good 
object to use in testing the electrification of a body. When a hard- 
rubber rod charged by rubbing with felt or flannel is brought near a 
suspended pith ball, it attracts the ball strongly. If now the rod is 
touched to the pith ball, some of the charge on the rod is transterred to 
the pith ball. It is found that the ball is strongly repelled from the rod. 
If then a glass rod that has been lightly rubbed with fur or silk is brought 
near the pith ball, the force is attractive. The hard-nibber rod. however, 
still repels the ball. Thus it is ai>i)arent that the charge on the rublK'r 
rod is different in some way from the charge on the glass rod. 1 hese two 
kinds of charges were originally called “resinous” and “vitreous but 
are now designated as “negative” and “positive” charges, respectively. 
Simple experiments with a pith ball can ea.sily sliow that like cha.rges 
repel and unlike charges attract one another. The .study of electricity 
and the companion phenomena of magnetism is a study of the interaction 
of one charge upon another, the charges being either at rest or m motion. 
The science of charges at rest is called “electrostatics,” that of charges in 

motion, “electrodynamics” or “electromagnetism.” 

24.2. The Conservation of Charge. Chai-ge is a fundamental property 
of all matter: the electrons that are contained in all bodies are negatively 
charged, and the atomic nuclei arc positively charge<l. Normally, ecpial 
amounts of positive and negative charge are present, and the net charge 
is zero. Wdien a glass rod is rubbed, some of the electrons are scraped off 
the surface of the glass and the rod possesses a net positive charge as a 
result. The electrons do not disappear, however; they remain on the fur 
with which the rod was nibbed. This can be easily seen by testing the 
fur with a negatively charged pith ball. Indeed, experience teaches us 
that charge cannot he created or destroyed: positive and negative charges can 
only be separated or recombined. This statement may be called the 
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!a,r of ration of charge. It is the first fvmdamental law ()f nature 
tliat we ('ncouiiter in the study of electricity. The law ranks in import- 
ance witli the other conservation laws of physics that have been studied 

tliose of ener{<y and momentum. 

It is not possihh' to give a short definition of charse. C'harge can be 
deliiKHl only bv a description of tlie propfuiies and behavior of charges, 
and this we sliall attempt to do in .succeeding sections. 

24.3. Insulators and Conductors. The excess number of electrons 
that residt? on a chargetl hartl-rubber rod will stay there for a long time. 
There is very litth' tendency for them to move to another place even 
though the individual electrons are repelled by their neighbors. This 
abiliry of tlie rublMT rod to hold the electrons in place is shared by a 
numlMM- of other common substances such as glass, silk, dry wood, and 
most synthetic pla.stics. Such substances are said to be “nonconduc- 
tors" of electricity or to be “ insulatoi-s." In other materials the electrons 
are relatively free to move from one place in the material to another, and 
tiierefore the material is a good conductor. The best conductors are 
the nudals silver and copper. In Chap. 22 the high values of the con- 
ductivity of metals for heat were di.'^cussed and were said to arise from 
the transb'r of energy by the frta* electrons within the metal. Ihis same 
freedom of the eUa-trons alhtws charge to be easily distributed or con- 
ducted in a metal. 

Water and solutions of polar salts are also conductoi's of electricity, 
although poor ones, d'he charge in these cases is carried, not by free 
electrons, but by the charged ions into which the water or the salt dis- 
sociates. In electrostatic phenomena, even the poor conductivity of 
moist objects is suflici(‘n11y large to allow charge to leak away before the 
etTects of the charge can be detected. Thus, if the attempt is made to 
charge a metal rod by rtd>bing. it will be fovind that the charge leaks away 
ovei' the moist skin of the hand as fast as it is producetl. If a metal rod 
is furnished with an insulating handle, however, it can be charged by 
rubbing (‘xactly as can a glass or rublKM- rod. 

In a metal in whi(di the net charge is zero the electrons and positive 
ions a^^ uniformly distributed throughout. If some extra electrons are 
add(‘d to the medal, there will be forces of mutual repulsion between the 
electrons jind they will move as far apart as possible. Thus all the excess 
charge on a conductor rt*sides on its surface, and none is contained within 
the body of the metal. Insvdating materials, on the other hand, may be 
charger! on the s\irfu(re (by rubbing, for example) or may have charges 
distributed throughout their volume. 

24.4. Electroscopes. Although a suspended pith ball is useful for 
t(‘stiug charges, more convenient and ])r(M*ise instruments can be devised 
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easily. All eleetroseopes employ the motion of a liplit object acted upon 
l>y forces of attraction or repulsion between (‘barges. A common lorm ot 
electroscope is the leaf electroscope shown in I'iji. 24.1. A lit;ht metal 
leaf L of gold or aluminum is attached at one end to a metal st rip N that is 
insulattM;! from the metal case of the instrument. Wlien the metal stiip 
and leaf are charged by touching a charged body to the terminal / at the 
top of the instrument, the charge distrilmtes itself over the surfaces ot 
the strip and the metal leaf. The mutual reinilsion of the <-liarges on i1h' 
leaf and the strip force the leaf to stand out at an angle from the vert ical. 
The position of the leaf can measured hy ^ 

a scale on the window of the instrument or 
by a measuring microscope. It is evidtait 
that the sensitivity of a leaf electrometer 
would b(' increased by lh(‘ use ot as light and 
thin a leaf as jmssible. Sucli metal leaves 
are fragile, of course, ami modern elect roim^ 
ters employ, for the moving elements, (piartz 
(ibers tliat have Imhmi coated with gold by 
evaporation. Klectroscojx's also otten have 
a pair of leaves without a fixed metal strip. 

24.6. Coulomb’s Law.* A qxiantitative 
measurement of the force of repulsion lx^- 
tween two charges could be made it the 
restoring force on tlie moving leaf of an 
electroscope were known. A more suitable 
instrument, however, is a torsion balance 
such as Cavendish used to measure the 
gravitational attraction between two masses 
((’hap. U). The fii-st investigation of this 
kind was made by Coulomb (1730-1800), who found that the force 
between two charges is inversely proportional to the scpiare of the 
distance between them. Later investigations showed that tlie force is 
also proportional to the product of the amounts of the charges. Thus the 

force mav be written as 



Fig. 24.1. Lc.-if electroscope. 




(24.1) 


where q and q' are the amounts of the two charges, r is the distance 
between them, and k is the constant of proportionality. The constant 
k is positive, since if the charges are alike, i.e., have the same sign, the 

‘ Review Sec. 11.3. 
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force is repulsive. A repulsive force is taken to be positive since it 
tends to increase r. The law expressed by Eep (24.1) is known as 
Coulomb's law. Though not written as a vector equation, it is understood 
that the force is always directed alonK the line joining the charges; it is a 

“central” force. 

Coulomb’s law at once recalls to mind the law of universal gravitation, 


F = -G 


in m 
r- 


( 11 . 1 ) 


which is identical in form with Coulomb’s law with the exception of the 
sign. Tills is as it should be since two masses attract one another but 
two like cliarges repel. The identity of the form of the laws allows us to 
use immediately a result derived for the gravitational case. It was 
proved (Sec. 11. 2) that the gravitational force exerted by a spherical shell 
of total mass m is exactly the same as if all the mass were concentrated at 
the cent(‘r of tlie spherical shell. We have already seen that the charge 
resides on the surface of a conductor, and hence the force between two 
iinijormlij charged sphere's is given by Kq. (24.1), if r represents the 
distance between the centei-s of the charged spheres. It is impoidant 
to note the (lualification “uniformly”; an actual charged spherical 
conductor may under certain conditions not be charged in this manner. 
Moreover, since the gravitational force is zero inside a spherical shell of 
matter, the force on a charge inside a spherical shell of charge is also zero. 

24.6. The Units of Charge. To give Eq. (24.1) complete quantitative 
signilicance it is necessar>’ to define a unit in terms of which charge is to 
be iiK'asured and to assign a value for the constant k. A natural unit of 
charge does exist, viz., the charge on one electron. Unfoiiunately a 
charge of this magnitude is too small for convenient use as a unit charge, 
and, moreover, the existence of such a natural unit has been substantiated 
only within the present century. A unit of charge can, however, be 
defiiKHl from Eq. (24.1). The units for the force F and the distance r 
liave already l)een chosen as one dyne and one centimeter, respectively, 
in the cgs system. If the constant k is arbitrarily chosen to be unity, 
then the unit of charge defincM by Eq. (24.1) is called the “cgs electro- 
static unit (esu) of charge.” Thus one clccfrostatic uni( of charge is that 
charge V'hich repels an equal charge with a force of one dyne when the charges 
are .separated by one centimeter. This charge is very large compared with 
that of one electron; in fact the charge e on an electron is —4.80 X 
esu. The electrostatic unit of charge is sometimes ealled the statcoulomb. 

If k is arbitrarily assiunod to have no dimensions, then Kq. (24.1) can be used 
to find the dimensions ((^j of charge in the eleidrostatic system of units. 
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[Q'-\ 


[Q] = lcinll<lync'-l = 


or 


(24.2) 


The dimensions of charjio in this system of unit.s are thus very comiilicated ones. 

For many practical applications the electrostatic unit of cliarne, 
although much larger than the charge on the electnui, is still too small. 
Consequently a practical unit of charge imtst also be defined. 'I'he 
practical unit of charge is called \]w coulomb and is equal to ai)proximately 
3 X 10^ statcoulombs. ;Morc exactly, 

1 coulomb = 2.99G X 10' statcoulombs (21.3) 

Strangely enough the ratio of these two units is numerically etpial to 
one-tentii the velocity of light, as will be explained later. For many 
purposes a fraction of this unit is convenient . and the unit microcoulomb, 
or 10-^ coulomb is in common use. 'Hie charge of the electron in the 

practical system is l.tiO X 10 cotdomb. 

The practical system of electrical units is an extension of the mks sys- 
tem that was introduced in the study of mechanics (see Secs, l.o and 
(i.3). When the (piantities F and r of Fap (2-1.1) are exi)re.ssed in mks 
units and q and q' arc in coulombs, the value ot the constant k is no longei 

unity but is 

k = 8.99 X lO'-' 

For convenience in later work, it is customary to define a ueM' constant e,. 
by 


€o = 


47rA- 


k = 




(24.-1) 


Coulomb’s law in 


practical units becomes 



1 qq' 


dTreo r- 


(24.5) 


w’here 


€0 = 8.85 X 


(coulombs)^ 
(joule) (m) 


(24.0) 


The factor 4^ is explicitly included in Eqs. (24. 4r) and (24.5), so that a 
similar factor will disappear from equations to be derived later. The 
system of units so defined is called the rationalized mks system. If Etp 
(24.4) were written without the factor an unrationalized system 

would result. Only the rationalized system will be considered m this 
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hook. Tlie (iiuinlily is usually given >pecial units, but a discussion of 
this (|ucsTion must he deferred until later. 

Sinninary. Coulomb’s Uuv reads 


F = 

* *1 

r- 


esu 


where q and q' are measured in esu and r in cm. It reads 

1 qq' 


F = 


4ir«(i r- 


mk? 


where (/and q' are in coulombs, r is in meters, and cohas the value given by 
Eii. (24.GJ. 

Worked Example. C’ompare the electric force of repxilsion and the 
gravitational force of attraction of two electrons a distance of 10“* cm 
apart, bet Us use esu, and hence k = 1. 

The electric force is 


^ (4.80 X lO-’^r . 
( 10 -*)-’ 

= 2.3 X 10“^ dvne 


ne 


The gravitational constant G is 

G = (’>.7 X U)-* cgs units 

and lh(‘ mass of the electron is 9.1 X 10“-' gm. 'I'hc gravitational force 
is, therefore, 


/.’ = -0.7 X 10 


_ 19.1 X 10-='l\,.. 


^ V/.. tv 

= —5.5 X 10“‘® dvne 


dvne 


'The electric fore(* thus far exceeds the gravitational attraction. 

24.7. The Electrical Structure of Matter. Since all substances show 
ehMitrical propcMiies. it is reasonable to s\ippo.se that electrons are one of 
the const it u(*nts of their atoms. Matter must contain also some posi- 
tively charged parts so that the net charge may Iw zero. We note that 
the mass of the hydrogen atom as deriveil in Sec. 20.7 is nearly 2,000 
times the ma.ss of the electron. Therefore, either an atom of hydrogen 
must contain many elcndrons, or else the ma.ss must be associated chiefly 
with tiie positive charges. The sw*ond possibility happens to be the 
correct one. One electron can be removed from a hydrogen atom, but 
no more. Hydrogen is comi)osed, then, of one light electron and a heavy 
])ositiveIy chargeal part. Heavier atoms contain proportionally more 
electrons. 

How. then, are the electrons and the lu'avy positively charged parts 
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arranged within tlie atomic volume? It is evident tliat lliere are two 
extreme situations possible. First, the mass of the atom and tlierefore 
the positive charge might be more or less uniformly distributed within 
the atom, with the light electrons scattered throughout this mass; or, 
second, the positive massive part of the atom might be conct'Ulrated at 
the center and the electrons might form an atmosphere around it. To 
decide between these ixissibilities, it is nece.ssary to appeal to experiment. 
The decisive experiment was made in UUl by Kutherfonl (1871-lTi7). 
wlu) measured the scattei'ing of a-i>articl(‘s by metal foils. 

Gamow* lias compared Rutherford’s experiment with the pro<*edure 
of an (imaginary) South American customs oHicer who had to determine 
whether any arms were Ixung smuggled into his country in bales ol 
cotton. There were a numlxM- of bales and no facilities for opening 
them. The customs officer therefore lired his revolver into the bales, 
arguing that, if only cotton were present, the bullets would stick in the 
bales or pass nearly straight through. If there were any heavy metal 
pieties, however, the bullets would ricochet and emerge with larg(' changi's 
in dire<'tion. Rutherford’s bullets were a-particles, tlx; fast-moving 
helium atoms with two electrons removed from each, that are emitted 
in the decay of certain radioactive substances. Many particles were 
observed to be scattered at large angles. It must therefore be concluded 
that the mass and positive charges of an atom arc concentrated in a small 
region. This region is called the “ nucleus ol (he atom, and the negati\ e 
electrons move around tlui nucleus. 

By a quantitative analysis of his observations Itutherlord was al.^o 
able to show that the force between the a-particles and the nucleus was 
just the force between the charges given by Coulomb’s law. In addition 
he could determine the charge on the nucleus and consequently the num- 
ber of satellite electrons. This nuclear model of the atom has already 
l)een employed in Sec. 11.9, where the motion of the electrons was 

discussed. 

Many later experiments have abundantly confirmed the nuclear model 
of the atom and have furnished information about the arrangement of 
the electrons surrounding the nucleus. A shell structure is found to 
exist, each shell containing a definite number of electrons in rapid motion. 
The shells of charge are stable units and are not easily disturbed by exter- 
nal forces acting on the atom. The outermost shell is not so stable as 
the others, and nearly all the interatomic or chemical forces between 
atoms are the result of the behavior of the electrons in this shell. To 
understand the electronic behavior, it was found necessary to introduce 

quantum theories (see Chap. 49). 

» G. Gamow, “The Birth and Death of the Sun,” Xew York, 1945. 
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24.8. Metals. When tlic atoms of an element are grovipecl together 
to foini a crystal, the outer electrons in each atom move under the action 
of forces arising not only from the positi\ely charged atomic nucleus and 
from the inner electrons hut also from the neighboring nuclei and the 
electrons in the other atoms. Thus the stnicturc of the outer shell of 
electrons is considerably distorted. In fact, in many elements and par- 
ticularly in tbo.se elements one or two electrons in the outer shell, 

tin* force from the neighboring atoms is so strong that it can no longer be 
said that a given outer electron “belongs" to any particular nucleus. 
Uather the outer electrons are shared by all the atoms of the crj'stal. In 
t his case the crystal is said to be a metal. The outer electrons can move 
with n'lative ease from one part oi the metal to another. If extcinul 
rhai-ges are brought near to the metal, the electrons move under the 
influence of the forces they exert: the metal is a good conductor of elec- 
tricity. Since the electrons have kinetic energy, this encrg>' is also 
transported as the electrons move and the metal is also a good conductor 
of heat. Typical metals that have one “frec^" electron per atom are the 
alkali metals, sodium, potassium, and so forth, and the metals copper, 
silver, and gold. Metals that are poorer conductors of heat and elec- 
tricity. sucli as iron, zinc, and mercury, have two outer electrons in each 
atom. Tlicse electrons, however, do not become completely free when a 
crystal is formed. 

Tlu? motion of the electrons in a metal can often be described quite 
exactly by treating tlie electrons as a perfect gas. The electrons of this 
gas “collide" witli the positive ions as they move through the crystal, 
and the situation is similar to that in an actual gas. In crystals that are 
not metals the motion of the electrons is restricted. It is evident, 
however, fi'om this description that it is impossible to make a sharp 
distinction between a metal and a nonmotal. Since free electrons behave 

like a gas, tlu' kinoti<‘ theory predicts a value for the rms velocity 
In C'hap. 20 it was shown that 







r- = 


m 


Since the mass of an electron is approximately 9 X 10 kg, at T - 

300®K, has the value of 1.17 X 10^ m sec. 

24.9. Induced Charges. If a positively charged rod is brought near an 
uncharged conductor, forces are exerted on the charged particles of which 
the body is compo.sod; and the electrons that are free to move in the 
conductor concentrate themselves near the charged rod. The opposite 
side of the conductor then has a deficiency of electrons and is positively 
charged. This separation of the positive and negative charges is called 
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dcclrostatic induction. Since the ncKative charges on tlie <-omluct()r 
are closer to the charged rod titan the positive ones, there is a force t)f 
attraction between the two Itodies, even thougit one body has a zero net 
charge. This is the exidanation of tlie initial attraction of the pitli Itall 
to the charged rod described in Sec. 2-1.1. If the rod were cliarged 
negatively instead of positively, the force would again be attractive, since 
the electrons in the conductor woidd 1 h' torced away irom tlie rod and 

would leave a positive charge beliind them. 

The process of induction can be used to gi\e a conductor an oxet'ss 
of charge. Suppose that we have two spherical conductors, A and li m 
Fig. 24.2a, in contact and that a third body C charged positively is 

a. 


2s* GxS? 



© (3 

— 4 . * 


:0 


202 


(c) 


(a) I 

l•■l<:. 21.2. Tlu’ cliari'ing of condiu'tors by ii»(hic*lion. 

brought near them. By induction the left side of body A acquires a 
negative charge, and an eipial and opposite charge appears on B. 1 he 
spheres A and B can now be separated a little as in iMg. 24.2/^; the charges 
remain in nearly the same distribution. If the charged body C is now 
removed and the spheres .separated, as in Fig. 24.2c, the mutual repulsion 
of the charges on .4 and B force a uniform distribution of charge to occur 

over each sphere. 

The method of inductive charging is a conveniimt one to use for charg- 
ing an electroscope. If the central .sy.stem of the electroscope is imtially 
uncharged, the approach of a charged body causes the leaves to diverge. 
The charge distribution on the electroscope leaves and case is indicated 
schematically in Fig. 24.3a. If the case of the electroscope is then con- 
nected by a movable contact to the terminal of the central system, as in 
Fig 24 3i> negative charge flows from the case to the electroscope leaves 
and they collapse at once. The contact between the electroscope leaves 
and the case can be made usually by touching the electroscope terminal 
with the finger. Unless special precautions are taken, charge can flow 
from the electroscope case resting on a table across the floor and through 
the body of the experimenter to the leaves. If the case were well ulu- 
lated, the connection would have to be made with a conductor. The 
charge distribution in Fig. 24.36 is analogous to that shown in Fig. 24.2a, 
and the leaf system and the electroscope case are labeled A and B corre- 
spondingly. If the contact between A and B is broken but the charged 
rod is still present, the charge distribution is not altered and the leaves 
are still not charged. Figures 24.3c and 24.26 thus correspond to each 
other. The positively charged rod is then removed. The forces on the 
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clmrjics on the U*af s.ystoni aro chaiified. and the charges move and 
l edist rihule themselves as indicated in Fig. 24.3f/ corresponding to Fig. 
2i.2r. The (4ectr«>sc<ipe leaves are cliarged negatively, a charge opposite 
in sign to tluit on the rod being produced. 
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Fic.. 24.3. Klcctroscopc cluirging by itnhn-tion. 

PROBLEMS 




+ 2 


@ 


20 cm 


1. Iwo p(tsitivo cliarjics of inagiiitiidcs 5 aiul 10 stutcoiilonibs arc situated oO ciu 
apart. .\t wlwit point between them does a force on a unit positive ehurije vanish? 
.\t wl>at point is flic f«>ree on a m'gative <‘harg<’ of 2 statcojilotiib.s (-(jual to zero? 

2. nc'nafive charge <*f I e.Mi at the origin of a system of rectangular eoonlinates is 
acted up<.n by 1 esu of positive <-harge at x = 0. // = 10 cm and a positive charge of 
2 esn at X = 10 cm, 'j = 0. What arc the direction and magnitude of the force on the 
negative ••harge? 

3. Compare the eleetric and gravitational forces between electrons a« in the worked 

example of See. 24.0, using practical mks units. 

4. What is the number of electronic charges in 
one electrostatic unit of charge? In 1 coulomb? 

6. What is the total charge of one mole of a gas 
compose<l of free electrons? The mass of the elec- 
tron is 9.1 X 10"-’' gm; the mass of a hydrogen atom 
is 1,840 times as large. 

6. Four charges are placed at corners of a square 
with sides 20 cm long as shown in Fig. 24.4. The 
magnitiides of the charges in coulombs are iiulieated. 
What is the force {a vector!) on a negative charge of 
1 coulomb at the center of the s(|uarp? 

7. 'Fwo pith balls, each of muss 2 mg, are sus- 
pended by very light threads, 5 cm long, from a 

common point. 'I'he balls are charged .so that the threads form angles of 30° with 
the vertical. Ulint is the charge on each ball? 

8. If the charge on one of the pith halls in Proh. 7 is twice that on the other ball, 
what are the angles of the threads from the vertical? 

*9. Show that the force on a charge </' at a distance r from a long wire of negligible 
diameter charged with p units per unit length is 2kpq/r. 
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CHAPTER 25 

THE ELECTRIC FIELD AND POTENTIAL 


26.1. The Electric Field. Sinco the law of force Ix'tween two point 
oharjit'S is known from Va\. (24.1), it is possible to liiul tlie force exerted 
by one charged body on another by taking a vector sum of liie f((rc<*s 
l>ot.wcen small elements of charge on each body. Such a procedure 
would be a complicated one, even for simple cases, since the distriliulion 
of charge on one body is alYected by the presence of the other body. It is 
useful, therefore, to describe the state by an vUclric jicUL just as it was 
useful to speak of a gravitational held in the neighlxnhood of a massive 
objwt. If a very small charge r/' placed near the charged btidy. it 
exj)eriences a force proportional to <[' and this forc<‘ is tiie sum ot the torces 
exerted by all elements in the distrilmticm of charge acting on u' . l-'or 
every position of the charge q' there is a corri'sponding value of theforce 
The slrnujth of (he electric Jiehl is then dejiiied as the force per unit 
chartfc. The strength of tlie field or, as it is often abbreviated, the held 
E is a vector quantity and may be expressed by the equation 

(25.1) 


E = F h/' 

Thus to every point near a (list rilnit ion of charge's tlnne is assiginnl a 
vetdor E, and tliis collection of vectors forms a description of the elec- 
trified state of the body itself and is called the electric field. 

The smallness of the charge q' is nece.ssary to ensure that the prescince 
of q' does not alter the distribution of charge by the process of induction. 
To be most i)rc‘cise, the electric field is best defined as a derivative 

E = f/F/r/f/ (25.2) 

In the simplest case of a single point charge of magnilude q the li<4d 
strength produced b\' it is 

E = kqfr^~ (25.3) 

and is directed at even' point radially away from the point charge. If 
many point charges are present, the field is the vector stun of the fields 
of the individual charges. If charges ^i, ^ 2 , . . . , are located at points 
1, 2, . . . ,/i as indicated in Fig. 25.1, then the x component of the 
resultant field at the origin 0 is 


n 


E, = 


Hi 


cos di 

, = i rr 


where the angle d, is shown in the figure. 
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(25.4) 
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26.2, Lines of Force. 


It is ovident from (25.1) Ihiit the unit of electric-field strenf-th m 
t l.c .-s system is one dyne per statcoulomh, or in the practical system one 
iK'Wteii per coulomb. Another, more customary- unit will be introduced 

lati'T. 

Since the electric field is a vector (piantity, 

there is a.ssociated a direction with 
every point near a charge distribu- 
tion. A small test charge q' tends 
to mo\e in the field always in the 
direction of the field. The path 
in the field that is everywhere tan- 
gent to the field is called a line of 
force. Thus, if AB in Fig. 25.2 is 
a line of force, the directions of E 
are tangents to the curve AB as 
indicated. For a single positive 
point charge the field is radially 
outward, and the lines of force are conseciuently radial lines. 

Lines of force imnuHliately give the dirertion of the ele<’tric field. ith 
an additional convention, lines of force can also be used to represent 
11 m‘ .^treniilh of the field. If the number of lines of force crossing a unit 
area perpendicular to the lines is chosen to be proportional to the field 
strength, then the density of lines is a measure of the 
strength of tlie field. It is customan- to take the number of 
lines i>er uitit area numerically eipial to the field. When 
this is done, the liiu's arc called nnil lines of forcA\ 

Tlie nuinlier of unit lines of force radiating from a unit 
charge depends on whether the cgs ortho practical system of 
electrical units is used. The numlK'i* of unit lines crossing a 
sphere of radius r with a charge' <if q units at its center is the 
area of the sphere tiim-s the field strength, or 

(25.5) 




Fia. 25.2. 
Tlie direo- 
tiun of E is 
tniigont to a 
line of force. 


.V = 4irr-kq r' = 47rA7; 

In the cgs ('Icctrostatii* system, k = I and X ~ Avg. In 
the practical system, k = I '4ir€,., and .\ = q 'to- The 
mimlK'r of lines of force radiating from one coulomb of posi- 
tive charge is therefore 1.13 X 10". It sho\dd In’; kept 
in mind that the \Miit area in the practical system is the square meter. 

The electric field at any point must have a definite direction us long as 
the field is not zero. Consequently lines of force cannot cross one 
another and mu.st bo continuous. A line of force must start on a positive 
charge and terminate on a negative one. Lines of force have many 
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properties in common with the stn'amlines tliat aie used to represent 
the How pf a liquid; indeed; the anulofrA- bet^vtH^n tliese phenomena is 

extremely close. 

26.3. The Field of a Dipole. Suppose tliat two charges +</ and -r/ 
are separated by a small distance /; then the Held strentith can be found 
by the application of Va[. (25.4), where the sum now consists of two terms. 
Such a confiKuration of charges is of special interest and is called a dipole. 
In Fig. 25.3 the field Ei on the axis of the dipole at the point .1 is in the 
X direction with a positive temi from the charge -\-q and a negative one 
from —(]. If the origin is taken at 
the center of the dipole, then the 
magnitude of Ei is 


E, = 


kq 


kq 


(x - '{l/2)f (x + {1/2W 


or 



Fig. 25.3. The i-IjM-trio field of a 
dipole. 


El = {kq X 2 j /)/[ x --= - {l-m~ 

Since the distance I is small com- 
jiaiwl with X, the term I- 4 (am be 
omitted from the denominator and 

El = 2kql/x^ (25.(i) 

The quantity ql is defiiuKl as tlie sfrcnylh of the dipole, or the dipole 
moment. If the dipole moment is denoted by p, 

El = 2kp/x^ (25.7) 

For a point B on the perpendicular bisector of the dii>ole axis the field 
E 2 is the resultant of two fields, as indicated in Fig. 25.3. The compo- 
nents in the y direction evidently are ecjual and opposite, and the com- 
ponents in the x direction add. 

From Eq. (25.4), E^ = ■~2k ^ cos <t> 

But cos = l/2r 

and r = + (/V4)]^^ 

Hence E 2 = ^kql/ly- + (/■'/4)]^ 

Since I « y, the term E/A can be neglected, and 

E 2 = —kql/y^ = —kp/y^ (25.8) 


The field is therefore again directly proportional to the strength of the 
dipole and inversely proportional to the cube of the distance. 

The field at other points in the neighborhood of the dipole can be found 
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in a similar 
(.•oinplicated. 
can, howcvei 


manner. The algebraic manipulations become somewhat 
and tlie explicit expressions will not be derived. The field 
•. be well represented by a picture of the lines of force as 


shown in Fig. 25.4. 



^'lr;. 25.1. The liiH-s of forct* lines) ahont an (Iri-lric dipole. 


26.4. Gauss’s Law.' Since lines of force can begin or (*nd only on 
clnirg(‘s. it follows that tlie total number of lines of force piussing through 
any surface is proportional to the charge y within the surtaee. Ihis is 
(•(‘rtainly true for a i)oint charge when the svirface is chosen as a sphere 
ul>out the charge, as sliown in Eq. (25.5). If the surface is not a sphere, 
the field is no longer constant over the surface or the lines of force per- 
pendicular to the surface but the number of lines crossing the surface 
must remain tlie same. This property of lines of force is known as 
(lauss’s law. 'I'o obtain a mathematical expression for this law, let us 
consider a small element of area d.4, and let the lines of force make an 


K. V. (;jni.ss (1777-1855). 
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angle d with the normjil to tlie suiTace, as indicated in Tig. 25.5. llie 
normal jius Ihrotujh the surface (lA is defined as A cos d dA. It should lx* 
noted that for a line of force passing out ot the surlace, as shown in the 
figure, cos d has a positive value; for a line passing into the surface, cos 0 
is negative. The total norma! II\ix through the closed svirface is <d>tained 
by integration over all elements dA. Clauss’s law in mathomatic'al form 
is found to be 


[ E cos 6 dA = Awhj (25.9) 

where q is the total charge within the .surface. 
The surface over which the integral in Kq. 
(25.9) is taken is called a Gaussian surface. 




Fia. 25.5. The normal flux through the 
surface dA is E cos 0 dA. 

Equation (25.9) can be derived in the following manner: ('on.dder a jjoint 
charge at the i)oint P\ within an arbitrary .surface, a.s shown in Fig. 25.0. The 
normal flux across the element of areji dA is 

E 1 cos d dA = “ cos 6 d. I 

r* 

The area cos 6 dA is, however, the projection of dA on a sphoi e of radius r centered 
at Pi. Hence cos 6 dA/r- is the element of solid angle dil about the point P\ 

(cf. Sec. 1.4). 

Hence / Ei cos 6 dA = f kqid^ = •Wkqi 

Jaurince ywurfarc 

since the integral of dil over the enclosing surfa«*e is Ttt. 

If another charge q? is located at P-:, then also 


/ El cos 6 dA = ATrkqz 

y surface 


If both charges are present at the same time, the total normal flux through dA is 
(A^i cos $i + Ei cos e:)dA and the surface integral of the total normal flux is 
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therefore Ukiq^ + q,). Thus we can immediately tseneralizc tlie result for a 
point eliarpe, and for any distrilmtion of charge within the surface we obtain Eq. 

( 25 . 9 ). 

As a simple example consider a spherical surface drawn around the 
dipole of Fig. 25.4. The net charge within the sphere is zero, and it is 
evident from the symmetry- of tlie (igure that ermal numlx^rs of lines of 

force enter the surface and leave it. 

Clauss’s law is useful in many other 
<'a.scs wiiere the field is symmetrical. 
It is possil)le to sliow directly, for 
example, that the field from a uni- 
formly charged spherical shell is the 
same outside the shell as though the 
cluirge were concentrated at the cen- 
ter of the shell (cf. Secs. 11.3 and 
24.5). A ver>' simple proof of this 
fact can l>e obtained from Gauss’s 
law. C'onsider a spherical surface of 
radius /f drawn outside the shell of 
chaige, as in Fig. 25.7. From symmetry, E is eveiywhere perix-ndicular 
to the surface, and 6 is zero. E(|uation (25.9) can then be written 



Fio. 25.7. .\ppli<-ntlon of Oau.'^'s's 
law to a .splicrical shell of c-harge. 


!•: j dA = K X -Itr/?- = 4irA-9 


or 


as was ol)tain(‘d before. 


I 


E = Ary, 



Z Gaussian 
surface 


Charged rod 


rper unit length 


I 


Fig. 2.5.8. The (iau.s.sinu surfaee about a long eharged rod. 


As another example, consider a long cylindrical conductor charged to 
an amount t per unit length. Except near the ends of the rod, the held is 
ever>'where perpendicular to the a.xis of the rod and the same all around 
the rod (sec Fig. 25.8). TIuis if the Gaussian surface is taken to be a 
small cylindrical box of length I and radius R coaxial with the rod, there 
is no flux through the flat end s\irfaces and cos B is unity over the curved 
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See. 25.51 
surface. 


and 


From Eci. (25.9), therefore, 

E J (I A = E X 2irRl 

E = A- X 2r E 




(25.10) 




E 







777^777777777/. 


77P777777777Z 


It shouhl be remembered tliat in the practical system of units, r is 
meiisured in coulombs jk*!' meter. E in mentors, and A has tlie value 1 Ittco. 
In the electrostatic system, A ecpials 1. and r is measured in statctiulombs 

per centimeter. 

26.6. The Field near the Surface of a Conductor. It will Im^ recalled 
that in a conductor of electricity the electrons are frtx' to flow under the 
action of the electric forces actiiif; upon them. The electric Held acting 
on each electron is, of course, the sum of the fields set up by all otlier 
charges within the conductor plus the field due to any external charges. 
The charges will therefore move under the action of these forci^s until 
they reach a po.sition of e(|uilibrium. In general, then, the chaige is 
not distributed uniformly over the 
suidace of the conductor, but the 
cliarge of an element of surface, 
the surface charge density on the 
body, varies from jilace to place. 

The equilibrium distribution of the 
charges is perluqis a complicated 

one, but one property is immediately obvious. The electric field at the 
surface of the conductor must be. everyichere perpendicular to the surjfw.e. 
This condition must obtain; for if it were not true, there would bt^ a com- 
ponent of the field along tlic surface and a force acting to make the elec- 
trons move; ecpiilibrium would not exist. Furthermore within the 
conductor the electric field must be zero under .static conditions. 

By means of Gauss’s law we can easily derive the relation between Uie 
charge density and tlie field normal to the conductor. For the Gaussian 
surface take the surface of a pillbox of areas dA for the fiat sides and ot 
verj^ small height, as shown in Fig. 25.9. The normal flux of the field 
will be K dA through the top surface and zero over the other surtuces. 

Hence Gauss's law requires that 

tfA = M-ff dA 

where is the charge density. The area of the box cancels and the field is 


Fig. 25.0. The field near the surfiiee of a 
eon<lvictor. 


E = 


(25.11) 



340 


PHYSICS 


[Sec. 25.6 


For tlio elect lost iitic system of units. 

1: = 1 and A’ = 47r(r 


For the practical ^y^teln. 

'■ = ri 


and 


E — ~ practical units 


y///////////////////////A 

+ + + -t* + 


i 1 


MlktS 


'I'he relations just proved hold, of course, for a cun’ed surface of a con- 
ductor as \v(>ll as for a flat one, provided that 
we mean hy E the field in a region so close to 
the conductor that the surface is practically 
flat, or more precisely that the electric flux 
through the sides of the pillbox can be 
neglected. 

The same relation [Eq. (25.11)] holds for 
the electric field betwt'cn two parallel plates, 
one charg(“d with a density of a and the «)ther a density of — <t, as shown 
in Fig. 25.10. 'hhe proof of this fact is left as an exercise for the student. 

26.6. Fields within Conductors. Another important result can be 
obtaiiu'd by revei'sing the reasoning just followed. Since the field inside 
a conductor must be zero for ecjuilibrnim, no net charge can exist within a 
eon/inelor. For, suppose that the (laussian surface is chosen to be just 
within the surface of the conductor, as in Fig. 25.11a; then the field is 


I'lG. 2.'),l(). 'I'lu- i-liM-trU- firlcl 
pfirullcl platrs. 



l ui. 2."). 11. A ( tJiussinn mrfuvv just within tho coinlurtor is shown by the dashod line. 


e\erywhero z(U'o on the Gaussian surface, and the net cliargc enclosed by 
tlu‘ surface must be zero. The net charge mvist also vanish for a hollow 
conductor such as is shown in Fig. 25.1 16. If a positive charge is somehow 
introihieerl into the cavity, an equal negative charge must appear on the 
inside of tin* cavity walls. C’onvcrsely, if there is no net charge within 
the cavity, th(‘ lud charge on tiie cavity walls must be zero. 

.Vn experimental test of tlie behavior of charges within a hollow con- 
ductor is the famous “ice-pail” experiment of Faraday (1791-1807). 
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Faraday is responsilile for tin* ust-fvil (-(Hua-pt of lines of force and did 
much to further our understandinti; of electric and niafjneli<' iihenoinena. 
In this experiment a metal ice pail is insulated and connected to a sensitive 
electroscope, as indicated in Fi-. 25.12. If a chai-i-d body is hroufrhf near 
the pail, the leaves of the elei.-lro.<cope become charti;ed by indviction and 
diverge.’ As the charged body is brought closer, the divergence increases. 
When the body is within the conducting pail, the divergence is a maximum 
and remains the same no matter where the charge is locatetl within the 
pail. If the body is finally touched to tlie walls, no change in the <liver- 
gence of the electroscope leaves takes place. The elYoct is explained in 

terms of induced charges. When 
the body is brought within the con- 
ducting pail, there must be an in- 
duced charge on the inner walls ot 
the pail; touching the insi<Ie walls 
with the charged body merely neu- 
t ralizes the.se charges, and the charge' 
on the outer surface and on the elec- 
troscope is unaltered. 

This important property of a con- 
ductor is extensively used to produce 
an enclosure that cannot be inHu- 
('itced by external elect ritr forces. 

Since no electrostatic line of force 
can iienetrate a conductoi'. such a 
cavity is efTectively .shitdded from 
external effects anti electric fields 
within the cavity cannot reach out- 

sidethe conductor. . , ... .. 

2B 7 The Electric Potential. If a small electric chaiRo q is bioiiRlit 

from a very large distance to a disti.m-c r from a point charge q by an 

external agency which exerts a force /'. that external agency docs an 

amount of work 

But the force F is the negative of tlie Co.iloml. force Ijetween tlie charges, 
F = -Hqq'/r-). Hence the work is 









Fic. 25.12. Kiiniday’.s iro-pail cx|M'ri- 

inrlit. 


ir = - 




(25.12) 




The external agency has supplied energy to the charge ^ 

q' therefore possesses potential energy m the electric held of the chaige q. 
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This potential energy is equal to kiqq' r). The situation is exactly 
analogous to the gravitational attraction of two masses except that the 
force between two like charges is repulsion and not attraction. Ry an 
argument similar to that used in C’hap. 11 it can be .shown that the 
potential energy is independent of the path by which the chaige moves in 
from infinity and that the negative derivative of the potential energj' is 
etjual to the force. It is evident that the work done is proportional to 
the charge q' . In the study of electricity it is more convenient to speak 
of thv potential energy per unit charge, and this quantity is called the electro- 
static potential. The potential is usually denoted by V and hence 


y = R'Y (25.13) 


For a point charge q the potential is. from Eq. (25.12), 

r = A? (25,14) 

If a number of point charges produce the field, the potential V can be 
obtained by summing over many equations like Eq. (25.14), and 



(25.15) 


'I'he sum expressed by h’.q. (25.15) is correct because the potential is 
intlependent of tlie path by which the point in question is reached. The 
potential is, of course, a scalar (piantity, and therefore it is much easier 
to add potentials than to add forces or electric fields. The field can 
always be obtained from the potential by differentiation. 

1 he units in which potential is measured are evident from Eq. (25.14). 
In the electrostatic system of units, k = 1. and V is measured in stat- 
coulombs per centimeter. This unit is a common one and is given the 
special name of electrostatic volt or statvolt. Since potential is etiergj' per 
unit charge, one electro.static volt is also equal to one erg per statcoulomb. 
In the practical system of units the unit of potential is called the volt, 

and It is equal to one joule per coulomb. In the practical system, Eq. 
(25.14) is written as 

1 ^(coulombs) 


V (volts) = 


47re 


r(m) 


where the units in which the various (piantities are expressed are indi- 
cuted within the parentheses. If the value of e„ is used, it is readily 
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found that 


209.0 volts = I statvolt 


(25.10) 


In Sec*. 25.1 the practical unit of the electric held h was s'ven as one 
newton per coulomb. It is more usual to use another unit derived trom 
the unit of potential. Since the held is tlie nesative derivative ot 
potential with respect to distance, the unit of held can be taken to be one 
volt per meter. In the cgs system, helds are correspondingly expressed 

in statvolts per centimeter. 

\s an example of the calculation of potential, consider point .1 on the 
axis' of the dipole in Fig. 25.3. The potential is, by Eq. (25.15), 


V = 


kq kq _ ^ 


kql 


7^m) X V(( 2) - (/•-'/4) 


The held in the x direction is 


Ex = - 


(ir 

dx 


2kqlx 


4)]2 


which reduces for small values of / to Etp (25.6). 

The potential can also be found, of course, by calculating in general 

the work done by an external force in 
bringing a unit charge into the held. 

The external force per unit charge 
is -E and hence the vector E must 
be known for all points along the 
path. Since the amount of work done 

depends on the component of E along 
the path (see Sec. 8.4), the potential V at the point a can be written as 



Fi<;. 25.13. Definitions of 0 and 


= -/ 


E cos 6 ds 


(25.17) 


where 6 is the angle between E and a tangent to the path and d.? is an 
element of the path, as shown in Fig. 25.13. Hy differentiation of Eq. 
(25.17) the inverse relation is obtained. 

(25.18) 


E cos B = 


ds 


n e = 0, as in the case of a field due to a point charge or a charge of 
spherical symmetry, this relation takes the simple form 


7.1 


dV 
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It is otton convenient 
points in an electric 
h is (lelined as 


to speak of tlie polrnfial difference between two 
The potential difference between points a and 


- Tfc = - jl K cos e ds H- E cos 0 ds 
= E cos d ds 


(25.19) 


If a cliarge is moved from on(‘ point in a fi(*kl to anotlier, the work doiu' 
is j^iven l)y 

ir - - r,.) (25.20) 


as is evident from E(|.. (25.13). If T,. is greater than W, the charger/' 
loses potential (*neigy when it is moved fia)m pr)int a to point b and a 
positive amount of energy II’ is prodticed. 

Since the earth is a relatively good conductor and can usually be con- 
sidered to be very far away from tlie charges and conductors under 
consideration, the potential of the earth is taken to be zero. Nearly 
always the walls of the laboratory are sufficiently good conductors and 
far enough away so that they can be assumed to have a potential of zero, 
or earth potential. 

*26.8. Equipotential Surfaces. Lines of electric force provide a good method 
for the graphical representation j)f electrostatic fields. The electric potential 
affords another e<iually u.scful method. SupjMise we construct the surface in a 
field that is the locus of all points with the same value of V. Such a surface is 
called an vqiiipoU ntial surface. For a ])oint charge the equipotential surfaces are 
olitained by putting V in Eq. (25.14) equal to a constant and arc therefore repre- 
sented by tlie e(piation r = const. Hence the surfaces are concentric spheres 
about the point <'harge. 

If a charge is moved along an equipotential surface, no work is done. The 
corniionent of tlie field along the surface must therefore be zero, and the field is 
ereri/u'hcre perpendicular to (he equipotential surface. The radial lines of force 
fiom a point charge are thus perpendicular to the spherical equipotential surfaces. 
If the linos of force in a field are parallel straight lines, the equipotential surfaces 
are planes normal to the lines. The equipotential surface.s for a dipole are indi- 
cat<‘d by the dotted lines in Fig. 25.4. 

For a small motion of a charge along an equipotential surface, ICq. (25.18) can 
be applied; 1' is constant, and —d\'/ds mu.st be zero. Consequently cos d is zero, 
6 is 7r/2, and the field is perpendicular to the surface. If a charge is moved along a 
line of force, 6 is zero, and cos 0 is 1. Consequently the field is the rate of change 
of V in a direction perpendicular to the equipotential surface. Equipotential 
surfaces are contour lines of the electric potential, analogous to contours of equal 
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elevation on a map. A jjaitiele movin^^ aloiiK a contour on the yidc of a hill 
experiences no gravitational force along its direction of motion; a particle moving 
downhill from one contour to another is accelerated hy gravity. 

Since no work is done if a charge is moved along the surface of a condm tor, u 
conductor must he an equipoteulial surface. In any airangement c>f fixed charges 
and conductors the induced charges on the conductors must distnlnite themselves 
to make the surface of the conductor an eiiuipotential surface with the lines 
of force, as we have already seen, perpendicular to the surface of the conductor. 
It is possible, therefore, to guess the conhguratioii of the lines of force and of the 
equipotential surfaces and approximate closely the value.s of the held strength or 
potential in many cases where the evaluation by means of the general equations 

would be impractical. 



© 



h'lo. 25.1">. 
uiiothcr. 


()in‘ rharged sjihcrc insiili 


Fio. 2"). 14. The potential near a 
sphere of radius ii an<l charge </ (k — !)• 

*26.9. The Potential of Charged Spheres. It lias already been noted that the 
field outside a spherical conductor with a charge q is eiiual to 

E = k 

wiiere r is the distance from the point umler eonsideration to the renter of tl.e 
sphere. The potential is found from this relation and Kq. (2.>.1 0 to be 

If the radius of the conductor is o, the potential at the surface is 1 - kq/a. 
Within the conductor, whether it be solid or hollow, the field is zero if there is no 
net charge there. Consequently, for all values of r < «. the poteijtia is o^ 
stant and equal to the value at the surface of the conductor. The potential 

therefore varies according to the curve of Fig. 25.14. j- . „,i *1,0 

Let us suppose now that the sphere is hollow, the cavity has a radius 5. and the 
sphere still carries a charge q. A second spherical conductor of radms a 
cliarge q’ is introduced into the cavity through a Imie in the 
tlms have the configuration of conductors and charges sho«n in Tig. - . • , 
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is similar to tlie arraufjeincnt of Fararlay's ioe-pail experiment. A charf-e -9' 
must flow to the inner walls of the first sphere, and a eharfje of $ + g' therefore 
resides on the outer surface of the outer conductor. Tlie potential distribution 
near these spheres can he calculated if tlie effects of the liole in the first conductor 
are nenlected. Let us divide the field into four regions, region (1) outside the 
outer comiuctor, region (2) inside the outer splierical shell, region (3) the space 
between the two splteies, and legion (4) within the inner sphere. The electric 
fields in these regions will be 

7 + '/' 


Ei = A- 
= 0 
F - k 
K, = 0 


itegion (1) 

Ueghm (2) = u ^ ^ (25.21) 

Kegion (3) 

Region (4) 

The potentials in the four regions can be hmnd by the ai)plication of Kcis. (25.17) 
and (25.19) with cos 6 put equal to 1. 


Region (1) 
Region (2) 
Region (3) 
Region (4) 




I 


1 


= I ^ 1 “;; — h + r) 

= 1 3(at r = r) = A (— ^ + -J 


(25.22) 


This variation of potential is plotted in Hg. 25.16. 

From these result.s sevei'al important 
conclusions can be drawn. If the outer 
shell were fur removed from the inner 
shell, so that 6 and a became very large, 
the potential W would be simply kq'/c. 
Thus in the presence of the outer .shell, 
the potential \\ of the inner sphere is 
difTerent from the potential without the 
outer shell although the charge on the 
inner sphere remains the Siime. In 
particular, if the net charge q on the 
outer si)here is zero, the potential of the 
inner sphere is decreased when it is 
placed within the larger sphere. In a 
similar manner the presence of the inner 
sphere alters the potential ]’» of the 
outer sphere from kq/a to k(q + q')/a, an increase in potential. The charge on the 
outer shell is unchanged. It is evident, therefore, that the potential of a con- 



Fio. 25.10. The potential variation for 
the charged spheres of Fig. (25.15). 
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,luc-tor depends not only on its cha^^^e but also on its surroundinf^s. To 
emphasize this further, it should be noted that, even if the ehar^e q on the outer 
sphere is zero, the potential of that sphere is q'/u. Thus the potential neei not 
be ;^eio even if the charf^e is zero. Likewise, if the potential of the 

outer sphere is zero, even though the eondm-tor has a net eharge q. 

26 10 The Van der GraafE Electrostatic Generator. As we liave seen 
in the precedinR section, the potential of the outer sphere was im-reased 
when a charge was introduced into the interior ot the siiheie. 1 his 
principle is employed to charge a large spherical electrode to a high 
potential in the electrostatic generator invented by ^ an der GiaalT. 1 lu- 
arrangement is represented schematically in 
Fig. 25.17. Charge is carried to a sphere by 
means of a moving bolt. The charp is re- 
moved from the portion of the belt within the 
electrode, and the belt is charged again with 
charge of the opposite sign, which is then car- 
ried down by the belt. The charging mecha- 
nism C and the discharging mechanism D add 
or take away charges from the belt. These 
mechanisms usually consist of sharp rows of 
points like a comb charged with the proper 
kind of electricity, and the charges jump 
across through the air from the points to the 
belt. A set of brushes would perform the 
same function, but brushes do not work so 
well at high belt speeds. In this way as much 
as 1,000 Mcoulombs of charge per second can 

he transported by the belt, and the spherical 

electrode is rapidly charged to several million volts of potential 
In fact the potential that can he attained in this way is hmitel 
onlv bv the charge conducted away along the insulating 
that supports the sphere or through the surrounding air. To ■'educe the 
possibility of conduction through the air the generator ,s often enclosed ... 
a tank, which can be filled with air or other gas to pressures above 
atmospheric pressure. Figure 25.18 is a photograph of a genera or of 
this type. Both the exterior tank and interior are shown bj a double 

exposure. The tank is about / ft high. 

Electrostatic generator of this type are used to impart large velocities 

to electrons or protons, which travel from the electrode at high P°te>it al 
down an evacuated tube and strike some target at the lower 
eiiuipment. discussion of what happens upon impact must be post- 

poned to Chap. 50. 



0 ^ 

Fig. 25.17. Schematic dia- 
gniin of a Van <h’r (IraJiff 
generator. 
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26.11. The Motion of Charged Particles in Electric Fields. Let us 

consider a paili< l(‘ ot’ charfjc ( and mass m havinj; a \ elocity r in the 
f direction and an (‘lectric h(‘ld of sticnptli E in tli(‘ same direction. 



1 - Hi- 2 a. 18 . .\ ” pliotutiraph (douhlo cxiK)sun*) of a \’an clcr Craaf mauTator. 

llic .scri«‘s of usctl (n cipiali/t* llu' clcctrir h<-ld up tin* siip)>ortiti^ roliinii). 

[Ciiiirtisi/ H iijli 1 iilhiif h' iiiji nirri ntj Cor /)nriiHon , Cn lohriih/r, .Ud.'^.v.l 


X<‘\\ ton's sccomi law of motion tin-n states 



(25.23) 


lids (Mjiial ion can he Intc;ira1<“d wit h i-espoct 
in Sec. 8.7, 


to X. after transformation as 


f/{’ 

,n 




It yields 


i'E itx j ' lui'ilv = - Limau' 
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The integral on the left is just what lias been tlefined in Ei|. (25.11)) as 
<’(Eo — Ti); hence 

l2mv{' — = e(r„ — I'l) (25.2-i) 

The change in kinetic energy is therefore equal to tiie negative of the 
change in potential energy, as it shouKl he in a con.servative system. 

The (piantity cCEo — Ei) of energy is that atajuired by the particle in 
moving through a difTerence of potential equal to V'o — Ej. The energy 



acquired by an electron in “falling through" a potential difTerence of one 
volt is often used as a unit of energ^v, called the vUr.tron volt (ev). \\'^e have 


1 ev = 1.0 X lO"*'-* coulomb X 1 volt 

= 1.0 X lO-’*-' joule = 1.0 X 10-‘- erg 


Since the ma.ss of the electron is 0.1 X 10 
an electron of one eleidron volt of kinetic 


gm. lh<* velocity with whicli 
energy moves is 0 X 10" cm/sec 


= 1.0 X 10-'= erg 


for A proton with one electron volt of energ^k' has a smaller velocity cui- 
responding to the larger ma.ss. 

If the field is uniform, i.e.y if E is constant, Eq. (25.23) can be immedi- 
ately integrated twice with respect to I in the usual manner, with the 
result 




ni 


+ fof + Xo 


Worked Example. An electron that has moved through a potential 
difference of 100 volts passes between two parallel plates 1 cm apart and 
2 cm long and charged to a potential difference of 10 volts, as is shown in 
Fig. 25.19. What is the angle 6 of deflection of the path of the electron? 
The field between the plates is = 10 volts/cm. The velocity w'hich the 
electron acquires in the y direction is 

Vu = — Et 

m 
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whore / is the time necessary to traverse the plates. If the velocity 
corresponding to 100 volts is r, and the length of the plates 1 = 2 cm, then 

Vz 


'I'hc angle 0 of deflection is given by 


tan 0 = 




cEl 

mVj' 


This quantity can, however, be expressed in terms of the potential differ- 
ence V between the plates and the potential V that corresponds to the 
electron velocity. If <1 is the separation of the plates, 


'riierefore 

and 


tan0 = ^^-j^ 

0 = o°42' 


* 


2 10 
2 X 1 100 



'I'ho deflection of an electron or of a beam of electronsby a field is employed 
in the cathode-ray oscillo.scope described in C’hap. 35. 

26.12. The Oil-drop Experiment. By the study of the motion of 
charged particles in an electric field the value of the electronic charge can 
be determined experimentally. The motion of an electron is difficult to 
observe, but it is easily possible to observe the motion of small particles 
or droplets that are charged with one or two electronic charges. Observa- 
tions of the rate of fall or rise of a small oil droplet between two charged 
parallel plates have been u.sed by R. A. Millikan (1808- ) to make a 

precise determination of the smallest unit of electricity.* The 
(‘xperimental arrangement is shown diagrammaticully in Fig. 25.20. Oil 
is used so that the mass of the drop will not change by evaporation. A 
droplet from the oil spray at the top of the apparatus falls through the 
tiny hole in the upper charged plate and is observed in the measuring 
microscope to the right. There are two forces acting on the droplet if it 
is charged: the force of the field vipward and the force of gravity acting 
tiownward. riiese two forces can be balanced and the drop held station- 
ary by adjusting the value of the field strength E between the plates. 
Let t he charge on a drop of radius r be nc, where n is a small integer, either 
positive or negative, and e is the electronic charge. The total force F on 
the drop consists of the force of the electric field and the force of gravity, 

' It. A. Millikan, “Klectrons (-|- juid University of ('hieago Press, ItMtk 
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It is 


F = npE — 


where d is the density of the drop. Thus if r and u are known, e can hv 
determined. A charged drop can be balanced in tliis way l)y a field not 
too large only if r is very small — ^too small, in fact, to be measured 
directly. The drop size can be found, however, by observing the rale ot 
fall of the drop when E is zero. As we saw in C'hap. 15. the veUu-ity ol 
the drop soon attains a constant value c, as the drop falls, sinci* the 


0)1 spray 



resistance of the air results in a retarding force that is proportional to the 
velocity and is given by the expression 


Fa = ^yjTi'rjv 

where is the coefficient of viscosity of the air. The radius ?' can there- 
fore be found from the relation 

j^irr^dg = (yirrrjv 

when E is ab.sent. The small integer n can be found by making successive 
observations on the same droplet. It is ob.served that a drop, particu- 
larly when ultraviolet light, X rays, or the radiations from radioactive 
substances are allowed to fall upon it, is continually gaining or losing 
electrons to the surrounding air. Thus a whole series of values of ne can 
be observed, and the smallest value must be that for which n = 1. 
Millikan has recorded observations in which as many as 15 different 
values of n have been observed with a single drop. Each observation 
was of high precision, and all led to the same value of e. More direct or 
convincing evidence of the atomic nature of electricity can hardly be 
imagined. The value of e has been demonstrated to be independent of 
the nature of the drop, the density and pressure of the gas, the field, and 
all the other variables of the experiment. 
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PROBLEMS 

1. Wliiit is th(* value of the field at the origin, P'ig. 25.3? 

2. Sketch the lines of force near two e<iual po.sitive charges separated by a small 
(listnnee. W hat is the field midway between the two charges? How would the lines 
of force near two c*(jual m-gative charges differ from this? 

3. 'I’wii dipoh-s, parallel but opp(»sitely directed and separated a small distance, 
are known as an “electric quadripole'.” Sketch the liiu's of force near stteh a 
ipiadripole. 

4. W hat is the electric field at a point with coordinates {x,y) <hje to the dipole of 

Fig, 25.3? 

6. 'Phe dipole inomc'nt of a water molecule i.s 1.8 X 10“''* esu; what i.s it.s value in 
[)ractical rnks units? By what distance must two clei'tronic charges be .separated to 
pnaluce a rnonn'iit of this value? 

6. Find the \ alue of the electric field within a long cylindrical shell of charge. 

7. ObtaitJ the value of the potential at point .1 of Fig. 25.3 by integration of the 
field strength. 

8. Sketch tiu' lines <»f ff»rce and the equipotential surfaces near a right-angle corner 
of a long charged contluctor. 

9. An cl(‘«-tron movi's under the action <)f a uniform field in the r direction of 100 
volts/cm, starting from the origin with zero velocity. WHiat are its position, velocity, 
jiiul acceleration after 0.01 g-soc? 

10. W'luit is the average kinetic energy in electron volts of a hydrogen molecule 
at0°('? 

11. W'hat ks the velocity of a proton with 1 ev of energy: with 10® ev? 

12. .\n oil drop is suspended motionless in a field of 1,000 volts/ein. If the density 
«*f the oil is 0.9 gm em’ atui the <lrop has one electron of charge, what is its radius? 

13. 'I'he earth, in t<'mperute latitudes, has an electric field at its surface of approxi- 
mately 100 volts m directed downward. W'hat charge density must exist on the 
.surface? If this field wiTc the same over the whole earth, what would be the total 
charge on the earth? W’hat would be its potential? 

14. .\ positive charge Q i.s uniformly distrilmted throughout a spherical volume of 
radius l{. W'hat is the field at a ilistanoe r < f( from the center? 

16. (’aU’ulate the time taken by the electron in the worked example on page 349 
to traverse the plates. 



CHAPTER 26 

DIELECTRICS AND CAPACITANCE 


26.1. Polarization. lien u metal is phuanl in an electric fi(‘l(l. tlie tVe<‘ 
electrons in it move, as we liave seen, always (listrihutiiiK themselves in 
such a way that the metal becomes an e(iuipotenl ial surface. Let us now 
investigate what happens when a nonconductor is placed in an electric 
field. A nonconductor, or dielcciric 











c - - ) 

Fic. 2<>.l. Tlu‘ polarization of atoms in 
a (liflia-tric. 


|. 


F==iiE 


material, contains no charges that 
are free to move about within it, 
but rather all the electrons are 
tightly bound to the atomic nuclei. 

These electrons do, howev(*r, ex- 
perience a force when the electric 
field is applied. Consequently the 
field produces a change in the dis- 
tribution of electricity within the 

atoms of the dielectric, since the motion of each (‘lectron is confined 
to the immediate vicinity of one individual nucleus. One of two things 
may happen. 

1. If the charge in each atom of the material is .symmetrically dis- 
j tributed, as it is in crystalline .sodium 

chloride, the electric field produces a con- 
centration of negative charge on one side 
of the atom and a small electric dipole is 
produced. Each atom acts as a small 
spherical conductor and becomes polarized. 
Under the influence of a uniform field tlu* 
atoms may be schematically r(*pres(‘nted 
as in Fig. 2(5.1. The dielectric becomes 
composed of little electric dipoles, all having 
the same strength and all oriented in the 
same direction. 

2. It may happen that the charges on 

the atoms of the dielectric are not uniformlv 

% 

distributed even in the absence of an elec- 
tric field. The molecules have a permanent dipole moment. Water is 
such a substance, for example. The application of an electric field results 
in a torque on each molecule that tends to align the dipoles in the same 
direction. The student can easily show, using Fig. 2(5.2, that this torque 
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Fig. 26.2. The torque on a 
dipole in the field E'. 
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L i> jjiv4*n by 


L = qlE' sin $ = ■pK' sin B 


( 20 . 1 ) 


wluMO ql is the strength p of the dijjole. 8 the angle between the field and 
the direction of the dipole, and E' the total electric field tending to rotate 
the dipole. The motion that this torque tends to produce is resisted by 
the random heat motions of the atoms and perhaps is also partly counter- 
acte<l by torciues from the field of neighboring atoms. The net result, 
however, is that on the average there is some alignment with the applied 
iield. The situation is schematically represented in Fig. 26.3. 

'File effect of the rotation of dipoles is evidently very much the same 

as that of polarization by the dis- 
placement of charges. In both 
cases the dielectric material placed 
between charged metal plates ef- 
fectively acquires a surface charge, 
as indicated in Fig. 26.4. The 
electric field within a dielectric is 
therefore that produced by the net 
effect of the free charges on the 
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Kui. 2f).3. Tlic alignment of molcculos 
with jMTinfUxMit I'Icrtric (lipoh-s in a field. 
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Fio. 26.4. The free and bound charges 
at the surface of n dielectric. 


metal plates jind the bound charges on the surface of the dielectric. 
4'he strength of the resultant field thus depends upon the strength 
of the electric dipoles in the dielectric. The dipole moment per 
\uiit volume of the dielectric material is called the polarization P. The 
polarization is a vector (piantity and has the direction of the dipole 
moment. If there tire n dipoles per unit volume, each of moment p, and 
all of them are aligned with the field then 


r = np (2G.2) 

Some values of the electric moment p are given in Table 2G.1. 

Since the units of p are those of charge times distance, the units of P 
are those of charge divided by the square of the distance. In practical 
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Table 20.1. T’a/Mcs of the Electric Moments of Mtilecules 



Formula 

^ 1 

ric nioiiK'nt 

c»su 

Water 

H.O 

1 

1 S X lO-'^ 

.Lmnionia 

\M3 

1 ,.■) X 10 

HvclroRcn ehlorifle 

HCl 

1 ,03 X 10-'^ 

Tlvdrogcn l^roiiiuh* 

' HHr 

0.78 X 10-'^ 

Hvclrogen iotlitle 

1 

HI 

0 38 X lO’"* 


units, tlierefore, I* is measured in coulombs p(‘r stjuare meter; in esu, in 
statcoulombs per .square centimeter. 

For the dielectric slab of material of Fij>:. 20.4 the polarization can be 
expressetl in terin.s of the magnitude of the bound charges. If the surface 
density of these charges is a., then the total dipole moment is(T„.lr/, where 
A is the area and d the thickness of the slab. The moment per unit 
volume i.s then 



(20.3) 


It is certainly expected, and indeed found to be accurately true for 
most suh.stances, that P is proportional to the applied field E. Thus 


P = x.E (20.4) 


where Xr> the constant of proportionality, is called the electric suscepti- 
bility. Since the practical units of the polarization P are coulombs/m^, 
and the units of E are volts m, the practical units of Xe are evidently 
coulombs per (volt times meter). In the electrostatic system, x« is a 
dimensionless quantity. One statvolt is the potential 1 cm from a 
charge of 1 statcoulomb, and hence 



statcoulomb 

statcoulomb 

statvo t X cm 

statcoulomb 


26.2. Specific Inductive Capacity and Dielectric Constant. In addition 
to the susceptibility, other quantities are used to characterize the behavior 
of a dielectric material. These can be.st be understood from a calculation 
of the field within the dielectric of Fig. 26.4. If the density of free charge 
on the metal plates is denoted by a/, then the total field-producing charge 
is (Tf — <Tb and the resultant field is 


E = ■iirkiff/ — o-ft) 


(26.5) 
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wiuMO A- it> the constant whose value depends on the units used. If Eqs. 
and (2t>.-n arc used, the field can be expressetl in terms of the free 

cliaifies alone as E = Airh (a/ — X' 



■inkof 

\ + 47rAx. 


(26.6) 


The denominator of this expre.ssion occurs often, and we shall denote it 
by the quantity K. 


K — \ 47rA x. 


(26.7) 


'rhe (piantity K is called the specijic iiuhwlive capacity of the material. 
It should be noticed that, if no dielectric is present. Eq. (26.6) becomes 
simply 

E = Airkfff 


With a dielectric it is 



(26.8) 


'rims K may be defined as the ratio of the field strength withovit a dielec- 
tric to that when a dielectric is pre.sent. Although this relationship has 
been demonstrated only for a uniform field, it is true in general. 


fj(with dielectric) 



(without dielectric) 


Since K is a ratio, it can have no dimensions and its numerical value is 
independent of the units used. If esu are used. K is often called the 
dielectric constant of tho material. 

Cnits. W'hen practical niks units are employed, a third constant is 
defined. If k is given the value 1 '4 t€o, then Eq. (26.7) can be written 


A' = 1 4- 

^0 


inks units 


If this equation is multiplietl by the left-hand side becomes toK and 
this combination is called the permittivity of the dielectric and is denoted 
by e. I hus can also be spoken of as the “permittivity of free space." 
Perinittivitv is rarelv used in other systems of units than the practical 
one. 

The relations between these various constants are easily summarized. 
For practical units, 


A = 1 + ?- = - 

fll «0 

t = Acn = e« + x.- 
X< = e “ eo = (A — 1)«» 


mks 


(26.9) 
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In the electrostatic* system of units we have 


A' = I + Tttx. 
K - 1 


esu 


( 20 . 10 ) 


The relation between the susc(‘|)til)ilities in tlie two .systems of units is 


X, (inks) = ^ X. (esu) = -l7re.,x. (esu) 


( 20 . 11 ) 


Some values of these pa>am<*ters 
given in Table 20.2. 


for se\’(*ral 


common substances arc' 


Table 20.2. 


Values of Permittivity and Specific Inductive Capacity 


Siihsf 

SjXM'i fu* 
induct ive* 
capafity /\ 

INTUiit V t 

« 

1 

nr sus- 

rrpf >' 

l*di'i*trir siis- 
<*r|)t il)ili(y 



1 

I I . (H)().")9 
: 4.0 

1 6 

0.7 

2 . .5.5 

81 .1 

1 

«.. = 8.86 X 10“'- 
8.86 X lO'-'-' 
3.6 X 10-" 

6 X 10-“ 

5.0 X 10-“ 
2.2(i X 10-" 
7,18 X 10' 

0 

-1,77 X 10“^ 
0.2-1 

O.l 

0 . 37 

0.12 

6,1 

1 

0 

6.22 X 10-'“ 
2.6 X lO-'- 

4.1 X 10-“ 
4 2 X l()-“ 
1 37 X 10““ 

7.1 X lO-'" 

1 

Air al .V'TI’* 

Sulfur 

tila.ss (iiH'iin) 

Mj(*a 

Poivstvrcnc 

Water 


• Nonittil »n<l \*risstiri‘. 


It is evkient that for all but the most accurate calculations K can be 
taken as unity for air as well as for vacuum. 

From the first of Ecjs. (2(5.9), .since K has no climensions, it is evident 
that both e and €« have the same dimensions as x^, which are coulombs per 
(volt time.s meter). 


*26.3. The Force between Charges Immersed in a Dielectric. Two small 
conduc^tors in empty space with charges q and q' repel one anothei- witli a fence 
given hy Coulomb’s law, 



(24.1) 


where r is the distance between them. If these conductors are immersed in a 
dielectric medium, the force is altered. The field of each charge polarize.s the 
dielectric near it, and hence the field of one charge acting on the other is reduced. 
Let us supi)ose that the chaige g induces a cliarge —Qb in the dielectric near it. 
The field at the location of q' is, then, 



(26.12) 
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;irul the force on q' is 

F = Eq' = k (26.13) 

Tiie force is thus .smaller when tlio flielectrio is present. In the preceding section 
it was .sliown tliat the presence of tlie <lielectric re<luced the field between parallel 
platc.s hy a factor of K. The same rule must apply here also, and Eqs. (26.12) 
and (26.13) become 

K = A- (26.14) 

A r* 

F = (26.15) 

A r- 


l apiation (26.14) is Coulomb's law for dielectric materials. 

A comparison of Kqs. (26.12) and (26.14) or Kqs. (26.13) and (26.15) shows 
that <;■, is proi)ortional to q ami in fact 



■iir kxr 

I 4 - 47rA-x, ^ 


(26.16) 


A similar relation must hold, of course, between the charge q' and the bound 
charge —q'l that is induced in the dielectric near it. 

*26.4. Gauss’s Law for Dielectric Materials. In See. 25.4 Gauss’s law was 
stated as the fundamental relation between charge and the electric field, 


/ 




E cos 6 dA =■ Airkqi 


(25.9) 


'Phis relation is valid also in tlie presence of dielectric material, but it must be 
remetnbereil that q, refers to the total charge within the Gaus.sian surface. Thus 
q, must he made up of the free charge Qf that is i)resent on the conductor and the 
bound charge —qi. tliat the field of q/ induces in the dielectric, 


qi — q/ — qi 

It is desirable to have Gauss’s law expressed in terms of tlie free charge on the 
conductors rather than the total charge. The bound and the free charges are 
relateil by Kt|. (26.16), and hence Mq. (25.9) can be written, 

E cos 9 d.l = 4 tA'(^/ — qi.) = 4irkq/ ^ (26.17) 


Equation (26. ! 7) is thus in a form that contains explicitly the effect of the medium 
through the constant l\. 

For some purposes it is convenient to define a new vector quantity, the electric 
disjilacement D, assmdated with the electric field in a dielectric. In the practical 
inks system the displacement D is defined as 



mks units 


( 26 . 18 ) 
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and lienee Gauss's law bei-oines 

1) eo.s d d.l = q/ inks units (20.10) 

The displacement D is measured in coulombs pei stpiare meter. By the use of 
the relations in Kqs. (20.0), D can be expre.ssed in terms of the other vectors 
E and P, 

D = eE = (to + X')E = coE + P inks units (20.20) 


This l elation between D ami E and P should be considered more fundamental than 
Eq. (26.18). Since the electric displacement has a value at every point in a field, 
it can be repre.sented graphicallj’’ by means of lines of displacement, similtir to 
the representation of E by lines of electric force. 


26.6. The Capacitance of an Isolated Conductor. The potential of an 
isolated sphere of radius a was shown in Fkj. (2.5.20) to be iiroportional 
to the charge (j on the sphere, 



(2.5.20) 


For a body of another shape tlic potential is still proportional to the 
charge, hut with a dilTeront constant. This proportionality is often 
expressed in terms of the capacitance (' of the body defined by 


C = i (20.21) 


The capacitance of a sphere is tlierefore 

C (sphere) = | (26.22) 

If the charged sphere is immersed in a dielectric medium, the electric 
Held everywhere, and also its integral over the distance, or the potential, 
is reduced by a factor of K. Consecpieiitlj' the capacitance is increased 
by this same factor, 

C (sphere) = AT | (20.23) 

Units. Equation (26.22) takes the two alternate forms 

C(sphere) = a esu 

C(sphere) = mks units (26.24) 

The capacitance of a conducting body depends only on the geometrical 
shape of the body. In esu the capacitance is measured in centimeters. 
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III the inks system. howevcM'. the unit of eapaeitunee is one coulomb per 
volt anil is called the farad. This unit is too large for convenient use, 
since «(, is so small, and the submultiples microfarad (/if) and micro- 
microfarad are customarily employed. The units of the quantity 

Cm are usually expressed in terms of the farad. It is evident from Eq. 
(2l).21) that £ii has the dimensions of farads per meter. The permittivity 
« and the (‘leetric susceptibility x- must also have these same dimensions. 

In inks units h’q. (2().23) is written 

f'(^plnn{*) = 4Tf,J^a = Awea 

Worhrd K.ramp}v. \\’hat is the cajiacitance in /i/if of a sphere 1 cm in 
radius? From Imp (2(1.24) 

r = -ljr£,.-i = W X 8.85 X 10-'- X 10-- farad = 1.1 nfii 


'I'liis result gives, of course, the relation lietween tin* <‘l(*ctro.static and the 
practical units of capacitance. 

26.6. Capacitors and Capacitance. If several charged conductors are 
present, tlie potential of any one conductor depends not only upon its 
charge but also upon the charges on all the others. The capacitance as 
defined by Kq. (20.21) no longer has a unique meaning. If two of the 
conductors are close togidher and far away from all the others, then 
capacitance may be defined by 



(20.25) 


where Q is the charge on either conductor and TTh is the difference in 
potential between (hem. If the two conductoi's are clo.se together, all 
th(* lines of forci* that leave one comluctor must end upon the other and 
the charges are conseipiently eiptal. Such a pair of conduct oi-s is called 
a aipacitvr; an older name still often used is ayiidvn.srr. 

Suppose, for example, that there are two parallel charged plates with a 
dielectric material between them as in Fig. 20.3. The charge Q on one 
plate is <7/. I, where .1 is the area of the plate. The potential difference 
between the |)lates can be found bv integrating the field given in Eq. 
(20.8), 



when* tl 
(plot i(‘nt 


is the. distanci* between the plates. The capacitance is the 
of the charge divid<*d by this potential difference, and hence 
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(' = 


AM 

Airkd 


(2n.2(>) 


/ 

Th(* (•ai)acitan(*(‘ in esii is obtained by setting k = 1, or 


In j)raetical units, k — 1 '47r€M. 

(' = 


^ AM 

47r// 


,.A -I 


cins 


faia<l.' 


Capacitors are often iis(‘d as elements in electric circuits. 'I'o indicate 
a capacitor a standard .symbol is used, which is shown in Kig. 2t».5. 

A capacitor can bp con.structed of two concentric spheres. If the radii 
of the inner and outer spheres are <i and h, respectively, 
as in Fig. 2G.G, the potential dilTerencc between them o- -Hh- — o 


IS 


’ K \(t h 


Fig. 2(5.5. The 

circtiit .syml't>I for ii 
{•jipacitnr, 


as .shown by K{|s. (25.22), where Q is the charge on the outside of the 
inner .sphere, and —Q the charge on the inside of the outer sphere. The 

capacitance is therefore 



C = 


K 


'■ c - i) 


Kah 

k{b - a) 


(2(>.27) 


It should be noted that an additional 
charge may exist on the outer surface of 
the outer sphere. This additional charge 
may increase or decrease tlie potential 
of both spheres, but the potential difference between them, and there- 
fore the capacitance, is indepentlent of this charge. 

The capacitance C\ per unit area of the outer sphere of a spherical 
capacitor is 

r = 

^ ‘ k{b - a)'-br//^ 


and the capacitance of a small area .1 is 

^ _ KabA 


(26.28) 


k{b — d)ATrh'^ 

If the radii a and b are assumed to become very large while the difference 
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lM<i. 2<).7. A vjiri- 

iililc capiu'itor. 


{h - a) stays constant, ah is nearly equal to b- and. the capacitance given 
l.y Kq. (20.28) approaches that for two parallel plates [Eq. (25.26)], 

^ 

k{b — a)4n- 

26.7. Practical Capacitors. The capacitors used in practical work 
take many forms, nearly all of which are modifications of parallel plates. 

.V stack of plates can he used, separated by thin .sheets of a dielectric, 
usually mica, with alternate plates connected together. The whole 
arrangement is often molded together with an insulating plastic material, 
with two terminal wires protruding. C’eramic materials or glass are 
al.so u.sed as the dielectric. Mica capacitors and some ceramics result 
in capacitances that are very constant with temperature, often an impor- 
tant consideration. 

Another form of capacitor is constructed by winding 
layers of metal foil and insulating paper dielectric into 
a small cylinder, the whole being impregnated with 
wax to keep out moisture. Such wound-paper 
capacitors are very iiie.xpensivc and are extensively used. For better 
insulation a capacitor of this type is often impregnated with oil and sealed 
into a can with i)orcelain bushings for the terminals. 

If large values of capacitance are desired, the area can be made large, 
a dielectric with a large vahie of A’ can be chosen, and the separation d 
between the plates can be matle very small. Small values of d are 
obtainetl in the so-called “electrolytic” capacitors. These capacitors 
are constructed with plates of aluminum, and the dielectric is an extremely 
thin coating of aluminum oxide on the surface of the plates, which is made 
by an ele(*trolytic proee.ss. .Although such capacitor cannot withstand 
high potential difTerences, very large capacitances can be obtained. An 
old form of capacitor is the Leyden jar, which is simply a glass bottle 
coated inside and out with metal foil. Leyden jai-s are now found only as 
antitpiated eejuipment in physics laboratories. 

If only small capacitances are desired, air can be used as the dielectric 
material. Stacks of plates alternately connected are frequently used for 
this purpo.se. A variable capacitor can be constructed easily by mount- 
ing one set of plates on a shaft so that they can be rotated away from 
another set of plates. All radio .sets contain capacitors of this type. The 
symbol for a variable capacitor is shown in Fig. 26.7. 

26.8. Capacitors in Parallel and in Series. Several capacitors may be 
combined in an electric circuit to form the equivalent of a single capacitor, 
'rile connection .shown in Fig. 26.8 is called a “parallel” connection. The 
potential difference across each capacitor is the same; let this be denoted 
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by V. The total charRe Q on the upper plates of the capacitors is the 
sum of the individual charges; hence 


Q ^0} _,Qj,Q3 

r V ^ V ^ V 

or, by Kq. (26.25) C = C, + C. + C, (26.29) 


111 Fig. 2().9 several capacitors are shown connected in series, or in 
cascade. The system is evitlently composed of four conductors, num- 
bered (1) to (4) in the figure. If a cliarge Q is initially placed on con- 
ductor (1) and there is no net charge on conductors (2) and (3), the 



Fio. 20.8. ( 'upacitors in parallrl. 


+Q -0 +Q -Q +Q -Q 

“ — — If — ° 

12 3 4 

t'l n ^3 

Khj. ( ■apacitt)rs <M>iiiiiTtr(l in 

scri<*s. 


distribution of charges becomes as shown. The sum of the potential 
dilTerences acro.ss the individual capacitors is equal to the total potential 
difference. Therefore we can write 

J' = li 4- I? q- Ij 

Q Q Q Q 

or C ~ Ci~^ CT'^'^ C]i (26.30) 

It is evident that Eqs. (26.29) and (2(>.30) can be generalized to any 
number of capacitors. 

*26.9. The Energy of a Charged Capacitor. In order to charge a capacitor, 
work must be done in transferring charge from one plate to the other. This 
energy is stored in the capacitor and can be recovered wlien the capacitor is 
disclmrged. The stored energ^v can be calculated easily. Suppose the capacitor 
has a charge q and this charge is increased to ^ + dq. The amount of work that 
must be done is, by the definition of potential, 

dir = vdq 

where v is the potential difference across the plates when the charge is q. 

Since v = g/C, the total amount of work done for a total charge of Q is 

= j dw = = (26.31) 
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Since tlie final jxitential V = Q the enertiy can also be written 

]V = ^ (20.32) 

This stened ener^xy may be lejxanled to resitle in the electric field that is pro- 
.1 uc<m 1. In a parallel-plate cai)acitor the electric field is confined between the 
plate.*i and has the same value at all points within this region. The energy per 
unit volume, or energy density, is therefore 

ir 1 CT'2 
.Id “ 2 .ui 


ll liij. (2t).20) is used for tliero results 


II 


1 K /■! 


(LV- „ 1 A r- 

:\d) 2 Ank 


Ad 2Airk 


I nils. 1'he energv densitv in the elei-trostatic svstem where A: = 1 is therefore 


(2l).33) 


.Id 


In tlic practii-al system, k = 1 47rto, 


.Id " 2 ' ~ 2 


(26.34) 


.Vltlinugh I!(is. (2(».33) and (2l).:i4) liave been derived for a .special case, they 
lepresi'iit general (\\pr(*.ssions foi’ the (Mungy density in any field configuration. 

PROBLEMS 

1. W iitcT im>lccuh-s luive pi-rnmnent cNs-tric inonu'iits. How lines tin* permittivity 
of w;it«T cliangc « it li tmiipiTatun*? How should you e.xpivt the permittivity of ice to 
compare witli that of water? Why? 

2. (‘oinpan* tlie polarization of water in a field of 1,000 volts/cm with the polariza- 
tion Unit would result if the dipole moments of all the molecides were perfectly 
aligned. 

3. An insulating oil has a specific inductive capacity of 2.o. ^^^lat is the value of 
Xt in practical units and in esu? 

4. Kiiul the radius of a sphere whose capacitance is 1 farad. 

6. What is the capai-itancc of the earth in centimeters; in microfarads? 

6. A capacitor is constructed of a pile of 10 parallel plates each of area 10 cm*, 
alternate jilales bidng connecti-d together. The plates are separated from one another 
})>• 0.3 mm of mica. What is the capacitance? 

7. ^\ hat is till* ^•apacilance of a capacitor constructed of three concentric spheres of 
radii 1, 2, and 3 i-m, with the outer and the innermost spheres connected together? 

8. .V glass plate 2 mm thick, of siiecific inductive eupai-ity 8, is vised as the dielectric 
in a parallel-plate capacitor with platc.s 10 cm* in area. If the potential difTerence is 
20 statvolts, what is the polarization of the glass? 

*9. What is the stored energy in the eupneitor of Prob. 8? What is the energy 
densitv? 
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10. What is the capacitance per unit lenRth of two coaxial cylindors? 

11. A l-^f capacitor is charged by connecting it to another capacitor of 2 /if capaci- 
tance charged to 100 volts. What are the charges on ea<'h? 

12. Three capacitors are connected as shown in Kig. 20.10. What is the capacitance 
of the coinbinutiou? 



Fig. 20.10. ('ircuit for Problem 12. 


^13. Metals arc often welded together by the energy dissijiated in the discliarge of a 
large capacitor. Suppose 1,000 /if chargeil to 100 volt.s is used; how inm-h enc-rgy in 
calories is available? 

14. A soap biibbh* rec«*ives a i-harge. Tloe.s it bc*come larger or smaller? I’lxplain. 

16. \ spluTical capacitor with radii 0 and 10 cm has tlie outer sphere .split in half 
.so that the piece.s can be reniove<l fnim around the inner sphere. Jf the potential 
<lifference bc'tweeii the spheres is UK) volt.s, liow imn’h work must be <lone to remove* 
the outer conductor and join the jueces together again far away from the inner sphere? 


CHAPTER 27 
ELECTRIC CURRENTS 


27.1. Electric Current and Current Density. The motion of charge.s 

under the action of an electric Held pixxluces an electric current, just as 

llu* motion of (Ik* molecules of a fluid in a gravitational field produces a 

current in the fluid. If water flows in a pipe of cross-sectional area A, 

the numher of water molecules crossing a transverse plane in the pipe per 

second is e(iual to NvA, where N is the numher of molecules per unit 

volume and v is the velocity of 

flow. In a similar fashion the 

strength of an electric current is 

measured hv the number of elec- 

% 

Irons crossing a given plane per 
second. If a current is flowing in 
a wire of area .1, the strength of the 
current is defined as the atnount of 
rlmrgr rntsuing a fransnrse plane per second. The current strength f, or 
more simply the current, is theref(n*e 



27-1. .\ How of ('U'ctroiis consti- 

lutc's a clirmil. 


j 


dg 

-77 = iktA 

dt 


(27.1) 


where n is the number of electrons per unit volume in the wire, v the 
average velocity t)f an el(*(*tron. and c the charge on each electron. 

It should !)(' n'lnemhered tiiat the charge e is a negative quantity. If 
tiu* positive .r direction is to the right and electrons are moving from left 
to right as indicated in Fig. 27.1. then a is a positive quantity. The 
current i is. l)y Kep (27.1), n<*gative and flows from right to left. Elec- 
trons th<*relorc move in the opposite direction to the electric current. 
I'his rather strange circumstance is not difficult to understand. It 
arises from the arbitrary definitions of positive and negative electricity. 
'The kinds ol electricity wore named before it was realized that negatively 
eljarge<l (‘h'etrons move when an electric current flows. 

I h(‘ unit of eiiriH'iit is di'liiu'd as the flow of a unit charge per second. 
In practicjd units a unit current is thus one coulomb per second, and this 
j’Urrent is called one arnpen* in honor of the discoverer, Andri!' Amp6re 
( 1 775 1 S3fi), ol tlu* magnetic elTects <)f (*lectric currents. In esu a unit 
current is one stateoiiloinb per second, or one statampere. From Eq. 
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(24.3), the two units arc connected hy llie relation 

1 amp = 2.U0(i X 10'^ statamp (27.2) 

It is of interest to calculate by K(i. (27. 1 ) the value of the averaK<* velocity 
V for a unit current. Su|)pose that 1 amp is flowin*; in a copper \\ii(‘ 
having a cross-sectional area of 1 mm-. Since tin* practical units are 
based on the meter as a unit of length. .1 is 10“*’ m-. the number n of 
electrons per cubic meter, which is ec[ua! to the number of atoms per cul)ic 
meter, is 8.4 X lO*"*, and 


1 


V = 


8.4 X 10"'’ X 1.0 X 10-" X 10-« 


. = 7.5 X 10“'’ rn sec 


'I'he value of r is much smaller than the rms velocitv of (‘lections in a 

% 

metal as calculatcMl in Sec. 24.8, just as the velocity of (low of a gas thrinigh 
a pipe is small compared with the rms velocity of the gas molecules. 

The electric current flowing across a unit area is called the current 
density and is denoted by ./. From lup (27.1) 


J — -7 = nev 
A 


(27.3) 


In practical units ./ is mcasur(*d in ampeies p(*r srpiare meter. 

27.2. Conductivity and Resistance. The magnitude of the curr(*nt 
density that flows when a given electric field is applied depends upon the 
material. The number n of eU'ctrons varies from one substance to 
another, and v also changes. Over a large range of substances and values 
of the electric field the current density is proportional to the field. In 
terms of symbols we may write 


./ = <tE 


(27.4) 


where the constant of proportionality, a, is called the conduciivily of tin* 
material. Equation (27.4) is known as Olwds law. It is evident that 
the electric conductivity <r is defined in a similar manner to the heat 
conductivity A*. The conductivity is characteristic of the material and 
contains the variations of both n and v. If Eqs. (27.3) and (27.4) are 
combined, there results 


V 

The ratio v/E is called the “mobility” of the charges. 

In a wire of cross-sectional area A, the current can be written as 

dV 


(27.5) 


i= J A = <rAE = — O’ A 


dx 
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whore (' 
direct ion. 
(•;in write 


is the elect ii<‘ potential and the current is flowing in the x 
It' the elc'ctric field is uniform o\'er a length I of the wire, we 



(27.(3) 


U- 


A 


where \'x and I'-j are the values of the potential at the ends of the length / 

of the wire, as indicated in Fig. 
27.2. The figure Itas been drawn 
on the assumption that Vi > Fa, 
and hence E has the direction indi- 
cated. The quantity dV/dx is 
therefore negative, and i is positive. 
The current thus flows from a place 
of high potential to a place of low potential. In Eq. (27.0) the combina- 
tion <tA /1 is called tlu* conductance (r of the wire, or 


1 

• 

_ 1 

1 ^ ' r. 1 

t ! 

i 

‘'.1 


t ^2 


Kk;. 27,2. CuiTciit llow.s fnnn a liigh 
potential I'l to a Uiwcr o»»c 



(27.7) 


The reciprocal of (he conductance (i is known as the r€sist 42 ncc jtf the 
win*, and 



(27.8) 


Ktpiation (27. (i) can therefore he written also as 



(27.0) 


The reciprocal of the etuiducCivily <r is named the rvsislivity pof a iimteriHl. 
Hence 


1 


P = - 

C 

(27.10) 

II 

(27.11) 

G = 

fil 

(27.12) 


It .should be noted that Kqa. (27.4), (27.(3), and (27.9) are all eciuivalcnt, 
and all are expressions of Ohm’s law. 



Sec. 27.31 


ELECTRIC CURRENTS 


369 


( nitfi. i( tu*ccssar\' t c) ilcliiic t lie unit > I Of I li(> nH'a.'iiiK'nicjit ol 
new (]Uantitlcs. I'r(un tin* sncninl pail ot lup (27. ‘h. the unit oT rr>i>tan< (‘ 
would lu‘ one volt per aiiipcrc. I'liis unit oT rc.^ist ain-o i> called the nhtn. 
Its reciprocal, the unit «)!' conductanc<‘. is calleil the mho. 1- ruin l'a|s, 
(27.7) and (27. S), the luut oi' rc‘>ist ivit y nm-t he ota* ohm meti'f and the 
unit of conduct i\ ity oiu> mho p(‘r met(‘r. 'I'hoe unit> an*, of courx*. all 
praclical inks units, 'riiere an* also, to he >ure. i*<u for tla-.n* (luaiitities, 
hut 1 hc\’ are \'(*r\' littli* used. Som(*t ime.-s a mi\<'d unit ol resi.-«t i\ it i< 
encount(*r(“<l. the ohm c«*nt imet«*r. 'I'ahh* 27,1 *ii\ es soim* iepi'»*>entat i\ c 
x'alues of the resisti\ ity p and tin* coinhiclis ity o. 


I'tlhlt 2<.l. I flints ifl p, a, fltiil a 


.Sill i.st ri lici • 

p ■•liiii til 

a iiiliiis III 

« \>vV ( * 

1 

( 'oppi'r 

1 72 X 10 ' 

s X 10 

1 

0 oo:io 

Iron 

10 X 10 • 

1 0 X 10' 

0 OO.V) 

Xiclironu* * 

100 X 10 ' 

0 1 X 10' 

0 (HU)t 

( ‘atTion 

:t..'.oo X 10 ' 

20 X 10' 

1 0 OOO.T 

riinnsf <*ii 
l‘'usi*tl i|UJirtz 

X 10 ' 

7 .*> X 10‘* 

4 

1 .s X 10 ' 

1 ;t X 10 

0 (MM.*) 


* Niolironit* i.s uta hIIon of ijirkri. iroik. uini i hroioiuru ofim for in it> . 


d'lio r(*sist ivit >■ p arni condu<*ti\it>' a \ary with the t emp(*rat tin*. 'I'his 
variation can he e\pre.ss<‘d (‘inpiricjilly hv 

p = p(.{I + itT + + • • ■) (27.13) 


w}i(*ie 7’ is the temp(*rature at which tin* resistivity has tlie value p and p„ 
is the resist ix’ity \vh(*n T = t). d'lu* (lUanlity a is call(*d tin* Irmpt r<ihir<‘ 
cocfjieic/it of rctiisiif'ilij. For jE‘>«)d conductors such as copper, a is approxi- 
nnitely * 27 a d(*jt:r(*e ('ontii^rade. \’alu(*s of o are ^ix'eii also in d'ahU* 

27.1. ' 

C'oils of wire with a hi^h resistivity are used as resistance (*lements. 
and thev are called rrsi.stors. Resistors are often const rtict(*d of carhon 
in variotis forms and molded into plastic cylinders with eoi)per leads for 
making connections. 

27.3. Power Dissipation and Electromotive Force. When an electric 
current (lows, cliarge is transported from a |)laee of liigh potential to a 
place with a low(*r pot(*ntial. ('ons(*(}uently energy is given up hy tin* 
(‘lectrical system. This energy is dissipated in the wire and apj)ears as 
heat. As the electrons How, they collide with the relatively stationary 
ions of the conductor and transmit kinetic energy to them. The amount 
of energy transformed to heat per second, or the power dissipated, is, for 
example in the wire of Fig. 27.2. from Fq. (25 20), 
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If we solve Kq. (27.9) for W - V-x. the power P becomes 




/> = ;. = 


(27.14) 


(27.15) 


I'or a Kiven current tlie power dissiputecl is proportional to the resistance. 

resistance is thus a measure of the number and violence of the eolli- 
siotis between the electrons and the ions of the conductor. 

.'since the practical electrical units are mks units, in Eq. (27. 15) i is 
measured in amperes. P in ohms, and P in watts. This relation is often 
emphjy<'d to determine the mechanical equivalent of heat by an electrical 
method. If a coil of wire of resistance P is immersed in water and a 
current i pas.sed throujih it. the temperattire rise of the water in a given 
time can he measured and the mechanical or “electrical” equivalent of 
the heat gained by (he water can he determined. 

'Fhe energy relations of electric currents are often expressed in terms of 
the iUctromotivr force (emf) fi. The emf acting between two points a 
and h is defined as the work done when a unit charge is carried between 
the two points in question. For the simple cases of steady currents that 
we have considered so far the emf is equal to the difference in potential 
Ix'tween the two points, and eonsecpiently 8 is independent of the path 
chosen between n and b. Tn other eases, to be treated later, this is not 
true. In all cases, if IT is the energy dissipated in the circuit between a 
and b. th(‘n 



l*a|uation (27. 1 I) can be expre.ssed in terms of 8 since 


P = 


d\] 

(tt 


dq dt ^ 


If K(is. (27.15) and (27.17) are combined, we have 



(27.16) 


(27.17) 


(27.18) 


I'iiis e(|uation, rather than Eq. (27.4), is often called Ohm’s law, and 
indeed tlu* law was first stateil for currents flowing in conducting wires. 
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Equation (27.4) expresses a more general relationsliip and applies 
whether or not wires are present. It will already have oecuned to the 
student that the electromotive force is no( a force: the term is a misnomer. 

Electromotive forces can he produced by chemical actions in cells or by 
electric generators of various sorts. For (he present 
we shall merely assume that such sources exist. If a 
wire of resistance /? is connected to the two terminals 
of such a source, a current i flows whose magnitude is 
given by Eq. (27.18). Such an arrangement is the 
simplest electric circuit. Circuits are usually de- 
scribed by schematic diagrams, and the diagram for 
this simple case is shown in Fig. 27.3. The symbols 
used for the source of emf and for the resistor are the 
conventional ones. 

27.4. The Combination of Resistances. More complicated circuits 
can be formed, with .several resistors. If the resistors are connected as 
indicated in Fig. 27.4, they are said to be connected in series, or in cascade. 
The same current flows through each resistor. The potential difl'erence 

across the combination is the sum 
° of the differences in potential 
across each one. 4'he resistance li 
of the combination is consequently 


Fio. 27.3. A oir- 
ouit a 

source* of c*ha*tro- 
fori'o K and 
u rc*.sistaiH*o It. 


o-A^AA/ 

Fio. 27.4. 


■ww 

^2 


R 


Resistors connected in series, 
the sum of the individual resi.stances, thus, 

li = Ji., H- 7^3 


or, in more general terms, 

R = XHs (27.19) 

Resistors can also be connected in parallel, as indicated in Fig. 27.5. 
Here the potential difference across each resistor is the same, but the 
current through each one is differ- 
ent. The resistance R of the com- 
bination must be given bj'’ 

Ri = 7?,7i = R^i^ = RJ^ (27.20) 

where ii, iz, and u are the currents 
through the individual resistoi*s and 

Fig. 27.5. Resistors connected in par- 

i = ii 4 - 12 + iz (27.21) allel. 

If the four currents i, u, it, and iz are eliminated from Eq. (27.21) and 
the three equations (27.20), the desired expression for R can he found. 
It is simpler, however, to use the conductances G» of the individual 
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rosistoi-s. If 1 
resistors, then 


is the potential difference across the combination of 


i = VG = ZVG, = I'Za 
G = :^:g. 


(27.22) 


riie conductance of the parallel combination is therefore the sum of the 
conductances of the individual resistors. In terms of the resistances, Eq. 


f 


I 


VWW 

4 


(27.22) becomes 


1 V 1 

B 1 B. 

(27.23) 

For two resistors, 


B\B2 

+ /b 

(27.24) 


If 4 />’ 

Kkj. 27.(1. NiMuork of roslst<irs with 
va)iH*s in olitns. 


By the use of Eqs. (27.19) and 
(27.23) suecesvsivoly, the resistance 
of more complicated networks can 
be found. The re.^istance between the points A and B in Fig. 27.0 is 
found from K(]. (27.24) to be ■*.! ohm. This 4 -ohm resistance is in series 
with resistances of 1 and 4 ohms, and hence, by Eq. (27.19), the total is 
5-*,i ohms. 4'he total resistance B between (’ and D is thus 5?:i ohms in 
parallel with 5 ohms, or, by lap (27.24), 


B = 


_ 5 X ■):*4 _ lb") 


5 + 5^4 


43 


)hms 


A 


B 


27.6. Kirchhoff's Laws. In complex combinations of resistors and 
perhaps seveial sources of cmf it is often desired to find the currents that 
flow through each resistor. The 
procedure to be followeil in such 
cases can be formulated concisely 
in terms of two laws known as 
Kirchhoff’s laws. C'on.sider the 
simple network shown in Fig. 27.7. 
bet the currents thi'ough the resis- 
tors Bi and Bz be b and b. The 
first of KirchholT’s laws states that 
the aUjfbraic sum of all the currents 


0 


R 

AA/W 




D E F 

Fio. 27.7. Application of Kirchhoff’s 
laws. 


Jlowimj into any point of the network must be zero. For a point such as 
C in I'ig. 27.7 the law states the trivial fact that the current flowing 
into (' from B is equal to the current flowing out of C through the resistor 
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(27.25) 


d'his is obviously true since ebarse does not accumulate at B. Kii'chhol) s 
first law is thus another expression of the law of consci vat ion of chai'j;e 

(Sec. 24.2). 

Tlie network of Fijj;. 27.7 is made up of loops. Tims one loop is .1 Bh'I). 
This loop contains the resistor B\ and the .source of emf. KirchhofT's 
second law is a ^generalization of K(j. (27.18) and states (hat, around (iny 
loop, ihc sum of the emfs futisf be equal lo the sum of the products of the 
resistances and the currents Jlowiny throuyh them. .Vjjplication of this 
law to the loop ABED gives 

£ = /?,f, + Hi (27.2(i) 



Another equation can be ol)1ained 
by applying the law to another 
loop, such as BEFC. This results 
in 

Riii — RiU = 0 (27.27) 

Kquations (27.25), (27.2(1), and (27.27) arc three independent relations 
that can be used to determine tlie three unknown currents, i, i\, and i-i. 
Another relation can be obtained fiom the loop ACFD, but this leads to 
no new result. 

KirchhofT’s laws can be used to*obtain the resistance of combinations 
of resistors that cannot b(* resolved into series and parallel combinations. 
Such a network is shown in Fig. 27.8. Assume currents fi, i 2 , • • • flow- 
ing through the resistors, and ajiply KirchhofT’s first law, 

= 0 (27.28) 


to several points in the network. The second KirchhofT law, 


28 , = 'LRfi 
» J 


(27.29) 


can be applied to as many loop.s as are needed to obtain a sufficient 
number of independent equations. 

Worked Example. A current of 5 amp divides between two resistors 
connected in parallel. If the resistance values are 2 ohms and 3 ohms, 
what are the currents through each resistor? Let us call these currents 
ii and U, respectively. KirchhofT’s first law takes the form 


H + ii — 5 amp 
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D 


Application of the .second KirchhotT law to the loop formed by the two 
resistors results in 

2i., - 3('3 = 0 

If the lirst etjuation is multiplied by 2 and the second subtracted from it, 
it is found that is = 2 amp and lienee ii = 3 amp. 

27.6. The Wheatstone Bridge. An electric network that is commonly 
used to compare the resistance values of two resistors is known us a 
U’heatstone bridge. The arrangement is shown schematically in Fig. 
27.0. Ikdween points .1 and B a long wire of high resistance and length 
/ is connected. IhOweon the junction (' of a standard resistor R, with an 
unknown resistor Rj and a variable point of contact D on the wire, a 

sensitive current-detecting instru- 
ment or galvanometer is connected. 
The distance x from .1 to the vari- 
able contact is changed until a 
position is found in which no cur- 
riuit flows through the galvanome- 
ter. In this condition the bridge 
is said to be balanced, d'he .same 
current t'l then flows through R, 
and Rt, and a current fo flows 
through both parts of the wire. 
KirchholT's second law can then be 
applied lo I he circuits .[(’I) anil CBl). 'fhe circuits contain no emfs, 
and hence 

ixR. - izxR / = 0 
i\R. - i-Al - x)R I = 0 

\\here R is tlic r(■sislance of the wire. These ecpiations can be combined 
to give 

R- I ~ X 

K. = a- (27.30) 

1 he unknown resistance is thus determined in terms of the standard 

resistance and easily measuralile lengths. It is fairly easy to achieve 

good accMiracy in a measurenu'nt of the ratio of resistances by this 

method. The condition for Imlanee [Kq. (27.30)] is independent of £ and 

the currents, us well as independent of the properties of the detecting 
device. 

Practical Wheatstone bridges take many forms. The wire may be 
replaced by sets of coils tapped at lengths to give resistance ratios of 
1, 10, 1 ' 10, and so forth, and the standard resistor R, may be variable 
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and calibrated. It should be noted that tlie network of Fig. 27. S lias llie 
form of a bridge circuit. 

*27.7. A Circuit Containing Resistance and Capacitance. In Fig. 27.10 is 
shown a simple circuit containing both resistance and capacitance. If tiie 
capacitor C is initially unchargetl and the switch N is closed, a cuirent fh>ws 
through the rc.sistor to charge the capa<-itor. .\t any instant the emf must be 
eriual to tlie sum of the potential <lifference across the capa<*itor and that across 
the resistance, 


r. = ^, + /(■( 

w’liere q is tlie momentary eliargc on the 
eapaeitor. The current i flows to tlie 
capacitor, and 


.S 


© 


1 — 


,lq 

(ft 


sAAAA/ 

' R 

Kio. 27.10. -V circ'iht coiUaining n 
.sistancc ami capa«*itaiic<-. 




Hence q is tlie solution of the differential ecpiation 

E = (27.3.) 

This equation can lie solved by a separation of tlie variables. Transposition and 
division by R result in 

^ _ § ~ g 

(// “ li HV " ' liC 

^dq dl 

Hence W^q ~ W' 


which can be integrated at onee. ^^ e obbiin 


In (SC - q) = {-i RC) + In .1 

w’hcre the constant of integration is written in the form In A 
formed to 


SC - q 

A 


= £—I/RC 


This can he trans- 


(27.32) 


To determine the parameter A it is necessary to know' the value of q for one 
value of t. Suppose, for e.\ami)le, that q = 0 when 1 = 0; then 


A = fiC 

and 9 = eC(l - (27.33) 

Equation (27.33) shows that q changes monotonically from the value 0 when 
t = 0 to the value SC for very large values of /. The variation is illustrated in 

Fig. 27.11. 
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'riio quantity HC in tlio oxponf^nt Is known as the lime ctmslanl of the circuit. 


At I = R(\ 



o.twisc 


(27.34) 


'I'ho time constant i.s a measure of tlie time taken for the capacitor to charge. 
During the time RC the ciiarge readies (53 per cent of its final value. 



Flo. 27.11. The charge ctn the capacitor 
in Fig. 27.10. 



Fio. 27.12. Th«‘ current in the cir- 
cuit of Fig. 27.10. 


The current as a function <if time can he fouml by differentiation of Kq. (27.33), 
with the result 


* R' 


(27.35) 


The current thus tlecays exponentially from the value f.//^ when f = 0. When 
I = R(\ the current has 1/e of its initial value. Figure 27.12 shows the variation 
of i with /. 

Workdl Example. In the circuit of Fig. 27.10, the emf 8 = 100 volts, R * 10* 
ohms, and (' = 1 pi. The switch N is closed at t = 0 with the capacitor 
uncharged. Fimi the Initial vjdne of the current in the circuit. From Eq 
(27.3.5) at 1 = 0, 


> = = 10 ^ ^ ~ ^ 


The time constant is 


RC = 10^ X l0-« = 10-^sec 
I he curriuit after lO"- sec has d(*i‘reased to 

J ()-2 

1 = --- = 0.0037 amp = 3.7 ma 

PROBLEMS 

1 . \\ hat is t lie resistance of 1 mile of copper wire 1 mm in tliumctcr? 

^2. Prove that for two eonduetaiicc.s in series G =* Gi(7}/(Gi + G;). 

3. I he latiistaiil .1 in lap (27.32) is determined by the eoiulition that ^ == ^oat 

f = 0. \\ hut is q U.S a funetion of /? 

4. What is the eomlmlanee of four resist<»rs in parallel having nsistanees of 5, 
10, 15, and 20 uhius, respei-tively? 
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6. It is (lcsir<>d to make a resistor of an iron <-letm“nt and a enrlion clement in series 
so that the eomhination has a zero temperatnn* e»>efhei<‘nt. What must he tl>e ratio 
of the resistances of the two elenients? Neglect the changes in volume of tlie eleiin'iits, 

6. Derive the temperature coeflieient of resistance of a wire in terms of tlie tern- 
peratvire coefhcierits of resistivity and linear expansion. 

7. W'liat are the current and the resistance of a 100-watt lamp hull) ojxTafing at 
1 15 volts? 

8. -V family \jses 200 liters of hot water, at a temperature of 50‘t in a day. W ater 
is heate<l hy electrifuty and has a temperatun- of lo^'C in the supj)ly mains. If half 
the heat energy is lost, how much electric energy would he required? W'liat is tlie 
cost at 5 cents per kilowatt hour? 

9. If each of the resistors in Kig. 27.8 has tlie value of 1 ohm, what is the resi.s- 
tance across the terminals? 

10. .\ l-fxf capacitor is ehargeil at the rate of 10"' volts/sec. W'hat is the current 
flowing into the capacitor? 

*11. ('ompU'te the solution of T)(is. (27.25) to (27.27). 

*12. Show hy using Kirchhoff’s laws that the current /y through the galvanometer 
in the Wheatstone hri<lge when it i.s not halanced is 

(li.Q - 


“ It.nj* + ItJ'Q + d- lijtjj + ItAff. + -h Q) 

where /fp is the resistance of tin* galvanometer , = R — QainlQ = Rx/l. 

13. Calculate the mobility of electrons in <*opper. 

14. W'hat resistance R nmst he conneet<*d hetwe<*n the terminals C and Din Fig, 
27.13 in order to have the resistance I)etween terminals A and li ecpial to R? 


rh 

AO AAA 


Ri 

W\A 


oC 




i?o- 


Fio. 27.13. C'lreuit for Problem 14. 
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CHAPTER 28 

CHEMICAL AND THERMAL 
ELECTROMOTIVE FORCES 


28.1. Conduction in Electrolytes. In metals an electric current is the 
result of the motion of electrons; in liquids and solutions the conduction 
mechanism is ditTerent. In water, for example, the electrons are tightly 
Ixnind to the atoms and cannot move about. Some of the water mole- 
cules are dissocinlrd according to the equation 


il.,()— 11+ -I- OH- 


(28.1) 


By M* is meant a hydrogen atom with one extra positive charge (one 
(‘leelron missing) or a hare hydrogen nucleus; ()H“ is a combination of an 
oxygen and a hydrogen atom with a net negative charge of one electron, 
rhese charg(‘d pieces of molecules are known as ions (Greek ion, wander- 
ing). The ions can move through the li(iuid and give rise to an electric 
current. This current can be expres.sed by an ecpiation similar to Eq. 
(27.3), but with two terms, one for the positive and the other for the 
negative charges. Thus 




(28.2) 


where A is the area, and n~ are the numbers of positive and negative 
ions per unit volume, e+ and e” their velocities, and c'*' and c” their charges. 
If the litpiid has no net charge, «+ = h“. The number of ions per unit 
volume depends on the temperature, since Fap (28.1) is a reversible 
reaction. 'I'he conduct ivil y a is (hdined as the ratio of the current 
deiLsily In the electric Held, an<l 

<r = //+<■-*/«■*• -f- n~r-m~ ( 28 . 3 ) 

\\h(*ie HI* and ni are the mobilities of the positive and m*gative ions, 


m+ = 


V*- 

E 


v~ 

= E 


(28.4) 


The mobilities have values that are characteristic of the kind of ions 
but that depend al.so upon temperature. For e.xample, a sodium ion in 
uater has a mobility of 5.3 X 10“^ cm ''sec per volt/em or 5.3 X 10~^ 
cm- scc^* volt-' at a temperature of 25°C. 
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Other liquids also dissociate into ions and therefore are conductors ot 
electricity. For example, ethyl alcohol .splits up according to 


(’..IhOH (r.Hs)+ + OH 


(28.5^ 


Liquids that do not dissociate are insulators, c.r/., most oils. Small 
amounts of water dissolved in the oil do dissociate to .some extent and 
produce a small conductivity. It is therefore important tokeep in.sulat- 

ing oils pure and tlry. 

If a salt is dissolved in water, the molecules of the salt also dissociate. 
Thus sodium chloride in solution liecomes almo.st entirely split up into 
sodium and chlorine ions. 


Xa(M ^Xa+ + t’l 


(28. (L 


Some salts, in hiv.-deiit compounds, produce doubly charged ions, lor 
example, 

(‘u(X<),')., — ('n< * + 2(X(),) (28.7) 

where the two plus signs iiulicate that the copper ion has two ('lecti'ons 
less than a normal copper atom. Another exampl(‘ is 


('uS()4;=^(’u++ + SOt 


(28.8) 


where both ions are doubly charged. A solution containing ions of a salt, 
is called an c/cr/ro////c (dreek hjein, to dissolve). Acids and ba.ses behave 
similarly in water solutions. 

Salts dissociate to a much greater extent than does water, and elec- 
trolytes are better conductors of electricity than pure licpiids. 1 he 
values of «+ and a" in Eq. (28.3) are larger, but the mobilities of the ions 
of salts and liquids do not differ greatly. As an example, a normal 
solution of sodium chloride has a specific conductance of 7.5 mhos/m at 
18°C. Such a solution contains 1.2 X 10^^ ions per cubic meter. In 
copper there are ai)proximafeiy 70 times as many carriers of electricity 
per unit volume, but the conductance is nearly 10' times larger. Ihc 
ionic mobilities are therefore much smaller than the mobility of an elec- 
tron in copper. 

One reason for the ease of dissotnation of salts in water is the high va uc 
of the specific inductive capacity of water. We have shown [Eq. (20.15)1 
that the force between charges is inversely proportional to the specific 
inductive capacity of the surrounding medium. The electric forces that 
hold a salt molecule together arc therefore weakened by the water until 

they are unable to maintain the molecular stability. 

28.2. Electrolysis. In order to produce a current in an electrolyte 
it is necessary, of course, to apply an electric field. This is most con- 
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vonientlv done by immersing in the electrolyte two pieces of metal 
connected to the terminals of some external source of an emf. These 
rnetiil })ieces are called electrodes; the positive electrode is called the anode 
((ireck and, upwards; liodos. path), the negative one the cathode (Greek 
kata, downward). In general, a pair of electrodes produces, not a uniform 
electric ti(‘ld. but a field that varies from point to point within the 
(“lectrolvte. 

Suppose that two electrodes of an inert metal such as platinum are 
immersed in water and connected to a source of emf. The hydrogen 
ions in the water are positively charged and hence flow to the negatively 
charged cathode. I’pon rea<'hing the cathode, each ion is neutralized 
and becomes a hydrogen atom. Two .such atoms combine, and hydrogen 
gas is released and bubbles (jIT. The hydroxyl ions, OH", flow to the 
anode, and each one lo.ses an electron there. At the anode the following 
reaction takes place. 

2011" ^ 2c + H,0 + 0 (28.9) 


where c denotes an electron. When two oxygen atoms combine, one 
molecule of oxygen is formed, dlius four hydroxyl ions must reach 
the anode for <‘ach oxygen molecule formed. On the other hand, one 
h>’drogen mblecttle is ft)rmed for every two hydrogen ions. Two volumes 
»)f hydrogen gas an* then'fore evolv(‘d for each volume of oxygen. The 
net result of the pas,sage of an electric current through water is thus the 
decomposition c)f the water into hydrogen and oxygen. This process is 
known as elerfroh/sis, Klectric enc'rgy is transformed into chemical 
energy in elect n*lysis. 

If other materials are used as electrodes and electrolj'te, various other 
chemical reactions can be produced. If a copper anode is employed in a 
solution of co|)i)er sulfate, copper will go into the solution at the anode 
ami be deposited out on the cathode. This process of electroplating has 
many commercial applications and can be used to produce many metallic 
finishes and coatings. 

'Flu* amount of material transported in any electrolytic process can be 
calculated. Since the charge on an ion of a substance has a definite 
value, the amount of material transported is proportional to the charge 
Q transported. The mass m deposited is in fact equal to the mass of one 
ion. which is A as shown in Sec. 20.7, times the number of ions Q/ee 
where e is the valence of the ion. Hence 


= M 

Nucv 


m 


(28.10) 
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Equation (28.10) is often written 

m = /A) 


(28.11) 


where 7j is (*alleil the rlccirorhcmical lyuirahut of 
Z = .4 /r:Vcie. Thus, for hy(lro»r(»n. 


(lie suhstance and 



1.008 

1 X 0.0 X nr-^ x i.o x io-“ 


or 10~'' j<in coulomb 


Eciuations (28.10) and (28.11) are known as Faratlay's laws of (Icc/ro- 
lysis, after their discoverer. Tlu* (luantity of electricity A*</' is a universal 
con.stant, and its value can be determined accurately from electrolytic 
experiments. The constant is called tho faradaij and is ecjual to 90. TOO 
coulombs. Once the value of the faraday is known, currents can be 
determined accurately from the weij^ht of the electrolytic deposit of 
a metal, usually silver. An instrument for (his purpose is called a 
voltameter. 

28.3. Cells. In electrolysis, electric ener^^y is transformed into 
chemical energy. Inversely, chemical energy can be utilized to produce 
electric energy. If electrodes of any two metals are immersed in an 
electrolyte, it is found that a dilTerence of potential exi.sts between the 
metals and a current flows in a wire connected between the electrodes. 
Such a source of emf is called a cell. The flow of current through the 
wire is aceompanie<l by chemical changes within the cell, the nature of 
these changes depending, of course, on the composition of the electrodes 
and the elect rolvte. 

If a copper electrode is immersed in water, .'^ome of the copper goes into 
solution as ions, and electrons are left on the electrode. The reaction is 


Cu Cu-^ + + 2c 


(28.12) 


The copper electrode thus becomes negatively charged and a.ssumes a 
potential lower than that of the solution. An equilibrium state is reached 
in which the number of Cu'*"*’ ions formed per second is equal to the 
number per second attracted to the electrode and precipitated there. If 
additional Cu"^ ions are pre.sent in the solution from some other source, 
the equilibrium is shifted and the potential of the electrode altered. The 
potential depends also upon the temperature and upon the electrode 
material. 

If tw'o electrodes of different metals are present, the potential difference 
betw’een the metals is the difference between two metal-solution poten- 
tials, and a cell is formed. The potentials may be represented schemati- 
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cully in Fig. 28.1a. If the electrodes are connected by a resistance, a 
current Hows and there will he an iR drop across the electrolyte in the 
ceil, as schematically shown in Fig. 28.1/j. If the electrodes are connected 
bv a wire of negligible resistance, .so that they are at the same potential, 


Sol'n 


Soln 


Sol'n 


Metal 1 


V 


t 


Metal 2 


Metal 1 







Metal 2 

Metal 1 


Metal 2 


- I + 

H 


(a) it>) (c) 

Vic. 28.1. Thi- |M*t«-ntijil n-lntions witlua a crll; (ri) opi-n rimiit, (6i closed 

tlirouyh a rc.<i.stan<-c. Ic) cell .^hort-circuitctl, 

a larger current flows and the potentials are shown in F'ig. 28.1c. A cell 
therefon* has a net emf and an internal resistance catisetl by the resistance 
of the electr(»lyte. The ])otential dilTerenee between the terminals of 

tin* eell dep<*nds. therefore, ui)on the eurreiit flowing 
through it . 

Ill eleetrolvsis the two electrodes are immersed in a 
solution and hence a potential diflerenee existsbetween 
them : the arrangement is called an electrolytic cell. To 
produce the electrolysis an emf from an external 
source* must lx* api)li(‘d w hich is gr(*al(*r than, and in the* opposite direction 
to. the (‘inf of the (‘l(*c( roly tic cell. The electrolytic cell is said to produce 
a counter or hark emf. 

.\ cell is represented in circuit diagrams by the symbol shown in Fig. 
28.2. The long line is eonventionully the positive terminal. Outside 
the eell. current Mows away from the positive and toward the negative 
terminal; within the cell, current flows from the negative to the positive 
electrode. 'I'he. power that can be drawn from a cell can be calculated 
for the circuit in Fig. 28.3. The internal resistance of the eell is r and the 
external load resistor has a resistance of R. The current i in the circuit is 


Flo. 2X2. Tlu 
for » ''cIl. 


I — 


8 

r -F R 


(28.13) 


'I’lie power R dissipated in the load re.sistor is 


R = RR = 


j;’/? 

Ir + RR 


(28.14) 
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^\'hoIl li = r. tlu* power has a maxinmrn vahu* jrix'eii 


iV- _ kV- 
4/f “ 4r 


( 28 . 15 ) 


Equation (28.15) applie.s, of coui-se. (o all souircs of emf. 4'he value of 
is called the available pawer. (Jroups of (-(‘lls are 
often employed; such a jtroup is called a haUenj. For I I 
a higher emf, cells are connected in series; for a huger i 

current capacity, they are connected in parallel. 

*28.4. Practical Forms of Cells. In practical cells the i < r 

chemical reactions that take pla<'e are much more com- 
plicated than tho.so just clescril)pd. For examj)le, some aas 
i.s often released at one or l)oth electrodes. Many secondaiy 

reactions also occur. The net result is that tin* emf of tin* 

cell decreases after curient lias been flowing, hut th(‘ c(*ll fi 

recovers again when tl>e cmrent is stopperl. 1'hese s(‘c«>nd- Tu:. 28.3. .\ cfll 

ary actions arc known as polnrizalion. The plnmrunemui interim! n*- 

has nothing to do, of course, with the polarization of a f'i^tance r ami c\- 

dielectric. Additional substances are usually adiled to the *‘*‘*'•*1 h>ad i^. 
cell to minimize the jiolarizution, and the chemical elTe<*ts aie matle still moie 
complicated. 

The Dfiniell cell (Fig. 2S.4) is one of the simplest practical cells. It consists of 
a copper anode immersed in saturated copper sulfate solution and a zinc catiiode 
in a solution of zinc sulfate. The two solutions have different specific gravities 
and mix only by diffusion. In some Daniell cells tlio two solutions are separated 

by a cup of porou.s ceramic material. In a freshly {ire- 

-Nw pare<l cell the zinc sulfate solution is dilute, and the emf 

I A is about 1.00 volts. With the fhiw of current the zinc 

cathode gradually rlis.solves, and the solution becomes 
Zn more concentrated. Tlie emf therefore giadually de- 

ZnS04 creases with age. 

CUSO4 The f/ri/ ccU is the most common form of portable cell. 

The positive electrorle is a carbon rod aiul the negative 
electrode a zinc can, wliich encloses the carbon rod. The 
rpt, electrolyte is a paste containing zin<* clilorifle, ammonium 

^ chloride, and manganese dioxide. The whole is sealed 

at the top with a layer of wax. As the cell is discharged, 
the zinc cathode dis.solve.s and zinc ions are formed. At the positive terminal 
the ammonium ions react with the manganese dioxide according to 

2(XHJ) + 2c 4- MnOs-^ 2XH3 + MnO + H-.0 

The cell is worn out when the manganese dioxide becomes exhausted. The emf 
of a new cell is betw’een 1 .5 and 1 .6 volts. 


ZnSO. 


CUSO4 


Fig. 28.4. 

ioll cell. 


The Dan- 
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Tlio lrn(f slornge cell can be recharged by passing a current through it and revers- 
ing the clipinical reactions. In the fully charged condition the anode of this cell 
is a lead plate coated with the lead peroxide, PhOj.and the cathode ismetaHic lead. 
The electrolyte is .sulfuric acid. The emf of the cell is 2.1 volts. As the cell 
discharges, the aiurde reaction is 

IMiOj + so; ■ + 411' -f 2 f — ► PbSOi + 2H2O 

The lead sulfate fornieil adlieres to the plate. At the cathode the reaction i.s 

i*b + SO7-->PbS0, + 2c 

aiul the lead sulfate again is depositerl. Since sulfate ions are removed from the 
cUa-trolyte, its specific gravity falls as the cell is discharged. Wlien the cell is 


CdS 04 

crystals 


HgjSO^ 

paste 



CdS 04 crystals 


Cd-Hg 

amalgam 


Kio. 28.5. The Weston .stniulard cell. 

chargerl, the reactions are efTeetIvely reversed and the metallic lead and lead 
peroxide arc restored. Hydrogen gas is alsr) evolved. A lead storage cell can he 
made with a very low internal resistance, and hence large currents can be drawn 
from it. 

The WcHton stamiani nil is useful for mea.surements since the emf remains 
unchanged over long peri(Ml.s of time. The eon.struetion is shown .sehcmatienlly 
in Fig. 28. 5. 'I'he emf is 1.0183 volts at 20°(’. 

28.6. The Potentiometer. Since a cell has internal resistance, the 
potential ditTercncc between the terminals depends on the current flowing. 
In order to mcasiin* th(‘ emf of the cell a method must be employed that 
does not involve a flow of current. Such a device is known as a potenti- 
ometer. A schematic circuit diagram is given in Fig. 28.0. The cell C 
protluces a steady curr(*nt i through the resistance H and the resistance 
wire of resistance r pen- unit length. 'Phis current can he adjusted to a 
convenient value by th(‘ variable resistor /?'. The potential of the point 
h is higher than that at a because of this enurent, and 


\\ - Va = Ri -I- rxi 


(28. U>) 
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If the double-pole double-throw switcli S is used to connect cell .1 in tlie 
circuit, the distance x can be varied until Vb — is equal to the enif of 
cell *'l and no current flows throii^h the sensitive 

this value of x be Xa- The switch can now be thrown the other way. and 
the distance Xa, such that again no current flows through O, can be 
determined. The ratio of the emfs is then equal to the ratio of the 
resistances, 




R -H rxA 
R + rxi, 


(28.17) 


h|— 



If cell .4 is a standard cell of known 
emf, then the emf of cell li can be 
easily found. 

In a practical potentiometer, C 
might be a lead storage battery of 
two cells. The wire can be cali- 
brated to read directly in volts. 

Suppose the current i is chosen to 
be 100 ma, R is equal to 10 ohms, 
and the wire resistance also is 10 

ohms. The range of the potentiometer is then from 1.0 to 2.0 volts. 
The current i is adjusted until no current passes through the galvanome- 
ter when the standard cell is connected and the slide-wire contact is set 
to the proper reading. The emf of an unknown cell can then be read 
directly from the point of balance on the wire. 

Since a potentiometer “divides” a potential difference into adjustable 
proportions, a variable resistor with contacts at each end and a variable 
contact between the ends is also called a potentiometer, or potential 

divider. Such a device is indicated in circuit 
^ diagrams by the symbol in Fig. 28.7. 


aaaJwv 


Flo. 28.7. Symbol for a 
|)otcutiomctc*r or potential 
divider. 


*28.6. The Thomson and Peltier Emfs. When 
current passes through a resistor, heat is developed 
irreversibly at the rate i-R. Heat can also be 
converted to electric energ}*^ by a reversible pro- 
cess, and this process gives rise to a thermal 
emf. If a metal bar is heiited at one end, the temperature, and therefore the 
pressure of the electron gas within the metal, is increased at one end over that at 
the other. A difference in electron concentration results between the two ends of 
the bar of such an amount that the electrostatic field produced is just counter- 
balanced by the tendency for diffusion of electrons from one end of the bar to the 
other. The difference in temperature thus results in an emf called the Thomson 
emf. Thomson emfs are of the order of magnitude of millivolts. 
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If two dissimilar metals are joincrl, there is a diffusion of electrons from one 
metal to the other until a field is established of sufficient magnitude to maintain 
equilibrium. The junction is therefore the seat of an emf called a Fellier emf. 
Tliis emf is also of the order of millivolts. I^eltier emfs depend uix)n the two 
metals and upon the temperature of the junction. The existence of a Peltier emf 
can be demonstrated by the ciri-uit of Fig. 2S.8. If the current and the Peltier 

emf are in oppo.site directions, heat is developed at 
the junction in excess of the n()rinal i'^R heating. 
If the curi-ent and emf arc in the same direction, 
the heating is less than normal. With the metals 
.antimony and bismuth, for which tlie Peltier effect 
i.s unusually large, an actual cooling of the junction 
nuiy take place. The cooling effect is small and 
not of direct practical importance. 

*28.7. Thermocouples. If two dissimilar metals 
A and li form a closed circuit as in Fig. 28.9, with 
the junctions at different temperatures, the Peltier 
emfs at the two junctions arc different. Since 
there must be a temperature gradient in eiich 
metal, I'homson emfs also exist. The net emf does not vani.«h, and con- 
secpiently a current is set up in tlie eireuit. This effect was discovered by 
Se(d)eek ( 1 770-1N31 ). ami the net emf is known as a Seebcck emf. The Seebeek 
emf € is found l)y adding the Peltier and Thomson emfs around the circuit and 
thus obtaining 

£ = Pi + r.4 - R: - Tb (28.18) 



current Hows in the einmit formed. 'Phis can be easily measured. The 
current i ha.s the value 8 It, where It is tlie total resistance of the circuit. Such a 
device i.s known .as a tlu rmocottpU . 

Thomson emf Ta 




Thomson emf Tq 

Fio. 28.9. The St'clieck emf in n thermocouple. 


A thermocouple is an extremely importiiiit device for the measurement of 
temperatures. It is evident from (28.18) that an intermediate metal can be 
introduced in the thermocouple eireuit, and provided that both new junctions 
are at the same temperature the Seebeek emf is unaltered. Consequently the 
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Copper 


cuiTcnt-measui inff device can l>e inserted in tlie ciicuit witliout a r-liaiiKe of f,,as in 
Fig. 28.10. If the temperature Ti is fixed l>y imniei.^ing tnie junrtion in melting 
ice and tlie thermocouple calibrated, the temperature 7\. at the otlicn- junction can 
he determined. Since the current in the thermocouple cii-cnit rlepends upon the 
resistance as well as upon the temperature difTerence of the junctions, a pot(“nti- 
ometer is often used to measure £. 

Thermocouples can be connected in series to incre.as(* the c!uf g(*i;ei'atcd. A 
group of them so connected is called a 
thermopile. A thermopik is used as a 
sensitive detector of radiant energy. .V 
receiver R (Fig. 28.11) has one set of 
junctions attached to it in close thermal 
contact but electrically insulated from it. 

The other junctions are attached to tlie 
.support 8’. The incident radiation, rais- 
ing the temperature of R over that of N. 
produces an emf proportional to the 
energ^v ahsorhetl. 

The thermoelectric force can be well 
represented, as a function of the absolute temperatures of the two junctions, bj 

a second-flegree equation, 






Ice ba(h 


r. 


Fio. 28.10. (’ircuit for mcasunutietit 
of tiMiipiTatun- with a iheriiuicouph-. 


f, = «('/'. - 7’,) + '2'H7L- - 

If 7'i is kept constant, a jilot of 8 as a fum‘tion of 7’-.> is a parabola, 
zero for 

'r r 

I ■> r — 7 1 


7*5 = T 


and 


(2s.I<)) 

Die emf is 

(28.20) 


The second of these temperatures is called the inversion lemperniure 1 {. Ihe 

temperature at which <l^'dT» is zero is 
called the neutral temperature 7’.., and 



T = — 


a 


(28.21) 


The derivative d^^/dT- is called the ther- 
moelectric power. The variation of f> with 
tempeiature is indicated in Fig. 28.12. 

Table 28.1 gives the values of a and b rela- 
tive to lead for several metals. These 
values are not veiy reliable, since they 
depend sensitively upon the impurities in 
the metals and the state of cold working. 
It should be noted that the emf of metal A relative to that of metal B is the 
difference between the emf of A relative to lead and that of B relative to lead. 

Worked Example. Find the thermoelectric power and the neutral temperature 
of a thermocouple composed of antimony and bismuth. From Table 28.1, the 


Fia. 28.11. Schematic <liagrani of a 
thermopile. 
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thcrin<i(‘loctric pciwer i.< 

Wf; 

(IT, 


= l:it) - (-74)] + (0.14 - 0.032)r2 
= 1 10 + 0. 1 1 T-: /i volts, cleg C 


'rh(* iiivcrsuiii tomporatiiro is 


no 


7', = - 7’j = -2000°C - r, 

Sucli ;t tctnporatiiK* cannot l )0 reaclnul for any 7’i. 



2S.12. 



The variation of tin* Si'ohcvk onif with temperature. 


'J'dhlr 28.1. Valurs of On- Thfrmoclcclric ('onatants o and h 
( in Mvolts ^(len r and MV<ilts<le};C“- relative to lead. When &i8|)Ositive, 
tin* direction of the current is from metal .1 to metal B at the hot 

junctio!i) 


Siilistanro 1 

1 ^ 

, b 

.Vntiinonv 

1 

: +36 

+0.14 

Hi.'iinuth 

1 1 

-74 

+0.032 

('onstaiitan (00% (^i, 40% Xi) 

-38 

-0.089 

( V){)jH*r 1 

' + 2.7 

+0.0079 

Inui 

' +17 

-0.030 

.\ickel,. 

-10 

-3.0 

Platinum 

- 3.0 

-3.25 


PROBLEMS 

1. 1‘rom the comluetivity of a normal solution of soditim chloride given in Sec. 28.1, 
compute the averiiKc mobility «)f on ion of the electrolyte. 

2. .V ste<*l sheet of 4 ft* total area is to be electroplated with copper to a thickness of 
0.00") in. If a current source of 100 amp is used, how long will the plating take? 

3. The 1^‘gal defmition of one ampere is that “current, which, when passed through a 
.solution of silver nitrate in water . . . deposits silver at the rate of 0.001 1 18 gm/sec.“ 
(.‘ompule fn)m this the vnhie of the faraday. 

4. .\ dry cell of cinf. l.CO volts causes a current of 1.45 amp to flow through a resis- 
torof I.IOohrns. What is the internal resistance of the cell? What is the maximum 
power that can be taken from it? 
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6. Two load storage eell.s, ejodi of einf 2. 10 volts and int«*rnal resistann- 0, 10 ohm, 
are <-onnected in parallel to the terminals of a resistor of ,*> ohms resistance, Wliat is 
the current in the resistor? How much power is dissipated? 

6. Hydrogen is sometimes manufactured by the eleetrol>sis of w;iter. 'lln? 
founli-r einf of the electrolytic chamb<*r is l.o volts, ami the int<*rnal nsistam-c is 0.1 
ohrn. W hat is the rate of generation of hyrlrogen if a power sourc«‘ lim ing an cmf of 
1.8 volts and an internal resistance of O.Oo ohm is used? 

7. With a potentiometer the einf of a cell is found to he 1.57 volts. \\ lien a \-olt- 
nietcr is connected to the terminals <if the cell, it reads 1.51) volts. W hen a o-olim 
resistor is connecte<l to the cell, the current is 0.31 amp. \N hat is the r<-sist:inci‘ of 
the voltmeter? 

*8. What is the inversion temperature for a thermocouple composed of iron and 
nickel wires? What is the value of £ for a junction t«*mperaturc ililVereiice (if !()() C? 
Take T, = 0^(\ 

9. A dry cell momentarily short-circuited caust's a current of 30 amp, 'I'lie 
jMitential dilTerence measured with a high-resistance \’oltineter is 1,5 vedts. What is 
th(‘ internal re.sistance? 

10. .\n automobile storage battery of (1.3 volt.s can furnish a maximum jiower of 1 
kw. What is the internal resistanc(‘? 

11- A storage battery is charged at 5 amp for 20 hr. If 80 per cent of this charge! 
can be utilized, how mtich silver can be plated with the battery? 

12. A coll with ait emf of 1.50 volt and an internal resistance of 1 ohm is connected 
in parallel with a cell of 1.00 volts emf and internal resistance 1.5 ohm. The com- 


bination is connected to a .5-ohm resistor. \5’hat is the current through each c(‘ll 
and through the resistor? 



CHAPTER 29 

MAGNETIC FORCES ON CURRENTS 
ELECTRICAL INSTRUMENTS 


29.1. The Magnetic Field of Induction,^ In addition to the electro- 
static force between (‘barges, it is found that a second force exists when 
the charges arc in motion. This force is called a magnetic force. Two 
curr(*nt-carrving coils attract or repel each other, depending on their 
relative orientation and tipon the strengths of the enrrents and the number 
of turns iti (^ach coil. Although originally it was thought that magnetic 
forces were associated only with pieces of lodestone and other permanent 
magnets, it has simr Ix'en establi.sh(*d that the peculiar behavior of 
lodestone is the result of the (dectric currents arising from electronic 
motion within tin* material. As in the electrostatic case, it is convenient 
to separate the etb'ct of one moving charge upon another into two parts. 
One moving charge is said to produce a magnetic fiehl, and this magnetic 
li(‘ld produces a force on the .second moving charge. In the present 
chapter we shall confine our attention to the second half of the problem 
and shall inv(\stigate the forces on moving charges produced by a mag- 
n(>ti(‘ field. In ('hap. 30 we shall treat the production of magnetic fields. 

'I'he field that acts upon moving charges is called the field of magnetic 
indnction. It is analogous to the electric field E, which is a measure of 
the electrostatic force on a charge. The magnetic induction is a vector 
([uantity, and the induction field can be represented by lines of induction 
similar to the line's of E. The strength of the magnetic induction can be 
defined by the force that is exerted on a charge. If the velocity v of 
the charge is in the x direction and the magnetic induction B is in the y 
direction, thi'n a force F in the z direction is produced. The magnitudes 
of these vectors are related by the ecpiation 


F = qeB 


( 20 . 1 ) 


wIk'ic q is the electric charge. It is important to note the directions 
of the three vectors shown in Fig. 20.1. The force is not in the direction 
of the field, as in the electrostatic ciuse. but at right angles both to the 
field and to the velocity of the charge. The positive direction of F is the 
direction in which a right-handed screw would advance if it were rotated 
from the vector v toward B. This apparently complicated convention 

',\t this point it is ius.siiiiu'(l that the stu(h*nt ha.s a gonenil familiarity with some 
mt'thod of prodiM’ing a nuignetic field, for example a bar magnet. 

3U0 
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is necessary since F depends on botli v and B. It' v is r(‘V<‘rs(‘d, F is 
reversed also. Tlie direction of B does not detim* tlie direction of F, 
but it does define the plane in which F must lie. 

If the velocity v of the charged particle is not pcMixaulicular to B, 
as in Fig. 29.2, then K(i. (29.1) is written in terms of the component of v 
in the x direction. If 4> is the angle between 
V and B, then the force becomes 


F = q{r sin <t>)F 


(29.2; 


which reduces to Eq. (29.1) when 0 = tt 2. 

The integral of the normal component of B 
over a surface, 


<!> = / 7? cos d rM (29.3) 

I-'k;. 2n.l. The nuiKiu-tu- 

where 0 is the angle between the normal to (lA force F on a moving charge, 
and B, is called the magnetic flux of induction. 

The magnetic flux is thus similar to the electric flux (sec Sec. 25.1 and 

Fig. 25.5. 

Equation (29.1) serves to define not only the induction B but also the 

units in which B is measured. In the practical mks system. F is measured 

in newtons, q in coulombs, and v in meters per second. The units of 

B are then newton .sec per coulomb meter. A 

2 cgs .system of units is also in use, and Eep 

(29.1) is valid for this ca.se also. This system 

p of units is called the electromagnetic system of 

units (emu). In a cgs system, F is measured 

q B in dynes, and v in centimeters per second. 

• /\ A V The electromagnetic unit of charge q is called 

vsino/ y9 , . , , , 

y \ the abcoulomt), and 

j 1 abcoulomb = 10 coulombs (29.4) 


' ^ The emu of B is then one dviie sec pei' 

K.g. 2».2. The n.aKnak- cm and is called one yauxs. dlio 

force when v is not perpeu- . , , . „ ^ - • i 

dicular to B. units of the magnetic flux 4> are given special 

names. In the practical system the unit of 
magnetic flux is called the weher after \V. E. Weber (1804-1891), a 
German physicist. 

Using the weber as the primarj'^ unit, it is customaiy to derive a unit of 
induction which is equivalent to a newton second per coulomb meter. 
Since induction is flux per unit area, we obtain for this unit of B the weber 
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per square 7nctcr. This is imlced tlie practical unit commonly employed. 
In llio electromagnetic system, the unit of flux is called the maxwell 
naiiuMl after J. ('. Maxwell (1831-1879), one of the grciit mathematical 
|)l^y^icists. It follow.s from the definition that 

1 maxwell, cm- = 1 gauss = 10“^ weber/m- (29.5) 


Since the ratio of 1 gauss to 1 weber m* is a power of 10. the gauss is 
sometimes used as an mks sul)unit. 

29.2. The Motion of a Charged Particle in a Magnetic Field. If a 
|)article of charge q moves in a uniform field B, perpendicular to the 



• • « **xxx XX 

I'KJ. 2t).3. .\ po.sitivc parti<'le in n (told Fio. 20.4. negative particle in a field 

outward from tin- paper. inwnnl to the paper. 


velocity v, the force is also perpendicular to v and constant in magnitude. 
It produces an acceleration constant in magnitude and perpendicular 
to V, and we have seen in Sec. 5.9 that this is characteristic of uniform 
circular motion. 'I'he path of the particle is therefore a circle, and the 
magnetic force is a centri])etal force. If the field is outward from the 
paper, as in Fig. 29.3, then for a i>ositiveIy charged particle F and v have 
the directions indicated. The field is represented in the figure by the 
series of dots. A magnetic field in the opposite direction is convention- 
ally indicated by cro.sses (X). These conventions can be recalled by 
thinking of the dots as the heads of arrows traveling with the field and the 
cro.sses as tl»e feathered tails of tlie field arrows. The motion of a 
negatively charged particle with the field B into the paper is shown in 
Fig. 29.-1. 

If the mass m times the centripetal acceleration is equated to the force 
of Eq. (29.1). there resulls 
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r 



(20. r>) 


where r is the radius of the eirele. The radius r is tlius proportional to 
the tnojtientum of tlie particle and inversely proportional to B, since 


mv 



(20.7) 


If the velocity is not perpendictilar to the field hut makes an an^le 0 
witli it. then the particle moves in a lielix advancinjr with tin* viOocity 
V cos 0 in tlu* dii'ection of the field, and the radius of a turn ecjual to 


nir sin 0 



29.3. The Measurement of Charge-to-mass Ratio. By measurement 
of the bending of the paths of charged particles in electric and magnetic 



Fio. 20.5. J. J. Thomson’s m<‘nsun*mon( of q/m. 


fields the value of the ratio q/m can be found. This experiment was first, 
performed by J. J. Thomson.* In the evacuated tube shown in Fig. 29.5, 
electrons were passed through an electric field between the parallel plates 
and a magnetic field perpendicular to the paper in the area enclosed by 
the dashed circle. By a proper adjustment of the fields a beam of 
electrons could be made to pass through the tube and fall upon a fluo- 
rescent screen S without deflection. Since the electric and magnetic 
forces balance, we can write, in practical units, 

qE — qvB 

‘Sir J. J. Thomson (1856-1940) was for many years director of the Cavendi.sh 
Laboratory at Cambridge University. He is credited witli the discovery of tlie 
electron in 1897 and did the above e.xperiinent in 1910. 
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riu' v<>l(jcity r of tlu* particlos in the beam is therefore 

E 

'■ “ B 


(29.8) 


If tlie eleetric field is removed, the lieain deflects to a mensurable position 
and from this the radius of curvature of the path in the magnetic field 
can be found. When r is tlms determined, elimination of the velocity 
from Imis. (29.7) and (29.8) residts in 


q ^ E 

ni rB- 


(29.9) 


For an electron, experiments give 


'■ = 1.7(1 X 10' ■ 
m kg 

ami this can lu* checkecl by recalling that c = l.fi X 10"'^ coulomb and 
= 9 X U)-^’ kg. 

29.4. Isotopes. Since most charge<l partich's carry one or two elec- 
tronic charges wliose value q is accurately known. mea.surenients of q/m 
are often used for the determination of the mass rn of a particle. 
'I’homson uscmI his apparatus with cliarged atoms of several substances, 
as well as witli electrons. In this way he discovered, for example, that 
iK'on atoms do not po.<sess a unitpie mass but that there are two kinds, 
one* witli an atomic weight near 20 and a second with an atomic weight 
near 22. third variety of m*on with an atomic weight near 21 has been 
found by later experimenters, 'fhe at»>mic weiglit of neon, derived by 
density measurements, is 20.2, ami this value is tlierefore the mean 
atomii* weigld of a mixture of components. 'I'hese varieties of an element 
are called /.se/opr.s* (( Ireek isoa, ecjual; /ope.v. place) since they all have the 
same chemical properties and hence all occvipy the same place in the 
periodic table. .Nearly all the chemical elements have been found since 
to consist of mixtures of isotopes in various proportions. 

'I'abh* 29.1 slmws the isotopes (hat have been found for the elements at 
the b(‘ginning of the periodic table. Tlu* integer nearest the atomic 
w<*ight of an isotop(‘ is called the mn.svx number. The approximate 
relative abundance of (*ach isotope is also given. It is rather surprising 
lliat file relafivi* abundances of the isotopes of an element are independent 
of the source from wliich the element is obtained. C’areful investigation 
shows that (here are indeed variations, although only small ones. A 
possible explanation is that all of a given element was formed under the 
same conditions and hence probably at the same time and that it then 
was distributed over the earth at a later period. 
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Table 29.1. The Inolopes of the Elements 


Klc*inent 

At<>ini«* nuinlxT 

.Mass numliers | 

1 Vrcfiitajio almndanroi? in order of 
' mass niunl)(*r 

H 

1 

I 

1. 2 ; 

99.9S, 0.02 

He 

2 

3. 4 1 

10-^ 100 

Li 

3 

G. 7 

7.9. 92.1 

Be 

■* 1 

9 

100 

B 

.) 

10. 11 

1 

18.4, 81.G 

(’ 

G 

i 12, 13 

98.9, 1.1 

X 

7 

14, 1.5 

99.G2. 0..3S 

0 

8 

IG, 17, 18 

99.7G, 0.04, 0.20 

V 

9 

19 

UK) 

Xe 

10 

20, 21, 22 

90.0, 0.27, 9.73 

Xft 

11 

23 

1 

100 

Mg 

12 

24, 2.5, 2G 

77.4, 11.5, 11.1 


13 

27 

100 

Si 1 

14 

28, 29, 30 ' 

S9.G, G.2, 4.2 

V 

1.') 

31 

KM) 

s 

IG 

32. 33, 34 

95.0. 0.74, 4.2 

(T 

17 

35, 37 

75.4, 24. G 

.V 

IS 

3G, 3H, 40 

0.307, O.OGl. 99.G32 

K 

lU 

39. 40, 41 

93.3, 0,012. G.7 


29.6. The Mass Spectrograph. An apparatus designed for the accu- 
rate determination of atomic musses is called a mass spectrograph. One 



form of mass spectrograph is shown in Fig. 29.0. A uniform magnetic 
field, of large area and in a direction perpendicular to the paper, bends 
the moving ions in circular paths, and the ions impinge on a photographic 
plate at P, producing a blackening of the emulsion. Two closely spaced 


r/ - ' • 
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plat(‘s A and B form a velocity filter as well as a means to define the 
l)enin. An electric field between the plates counteracts the magnetic 
force for an ion with a definite value of velocity. Ions with other 
velocities strike the plates and are stopped. The semicircular path for 
an ion of mass mi has the center at C'l. and the path of a heavier ion of 
mass mo has the center at (' 2 . From the separation of the spots produced 
on the pilot ographic ])late and the distance of these spots from the exit of 
the velocity filter an accurate comparLson of the masses mi and mo can be 
made. If, for example, ion 2 is a singly charged atom of hydrogen of 
mass number 2 (a (.leuterium ion) and ion 1 is a doubly charged atom of 
helium of mass number 4, the spots on tlie plate will be separated only 
slightly and the ratio of the masses can be accurately determined. 
Talile 2U.2 shows some of the mass values obtained with mass spectro- 
graphs. C'orrection must of course be made for the mass of the electrons 
removed to jiroduce the ions. Mass determinations are made relativ’e 
to the mass of the o.xygeii isotope of mass number IG. 


Table 29.2. The Mii^aea of Some Isotopes as Measured by Mass Spectro- 
graphs 

<\'}iliics lire relative t<» the a»as.s of = Ki.OOOO) 


Kirn lent 

1 

Atoinir | 

1 

number 

I 1 

1 1 

1 1 

( 

k 

1 

Kleii^ont 

j 

1 

.\toniir 

number 

1 

Mnss 

llvdroijen 

1 

1 .0081 

1 

1 

) Xitroce^fi 

7 

14 0075 


1 

2.01-17 


7 

15.0047 

1 

Hidiutii 

2 

1 

3.0170 

^ ( K vcfon 

g 

1 

1 

16 0000 


2 

4 . 0038 


8 

17.0045 





8 

18 0049 

bitliiuiii 

3 

(i.0109 





3 

7. 0182 

Fluorine 

9 

1 9 . 0045 

Horvllium 

4 

9.01.’)0 

t 

10 

19 9989 



I 


10 

21.0000 

bi)roti 

' .5 

1 

10,0161 


10 

21.9986 


5 

11 0129 

1 




( “urhoti 

(i 

1 

1 

1 2 . 0039 





(> ' 

13.0076 i 

4 




The arrangement just described has the property of focusing the ion 
beams. If an ion leaves the velocity filter at a small angle to the plates, 
it is bent in a path indicated by the dashed line in Fig. 29.6 and arrives 
at the same spot on the photographic plate as the ion that takes the 
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solid-line path. For an arrangomont to possess this property of focusing, 
the exit of the velocity filter, the center of curvature of the path, and the* 
photographic plate must he on tlie same straight line. 

Another mass spectrograph that also has the property of focusing tlie 
ions is shown in Fig. 29.7. Here the ion patli is deflected only ()()° l)y 
the magnetic field. i)ut the defining .slit H, the center of curvatUK' (\ and 
the detector D of the ions again lie on a straight line. The ions are given 


Ion source 



a known velocity hy the application of an accelerating potential 
between metal slits A and B. If the charge is 7 , then 



and from Eq. (29.7) 



(29.10) 


The detector for ions is some .sensitive current-measuring device. Hence 
this instrument is particularly suitable for the measurement of the relative 

numbers of each kind of ion present. 

Mass spectrographs can also be used to separate small quantities of 
pure isotopes usually in amounts of the order of a microgram. Large 
equipment' of a similar nature has been built to separate large quantities 
of the isotope of uranium of mass number 235 which is used in “atomic 
bombs.” 

29.6. The Cyclotron. The cyclotron, an instrument that is in wide- 
spread use today for the investigation of the nuclei of atoms, utilizes the 
bending of the paths of charged particles in a magnetic field. Particles 
in a cyclotron are accelerated by the electric field between two hollow 
semicircular electrodes, or D’s, indicated schematically in hig. 29.8. 
These electrodes are contained in a vacuum chamber and placed between 

1 H. D. Smythe, “.Atomic Energy for Military Purposes,” Princeton University 
Press, 1945. 
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tho poles of a powerful electromagnet . The magnetic field in B'ig. 29.8 is 
pei‘p(‘iHlit'ular tti tlie page and outward. .V positi\e ion starting at tlie 
source S is accelerated until it reaches the hollow field-free space within 
on(‘ electrode, where it then moves in a circular path of radius given by 
1 -:< 1 . (29.7). .\fter traversing a semieircle the particle again reaches the 
space between the IV.s. If the electric field between the D’s is an alter- 
nating one of the projH'r frecpiency. the field is now in the proper direction 
to accelerate the particle still furtlier. With a larger value of v, the ion 





tlu'ti describes a larger semicirch*. 'riie tiiiu* t to travel a semicircle of 
radius r is 

^ f* 

(29.11) 


ttc ttw 
^ ^ r ^ ^ 


if the value of r in Eq. (29.7) is used. Since this time is independent of 
c and a resonanct* condition exists and the electric field has the proper 
direction to accelerate the ion at every travei-sal if the field varies with a 
frequency / giv(‘n by 

1 

(29.12) 


f = ^ 

2/ 2jr;« 


The total energy that can be given to a particle is limited by the radius 
of the D’s. The maximum energy II*,,... can he found by rearrangement 

of B^q. (29.7) as 

ir,,,.. = (2i).13) 


When the particle reaches the maximum radius, it is bent out of the 
magnetic field by a high potential applied to the electrode V. Figure 
29.9 is a photograph of the large cyclotron at the University of ('alifornia. 


See. 29.61 


magnetic forces on currents 


399 


A cvclolroii call accelerate only relatively heavy particles such as 
protons, (loulerons. or helium nuclei, since, to maintain llu‘ resonance 
condition, the mass of the particle must nunain constant. W'Ikui 
electrons are accelerated to spc'cds corr<*spondinj; to millions of volts, 
their mass chanjtes because of relativistic elT(‘cts (see (’haps. 4t) and 50). 
In conseipience an electric field varying with a constant freciuency does 
not remain in tlie proper time relation for acceleration to continue. If 



Fio. 29.0. A photoRraph of a cyclotron at tlic Univ<*rsity of California. The diam- 
eter of the magnet jxile pieces i.s 184 in. {Courtesy h. O. iMirnnre.) 

the frecpiency is slowly altered with time and the mat;netic liehi changed, 
the resonance condition can be maintained and hijiher (Uierjjies produced. 

\Vorl:c(l Example. A cyclotron has a magnetic field of 10' gausses', 
or 1 webei' 'm', and the radius of the Ds is 80 cm. What is tlu* fre- 
quency of the alternating electric Held that must be applied, and to what 
energy can deuterons be accelerated? I’or deuterons, f/ = l.H X 10 
coulomb, and m = 3.3 X 10-=^ kg. From Kq. (29.12), the freciuency is 


/ = 


1.6 X 10 X 1 ^ ^ ^ _ - - n^egacvles/sec 

27r X 3.3 X 10-^' 


‘Although this i)lural may seem tpuMT, the authors follow a reeoiiimendati«)n of an 
International (A>inmission on Electrical I nits. 
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roil is .shown in Fijr. 29.12 witli rortniiKuhir .•of.rfliiiatc axr^s indiniW. 
torque nhuut tlie y nxis due to the cuiTcnt element dl is 

(II. = Hi sin a x dl 


The 


wliere a is the :in(;le between tlie liehl li nmi the tnni'ent to tlie eoil. The quantity 
<11 sill u is, however, e<iuul to the element dy. The total tor<iue, tlierefore, i.s 

/, = Hi j X dy = Hi.\ 

sitire the intenr:il, with proper rare taken about si^ns. is j\ist the area .4 of the coil. 

If the eoil has ii turns, each turn eontrilmtes to the tor<|Up and, for a 
liehl at an aiiKle 0 with the plane of the eoil. the seneral expression can he 

written 

/> = ni.Mi cos 6 {20.19) 

Sine<‘ tiu' norma! Ilnx d* through the eoil is .1/^ sin 6, E(p (29.19) can he 
written 

(29.20) 


L = Hi 


. f/<F 


dd 


A coil in a magnetic field thus tt'iids to turn until /> 0, i.e. until the 

flux through it has a stationary value. Stable equilibrium requires d* to 



Fio. 29.13. Tlir fieUI B in an eha-trie 
metrr. 

in the magnetic field of a pci maneiit 


he a maximum. 

29.9. Ammeters and Voltmeters. 
The torque on a coil in a magnetic 
field forms the ba.sis of most of the 
commonly u.sed electrical instru- 
ments. X coil supported on jeweled 
hearings and furnished with a 
counter-weighted pointer is placed 
magnet. The ends of the magnet 


have a special shape, indicated in Fig. 29.13, so that the field B is 
approximately radial and is therefore independent of the orientation of 
the coil for a range of angles. If the toniue due to current flowing 
through the coil is balanced by a restoring torque from a flat spiral spring, 
the angular deflection of the pointer is proportional to the current through 
the coil and the instrument is an By small adjustments of the 

value of B the meter Ciin be made to read a given current, say 1 ma, 
at full-scale deflection. 

The range of the instivunent can be e.\tended and larger currents can 
be measured by the use of a resistor, called a shunt, in parallel with the 
meter. The current flowing tlirough the ammeter and shunt divides, 
and a constant fraction flows through the meter coil. If the meter 
current and resistance are denoted by and Rm and the corresponding 
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(iuanlili<*> for tin* sluint l)y i\ aiul /»*„, rospoct i\c-ly. tluMi. fr<.)m 
laNv.< (seo Fig. 29.14), 


f in — /-/(*. 

< + i 

4’lie ratio of current.'^ is tlicrcforc, on elimination of f,. 


(29.21 ) 


li + a f 


(29.22) 


If a met<*r tliat reacls 1 ma f»n- a full-scale deflection has a r(*si>tani'e ol 
75 ohms, then the resistance of the 

.shunt nece.ssary to convert it to a *— 

meter reading 1 amp full scale is 
j;i\’(‘n l)y 


0.001 

1 

or li, = 


li. 

75 + H, 




0.075 ohm 



'I'iie .shunt resistor is often incor- 

. 1 • . *1 , I Fm. 21t.l4. .U> aiiuiH-ter witli a .slmnt 

porated into the meter case, and 

.... • I I * resustor. 

sometimes a .switcli is furnished to 

enable one of a series of shunts to be seleet<*d. 

.\.n electric meter can also be used to measure the potential ditVen'iiee 
between its terminals. 'I'lie curreid Ihroufih the meter is equal to the 
potential difTerencc divided by the resistance; luuice the angular deflec- 
tion of the coil is proportional to the difference of potential. For a 
1-ma meter with a resistance of 75 olims, a potential difference of 75 
mv across the terminals causes a full-scale deflection. Larger diflerences 

in potential can be measured liy 
° VWW o using a multiplier resistor in series 

with the meter, as indicated in Fig. 
Fig. 21U.5. A v<.lln»-tcr. 29.15. If the meter sensitivity is i 

amp for full-.scale deflection, then the proper multiplier resistance li to 
make the meter read full scale for A’ volts across the terminals is given by 


A = iUi + li...) 


(29.23) 


The resistance R to convert the 1-ma meter to a 150-volt voltmeter is 
therefore 

150 = 0.001(7? + 75) 

7? = (150.000 — 75) ohms 
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.\n armature .1 of soft iron is mounted in the magnetic field of a permanent 
magnet and has a coil of wire wound around it so that the current on the 
left side of the armatiire is Mowing into the paper, as indicated by the 
crosses in the tigure, and that on the right side is flowing out, as indicated 
by llie dots. lOach wire then has the current in the proper direction to 
produce a counterclockwise torque on the armature. As the armature 
rotates, a switching arrangement called a com7nuttiU)r (not shown in the 
figure) connects the armature windings so that the current directions 
shown <lo not change. The torque developed can be used to do mechan- 
ical work. If energy is extracted from the electrical system, however, a 
counter emj is developed in the armature. The magnitude of this 

counter emf times the current flowing 
in the armature is etiual to the me- 
chanical power transformed from elec- 
tric power. Some power is lost, of 
coui*se, in the resistance heating of 
the armature wires. 

The magnetic field in a motor is often produced by current flowing in 
coils wound around the poles /■’/■*' of the motor. These y/cW coils can be 
connected in parallel with the armature, as in the shunt motor, or in 
series with the armature, as in the series motor. In the compound motor 
there are two .sets of field coils, one in parallel and the other in series 
wi(h the armature. The motor indicated in the figure is called a two-pole 
motor. Other pairs of poles symmetrically placed can be added to form 
four-pole or six-pole machines. 

PROBLEMS 

1. W'hat i.s tlio rolation hftwcori 1 nia.wvell and 1 wobor? 

2. 'I'hc <‘lc«-troii moving in a hydrogm atom is placed in a field of 1,000 gausses 
pcrpcmliciilar to the orfiit. Compan* the electrostatic attraction of the nvicleus with 
( lie centripetal magnetic force; see See. 1 1 .1). 

3. Sliow that tl»c pitch of the helical path of a particle moving with a velocity v 
at an angle <t> with tin* iit'ld is 2jrtni‘ eos 

4. 'I'he field of the earth is roughly 0.0 gauss. What is the raditis of curvature of 
an electron witli 1,000 ev of energy? 

6. .\ cyclotron is de.^igned to have a field of 1.3 webers m* over a circular area of 
raditi.s 1.5 in. 'I'o what energies can protons be accelerated; deuterons; doubly 
charged helium ions? 

6. What frequencies of the aeeelerating voltage are necessary for the three particles 
in Prob. 5? 

7. \ circular turn of wire of radius 10 cm is perpendicular to a field of 1,000 gausses. 
What is the tension across the cross section of the wire for a current of 1 amp? 

8. A galvanometer coil is 1 by 3 em and composed of 100 turns. In a field of 
500 gausses parallel to the coil what is the torque produced for 1 of current? 
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9. Astan«lar<i iiHivi-mcnt has a lO-iiiu full-sralc* clcUci-tioii niui a n'sistanci* of 

()2.5 ohms. What arc the* shunt n'sistors iu*c-(‘.>i.sary to ron\ ctI thi.s niovoinont to n'jul 
full-sralo (Icfloction for 1 amp: 10 amp: 100 amp? 

10. What is the* .sonsitivity in ohm.s pe*r volt of a mentor (living full-si*alo dctloctieui for 

How much rcsi.stancc should ho plai-od in sorii*s to make* a l,(MM)-volt 
voltmotor? 

11. A l-ma motor of 75 olims rosistaiiea* i.s use*d to e-on.strue*t an e>limme*t«'r with a 
eiry ooll of 1.5 volts e-rnf. What sori<*s re*sistaiua* shotilel !>«• tise*il? Construct a table 
showing tho n*sisfjinco vahio of the e*xte*rnal r«*sistor that e-(»rre*sj>orMis to e-jie-h ' | o ma 
ele*Hoe*tion. 

12. A shunt mote»r lues a field rosistaiico of 2(H) ohms and an armature- re-sis1aiicc of 
10 ohms. If the* motor while* running dniws a e-urront of .5.5 amp when e*oiiiie*e*(e-el 
ae*ross a .source of omf eif 1(X) volts, what is the* e*otinte*r i*mf in the* ariuat eire*? How 


much moe*himie*al power is proehi<*t*d? 

13. \ '^^-hp motor runs from .a ll.a-volt power line. If (ho moteir ofhi'ie'Uev i.s 
HO per cent, what i*urre*nt is elrawii freun the* line? 

14. Prove* the* sta(e'me*nf in the* l;is( se*nte*ne*e* in Se*i-. 20.7. 


*16. Sluiw hy using the* j)rine*ipU* of e*on.se*rvation eif (*ne*rgy that, if u> is givc*n 
I-lej. (29.25), the* d4*llcction of the* galvanonie*te*r is pre>i><>rti<»nal t<3 </. 




CHAPTER 30 

THE MAGNETIC FIELD 
PRODUCED BY CURRENTS 

30.1. The Field of a Current Element. It will l)p recalled that the 
(‘lectn>inaK*>‘*>h- inleraction of two currents was divided into two prob- 
lems. One current produces a magnetic field, and this field acts upon the 
second current. In the preceding chapter the second problem was 
discu.'vsed. We .shall now treat the production of a field by a current. 



The magnetic effect of a current as indicated by the deflection of a com- 
pass needle was first discovered by Oersted (1777-1851), a Danish 
phy.sicist. It is said that the discovery was made during a lecture in 
which he was demonstrating that no such effect existed. Further 
ex{)eriments and the development of the theor>' were carried out by the 
Frenchmen Ampere, Hiot (1774-18()2), and Savart (1791-1841). 

The magnetic effects of a current must be formulated in terms of 
current elements, since each portion of a complete circuit in which a 
current flows makes .some contribution to the magnetic field at every 
point near the circuit. We imagine a current i flowing in an element of 
l(Migth (U. This current element produces an element of field dB that 
lias a direction perpendicular to dl and a magnitude equal to 



i dl sin d 


(30.1) 


where the quantities r and 6 are shown in Fig. 30.1. The plane P is 
perpendicular to the axis AA' of the current element, and the lines of 
induction are closed circles on P. The direction of dB is the direction 
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of rotation of a right-handed screw advancing in the direction of the 
current element. If the thumb of the right hand is held in the direction 
of the currents, then the fingers curl in the direction of the magnetic 
induction. Along the axis of the current element. i/B = 0 since 6 = 0; 
and r/B is a maximum in the plane through the element where sin 0=1. 
Equation (30.1) is sometimes known as Ampm’*- /au\ 

The constant />■' in Eq. (30.1) has a value dependent on the choice of 
units, similar to the constant A- in Coulomb's law. The cgs sy.stem of 
units in which is unity is called the electromagnetic system of units. 
If f is measured in abamperes (abcoulombs per second) and d/ and r in 
centimeters, then dB is expressed in gausses. 

In the practical mks system of units. />' has exactly the value of 1(C*. 
For 2 in amperes, d/ and r in meters. dB is expressed in webers per square 
meter. In order to avoid the (X'curnmcc of the factor 47r in other (M|ua- 
tions, the constant k' is usually written as 


k' = f” 

4ir 


(30.2) 


and hence /lu = 47r X 10“’ we!)er amp ‘ m ' 


or . nv = 1.257 X I0“® weber amp~' m"' (30.3) 

Worked Example. A wire I cm long carries a current of 1 amp. W'hat 
is the field in a plane perpendicular to the wire at a point 1 m away from 
it? 

In practical units, 

dB = 10“’ ^ - = 10“' weber/in* 

In ernu, 

dB = gauss = 10“-' weber/m’ 


since 1 amp = 0.1 abamp and 10^ gausses = 1 weber/m.’- 

30.2. The Field of a Straight Wire. To obtain the field produced by a 
long wire the contributions from each current element in the wire must 
be added by integration of Eq. (30.1). A long wire is shown in Fig. 
30.2. The field dB at a point a distance a from the a.xis of the wire, due 
to the element dl, is 




i dl sin 6 
r* 



I 
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Thv element <ll and tlie distance r can be expressed in terms of a and the 
angle d, tliiis 

a = r sin 0 


I lenee 


rjW 

sin~0 


.11 = - = 


a do 
sin* B 


dli = /. 


, i sin B dS 


a 


I'he contribution of each element dl is in the same direction, and therefore 


F 



Kk;. 30.2. The fiel<l iiojir n long wire. 


the total Held is 


<n' 





I 

a 



sin d (10 



i 

a 


(cos a — COS 0) 


(30.4) 


where the unghis a and d 
or = 0, d = TT, and 


shown in the figure. 



For a very long wire, 

(30.5) 


If cmn arc* used, Kii. (30.5) becomes 


B = — in gausses 

a 

In practical units, 

■ 

B = ^ - in webers/m* 

2ir a 


30.3. The Force between Two Current-carrying Wires. We can now* 
combine the result of the last section with Eq. (29.14) and obtain the 
(‘leetromagnetic force between two wires each carrying a current. Let 
us consider a length dl of the wire carrying a current i. The field at dl 
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due to another parallel wire a distance n away and carryin"; a current i' is 




n 


'File tiehl is perpenflicular to tlie plane of the wiic's and lu'iua* sin in 
Kq. (20.14) is unity. The foi'ce on d/ is iherefore 



a 


{30.(>) 


The direction of the force is such that the wires attract each other if 
the currents i and i' are in the same direction and repel each other if the 
currents are opposite. 

H(iualion (30. (i) is an extremely important one since hy means of it a 
rigorous dtdinition of tin* unit of current can he mad(‘. In tlu* practical 
system of units the ampere is ihdiiUHl as that amotint of current flowing 
in each of two pai-allel wires S(*parate(l l)y 1 meter that causes a force of 
attraction of 2 X 10'' newton per meter of length. A similar definition 
can be made for the emu of current. It is thus possible to make an 
absolute determination of the ampere, f.c., a determination in terms of 
purely meclianical (juantiti(*s: forces, and distances. In practice this is 
done by measuring the foi'ce betw<*(*n two coaxial coils in series. Om* 
coil is stationary, the other attached to one arm of a precision balance. 
Such a device is called a current balance. Once the vahie of tlie ampere is 
established, the value of the coulomb follows immediately as the amount 
of charge passed in a current of one ampere for one second. Tnits of 
potential and emf are then established in terms of the coulomb anil 
purely mechanical quantities. 


*30.4. Electric and Magnetic Forces between Charges. Since a charge q 
inoN'ing with a velocity v constitutes a current element, the magnetic field pro- 
duced by a nio\’ing charge follows from l‘!q. (30.1), with i dl replaced by qv an<l 
dli by B [see Eip (27.1)) 


n = 91^ 


(30.7) 


We are now in a position to compare the electrostatic and electromagnetic 
forces between two charges. Suppose we have a charge q moving with a velocity 
V and a second charge q' moving with velocity c', and lot us consider the simple 
ca.se when v and v' have the same direction and the line joining the charges is 
perpendicular to their path.s as in Fig. 30.3. The electrostatic force between tfn* 
charge.s Ls given by Coulomb’s law 
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= k 


qi 

r2 


(30.8) 


'riie electromagnetic force h\r^ is jriven by combining Eqs. (30.7) and (29.1) 
iind Is 

, qvq'v' 


F 




= -k 


(30.9) 


riie negative sign occurs in Eq. (30.9) because for like charges is an attrac- 
tive force and tends to decrease r. The total foice between the charges is the 
sum of these two forces. To investigate the relative magnitudes, let us form 
the ratio 

k 1 


" A-' w' 


(30.10) 


Since the ratio of two forces must be a dimensionless quantity, we may con- 
clude that k k' must have the dimensions of the square of a velocity. This 

velocity must be a constant of nature, and experimental deter- 
minations show tliat it is equal to the velocity c of light in 
vacuum. Hence 


1 


^ = 

k' ^ 


(30.11) 


where 

and 


c = 2.998 X 10* ni/sec 




W‘ 


(30.12) 


Kio. 30.3. Two 

inn\ iiig ( h.irgcs. electrostatic forces thus far outweigh the magnetic forces 

l)etwecn charges moving with ordinary velocities. .As the velocities approach 
that of light, the total force between the charges approaches zero since the elec- 
tromagnetic attraction jipproaches in magnitude the electrostatic repulsion. 

In the practical inks system of units the constants k and k' are witten in terms 
of two others, «o and by the relations 


k = 


1 


4ir€o 


k' = 


4jr 


(30.13) 


The ratio of the constants is 


k 

P 


1 


CoMo 


= c* 


(30.14) 


The unit of current in the mks system is defined in terms of the attraction of two 
wires, and mo lias the value of Att X 10"" exactly. The value of e© can be derived 
most precisely from experiments on the velocity of light since 


€o = 


HOC* 


10^ 

4n-c* 


(30.15) 
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In tlie system of unit.s, if elertrostatir units of cliarue are used in T^q. (30..S), 
then k = 1. Furthermore, if eleetnunaKnetic units are used in la]. (iiO.q), then 
fc' = 1. It is e'.ndent, since T’q. (30.12) must lemain true, that the units of 
cliarge in the two systems must have the ratio c, or 


q (esu) = \(i (emu) 

C 


(30.10) 


It also follows from Kq. (30.16) that charge «loes not have the s; 
in tlie electrostatic and electromagnetic system, hut the rati(t 
must liuve the dimensions of a velocity. 


im(‘ (Ihfii ttsiofhs 
of (iiin(M)sioiis 



30.6. The Magnetic Field of a Current Loop. Consider the point Pi, 
at the center of a circular loop of radius a carrying a current i, as in Fig. 
30.4. The elements of field due to all current elements on the loop arc 
in the same direction, and the total field Bq is obtained directly 
integration of Eq. (30.1), 



since sin 0 = 1 and r = a. The element dl = a d4>, and hence 

= f''d4’ = k'— (30.17) 

a J 0 a 

If the coil has n turns, then the right-hand side of Eq. (30.17) is simply 
multiplied by n. 
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In omu. A' = I, 


Bu = 


2iri 


emu, 


and for practical units. /.' = Itt, 


B., = u.i inks units 


The field H\ at (lie point /'j on the axis hut not at the center of the 
c(m 1 must also he found l)y integration. The field contribution from dl 

at the point P has the direction 
/> figure. It i.s obvious 

( 2 + 2 )’'^* from the symmetry of the loop, how- 

ever, that the resultant field lies 
° dB\/ along the axis of the loop and only 

A the components of the contributions 

/<)* in the axial direction from the sepa- 

,, . .... .....f', rate elements need besummed. The 

„ iM.rii of Ki^. '■''■'■“■"t of holcl '/B. lies in the plane 

30 4. passing through P, P„, and Pi as 

shown in Fig. 30.5. If the point Pi 
is a distance x from the center of the loop, the contribution from one 
current element is 


iij 1/ 'd/ 

tifii cos a = K - , . cos <1 

«'• + .r* 

and the total field is 


, I dl a 

(a- + .r^) {aP'+x-iy-^ 


k'i — - 

(„2 + j.2y. 


ai dl 
(a* -h 


(30.18) 


since J dl = 27rfi and x is constant. 

\\. values of .r large compared with the radius of the coil the field can be 
written 




(30.19) 


At a point P^ in the plane of the loop, but a distance y from the loop 
center, the field dB^ from each element must be split into components 
and summed as above. The result, however, is complicated and must be 
expressed as an infinite series. For values of y large compared with a, 
the result has a simple form, 

n , , . Tra * 
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The lieki Bo is parallel to the axis of the loop but in the opposite direction 
to the field at the loop centei\ The lines of induction about the loop are 
indicated in Fis- 30.(>. It should be noted that all lines of H form clo.sed 
curves. The axis .1.1' is an axis of symmetry of the figure. 

Equations f30.19) and (30.20) are very similar to I-kis. (25.7) and (25.8), 
which describe the electric field at larRC distances fnmi an electric dipole 
of moment p. To make the similarity complete, let us introduce a 
muijnctic dipole moment analogous to p, calling it .1/ . It is necessjiry, 
however, to keep an <i])en iniiul aliout tlu* (-onstant ot pioportionality, 
which in Kcis. (25.7) and (25.8) was k'. For the magnetic case, we shall 
call it k” and hold its value unde- 
termined for later adjustment. 

This constant, as will appear soon, 
is the third and last important 
unit constant, besides /. and k' w lii<‘h 
have already been introduced, in 
the subject of electromagnetism. 

K(|uations (30.19) and (30.20) 
then take the form 


_2k'\}f 

Bx - 


.T 




(30.21) 


Comparison with K(|.s. (30.19) and 
(30.20) yields 


M nr(i~ 7.1 


(30.22) 



circiilnr loop. 


expres.sing the important fact that 
a circuit of area .1 carrying a current i is the magnetic eciuivalent of an 

electric dipole. 

To anticipate, the constant k" = 1, Ttt in practical units; but for emu, 
k" = 1. 

30.6. The Magnetic Field of a Solenoid. A coil wound in the form of 
a solenoid (Greek solen, tube) can be considered for most purposes to be 
composed of a series of circular turns. The field on the axis of the sole- 
noid is then the re.sultant of contributions each given by Eq. (30.18). 
If the solenoid has a length I and is composed of N turns, then the num- 
ber of turns in the portion of the solenoid (see Fig. 30.7) between 
X and X + da: is {N/t) dx. The field contributed by this portion is, 
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from K(i. (30.18). 



2x02 

(o* -h x2) 



rho total Hold is obtained by integration. It is convenient to change the 
iiidepench'iit variable from x to the angle 0. Since 





Fir,. 30.7. Tlu‘ field «»f a seleneid. 


X — a (*ot d 
dx = — a csc2 e (Id 

and the total field is 

B = - h'i 7 Stt J sin e dd 

B = k'lj 2Tr (cos a - cos 0) (30.23) 


If the solenoid is very long, the field near the center of the coil is 


« = r 


(30.24a) 


since a = 0, >3 = x. In practical units. 


B = 


Mo 


In emu, 


B = 


iN 

I 


■WiN 

I 


mks units 


emu 


(30.24/>) 


(30.24c) 


At the end of a long solenoid, a = 0, 0 = ir '2, and 


(30.25) 


The field is therefore just half as great as at the center of the sole- 
noid. The lines of induction about a solenoid are indicated in Fig. 30.8. 
Since the field at the end is only half that at the center, half the lines of 
force must cut the solenoid. 

If a long solenoid is bent into a circle, a toroidal coil results. The field 
of a toroid is confined to the interior and must be uniform around the 
circumference. Since there are no end effects, 


5 = 


(30.26) 
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if the radii of th<‘ turns of tlu* toroid arc small compared witli the rmlius 
of tlie toroid. 

The fields of a sohuioidal or torcndal coil ha\’e been ealeulat(‘d on tlu‘ 
assumptions that tlio turns are truly circular ami not )u‘lical aiul that 



every point on the a.\is can be considered to be at the center of a turn. 
The.se assumptions are tantamount to a replacement of the coil of uire by 
a current .'sheet that flows accurately perpendicularly to the a.\is of the 
solenoid as indicated in Fig. 30.9. The surface current density j or current 
per unit length of the solenoid is 

' ■ T ®» £) ) ) )- ) ) 

and the field can be written 


n = k' X 47rj (30.28) 


Fio. 30.1). \ .'<(>l«>nc>icl is <‘(nuvalcnt to 

n rarre-nt slic-ft of current tieiisity j. 


*30.7. The Wattmeter. A moving-coil instrument can he tlesignetl to measuro 
diiectly the imwer consumed in a load on an electric circuit. A coil M i)iv<ito<l on 

jewelefl bearings and furnished wltli a re- 
storing .spring and a pointer as in a volt- 
meter is connected across the loarl It as in 
Fig. 30.10. The magnetic field in which 
the mo\ing coil M lotates is provido<l by 
two fi.\ed coils F, F', which are connected 
in series with the load R. The same cur- 
rent thus flows in these fixed coils and in 
the load, and the magnetic field pioduced is 
proportional to this current. The current 
through the mo\'ing coil is, liowever, proportional to the potential difference 
across the load. Tlie torque on tlie moving coil, and tlierefore the coil deflection, 
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is thus [)n)i)«nti<>nal to tho prorlurt of the load current and the jmtential differ- 
ence. and lienee proportional to the janver dissipated in the loud. Such an instru- 
ment is called a wattrinUr. 

If the two sets of coils rif a wattmeter are conncctetl in series, tlie torque on the 
movinti <'oil is proportional to the square of the current throuKh the meter. If 
this current varies or even reverses its direction, the average torque on the coil 
lias the same direction and is proportional to the averaKO value of the square of 
the current, i*. An instrument eonnei-ted in this way is called a thjnomoiueUr. 

The watt-hour meter is sim[)ly a jirecision motor whose sireed is proportional 
to the power corisume<l. The numher of revolutions is therefore a measure of the 
t(dal energy dissipated in the load. The nmtor revolutions are counted mechan- 
ically, and watt-hour meter-s usually read directly in kilowatt-hours. 

PROBLEMS 

1. What is (h<‘ inaKin-tic field 10 «-m away from a long wire carrying a current of 
10 amp? Ohlain flic rc-sult in both prac-fical units jirnl 

2. Define the cimi of current in term.s of the fon-e Ix-tween two parallel current- 
cnrryuig wires. 

3. .\ current Indaiice is constructed with coils 10 cm in diameter of 100 turns, 
h.aving an average di.staiicc hefwpc-n coils of 2 cm. Fora current of 1 amp through the 
c-oils, what mass is n<-c‘dc-d on the Imlanc’e to coinpensctte the force of attraction? 

*4. 'I'wo electrons of 10 kv of energy arc moving in parallel paths 1 nim apart. 
\\'hat are the electrostatic and magnetic forces between them? What is the total 
fore**? 

*6. Frcjin Coidomh's law and Eq. (30.1fi) find the dimensions of charge in tlie 
eh'ctrostatic* and clc*ctrortiagnc*tic systenns of units. 

6. \\'hat is the- magnetic field at the mieleiis of a liydrog«-ii atom, due* to the motion 
of the c*U‘c-troii in tlie fir.«it circular orlnf? See Se<-. 11. tt 

7. 'I'wc) large* circular coils, pamilcd juid si*paratcd hy a distnni-e ecpial to a coil 
radius, arc* often usc*cl to product* u uniform magnetic’ field at a point on the axis 
ludfway betwticn tlieiii. Derive the x’aluc ttf this fi<>ld. 

8. Derive an expression for the torque on a coil carrying c’urrent, in terms of the 
magnetic moment of the coil. 

9. .V sol(*uoid 1 m in lt*ngth and 10 cm in tUameter eontains l.OOOturiis. What is 
the fic*]«l at the center of tlic solt*noid for a current <if 2 amp? 

10. For the solenoid in Prob. 9, find the field along tlic* axis at points 10, 20, 30, 40, 
and ")0 cm from the center. 

*11. -V circular c’oil of .’>,000 tterns is wouml in a Hat pancakt* of inner radius 10 c*m and 
outc*r radius 30 cm. ^^^lat is the field at the cc*ntc*r of the coil for a current of 0.1 amp 
through it ? 

12. .V sc|uarc c-oil 25 cm on the side* and Itaving 10 turns carries a r>irn*nt of 0.5 amp. 
\\'hat arc the niugnitudc and direction of the field at the center of the coil? 



CHAPTER 31 

MAGNETIC FIELDS AND POLES 


31.1. The Field near a Long Magnet. Iti ilic IkmmI of u 

natural magnet of lodestone (magneiilei or n<>ar a perniantaU magnet of 
iron or sled, tliere is fouml to he a forc«‘ e\<*rle(i on a moving <-ljarge or on 
a current element. A fi<*l<l of induction B ther<‘h>n‘ (>\isls tlu'r«‘. If tlie 
magnet is a very i4)ng and tliin bar. the field near one end is radial and 
varies inversely witli tlie s([nare of tlie <listance from tiu* eml. N<*ar the 
center of the magnet the Held is small. It thus appears that tin* oiigin 
of the magnetic (dTects is at tlu‘ emls of th(‘ har or at th(‘ /xtli's ol the 
magnet. .\t one end the field is ra<lially tnusvard. an<l this end is calle»l 
(lie north poiv of the imigmM. At the «»tlu*r <Mid tlu* field i> ra<lially 
inward, and tliis eml is calle<l (he xonlh pith-, d'he teitus “norih’ and 
“south" derive, of course, from tlie fact tliat a magnet free to turn 
about a vertical axis perpendicular to its length aligns it^.elf approxi- 
mately north and south, with tlie north pole in the northward direction. 

The Held B near one pole can b<> expn'.ssed by the etpiation 




(31. 1) 


where r is the distance to the pole, w is a measure of th(‘ strength of the 
magnet , and is a constant . intnxluced in Sec. 30.6. whose value <lepen<ls 
upon the choice of tinits. The (juantity in is called the pole strength of the 
magnet, lujuation (31.1) serves to i/efine pole strength and the units in 
whi<‘h it is measured. If li is expressed in emu. r in cm. aiul / “ is etiual 
to tinity, the eciuation defines the emu of pole strength in. In practical 
inks units, r is measuretl in m(>lers. R in weber m-, k” = 1 dir. and the 
mks unit of m is deHned. The occurrence of Av here is tin* result of (he 
fact tliat the mks system is a rationalized sy.stem; if the factor were 
omitted here, it would occur in some other, more commonly useil ecpiation. 
In neither the mks nor the electromagnetic .system of units does the unit 
of pole .strength have a .separate name. Since it has the same dimensions 
as magnetic flux, the units weber or maxwell may be u.sed, respectively. 
Caution should be c.rcm’.vcd, hou'ever. The total Jinx from a unit pole in the 
electromagnetic si/slein is Aw maxwells; the Jinx from n unit pole in inks units 


is I weber. 

The similarity of Eep (31.1) to the ecpiation for the ehM-tric field near a 
charge is immediately obvious. The pole strength in therefore plays the 

41 ‘> 
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roll* of a magnetic ch:irj 5 C that Ls concentraterl at the end of the magnet. 
Ill fact Kti (31.1) wa.-^ once believed to demonstrate the existence of 
iiKigiietie charge, but we know now that this is not the ease. Magnetic 
rli;irges do not exist, but the magnetic field of a permanent magnet is 
the n-siilt of moving charges within the magnet, just as the magnetic field 
neai' a current-earrying wire is the result of the current directly. Mag- 
netic charges are often a convenient artifice, ho^\e^er. The field of a 
permanent magnet can, for example, be described ea.sily as the sum of the 
tiekls due to two eijual and opposite poles at the ends of the magnets. 
The field due to a number of poles or to a continuous distribution of poles 
can be I'alculated in exactly the same way as the electiic field due to a 
distribution of charges is calculated. Xorth poles are conventionally 

taken as po.sitive poles with positive 
values of m; .south poles are con- 
sidered negative. 

31.2. The Magnetic Dipole. As 
an e.xample of the calculation of the 
magnetic induction field from the 
pole strength, let us consider a mag- 
netic dipole consisting of two poles 
of strength -fm and — m separated 
by a distance I, as in Fig. 31.1. The 
field Bi at the point Pi is the sum of 
two oppositely directed components, 
and the net field is directed away from the pair of poles and of magnitude 





— in 


Fio. 31.1. 


+ m 


Tlu* field of a magnet ie 


Pi = F- 




k" m 


[x - (/ 2)]* 
2jlmk" 


[x + (//2)I 


(31.2) 


[.r“ - (P 4)p 

At the point P 2 the field B>> is the sum of two vectors, as indicated in the 
Hgiire, and is equal to 

I //...> 

(31.3) 


B. = - . 


k^'ml 


These relations are identical with the expressions for the electric field 
near an electric dipole [Eqs. (25.7 and 25.8)]. The product ml is called 
the magnetic moment M of the dipole. At large distances the fields 
become 

2k'\M 


Pi = 


X 


B, = - 


k"M 


(31.4) 
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Equations (31.4) an* also itloritical uith lOijs. (30.22), which (lc*sctil><* 
the licld B about a loop. I'hc field, then, of a short majim*t of 

moment .1/ = nil is indistiiifjuishablc from the field of a small c-oil of 
moment M = h'iA 'k". 

31,3. Intensity of Magnetization. K\p<*riment .■^hows that a matriiefic 
charge* or pole lU'X'ei’ occurs as an isolated magJU’tie- charge*; no isolat(*d 
poles e.xist. If a magnet has a north pole of strength + a/ at ime* end, 
tlu* south polo at tiu* olh<*r end has a slre*ngth —m. 1 Ik* /o/o/ magnetic 

charge on a body is always zero. The magnetic charges in a magni*t are. 
however, polarize**!, just as the **harg<*s in a die*le*ctric are polarizeel by an 
applii'd electric field. The inletisity e)f this polarization, calle**! the 
intamitij of maguvlizdlion, in nirosi/nil hi/ flu inayiuhr inoiiu'iit per mill 

I ^ • 

vofmne. Tiu* intensity of magiU't izatiein I i." a V(*ctor (piantity, just as is 
the analogous polarization P of a ilie*l(*e*t ric ; the* eIir(*e'tion of I is take*n to 
he* from the se)Uth to tlu* north 
e*n<l of the diiJole me>me*nt. 


'riu* rt*lation betwe*e*n the int<*n- 
sity of magnetization I anel the 



I'ui. 31.2. C'onsr‘qiii*ut poles. 

pole strength m is easily found. If a magnet of length / and creiss-sec- 
tional area .1 is miifonnh/ magnetize**!. fh(*n 




(31.5) 


The units t)f I are consequently tlie same as the units of B [see Eq. (31.1)] 
and this is the ease in both the elect remiagnetie and niks systems of units. 

The pie-ture of magnetizatie)n as the pedarizatiem eif magnetic charges 
ofTers an easy explanation eif many phenomena. For example, if a 
magnet is broken in two parts, each part has pole*s at the ends equal in 
strength to the poles of the original magnet and hence the magnetization 
I is not altered in the process. Mon*over a magnet in tlu* form of a ring 
can exist, which has no poles at all. If such a ring magiu't were broken, 
however, the jiieces would have poles of tlie strength m given by E(p 
(31,5). Magnets are not alway.s uniformly magn(*tize(l. Thus, if I 
were in one direction over part of the l(*ngth of a bar magnet and in tlu* 
opposite direction in the rest of the length, there would be a south pole, 
say, at each end of the bar and a north pole at the center, a.s in Fig. 31.2. 
Such poles are called consequent poles. 

31.4. Equivalent Surface Currents in a Magnet. As we have repeat- 
edly emphasized, all magnetic effects are the result of moving electric; 
charges and are not caused by magnetic charges or poles. Ihe intensity 
of magnetization of a magnet is therefore the result of electric currents 
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within tho niapnrt and incloed within tho atoms of the material of the 
matinet. Althonsh this point of view was first suggested by Amp6re in 
1820. complete confirmation has been obtained only within the last 20 
vcars. In steel arul in the other substances from which permanent 
magnets can be made, the electric circuit responsible for magnetic effects 
is the electron itself. Kacli electron behaves as though it were a spher- 
ical distribution of charge that is spinning rapidly about some axis. An 
( lectron is thus a small electric circuit and possesses a magnetic moment. 

In an tmmagnetized body the axes 


9 /^ of the elect rons are oriented at 

// \\ random, and no net magnetic mo- 

It )) meiit exists. In a magnet the elec- 

JJ tron axes have some preferred 
orientation, the spins are aligned in 
(a) (6) more or less the same direction, 

I-'k;, 31.3. (’ro-s*? .scn-tlon of n magnet aiui inagitclization results, 

slunviiig till- eirctrnii rurreiits and the A cro.ss section of a magnet would 

surfi.r,. ^ mulfitiitle of tiny 

electric circuits with the eurrent cireulating in each in the same direction, 
as indicated in Fig. 31.3rt. It sh«mld be noted that in tho interior of the 
magnet each part of one of the elementary circuits is adjacent to a part 
of a neighboring circuit in which the current is flowing in the opposite 
direction. The two opposite currents then protlucc no net effect, and 
the whole assemblage of small circuits can be replaced by a current flowing 
annind the surface of the magnet, as indicated in Fig. 31.36. The rela- 
tion between the strength of .surface currents and the intensity of magnet- 
ization can be found easily. ^ 

Let (It be the surface current flowing in a length 
(II around the magnet, as indicated in Fig. 31.4. J 

'['ho magnetic moment (IM of dl is, from Kq. 

(.30.211, dl 

k' , ,. Fir,. 31.4. The surface 

(fAi ^ 7777 -1 (it (rilJ>) 




{a) ( 6 ) 

Fk;, 31.3. (Vo.'vs .section of a magnet 
.showing the electron eurrejits am! th«‘ 
ecjuivalent surface current. 


Fir,. 31.4. The surface 
current on a magnet. 


where -I is the cross-sectional area of the magnet. The vector I has 
therefore the magnitude 

. r/.U <IM k' di 


/ = 


A dl A " dl 


(31.7) 


riio quantity di -dl is tho surface current density j,, and 
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The similarity of tliis e(iuati<)ii to the solenoid eciuation (30.28) ^\'ill bo 
noted on recalling that k" = 1 Air in inks units. 

The magnetic state of a material can therefore lie expressed in any one 
of three ways, (1) by the intensity of magnetization I, (2) by the polo 
strength per unit area, or (3) by the surface current per unit length. 

31 . 6 . The Torque on a Magnet in a Field. It is inst ruci iv{‘ t o calculate 
the torque exerted on a magnet in an external held B. Let us assume 
that the magnet has a length J and cros.s-secf ional area A. that it is 
uniformly magnetized, and that the external field makes an angU* (t> with 
the axis of the magnet, as indicated i 
length fll of the magnet is equivalent 
to a single turn of area A carrying a 
current jjll. The toriiue dL on this 
element is, by Eq. (29.19), 

dL — — jV// AB sin 

since sin 0 = cos 6 of Eq. (29.19), 
and the negative sign means that 
the tonpie is in the direction to tend 
to reduce <t>. This torque is a couple 
(Sec. 3.1)), and hence the total torciuc 
L is obtained bj’ integration over the length of the magnet, or 

L = ~jJAB sin 0 (31.9) 


n Fig. 31.5. Each element of 



Tlie torque can be expressed in terms of / by 


u.<e of E(j. 


(31.S), which 


gives 




IIA B sin 0 


(31.10) 


The quantity IIA is, however, the total magnetic moment M of tlie mag- 
net ; hence 

A = - ^ MB sin 0 (31.11) 

A* 

Since the magnetic moment M is related to the pole strength at the ends 
of the magnet by 

M = ml 


the torque can also be written 

L = —ml~B sin 0 (31.12) 

The last form for the torque on the magnet is very significant since it 
enables us to evaluate the force F on a magnetic pole. The torque on the 
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magnrt caused by forces in the direction of B exerted at the ends must be 

L — —FI sin 

and therefore the force on a pole of strength m in a field B is 



(31.13) 


*31.6. The Magnetic Intensity. It is customary to define a second magnetic 
vector H, which is somewhat analogous to the electric di.spiaceineiit D. In the 
preceding section it was seen that the torque on a magnet in an external field is 
equal to the torque exerted by a force F acting at each end of the magnet, the 
magnitude of the force being given by bq. (31.13). The magnetic intensity H is 
defined as the force on a unit magnetic pole: then for this ease 


H = - = B (31.14) 

m k 


The torque on the nmgnet can then be written in terms of II 5iS 

1. = II sin <t> ml = II .sin 0 M (31.15) 


It must Ik* em[)hasized that B and H above are the values for the field applied 
to the magnet: they do not refer to the field of the magnet. The applied field B 
might be the result of currents flowing in wires or of the magnetization of another 
magnet. 

In the neighborhood of a magnetic pole, i.e., near the end of a long magnet, 
B is given by Kq. (31.1). The value of II is therefore, from Eq. (31.14), 

(31.1B) 


If a second pc»le of strength m' were pre.sent, it would experience a force in this 
field of 



The magnetic force exerted on one magnetic pole by the other is 



(k")- mm' 
k' r2 


(31.17) 


This equation is analogous to Coulomb’s law for the force between electric charges. 
It would be entirely logical to begin the study of electromagnetism with Eq. 
(31.17) as the definition of pole strength, rather than Eq. (31.1). In emu, 
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I]q. (31.17) beroino.s 


p 


mm 

t = emu 

(31.1Sa) 

and in practical units F = ^2 inks units 

(3l.bS//i 

riie Hehl du(‘ to a single |)ol<‘ is 


m 

II = emu 

r- 

(31.1 Urn 

II = , - ^ 0 inks uniLs 

AiTfxnr' 

(31.19/^j 


If a di55tributioti of poles is present, tlien tlie vec'tor .sum of the contributiott from 
each pole must T)e taken in exactly the same way as the fiohl E is computeMl from 
a distribution of electric charges. If electric <'urrents ar(‘ pr('setit, tliere will 
also be a contribution to H from these. From I'.qs. (30.1) and (31.14), 



i tU sin B 

<> 

r- 


(31.20) 


If l>oth poles and currents are pte.«ent, j» sum imrst be made to find the total value 
of H. It must be rememberetl that at’cc/ersum is to be taken, hiquations (31 .20) 
and (31.16) are therefore the definitions of H in terms of the currents and poles 
present. It will bo recalled that the fiehl B is definerl by its action on a moving 
char{;e (Kq. (29.2)]. The relations between B and H within majiiietic materials 
will 1)0 discussed in C’hap. 33. 

Since // is force per unit pole, tire i)r actieal units of H <‘an be taken as newtons 
per welrer. It is more customary to use the unit derive<l from the relatioir 
between // and i. From lOq. (31.20) it is eviderrt that ll is nwasund in ampere. t 
per meter. Sometimes the units of // are called “ampere turns" p(*r meter, since 
the current i is often flowinj: in a coil, but in this text we shall use the simpler 
e\i)re.ssion. The emu of II might be either abamperes ])er centimeter or dynes 
per maxwell. A special name has been given, however, to a unit lielil intensity: 
it is called the oersted. In free space in the electr omagnetic system B and H have 
the same numerical value, but this is not true in the practical inks system. The 
relation between the units of H is 

10’ amp 


1 oerste<l = 


Air m 


(31.21) 


This relation can be derived from Erp (31.20). 

*31.7. The Magnetometer. If a magnet of moment M is placed in a tiehl of 
intensity H, the torciue i.s given by liq. (31.15). If the angle <i> is small, L can he 
appro.ximated by 

L = -.1///0 

If the magnet is suspended so that it is free to turrr, its motion is governed by tlie 
equation 
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r '[".t = -.1///0 

at- 


(31.22) 


where /' i.'? the moment of inertui of the magnet. The maKiiet oscillates with 
SUM about 0=0 (<-f. Sec. 12..S). The frequency of oscillation is 




(31.23) 


ami is proportional to the square root of the magnetic field. The .strenKth of one 
mauiieti<- fiehl ••atj lie founrl in tertns of the strenutli of another by observation of 
tlie fitHpiencics of osc-illatijm t)f the same magnet in the two fields. If the two 
cases are denoted by the subscripts I and 2, 


/> = \ 

/, ' ;/5 


(31.24) 


M 




N 


6 


H 


.\n instrument tliat utilizes an oscillatinu magnet in this manner is called a 

moguciotacU-r . 

In order to fiml the ab.solute value 
of the field // it is neces.sary to know also 
the moment M of the magnet. With 
the aid of a second suspended magnet 
tliis can be determined. Suppose the 
second magnet is .suspeiulcfl in the field 
II and the magnet of moment .1/ 
brought near it, as sliown in P'ig. 31.6. 
The susj>ended magnet will set itself in 


l'ni. 31.0. Measununent <tf II by a 
niagmUomctcr. 


the direi‘tion of tl>e resultant field at an angle 6 with respect to the original 
iield. If tlie field from the magnet of moment .1/ is H m, then 


c«»t B = 


H 

list 


From the first of Fqs. (31.4), 


II u = 


(A-")^ 2.1/ 
k' 


where x is the distance between the centers of the magnets, 
angle 6 is then given by 

k’ x^H 


cot B — 


\k'y 2M 


The observable 


( 31 . 25 ) 


in terms of the ratio II/M. Now the frequency / of oscillation in the field H 
jdone is given by Eq. (31.23). When f is measured, both H and .V are 
determined, for they can be computed by simultaneously solving Eqs. (31.23) and 

(31.25). 

Magnetometer measurements are most suitable for weak fields. They are 
often employed in the measurement of the field of the earth and in geophysical 
prospecting. 
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31.8. Terrestrial Magnetism. Sirnu' tin? muth polo of a coinpa.'S 
noodle points nt)rth\vard. the linos of inagiu^tio field B or H of the oailli 
run from south to north. compass needle points, however, not to 
true north but rather at a small angle fitun tlu‘ moritlian. 'Phis jingh* 
is called the declination. If a long magnet is suspemled about a horizontal 
axis, the equilibrium posititm, in the Xoiihern I lemisjdiere. is with the 
north pole (lownward. The angle with the horiztuital is calli'd the angle 
of dip, or inclination, 'i'he declination and dij). as well as the intensity 
of the hekl, vary over the earth’s surface. I'o a first apjjroximat ion the 
field at the surface of the earth is that of a magnetic dipole near tin* cente?' 
of the earth and inclined at an angle of about 17® with the eartli’s axis, as 
indicated by PP' in Fig. .31 .7. The dipole moment is direct ( m 1 from noi th t o 
south. The points on the earth’s surface 
where the dip is 90® are calleil the niag- 
nctic polea of the earth. The north mag- 
netic pole is in noi’thern Canada at lat 
70®N, lung 9()°W, and the south mag- 
netic ptjle is at lat 72®S, long 157®K. 

The magnetic egnotor ee' is the line on th(* 
earth’s surface where the dip is zero. It 
varies from lat 15®S in South America to 
2()°N in X'orth Africa. Since the equi- 
valent dipole is not exactly at the center 
of the earth, the intensity of the field 
ah)ng the magnetic ecpiator is not. ef)n- ^ 

slant hut varic..; slislillv from one of H-I'l 

. . I 1 ' ftM . . t tflO <*nrtn. 

the earth io the other. 1 he intensity of 

the field at the magnetic equator is rougldy 0.4 oerstc'd and horizontal. 
At the magnetic poles it is vertical and twice as strong. 

One source of the field about the earth is the currents that flo\i in the 
upper atmosphere. At heights above about 80 km, free charges, elec- 
trons and positive ions, exist ami form what is known as the ionofiphere. 
In the ionosphere, convection currents result from the heating and cooling 
of the atmosphere hy the sun, and such ionospheric ciiiTents produce 
a magnetic field. These convection currents vary with diunial and 
seasonal periods, and consequently there is a diurnal and seasonal varia- 
tion of the earth’s field. At times, the convection cun-ents are greatly 
disturbed, and magnetic storms occur. Magnetic storms are apparently 
connected with sunspot actmty, and may be caused by a change in the 


number of charged particles in the ionosphere. 

Atmospheric currents produce, however, only a small part of the total 
magnetic field. Most of the field is produced by something inside the 
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(•nrtli. Thv cjuisrs of tho field are not known, and very little about them 
has been surmised. The earth’s field constitutes one of the outstanding 
unsolved problems of seienee. The field from the interior also appears 
to vary with time, but with much longer periods. These changes are 
called “secular’’ changes. They are most easily described by the state- 
ment that the north magnetic pole is moving about the North Pole of the 
earth with a period of about l.fXM) years. The variation of the field over 
the surface of the earth does not give much information about the field 
within the interior. If the eartli were uniformly magnetized, the external 
field would be e.xactly the same as the field from a dipole at the center of 
tlie earth. 

PROBLEMS 

1. inugnet in the form of a ring has a small air gnp. If the |H)le strengths on the 
faees of the gaj) are + in and — m :ind the jToss-sc'etional area of the magnet is .-t, what 
is the li<*ld /t within the gap? 

2. Two thin magnets, eaeh 10 i-m hmg. are parallel unci separated by 10 mm. 
WImt force does one magnet exert Uj)on the other, if the jMjle strengths at the magnet 

ends are 10 e>nii? 

*3. A long wire currying a current of 
10 amp is perpcaidiciilar to a magnet 
with a pole strength of 10“^ mks \inrt. 
What is the field H at the point P in 
Fig. 31.8? 

*4. .\ steel magnet, ilen.sity 7.8 gm/etn*, 10 em long, and of rross-sectional area 
1 mm*, has poles of stnaigth c'inu. If the* magnet is suspended in the earth's field of 
()..3 oerstc'd, what is the pc*ricKl of oscillation? 

6. .\ssunie that the earth’s field is 0.1 oersted at the magnetic equator. What i.s 
the magnetic motmuit of tin* dipole at the ccntc'r of the <*arth that wotdd produce this 
field? 

*6. .V solenoid 50 c*m long and having 100 turns carries a current of 2 amp. 
an* the values of // at tin* ec'iiter of the solenoid in emu and in mks units? 

7. What Is the intensity of magnetization of the magnet of Prob. 4? What is the 
ecpiivalent surface* current density? 

*8. What is tho potential energy as a function of Oof a magnet of moment set 
at an angle Owith a field 11? [Hint: Intc-grate Eq. (31.15).] 

*9. Find the dimensions of B and H in mks units. Show that for free spare 

H = 

*10. The period of o.seillation of a suspended magnet in tho earth’s field of 0.3 
oersted is 0.5 sec*. When suspended inside a long solenoid the period is 0.1 sec. 
What is the strengtli of the field in the solenoid? 

*11. \ magnc't suspended in the earth’s field sets itself at an angle of 20° from 
magnetie north when a second magnet is placed 50 cm from it as shown in Fig. 31.6. 
If the earth’s field is 0.3 oersted, what is the moment of the second magnet? 

*12. A magnet of 1 cm* cross-sectional area and 5 cm long has an intensity of 
magnetization of 1,000 gaussc*s. What is the surface* current density around the 
magnet? Express tlie result in both emu and inks units. 



P 


N 






10 cm 


10 cm 


10cm 




Flo. 31.8. Diagram for jiroblem 3. 



CHAPTER 32 

INDUCED ELECTROMOTIVE FORCE 


+.+ 


32.1. Electric Fields Produced by Motion. 'I'lio force on a clnirge 
movinj; in a magn<‘tic has one eonsecjuence of exti'emc' importance. 
Suppose a vertical conductor is moving; to the risht, as in Fiji;. 32.1, with 
a velocity v, and that there is a maj^netie field B 
directed inward to the paper. The electrons and 
positive ions in tlie conductor e.xperience a force, 
given by Eq. (29.1), that tends to make (he posi- 
tive ions move upward and the electrons move 
downward. The positive ions are held in place 
by the interatomic forces, but the electrons are 
free to move. A separation of charges therefore 
re.sults as indicated in the figure. 'I'he .separa- 
tion continues until an electric field h' is pr<>- 
duced that Ls just sufficient to counteract tlie 
magnetic; force on the charges. 
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E ^ - = vB 
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(32.1) 
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If the field B is uniform and v is constant, them 
the electric held produced is constant over (he 
length of the conductor. An emf df. directed up- 
ward is thus produced in each element of length d/, \vhich is (c/. Sec. 27.3) 


Fio. 32.1. 
moving in 
field. 


V conductor 
u niiignctic 


d8 = vB dl 


(32.2) 


and the total emf 8 is 

8 = Jd8 = vBl (32.3) 

In a more general case, let dl lie along the x axis and choose B to lie 
in the xy plane (see Fig. 32.2). If 4> is the angle between the z axis and 
V, and B that between B and the x axis, Kq. (32.2) is generalized to 

(fg = (() cos ^) {B sin 6)dl (32.4) 

The emf 8 is called an induced emf. It is produced by virtue of 
mechanical motion and hence forms the basis of all electric generators. 
The process of induction was discovered about a century ago by Faraday 
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iMul i)y Henry* independernly. KnerK.v i« expended in the .separation of 
the charges in the eonduetor. and this energy i.s supplied from the mechan- 
ical power that moves the conductor. Since it is important to understand 
the situation clearly, let us consider what happens when the ends of the 
ino\ ing coiuliK'tor an' connected hy a wiix*. 1 he connecting wire can be 
stationary and th<' conducting rod imagined us .sliding along the wire, as 
in Fig. 32.3. TIjc induced emf cati.ses an induced current i to flow in the 
circuit as irulicated. 'rhe current flows in the direction of the emf upward 
along the moving conductor. There is a force, however, on a current 



flowing in a magnetic field that is given by Kq. (29.14). The force F 
is directed to the left in the figure and tends to oppose the motion. Its 
magnitude is 

/■’ = ilH (32.51 

.\s the rotl is moved, mechanii-al power is expended in the amount 

/> = Fv = iRlv (32.(i) 


3'he mechanical pow(*r is transformed to electric power, which is 



(32.7) 


If Eqs. (32.0)) and (32.7) are combined, we obtain again Eq. (32.3). 

32.2. Faraday’s Law of Induction. The emf produced in the moving 
conductor can he regarded from still another point of view. As the 
conductor moves, the total flux through the circuit changes. The change 
‘Jo.s<*ph H(*nry (1797-1878), an .\mcri<’Hn phyairist. 
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ill area dA for a motion v dt = dx is 

f/. l = I dx = It) dt 

and hence the change in Hux that results is 


(/cl> = BdA = — HIn dt 


or 



(32, S) 


This result is known as Faraday's law of indiidioii: the induced rmf around 
a circuit is equal to the negative rate of change of magnetic jiux through the. 
circuit. The negative .'^ign in l‘'(i. 

(32.8) arises from tlie convention for 
the positive direction of f>. The enif 
is taken as positive if the direction 
of 8 around the circuit (clockwise in 
this case) is the direction of rotation 
of a right-handed screw advancing in 
the direction of the field B (into the 
paper here). A negative rate of 
change in for the jiresent case, 
thus produces a positive 8. If the 
stationary win* were to tlie left of the 
moving conductor, as in Fig. 32.4, 
the rate of change of 4> would he positive; hut the current i now would 
How counterclockwise, and 6 would he negative. 

The direction of the induced emf can often he obtained most easily 
from Lem's law: The direction of an induced emf is such as lo oppose 
through its magnetic effects the change producing the emf. Ihis law may 
he variously interpreted. For example, in the circuit of I'ig. 32.4 the 
force on the moving rod is opposite to the \ elocity. In terms ol the Hux 
through the circuit the law may he applied as follows; Ihc motion of tlu; 



X 

Fiii. 32.1. 


A viuf. 


rod results in an increase in the Hux; the emf must therefore produce a 
current in such a direction as to compensate this change. The field of 
the current must be outward from the paper, and hence the current must 
flow in a counterclockwise sense. Lena’s law is, of course, an expression 
of the principle of conservation of energy, not of the perversity of nature. 
When electric energy appear.s, mechanical energy disappeai's. 

Faraday’s law of induction is valid whether or not the change in Hux 
is the result of the motion of the circuit, dhus a change in flux through 
a circuit caused by the approach of a magnet or bj' the change in the 
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current of n iieiKhborInK eireuit produces an emf given by Eq. (32.8). It 
sliould also be emphasized that the circuit containing the emf need not 
be a metallic circuit. Faraday’.s law is applicable to any closed curv’e. 

l^iuatioii (32. S) is valid in both practical mks units and electromagnetic 
cgs units. If practical units are used, 8 is in volts if d^/dt is in webers 


To vacuum 
pump-, 



ACCELERATION CHAMBER 


Path of electrons 


X*rdy beam 


Doughnut made of 
special quartz glass 
in twelve sections 
forms secondary coil 


Rock>maple 

facing 

\ 



Rubber 

mounting 


^Tie rods 

^Primary coils 
weigh one ton 
each 

ELECTROMAGNET 
Core is made up in slabs of thin 
sheets of silicon steel cemented 
together with an insulating 
compound and then baked in an oven 


32.0. Construction anrl opcnition of the 100-Mev betatron, (f’m/rt/’ay «/ 
l^opiilar Sciericr and The Gi-ttcral Electric Coinp<iiiif.) 


per .second. In emu, d^/dt has the units of gauss cm- per second, and S 
is expressed in electromagnetic volts, or abvolts. Since the ratio of esu to 
emu of emf is c = 3 X 10*“ cra/sec and 1 electrostatic volt = 300 volts, 
approximately, we have 

1 esu = 300 volts = 3 X 10** emu 

and 1 emu of emf = 1 abvolt = 10“* volt (32.9) 

32.3. The Betatron. The betatron, or induction electron accelerator, 
is a device that utilizes the emf produced b 3 ' a change of flux to accelerate 
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electrons to high energies. It was recently invented by D. \V. Keist. and 
several large betatrons are now in operation. 'I'he changing (lux is 
produced by a large electromagnet excited by an alternating current. 
The field of the magnet serves at the same time to bend the electrons in a 
circular patli and confine them to the region of changing flux. d'h(‘ 
arrangement is indicated schematically in Fig. 32.5. The electrons 
move within a doughnut-shaped vacuum chamber plac(‘d between the 
poles of the large electromagnet. The coils carry the alternating 
current. The time of revolution of an electron in its circular path is 
much smaller than the period of alternation of the field. As the field 
grows from a small value to its 
maximum, the change of flux within 
the path of the electron produces an 
emf who.se magnitude is gi\en by 
Eq. (32.8). The energy received by 
the electrons in one revolution is 
small, but a very large number of 
revolutions are po.ssible, and elec- 
trons of high energy result. The 
electrons can bo deflected from their 
path at any time by a surge of cur- 
rent througli the magnet coils, and 
the high-energy electrons can be di- 
rected to a target. 

A betatron recentlj’ built by the 
General Electric Company produces 

electrons of energies up to 100 million electron volts. Tlu* vacuum 
chamber is constructed of sections of glass tubing and is 74 in. in outside 
diameter and 58 in. in insid(? diameter. The frequency of alternation 
for the magnet current is 00 cycles/ sec. Electrons are accelerated by an 
electric field to 50,000 ev and shot into the tube tangential to a circular 
path 00 in. in diameter. At each revolution an electron gains about 400 
volts and makes about 250,000 revolutions while the field is changing. 
The total energy gained is therefore 400 X 250,000 = 10'* ev. The 
relativistic change of mass with velo('ity does not affect the operation of 
the betatron, since no resonance is involved, as in the cyclotron. 



Ki<;. 32.<>. Tlu* disk dyiianu). 


*32.4. The Disk Dynamo. One of the first electric generators wu.s invented 
by Faraday and is called the disk dynamo. The dynamo consists simply of a 
metal disk that can be rotated in a magnetic field about an axle perpendicular 
to the disk. Two sliding contacts, or brushes, one on the rim of the disk, the 
other on the axle, arc the terminals of the .souice of emf. The dynamo i.« shown 

in Fig. 32.6. The small section of the disk lying between the radii r 


seheniaticalb’’ 
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r + tir is nioviiif; in tlie field H with n vehieity v = wr, where w is the angular 
velrx-ity of the disk. The emf generated in the se<‘tion is 

f/r> = rdr 

1'he tcital emf between the two brushes is therefore 

b 


■ = /: 


liurdr 


where <i and h are tl>e radii of the axle and disk, resperf ively 
integral results iti 

V. = — (6- - O') 


(32.10) 


Kvaluution uf the 


(32.11) 


Dynamos of this type are lud praetieal machines since the emf that can be gen- 
erated is too small. 

Worked EsnmftU. \ disk dynamo rotate.s with a spee<l of .H.bOO rpm in a field 
of 4,000 gausses. The jadiiis of the disk is lO cm, that of the axle I cm. \Miat 
emf is generated? The fiehl in practical units is 0.4 wobcr/nr. The angular 

velocity 

w = j.Q iir = 120 t radians/.sec 


I’Vom Kq. (32.11), 

0.4 X I20ir 


8 = - 


( 0.0 1 - 0 . 0001 ) « 


0.4 X 1.27r 
2 


= 0.75 volt 


In emu, 


8 = X f>!> = 7.5 X 10' abvolts = 0.75 volt 


32.6. D 3 mamos. More pructieul electric generators can be made that 
utilize the emf induced in a coil rotating in a magnetic field. In the 
simplest case a coil of N turns, each of area .1, rotate.s in a uniform field 

, B about an axis in the plane of the coil, 

as indicated in Fig. 32.7. If d is the 
angle of rotation, the flux through the 
coil is 

= ^--1 cos 9 (32.12) 

The emf developed in the coil is therefore 

Fig. 32.7. A coil rotating in a „ xr \rT» i ^ / a\ 

IW.I. ® = ^ dt 








A 

W\ 


If the angular velocity of the coil is co = d9/dt, a constant, then 


6 = NBA(t) sin 9 
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If we ;u<sume that 0 = 0 at / = 0. then 0 = aiul tlie einf is 

8 - XHAo.' sin u)/ (;i2.l:j) 

The ein! is therefore zero jit / = 0 ami \ari(‘s as a sine ciunc. t(“^•e^siny; 
(lireetion eaeli half eyele. like tiu* displaeeinent in SILM. 'I'lie einf is 
lu'iiee called an olfcrnafintj einf. Tlie 
maximum value is 


and 


= XliAu} 

~ sin <jj( 


(:V2.i I 



I n:. 32-K. four-pale ncneiator. 


In or<ler to utilize this emf it is m*ces- 
siiiy to make contact with the coil, 'i'his 
is accomplished by metal rin«rs, called 
.slip ring^s, attached to the shaft. Tpon 
these rin^s are sliding contacts, usually 
of carbon, calked brushes. The emls of 
the coil are connected to the slip rings, .so 
lliat the eint is developed bi'twiaui the bruslies. 'I'o obtain a huge \alue 
of B the coil is wound upon a soft-iron annafurc. The frame of t lu‘ gener- 
ator is usually also wound witli firhl coils, through which a current is 
passed to excite the generator. In very small generators the fi(‘l<l is sup- 
plied by a permanent magnet. Most large generators have a more com- 
plicated field structure, with sev<*ral pail's of poles. A four-pole maclnm^ 
is shown scluMuatically in Fig. 32.8. The emf induced in the coil wound 

on the armatui'e A is zero at four 
positions in each rotation of the 
shaft , instead of tw’o as in the t wo- 
pole machine. The fre(iuency / of 
the alternating emf in a machine 
with n poles rotating R turns per 
sec is 



/• = - - = R 

• 27r 2 


(32.15) 


Fir.. 32.0. (a) D-r generator with a two- 

.scgmeiit commutator; {b) the emf pro- 

**'**^* *^' Thus a four-pole machine at a speed 

of 1,800 rpm prodtu^es an alternating emf of the standard frequency, 
00 cps. 

Direct-current generators are constructed with several coils, and the 
slip rings are split into segments that provide switching from one coil to 
another. The slip ring is then called a commutator. For each coil theic 
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is a pair of scKmonts on the commutator. For a single coil the arrange- 
ment as well as the variation of the emf with time is shown in Fig. 32.9. 

If two coils are u.<e<l whose planes are at right angles to each other and 
the emfs inducetl by the coils are connected in series, the resultant emf is 
as shown in Fig. 32'l0. The “ripple” in the emf is much reduced. By a 

further increase of thenumberof coils 



rpj)e'r <'urvo is .sum of 


lowtT two. 


and of the number of commutator 
segments a ratlier steady emf is 
obtained. 

The d-c motor described in Sec. 
29.10 is nothing morethanadynamo. 
The conversion of energj'- is from 
mechanical to electric energy in the 
dynamo. The motor performs the 
conversion in the opposite direction. 


*32.6. The Search Coil and Electromagnetic Damping. Hy the use of the 
induced end it is possible to measure a magnetic field. A small coil of A turns, 
each of ai'ca .1, is couuecded to a ballistic galvanometer. If the coil is removed 
suddenly from a nmgnetic field B, there is an induced end in the circuit and u 
cmrent i flow.s through the galvanometer. If H is the resistance of the circuit 
of the coil and galvunometei . then 


8 

R 




\ 

R dt 


NA dB 
H dt 


(32.16) 


'I'he total charge q that flows through tlie galvanometer is equal to the time 
integral of the curretd. or 


r AM [BdB SAB 


(32.17) 


if B decreases to zero. Since the galvanometer deflects an amount proportional 
to q. the field B can he determined by such a mea.sureinent. The coil can, of 
course, he siinplv tvirned over instcarl of removed from the field. In this case 
twice the cliarge flows througli tlie circuit. If the field B can be changed by some 
other means, the coil can be left stationarj*. 

In the calibration of a ballistic galvanometer for use with a search coil it is 
necesvsary to take into account another effect. As the coil of the galvanometer 
turns through its magnetic field, an emf is induced in it. By Fenz’s law the end 
will be induced in such a direction as to retard the rotation of the coil. Thus 
electromagnetic damping of the motion is produced. This damping is proportional 
to the angular velocity of the coil, as in damping of other sorts, and inversely 
proportional to the resistance of the circuit. Since the deflection of the galva- 
nometer per unit charge depends on the damping, a ballistic galvanometer must 
be calibrated in a circuit of the same resistance as that in w’hich it is used. 

Klectromagnetic damping is an important factor in the performance of nearly 
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all electrical instrunieiit.s. I’ivotetl-coil inotPt> often have the coil woiiixl on a 
lij'ht metal frame. The einf iiulnced in thi.'< .'Finnic dosed tvii ii ptovitles the danip- 
injj. (lalvanoineters are usually us(*d uitli shunt iesi>.tc»r.-« acros> the terminals, 
which <'an be adjusted for the optimum «-ondition of <lampinn. In most wotk an 
amount of dampiuK slightly less than that necessary for critical dampint: is desir- 
able. The current sensitivity of the galvanometer is, of course, altejed by the 
shunt. 

32.7. Mutual Inductance. The proc(*ss of induction provides a means 
whereby two electiic circuits can be eoupled tofjether. If the eurrent i\ in 
one circuit changes, the magnetic fiehl in the vicinity of the second circuit 
changes proportionally and an cmf £2 induced in the second circuit. 
The mutual iuductauev M-i\ is defined by 



d/, (It 


(32. IS) 


and is a measure of the strength of interaction between the circuits. 

Suppose, for example, that circuit 1 is a long solenoid of length I and 
A’, turns through which a current /i is flowing and that circuit 2 is a 
shorter solenoid of A ’^2 turns wound coaxially with the first and near its 
center. The flux through circuit 2 due to the current fi is, by Eq. 
(3().24«). 



where A is the area of solenoid 1 and 1:' the factor to take care of units. 
It will he recalled that, in the practical .system. /:' = fi,, 4ir and. in the* 
electromagnetic system. // = 1. If ii <'hanges. the emf in circuit 2 is 

^ j f lA 2*1 (ii\ 

' df 1 dt 


From the definition the mutual inductance is therefore 


,, , , ■iTrA'^iA 2-1 

M 2 1 ^ 

(32.19) 

In i)ra('tical units, 

,, NxN.A 

i»/21 ^ 

(32.20) 

and in emu, 

47rA^,AVl 

J/ 21 ^ 

(32.21) 
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l lu* praclu al unit of inductance is called the henry. From Eq. (32.18) 
a milt uni imlndance oj one henry exists between two circuits when an emf of 
one volt is proi/nceil in one circuit by a change of current in the other circuit 
of one ampere per second. The henry has the same dimensions, therefore, 
as one olmi times one second. The customary unit of p,, is expressed in 
terms of the henry; it is evident from Imj. (32.20), .since A^i and N 2 are 
pure numbei-s, that units henrys per meter. We see also from 

F>(j. (32.21) that in the electromagnetic system the unit of inductance is 
the centimeter. 

If the circuit 2 is a closed circuit with a current I2, any change in 22 
produces an emf 81 in circuit 1. The emf fh is similarly proportional 
to the rate of change of f2; therefore a mutual inductance can also be 
delined by the equation 

Mn = (32.22J 

It can !«• shown, although not simply, that in all raises 


.1/ 12 — -If'ji (32.23) 


In what follows we shall therefore drop the sulhscripts and write the 
mutual inductance simply as M. 

Since the fl»>x 1»2i tlirougli circuit 2 pr<iduced by a curr<*nt /j in circuit 
1 is proi)urtiona! to b, .1/ can also be expressed as 



A’2(d4>2i dt) 
di\ dt 



(32.24) 


or alternatively, because of Etp (32.23), 



N 12 
1*2 


(32.25) 


The mutual inductance between two circuits can be measured easily 
by a ballistic galvanometer. If the galvanometer is connected in circuit 
2. the charge through it is 



(32.26) 


where A i\ is the total change of the current in circuit 1. 

32.8. Self -inductance. .Ju.st as a changing current in one circuit 
produces an emf in another circuit, an emf is also produced in the circuit 
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in whicli the (Mirront cliangcs. 'Phc majjnitmJc 
the shape of the eireuit and the value of di/dl. 
defined by a relation similar to Kip (32.18), 


of the einf depends on 
'riie s(’lf-induct(iiic.c L is 



8 

di d! 


(32.27) 


'I'he negative sign in this ecpiation ai'ises Irom the fact that 8 is a nmnhr 
einf. By Lenz’s law the direction of 8 is such as to oppose the cliange in 
current, 'riuis. if the current increases, <//, ; 

is positive, and 8 is negative. 'I’he units of o 
self-inductance L are henrys, the .same as for 
mutual inductance. By analogy with Kqs. ° 

(32.24) and (32.25), L can also be written as ^ 




\ 


_ 

I ^ 

2 


(32.28) P'lo. 32.11. Circuit symliols 
for iiuluct.'inces. 


The self-inductanee of a long solenoid or a toroid can be calctilated 
from Eq. (30.24a), 


4. = C .1 


and therefore 


L = A 


, 47rA^^4 

I 


(32.29) 


In emu, A' = 1; in practical units, A' = and 

.VVl 


L = 


Mo 


I 


(32.30) 


r 


A coil possessing appreciable self-inductance is called an inductor, or an 

inductance. It can be represented in circuit 
diagrams as shown in Fig. 32.11. The sym- 
bol for two coils with mutual inductance is 
also indicated. 


E 


Jims 

L 


*32.9. The Growth of Current in an Inductance. 
It is of interest to study in more detail the retard- 
ing action of the counter emf. Let us consider a 
simple circuit consisting of an inductor of induct- 
ance L, a resistor of resistance R, and a batteiy 
of emf F in series with a switclj, as in Fig. 32.12. The value of R is meant 
to include not only the resistance of the resistor but also the internal 
resistance of the cell and the resistance of the coil Tinth inductance. I..et us 


l-VV\^ 

R 

Fig. 32.12. A circuit with 

indnctanci*. 
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suppo.'se that the switcli is closed at I = 0 and no flirrent is flowing before the 
switcli is closed. At any time the total emf must be equal to the iR drop acros.s 
the e(iuivalent rc.'jistor, or 

/:; + £ = iR (32.31) 

From K<i. (32.27) the v.aluo of S can be substituted, and with a rearrangement of 
terms, we ha\ o the differential e{|uation for the current, 

j • 

h T. + /i** = A’ (32.32) 


'I'he variables can be separated in this 



Fio. 32.13. The growth of current in 
an imhictancc. 


eiptation, and 

di dt 
E - Ri~ L 

Multiplication of both sides of this equa> 
tion l>y —R and integration result in 

In {E - Ri) = -Rt/L + In A 

where In .1 is the constant of integra- 
tion. In exj)onential form the relation is 

K - R{ = 


The constant .1 is determliuvl by the initial condition, t = 0, f = 0; hence 



The value of i can therefore be written as 

F 

i = (32.33) 

which is the solution of the ditTerential equation. We can see that t increase.s 
from zero and approaches a steady value E/R for large values of t. A graph of i 
vs. t is shown in Fig. 32.13. At the time t = L/R the current is within 1/e, or 
37 |>er cent, of its final value E/R. Tliis time is called the time constant of 
the circuit. The variation of the current through an inductance is therefore 
very mucli like the variation of the i>otential across a capacitor charged through a 
resistor. 

The power relations in thi.s circuit are also interesting. The batten,' is supply- 
ing power at the rate Ei, and this, by Kq. (32.32), is 

1 • 

P = Ei = U-^ + Ri^ (32.34) 

The last term on the right represents the power dissipated in the resistor, and the 
fii-st term on tlie riglit must therefore be power supplied to the inductance. The 
inductance is storing energ>', and this stored energy W is growing at the rate 
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given by 


d\y _ M 

dt " dt 


{32.35) 


The total energj’ can he fount! by integrating this; and since U — 0 when i — 0, 

II' = (32.3(i) 

The energ>' U' can be tliought of as storetl in the magnetic field surrounding the 
ind\>etance. It reai)pears and is given back to the electric circuit when the ciu- 
rent decreases. If the switch in Fig. 32.r> is opened after a cunent i i.s estab- 
lished, the energ?' in the magnetic fielt! partly rea])pears in the spark matle when 
the circuit is broken. 

*32.10. Inductances in Series. If a circuit contains two ct>ils of inductances 
Li and Lj, respectively, the rcvultajit inductance of the coils connected in series is 
simply the sum of the indi\'idual itnluctances, pnnided that the mutual induct- 
ance .1/ of the two coils is negligilile. If M cannot be neglect etl, then tlie resultant 
inductance can be found from a conshleration of the emfs induced. Let us call 
the induced enif, in coil 1, 8i and the currents in the coils Ji and i\.. Then 


fii - Li .. ± M 


(32.37fi) 


where the ± sign must be used since the windings of the two coils may 1)C in the 
same or in opposite directions. Similarly, for coil 2, 


(III (Ji'* 


(32.37/0 


The total emf is the .sum £i 4- 8- if the coils are in scries; and the currents must 
be c(nial, I'l = i;- = i. Hence 

* ^ d * 

8i + 8'j = (L\ + Ls + 2.1/) ^ 

and the effective inductance L in 

L = L. 4- 1.2 ±2.V (32.3S) 

*32.11 The Fundamental Equations of Electromagnetism. We are now in a 
|)osition U) summarize the laws of electricity and magnetism. The stiidy of 
electromagnetism is tlie study of the forexis between charges, both at rest and 
in motion. Charge is an imlestnictible quantity, and conservation of charge is a 
fundamental principle. The forces between charges are described in terms of 
two fields, the electric field E and the magnetic field B. The force due to the 
electric field on a charge q‘ is 

t\ = q'E , (25.1) 

and the force due to the magnetic field, which depends on tlie velocity v of the 
cliarge, is 

p., = q'vB sin tj> (29.2) 

The total force on the charge g' is the vector sum of Ft and Fn. 
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'I'tie lioUls E aiul B are produeed liy ntlier diaries at rest or in motion. The 
«.|ortric field is detorminerl by C’onlomh’s law [Kq. (25.3)) or by the equivalent 
expression of C'ouhnnb’s law, (Jau.ss’s law, 


( IC cos 9 d.\ = dfl* kq 


(25.9) 


A similar law must hold for the magnetie field. Both E and B are forces per unit 
charge that are inversely prtip'>rtional to the s<piarc of the distance to the electric 
.-haiKC or to the magnetic charKC (pole). Since no i.solated magnetic poles 
(charges) exi.st, the lines of induction B must form closed curves (Sec. 30.5). 
Within at.y surface the magnetic charge must therefore he zero. Hence we ca>i 

write 


L 


.surfiK'u 


li cos Q d.\ = 0 


(32.39) 


uhich corresponds dire.-tly to Kcp (25.9). Kquation (32.39) is not sufficient, 
Imwever, to (hderinino the values of H, l)ut wo must utilize .\mp6re s law 


dli = k’ 


i dl sin 6 


r- 


(30.1) 


If the magnetic field changes witli time, an electric field must be present also. 
The magnitude of the electric field has been expres.scd in terms of the emf £ in a 
closed cir<‘uit by Kaiaday's law, 


£ = - -iT 


Tt 


(32.S) 


In a completely analogous way an electric field that changes with time produces a 
magnetic field' liquation (30.1) is coirect only for .steady currents that do not 
change with tinm. If the currents, ami hence the electric field, vary with time, 
an additional term must be added to Kc]. (30.1); and we can w’rite it as 


,,idiA\\\e , , f 

(Ui = k + contnbijtions from 


•> 

r- 


(32.40) 


'I'he existeiu'c of a magnetit* field produced by a ('hanging electric field was fij-st 
recognized by .1. (’. Maxwell ( I.s:H-1.S79), an Kngli.sh physicist. 

The electric and magnetic fields, or the elcctromagfietic field, is thus determined 
by the four relations, l-qs. (25.9), (32.39), (32.8), and (32.40). If the fields are 
known, the forces on the charge q' can be calculated from Eqs. (25.1) and (29.2). 
Tlie four c(iuations tliat determine the fiehls are known as Maxwell's equations. 
Maxwell was able to prove from tlie.se e.xpressions that electromagnetic energy 
can exist in free space without the presence of charges or currents and that the 
fields are oscillating and wavelike in nature (sec Sec. 39.2). This electro- 
magjietic radiation is Identical with radio waves, light waves, and gamma rays 
(Chap. 50), the only difference being the frequency of oscillation of the fields. 
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PROBLEMS 

1. A wire 1 meter ImiR is movinn in a inannetir field of 1 weher in=. as shown iii 
Fig 32 1 with II veloeitv of 1 cm sia-. \\ hat is the eiiif jiroiioeed . 

2 Oiie end of tl.e wire in Proh. 1 is fixed ami the other end moves in a eirete, in a 
plane perpendienlar to the n.agnetie Held, with a veloeif y of 1 ein see. ( aleulate th,- 

3 It is dosiml to ninkc a l^Hatroii produce^ olortroiis with a ninxtimim riu‘rn> o1 10 
Mev ami a veloeity of r. What magnetie field ami what radius of path eould !..■ use.l? 

4. Apply Leiiz’s law to Hml whieh terminal is po.sitive in the disk dynaino ol 

’^6 \ two-pole gem-rator has a field of 8 , (MM) gausses ami runs at 3,(i(M» rj.in. How 

mniiv turns must be on the armature of area 20 eiu* to produee a iiiaxinium end of 
% 

100 volts? . , 

6 \ rei tangular eoil is rotating in a magnetie field about one side as an axis. 

Find the end indueed in the eoil from Kq. (32.3). and show that this agrees with K,i. 
J 30 j3) 

* 7 . Aseareh eoil of2em*area and IlM) turns is removed from a fiehl of 1 ,0(M) gausses. 
How inuel. ehaige flows in a eireiiit <d 10 ohms resist} eonneeted to the eoil? 

8 . What is the relation between 1 henry and 1 emu of induetanee? 

9. What is the self-induetaliee of a solenoid 1 m long, wouml with l.(MM) turns, 

1 ‘m'h 2 <‘in in iliaineter? 

*10. Suppose that the solenoiil of Prob. 0 is regarded as two eoils that are eonneete.l 

in series, find the imluetaiiee by means of Kq. (32.38). 

*11. A large eleetroinagnet has a time eonstant of o see and resistaiiei' of 10 ohms; 

what is the imluetanee? 

*12. An /?/. eireiiit Ims a time eonstant of 0.01 .see. How long does it take the eurreiit 

to attain 90 per eent of its final value: 99.9 per eent? 

*13. .\n imluetanee of 20 millihenrys earries a eurrent of 1 amji. How miieh energy 

is stored in the imluetanee? 

14. A eopper rod is plaeeil within a i-oil. Kxplain why the imluetanee of the eoil 
is rocIiM'C'cl. 

*16. .\fter a steady eurrent i« has been established in tin- eireuit of Fig. .12.12, the 
emf of the eell vanishes so that the eireuit beeomes simply an induetanee ami a 
resistaiiec in series. Show that the eurr<-iit decays aia-ording to i = 



CHAPTER 33 

THE MAGNETIC PROPERTIES OF MATTER 


*33.1. The Magnetic Vectors. \\‘o linve alre.-uly introduced three vector 
(inaiititios to dcscrihe .a magnetic field — tlie niagneti<* induction B, the intensity 
of magnetization I, anrl the magn<*tic intensity H. The magnetic state of matter 
is desctil>e(l l>y the vector I, whicdi reprc*sents the magnetic moment per unit 
volume of the material. It will be rtM-alleri that I can al.so be expressed in terms 
of magnetii- j)oles or in terms of a s»>rface current den.sity (Sec. 31.3). In free 
space, I is zero, and B and H are related by the simple equation 



(33.1) 


where A' = ^ia -iTrandA-" = l/'-br in practical units: in the electromagnetic system, 

A' = k" = 1. Within matter, Kq. (.3.3.1) is no longer true; the surface currents 
flowing on the matter (or we can e(pially well sijy the magnetic pole.s) ul.so con- 
trilmte to the field B, ami their contribution mu.st be taken into account. P'or 
this puri>ose lot us consider the simple cause of a toroidal coil that is wound upon a 
ling of the material umler discu.ssion. The ca.se is a sin'.ple one because the 
mateiial has no ends where free poles can exist. If an additional small coil is 
wound over a portion of the toroid and connected to a galvanometer, then the 
galvanometer deflections are proportional to the changes in B witliin the coil and 
B can be measured. Sindi an arrangement is known as a Howland ring, after the 
.\merican physicist A. II. Howl.'intl (1S4.S-1901), who used it e.xtensivelv. 

Within the ring the field B is everywhere uniform and consists of one part aris- 
ing from the current in the coil [Kq. (.30.2s)] and another part arising from the 
surface currents in the material of th<‘ c»>re. Hence the total field is 


B = k' X 47rj -f k' X Airj. 


(33.2) 


We have seen in Sec. 31 .0 that H in free space w.a.s the force on a unit pole. In a 
magnetic mojiium H is defined as the fiehl that arises from actual currents and 
poles only, with exclusion of the surface currents. The field B includes thesurface 
currents. 

The magnetic intensity H within the ring arises only from the current in the 
coil since there are no poles present to contribute. The quantity H has the same 
value in the coil as if the core were not present, and its value is simply obtained 
from JOqs. (30.2S) and (33.1) as 


]f = A-" X 47rj 

Therefore the field B can he written for this particular case as 

B = H -K k" X 47rl 


(33.3) 


(33.4) 


444 



Sec. 33.2) 


THE magnetic PROPERTIES OF MATTER 


445 


where Kq. (31. N) l>;is lieen employed. AIiIioukIi we have considered 
toroidal coil. Kq. (33.4) rtitnstnUi a (/cmml nUdion mu! t.s ahvaijs true. 

In (he elo<’troinagnetie system of units. B is l!;i^•en hy 


tiuly 


a 


B = H + TttI emu 


(33.")) 


and in the praeti<-al sy.stem of units 


B = fi.,H + I 


inks 


(33.f)) 


*33.2. Susceptibility and Permeability. It is customary to think of tlie vector 
H as the “cause” of tlie intensity of mafinetization I of a .substance, altijoufili all 
that can ho ohserved eN]K*rimentally are the relations l^etween I ami H and 
between I ami B. For many substances. I is indeeil proi)ortional to H within 
the accuracy of the observations. The c(u;stant of proportionality is called tlie 
magnetic susceptibiliiij x material, and theicfore 


X = / // (33.7) 


In terms of x. (33.4) can lie written as 

B = (p + k” X 4^) H 

and the combination [{k'/k") + k" X 47rxl is called the permeahiUty p of the 
medium; hence 

It = pH * (33.S) 

and 

'* = (r- + *■" ^ 


In practical units, k' = /io/47r, k” — 1/4t, and Eq. (33.9) becomes 

p = pi, + X 


The susceptibility x j)erineability p aie measured in the same units as 

juo, that is, in heniys per meter. Since x = 0 .space, the (juantity po is 

sometimes called the “ permeability of free space.” A third quantity is also used, 
I.C., the ratio of p to po. This is called the relative permeability p,, and 



(33.10) 


Tile magnetic properties of a material are therefore .specified by any one of the 
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ihiw cjiiaTititifs x. M, o«' Mr- Tliesc <|imntities arc related by the etjuation 

/i = Mo — X =MrMo (33.11) 

I It thf t It t'troiiuigiu'lir xij.slt tfi of units, k' = k" = 1, and Kcj. (33.9) becomes 

M = 1 + 

Since M tlimensMuilevs and since the jicrmeability <>f free space is unity, the 
pet nieubility is etpjal to Hr- 

li 


ir = 1 + 47rx = 


// 


eimi 


(33.12) 


.'Since tlu* value the relative permeability fi, is independent of the .system of 

units, we can use it to find the relation between the su.'sceptibilities in the inks and 

emu svstenis; thus 
% 

X (inks) 


or 


= 1 + 47rx (emu) = 1 + 

X (mks) = 47rMoX (emu) 


Mo 


(33.13) 


X 



These relationships are very similar to those involving tlm electric .susceptibility 
ami tlu* permittivity of a dieh'ctric medium (<’f. Sec. 2t».2). 

*33.3. Diamagnetism. 'Die maunetic properties of all substances are the 

result of electronic motions within 
the atoms of the material. A mag- 
netic moment may arise from a variety 
of phenomena, depending on the ma- 
terial. One plienoinenon that is uni- 
versally pre.sent ari.ses from the intlucerl 
emfs in the atomic circuits. Suppose 
an electron is revolving in a circular 
orbit as indicated in Fig. 33.1. If the 
electron is traveling clockwse as 
shown, the conventional direction of 
the current in the elementary circuit 
is counterclockwise. Now suppose an 
external field B, extending into the jiaper, is then ajiplied perpendicular to 
the orbit. The fiekl B indicated does not include the field, outward from 
the paper, produced by tlie motion of the electron. During the growth of the 
field B from zero to its final value an emf is iirduced in the elementary circuit. 
My Ijcnz’s law this emf is in the counterclockwise direction, and the electron is 
speeded up in its motion. The larger speed of rotation results in a larger field 
piwlm-ed by the electronic motion, and thus the total field is reduced. If the 
electron traver.ses its orbit in the counterclockwise direction, then the application 
of the field reduces the electronic speed and again a change of field is produced to 
oppose B. If the substance contains electron orbits oriented at random, the 
total magnetic moment vanishes in the absence of an external field. The induced 


X 


Fi(i. 33.1. Ati in a B. 


X 
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(‘tiifs in the oihits nil tornl. however, to proriiice a <-liari>r<* in flic tuf>inc'nt> ot tli<‘ 
»)il)its sin-h us to oppose the applied field. The iwt lua^iiudie nunuent piudiiced is 
tugafu'c. that is. in the opjxKsite direction t<* li. 

Since a nejiativo maunc'tic- moment is j)r<»rUiced by imluctiini, I is directed 
op[)ositely to B, and hence also to H, ami the susceptibility x i?^ tiejfative. W lien 
no other mechanisms are operative, the sulistance is called <li<niiiiijinii<\ It x 
negative, then pr is less than 1 and p is less than p„. Diamaiitietic elTects are 
usually (piit<* small. Sample values ai<- shown in 'I'able dd.l. The matiiiitude oi 
X dep(*nds piimaiilv on the areas ot' the eU*ctron orliits. It tlie ai<‘a i> larue. a 
larfie emf is induced and tlie sus<eptibility is lai«e. Sime many ot the oiliits 
aie <leej» within the atom, and therefore unalTected by heat motions o| the 
molecules, tliere is no larne change <jf iliamagmdic su.<c<*ptibilit>' with t<“mpeiatur<‘. 

When a bar of ilimnagnetic material is phu-ed in a magnetic a tor<pn5 

is e.xerted tlmt tends to set the bar at right angles to the field sinc(‘, it can be 
shown, iji this jmsition the energy is a minimum. From tins phenomimon tlie 
name is deiived. the prefix din meaning '‘ai'ross," 

*33.4. Paramagnetism. In s<nne materials the diamagnetic effects are 
e.vceedod by othei-s, which luoduce a positive magnetic moment, thus making the 
resultant susceptibility juKsitive. Such behavior is called pornnirupuli'r. Fach of 
tlie electron orbits in a substance has a magnetic moment and consetiuently 
e.xperieiices a birque when a field is applied just like the coil of a galvanometer. 
If the orbits arc free to turn, then there is a tendency for the nmments to align 
themselves with the field. This alignment is retarded by the thermal agitation 
of the atoms, and except at vejy low tem|K*ratures the net magnetic moment 
produced is verv small. A pnrnnuigintic rod tends to set itself /uirolhl to the 
lines of magnetic field. Some values of j)aramagnetic susi-eidibilities are given 
in Table 33.1. 


Table 33.1. ]’ah/es of the .yfagnefir Susreplih'liti/ 


Sulislaiicc 1 

'l'«-mp 

X ('emu) [ 

X 'inksi liniry 'm 

Mr ~ ' 

Hisrinith • 

18 

-l3XlO-« 

-21 X 10-“ j 

- 17 X 10-^ 

('arlxui (iliniDond ) ' 

20 

- 1.8 

- 2,8 

- 2 1 

Copper 

18 

- 0 8 

- 1.2 

- 1.0 

Silv<‘r 

18 

- 2.1 

- 3.4 

- 2.0 

Aluiniriutn 

18 

1 .0 

2.7 ' 

2,2 

Iron ammonium alum . 

- 2:)8 

1 .030 

1 .020 

1 .290 

Iron ammonium alum 

17 

.^3 

84 

07 

( 'iipric chloriflo 

18 

29 

40 

37 

Vvrrii* chloriclo 

20 

240 

380 

300 

Oxvgeii, liquitl 

-219 

349 

.)50 

438 


The magnitude of the susceptibility depends i)rincii>ally on the freerlom of the 
orbits to turn. Within a single atom the electron oj bits are usually arranged in 
oppositely revohnng pairs, and hence the magnetic moments cancel. The 
resultant magnetic moment of an atom is produced by only one or two outer 
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(‘loj-tioiis not rcvolviriK oppositely. The net magnetic moment of the atom then 
changes its direction as tlie atom as a whole rotate.s with energy of thermal 
agitation. The susceptibility increases with decreasing temjjeraturc since the 
eiiergy of agitation i.s decreased. Most substances show a variation of the form 


.1 _ 
^ “ r + To 


(33.14) 


A\here .1 and 7’o are empirical constants and T is tlie absolute temperature. For 
most substances, x indei)etident of the field II. There are a few materials in 
whic-li, at low tempra-atuies and high fields, x clccreases as II increases. 

In an atom the electrons not only move iii orbits about the nucleus but also spin 
lik(* small toi)s. I0acl» electron thus has a magnetic moment. Just as the electron 
orltits aie ai ranged in paii-s with no net magnetic moment, so the a.xes of electron 
spin are jjarallel and in opposite directions by pairs. Unbalanced spin magnetic 
monuaits do contribute, however, to the paramagnetic susceptibility in the same 
way as do the orbital moments. Atomic nuclei al.so possess magnetic moments, 
l>ut these are too small to have an appreciable effect on the susceptibility. 

*33.6. Ferromagnetism. Iron, nickel, cob.alt, and a few alloys whose con- 
stituoids are only weakly magnetic show values of the relative permeability fi, 

that are ver>' much larger than unity. 
These substances are called ferromag- 
iielic. Ill addition the susceptibility 
and permeability are not constant but 
vary over large ranges as the field H 
is varied. If a sample of soft iron, for 
example, is initially unmagnetized and 
then subjected to a steadily increasing 
field intensity II, the values of B and 
I vary as .shown in Fig. 33.2. The 
curve of B vs. H is called the rnagneti- 
ztilton curve of the substance. The 
permeability, the ratio of B to H, is the 
.slope of the line drawn from the origin 
to a jxiint on the magnetization curve. -\s II increases, the permeability thus 
increases to a maximum value at the field corresponding to the point where the 
line to the oiigin i.s tangent to tlie magnetization curv’e (line .1 in the figure) and 
then decrea.'ics again. From the figure, the maximum permeability occurs for 
II = 110 amp m aiul B = 0.0 weber/m*. The maximum value is therefore 
Mmai = O.b 110 = 0.00.54 lienry, in. The maximum relative permeability is the 
ratio of to go, or 

_ _ 5.4 X 10~^ _ 

Mo 1.26 X 10-’^ ’ 

Over the range of value.s of II shown in Fig. 33.2 the value of I is not appreci- 
ably ilitTerent from that of B. The susceptibility x (mks) is therefore equal to the 



Fio. 33.2. .Magnrtizntioii »Mirvi‘ of soft 
inm (inks units). 
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porineal)ilitY n- For lurfser m:if;netic intensities, I apprnaelics a constant value; 
the flux (len.sity Ji continues to increase .•slowly, liowever, as II increases. In this 
range of II tlio iron is sairl to he soturalal. 

In ferromagnetic materials tlie elementary circuits respon.<ihle for magnetiza- 
tion are the spinnijig electrons in the material. hen II is sufficiently large tliat 
all the axes of spin of the electrons are pointed in tlie same dire<'tion, saturation 
occurs. Ferromagnetic materials differ from i)aramagnetic rjnes chiefly in the 
ease with which the alignment of electrons occurs. In ferromagnetics the heat 
motions in the sul)stance also prevent 


Curie point 



Fio. 33.3. 


200 400 600 800 1000 
Temperature 

The saturation magnetiza- 


tion ill iron vs. temperature. 


perfect alignment of the elec-tron spins, 
and a higher vahie of I at .saturation is 
obtained if the material is cooled to a low 
temperature. .\t temperatures aliove 
room temjieratuie, smaller and smaller 
saturation values are obtained until, at a 
rather sliarply defined temperature, the 
substance ceases to be ferromagnetic and 
becomes i>aramagnetic. This transition 

temiierature is called the (hrriV fci/ipmr- 

liirc. Figure* 33.3 shows how the saturation value of I changes with Tin iron. 
The Curie temperature lies at about /t)0°C . The tninsition at the C ui'ie tem- 
perature is similar to phase change.s (changes in crystal structure, for exam]>lc) 
that take place in other materials. A latent heat exists, and the specific heat 
shows anomalous variations (see Sec. 1S.2). These jrhenomena have been 
called collectively nmhsccnn- (Ijitin enUre, to be hot). The jiresence of tliese 
anomalies is easily made evident by observation of an iron wire heated through 

the ('urie temperature. 

*33.6. Hysteresis. If an unmagnetized 
sample of iron is slightly magnetized liy 
currents flowing near it. the imluction li is 
given as a function of II by tlie magneti- 
zation curve of Fig. 33.2. If the magnetii; 
intensity is now decreascfl, the imluction 
does not decrease along the magnetization 
curve but follows a new curve, as indicated 
in Fig. 33.4. The induction depends, there- 
fore, not only ujuin the value of // but also 
upon the previous state of magnetization. This phenomenon is known as 
hysteresis (see Sec. 4.6). Even when the field H is reduced to zero, tlie 
iniluction has a large value indicated in Fig. 33.4 as Br. This value of the 
induction is called the remanence, or retentiviiy, of the material. The material 
is now a permanent magnet. Such a magnet is not really permanent, since the 
application of a field II in the reverse direction, showm as a negative value of II in 
the figure, causes the induction to decrease and come to a zero value when 
H = This value of the field // is called the coercme/orce. A good material 


B 


lie 

H 


Fio. 33.4. Ueinancnce B, and 
coercive force Hr. 
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f«ir :» pfiinjinont inajitiet i.s one in which B, and He have larf^e values. In mild 
steel, for example, li, = 0.9o weber m* and Jh = 3,000 amp/m; in a special 
alloy of iron, nickel, cobalt, ami aluminum, Alnico 5, desiKne<l to be used for 
permanent magnets, Br = 1.25 weber m* and //, = 44,000 amp, m. 

If the value of If oscillates between two extreme values, as when an alternating 
current i.s applied to a magnetizing coil, B traces out a ki/sleresis loop such 
as tliat shown in Fig. 33.5. It is frequently <lifficult to obtain a ferromagnetic 
material in which B is truly zero. Two methods are po.ssible. A series of 
hysteresis loops can be traced out with sueeessi^•cIy smaller extreme values of //. 
The successive loops wind closer and closer abmjt the origin, and B can be made 
(piite small. The second methorl i.s made evident in Fig. 33.5. If // is brought 
to zero when the .state of the magnetic material corresponds to a certain point A, 
on the reverse si<le of the loop, then B travels along the dashed curve to the origin. 
It is apparent that permeability and susceptibility lose much of their signifi- 
cance when hy.steresis is encountered. 
Thus, at the point a in Fig. 33.5, B/H has 
an infinitely large value; and over the seg- 
ments of the hysteresis loop from a to 6 and 
r to d, B/ 11 is negative. Hysteresis is not 
the only phenomenon that lifiiits the use- 
fulne.ss of the concept of j>crmcability. In 
large crystals of iron, or in sheets of iron 
alloys that have been rolled, it is possible 
that B and H do not even have the same 
directi<»n. Kven in these complicated cases, 
however, lOq. (33.4) remains true, and the 
ve<‘tor B is obtained by taking the vector 
.sum of (A-', k“) H and {k" X 4ir) I. 

.\n important consequence of hysteresis effects is that heiit is produced in a 
ferromagnetic material as the result of a .sort of friction in the magnetization 
pr(M*ess. 1'his heat energy is produced at the exj)en.‘5e of the electric energy used 
to magnetize the s})ecinjen. The amount of heat developed can be calculated. 
Suppose we have a toroi<l of mean circumference / and cro.'ss-sectional area A, 
wound with .V turns of wire. If the current in the winding is increased from i to 
I + di in the time dl, there is a change in flux = A dB through the winding 
and an induced emf arises equal to 




The power I* neccssjuy to magnetize the specimen \sP = Si, and the energy dW 
sui)plicd is I* dl. Combining these relations, we have 

dll' = Sidl = Nid^ = XiA dB 

The magnetic inten.sity H is given by 

H = it" A-* 
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dll' = AUI (Hi k" = VII (Hi k" 


wliere 1 is the volume of the toroifl. If a hysteresis loop is traced out, /// (Hi 
taken from the maximum t<t the minimum value of li and hack a«ain d<K‘s not 
equal zero hut is ocpial to the area of the hysteresis loop. The total enettiy li 
that must he supplied is therefore 



(V/k") [ H , Hi 

/loop 


(;«.io) 


Steininetz has ^iven a u.seful em])iiic*al relation from which the enerjjy lo 
found. His equation is 

ir = « 


can he 


whore R is an empirical constant. 

*33.7. Ferromagnetic Domains. As alrea<ly stated, the magnetic i)n)perti(‘S 
of ferromagnetic materials are tlie residt of the maunetu- nnunents o) the spinninn 


electrons within the material. Not only aie these 
electrons acted upon hy applied e.xternal holds, Imt als4» 
each electroii is in the magnetic Meld of all the idlier 
electrons in the ferromagnetic body. The internal 
field at any one electron is usually very much larger 
than the applied external field. Moreover the direc- 
tion of the internal field is always such as to make the 
moments of the electrons align with one atmther, and 
we shouhl exijcct tliat the ferromagnetic material 
w’ould always he magnetized to .sjtturati<)n. This is 
actually the case! A piece of iron when unmagnetized 
as a whole is inarle up of a collection of doninius, as 
they are called, each domain consisting of lO** to 10‘^ 
atoms. Each domain is magnetized to saturation: hut 
the directions of magnetization of the separate domains are all different, ami the 

resultant magnetization of the iron is zero. 

Wlien an external field Is applied, several processes take place. At low fields 
the directions of magnetization of those domain.s that are almost lined up with the 
field are slightly changed to more nearly e.xact alignment. In arldition those 
domains tliat are favoralily oriented grow in .size at the expense of unfavorably 
oriented ones. The region of the magnetization curve where these effects pre- 
dominate is the portion that i.s concave upward at the foot of the curve (below 
II = HO amp m in Fig. 33.2). The sharply rising portion of the magnetization 
cun'e where the permeability Is high (between // = HO amp/m and 200 amp/m) 
is characterized by sudden complete reversals of the direction of magnetization 
of the domains. If a small portion of the magnetization curve in this region is 
examined with care, it is found to consist of a .series of discontinuous steps, as 
shown in Fig. 33.0. The steplike increases in li repiesent the reversal of single 
domains. This effect is known after its discoverer as the liarkhauiseii effect. It 



I H 

KifJ. 33.0. Portion of 

innKH ot i ion tMi r vo 
showine Harkliaus<*n 
offt'ct. 
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can 1)0 «!oinonstiato(i easily by connecting headphones to tlie output terminals of 
an amplifier whose itjput terminals are connected to a .scarcli coil surrounding the 
magnetic specimen. The smlden <*hangeH in li j)roduce clicks in the headphones. 

In the liigh-field region (above // = 200 amp.'m in Fig. 33.2) the increase in 
tnamictizati<ni is accomplished by tlie rotation of the direction of magnetization 
of cat’ll tiomain as a whole until the domains are all aligned when saturation is 
reached. 


The magnetization of a ferromagnetic material is accompanied by changes in 
the size of the specimen. This phenomenon is known as magnetostriction. 
.Mtliougli the ph(‘tionionon is not well umlerstoofl, it appeals to he intimately 
eoimectcd with all tlio ferromagnetic phenomena. Magnetostriction is utilized 
in oscillators which generate ultrasonic waves. 

*33.8. Iron-cored Inductances. In Sec. 32.S the inductance of a long solenoid 
with no core was calculated, \^'e wish now to find the inductance of a solenoid 
wouml on a magnetic cure, liy hap (32.2H) the inductance can be found from the 
expression 



( 

(32.2«) 

'Flic flux in a core of pc 

I'liieability n is 


and since 

= /M = tiHA 

• y • 

// - 4tA-" 

V- 1 

L = Airk-'n ■ ^ 

(33.17) 

'Fhls result is the same a 
k"n. If we write 

s that for an air-eore imluotance \\'ith k 

replaced by 


I k' 

/^O — A 1 


then 

I ^■’>7 7 

(33.18) 


The relative permeability n, of a medium is thus equal to the ratio of the induct- 
ance of .'i solenoid wound on a core of the medium to the inductance of the solenoid 
witli no coi’c. It will be recalled that in a similar fashion tlie specific induc- 
tive cajiacity is eijual to the ratio of cajiacitance of a capacitor containing a 
(iielec’tric to that of the capacitor without the dielectric. 

We can now rlerive an expression for the energj' density within a magnetized 
material. The stored energy In an inductance, derived in Sec. 32.9, is 


ir = 

By substitution for I. from Kq. (33.17) we have 


(32.36) 


1 


-V2.4 


b = .) k''n X 47r = 


1 1 (Airk"\iY 

2 ^ 47rA-” \ / / 


Al 
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The qiumtity *T/ is the volume of the niMniietif material, au<l 

// = 4.A- 4-' 

Hence, since li = till, tlie eneiKV «lensity is 

11' I till- 1 ni! \ }i‘ 

M ~ 2 4irA'' “ 2 47rr' ' 2p X 47rA" 


(33. H)) 


If a ferromajinctic mateiial is u.-^ed a.s the core <)f an inductance, tlio value of n 
to he used in Kq. (33.17) is uncertain. Hi fart the imluctam-e of a siihmoirl \\ ith 
an iron core is not a constant hut depends on the current i through th«‘ soleiu>id. 
Neverthole.s.s inductoi-s witli iron cores are used in many applicati<iiis. Foi' 
example, to conti-ol an alternatini; cunont through a jesistive load, such as a hank 
of lamps, a variable indindor is used in series with the lamj).s. 'J'he counter einf 
induced in the inductor results in a reduction of current. A .seconrl a|)plicution 
of iron-cored indindors is their tise as elements iit circuits to redm-e a small alter- 
natinj? current sujierimjiosed j)n a laiKer tlirect <-urrent. Imluctors for such 
purposes must therefore he used with the projier direct current to «)htain tlie 
specified inductance. 

*33.9. The Magnetization of Short Specimens. In most of the jnecedlnn 
sections we have considered onlv <‘ases where the magnetic nniterial is in the form 



Fig. 33.7. The comj>oin*nt.s of // <hic to the solenoid (.solid lines) and due to the 
poles (dotted lines). 

of a long rod surrounded by a uniform magnetizing winding or in the form of a 
toroid. The contribution of the polc.s at the ends of the specimen to the value of 
H is zero in a toroid, since there are no free poles, and in a long rod the ends are 
so far away that the effect they cause is negligible. If a short bar of a fei-ro- 
inagnetic material is placed in a uniform field, for example, within a long solenoid, 
the situation is more complicated. The vector H is made up of one portion aris- 
ing from the current flowing in the solenoid and another portion arising from 
the free poles at the ends of the sjiecimen. These two poj-tions of H are indicated 
in Fig. 33.7. The solid lines represent the uniform field arising fiom the current 
in the solenoid. The dotted lines represent the field from the poles at the ends of 
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tlio iimKnetizcd .spccinion. The held of the poles is not at all uniform but varie.s 
cnnsiilerahly over the length of the bar. If the pole strength is appreciable, the 
resultant of the.-^e t\v<) i)ortions is not uniform over the specimen. Corrsequently 
the .specimen is not uniformly magtietize«l. It should be noted that within the 
specimen the held of the poles is oppo.site to the field of the solenoid. -The poles 
thus produce a demagnetizing cfFe<‘t. 

In one case the demagnetizing effect of the j)oles can be accurately caleulaterl. 


If the specimen is an el!i|)soid, or a sphere in a special ease, the magnetic charges 
distriliute themselves over the .surface in su<’h a way that the field H within the 


specimen is unifoiin, 


although less than the field of the solenoid alone. 


PROBLEMS 

1. What arc the values of the constants .1 and ToCtf F'.q. (33.14) for the iron anuno- 
nium alum li.'itcd in 'I'ablc 33.1? 

2. Using tlw data of Fig. 33.2, plot the variation of m witli H for soft iron. 

3. What arc the values of the remancnce an<l coercive force of .\lnico 5. in em»i? 

4. ('alcMilati* th<- total str)n*<l njagm*tic energy and the energy density in an iron- 
conal <'oil of length 0.4 m. cross-.sectioiiul area 4 cm*, and wound with 100 turns, tin* 
pcTnu'ability of tiu* iron being 1,000. 

6. What is the induetance of a toroidal <-oil of .">00 turns wo»ind on a core of cross- 
sectional ar<-a 10 ern* and nie;m circumference .'>0 ein, if the effeetive relative per- 
meability is 200? 

6. .An iron torohl 1.5 cm itj <linmetcr ami o cm* in cro.s.s-.scctional area is wound with 
1,(K10 turii.«!. .V <-urrctit c»f 0.7 amp pr<nluc*es an induction of I wohcr/in*. What i.s 
th<* pc'rmeahility of (he ir<ui? 

7. Plot the magnetization curve and a <-urv<‘ showing the variation of fi with // 
from the following data for soft irt)n: 


B. gaus.ses 
10.000 
12.800 

14.000 
1 r),5oo 
10.700 

17.000 


H, oersteds 
o 
10 
20 
40 
70 
100 


8. A domain in iron contains 10* ' atoms. \\ hat is its volume? If the domain has 
a <'ubieal shape, what is the length of a .'sidi*? 

9, .\ st<*el pcniiancnt magnet 1 cm* in eros.s section and 5 cm long is uniformly 
magnetized to a value of B of 10.000 guus.ses. What are the values of /, m, j., and the 
total magnetic moment of the magnet? 

10. What is the stored energy in a magnet of volume 10 cm* in a field of 100 amp m? 
Use the magnetization curve in Fig. 33.2 and the resiilts of See. 33.0. 

11. .\ solenoid 1 m long is wound with 1.000 turns and carries a current of 1 amp. 
What s the value of H at the center? A thin steel rod of cross-sectional area 0.2 cm* 
and 20 cm long is placed at the center of the solenoid and becomes uniformly mag- 
netized to a value of B = 10' gausses. Wliat is now the value of H at the center of 
the steel rod? 



CHAPTER 34 

ALTERNATING CURRENTS 


34.1. The Effective Value of an Alternating Current. The (‘tnl 
produced in an a-c generator as described in See. 33.5 causes a curient / 
to flow in a resistor of resistance li. This current is also alternating and 
can be represented by the c(iuation 


1(0 = cos (27r// — 4>) 


(3-1. D 


where i,.,„ is the maximum value of the current and ~<t> is the pliase of 
the current when ( = 0. The power P ilissipated in the resist oi- is 

p = nr- = cos- (2iTft - <t>) 

The power thus varies with time from i„^rR to 0. The steady ctirrent / 
that produces the same avcragv power loss in li is called tlie ejfedivr 
current. Its value is given by 

p = cosHStt// - <f) (34.2) 

where the bar denotes tlie average value. It will l^e recalled that the 
average value of any function /(x) over the interval between Xi and 
is defined by 

j = ^ 

X-J “ Xi 


This formula can be upplie<l to iind the average value of cos'*^ {2nft — <t>). 

liy means of the theorem from trigonometry that 

cos* oc =} '2 — \2 cos 2or 

we can write 


COS^ (27r/i — <i>) = )2 ~ y'i cos (47r/f — 2<^>) 

The average value of the power can be calculated, taking tiie time interval 
to be 1 cycle or from f = 0 to / = 1//, as 



The first integral has the value and the second is ^2 tinies the mean 
value of a cosine function over 2 cycles, or zero. Hence 





2 
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Vhv ('llVctivi- fnn-rnt is thus o<iual to the rms value of the current, and 

/ = VJ^z = 0.707f™„ (34.3) 


Tlie variation of tlie current and power with time is shown in Fig. 34.1. 
It is cuslotiiary in dealing with alternating currents to specify the effective 
or rms value ‘of the current rather than the maximum value. The same 
conveiititin is adopted for an alternating enif or potential difference. 
Thus a lighting circuit in a house is designated as a 110-volt circuit. 



The potential dilVerence between the terminals of a lamp socket varies 
between 1 10 = 155 volts in one direction to 155 volts in the opposite 
direction. 

34.2. The Circuit with Resistance, Inductance, and Capacitance. If 

an alternating einf produces a potential difference \ , where 

r = W cos 27r/f (34.4) 


aci'oss a resistor of resistance /f. an inductance L, and a capacitance C 

A A A A A 


<s> 

V 




L-vw — — 

R f, C 

l-'ifj. 34.2. scrifs RLC 


connected in series, as shown in Fig. 34.2, the 
potential difference of the source must equal 
the sum of the potential differences across the 
components of the circuit. Hence we have 


r„cos 2^ft = 


(34.5) 


■ where i is the current in the circuit and g is 

tlie charge on the capacitor. Since the rate of change of charge is equal 
to the current, dq/dt = i, and Eq. (34.5) can be written as 





|, = Fm cos 27r/f 


(34.6) 


This differential equation must be solved to find the charge q. We have 
already met this equation in another guise in Sec 12.12, where the equa- 
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lion was applied to forced liarnionie oscillations of a mechanical system. 
It will he recalled that a complete solution consists of two i>arts, the 
steady-state solution and the ti'ansient that dies out raj)idly. As h(‘foi(\ 
we shall concern ourselves with the steadv-state solution onlv. 

By comparison with ICqs. (12.24) to (12. 2t)). using 'Fable 34.1, we tirid 


i = —y c()s (2r// — 4>) 


( 34.7 


wliere the constants 7. and 0 aic 


givcm by 





tan 0 = 


2ir/‘A - 1 27rfr 
• » 

U 


(34,8 1 
(34. U) 


'Fhe quantity 7, is called the impedance of the circuit, just as in 
mechanical case. In fact the complete correspondence between 
electrical and mechanical cases is shown in Table 34.1. 


the 

the 


Table 34.1. Correspond imj Quanlilies in Forced Eledrical and M eehanieal 

Oscillations 
Flrclriail i^ysfrm 


( 'hnrK<‘ <{ 

('lirrent i 

IfuliirhuH'i* L 

HrsistaiM'e U 

\/C 

Potential amplitude V, 
Undian fn^qiuuiey 2nf 
Phase eonslnnt <t> 


M i chn n i mI S i/.sh m 
Displaeeiiieiit x 
Velocity v 
Mass ni 

Dan^pinp factor R 
Force constant k 
Force amplitude Fo 
Radian fretiueiicv w' 
Phase constant a 


As in the mechanical case, resonance occurs when Z is a minimum with 
respect to/, that is when 2TrfL = 1 27r/C. and tlie frecpiency of resonance 
/„ is given by 


27r VLC 


(34.10) 


At resonance, Z = R, and 0 = 0. 

34.3. Electric Impedance and Reactance. 'Fhe separate terms that 
make up the electric impedance are given special names and .symbols. 
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'riu' (iiiuntity 


= 2ir/L 


(34.11) 


is culled- the inductive reactance; 


Xc 


27r/C 


(34.12) 


is culled the capticHive reactance. The total reactance X of the circuit is 
jhe sum of the inductive and capacitive parts, 

A' = A';. + Xe 

The reactance of a circuit can thus be either positive or neRative. The 
impedance of the circuit can be written 


z = = Vir- + (Ab. ^Xry 


(34.13) 


A circuit for which A' is not zero is called a reactive circuit. The react- 
ances, like the resistance, arc measured in ohms if L and C are measured 


1?t: 


V and 


2rt 


Fio. 34.3. (’urrnit and potential in an induetive circiiit. 

in henrys and farad.s, respectively. At the common power-line fre- 
([ucncy (»f bO cycles per second (cps), 27r/ = 377 sec”*, and 1 hemy has the 
reactance Xi. of 377 ohms. A capacitance of 1 /x/has a reactance Xc that 
is negative and equal to — 10V377 = —2,650 ohms. 

.Although the value of the impedance does not depend upon the sign of 
the reactance, since the reactance is squared, the phase difference between 
the current and the applied potential does depend upon the sign. From 

Kq. (34.9), 

tan ,!> = t ^ = 4 (34.14) 


In an 


K K 

inductive circuit where X is positive, tan <j> is positive, and <t> li 
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between 0 and 90°. The maximum value of tlie current occurs at a hita- 
time tlian does the maximum value of the potential. The cvirrent. 
therefore, hujs behind the applied potential. The pliase relations are 
shown in Fij;. 34.3. In a capacitive* circuit, on tl»e other hand. A' is 
negative, and the current leads the voltage as in Fig. 34.4. 

The relations of Eeis. (34.13) and (34.14) are easily summarize«l in llie 
vector impedance diagram shown in l*ig. 34.5. 'Ihc diagram is s(‘l!- 



explanatory. Tlie angle <t> U .Noinetiines called the phase of Ihe impedance. 
The pliase of a resistive impedance is zero, and the pha.se of a purely 
reactive impedance is ±90°. 

34.4. Potential Differences across Parts of an A-c Circuit, d'he 
results of Sec. 34.2 are immediately applicable to part of an a-c circuit as 
well as to the circuit as a whole. Iviuation (34.5) was obtained by 
eipiating the sum of the potential differences 
acro.ss each component to the potential dif- 
ference of the generator. For the circuit as 
a whole, if only maximum values, not in- 
stantaneous ones, are considered we have 

= i„.Z (34.15) 

This relation is valid also, then, for a part 

of the circuit. Across the resistor we have impedan.-r 




Vh = 

and across the inductance and capacitance we have 

Ft = u.Xl = i,.2wfL 

1 


( 34 . 16 ) 


Vc = in A'c = U 


27r/C 


respectively. We must use the absolute value of Ac in these equations, 
since the impedance is the square root of A’c' and is always positive. 
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It must be emphasized that the potential difference across these 
('leinents in series is not the sum of V h, V l, and Vc. The total potential 
difference is the sum of the instantaneous values and not the sum of the 
maximum values, since phase differences exist. The phase of the 
current is. of course, tlie same throughout a series circuit, hut the phases 
of the potential differences across the components vary from one to 
another. In general, then, Kcp (34.15) is valid for part of the circuit as 
well as for the whole. The e(ination can also be written in tenns of the 
nns values. If these are denoted by T and i without subscripts, then 

V = iZ 

Worked Example. Let us consider an inductance of 1 henry in series 
with I M./*<»f capacitance and a resistance of 1,000 ohms. At a frequency 
of (iO cps the total reactance is 377 — 2,650 = —2,270 ohms. The 
impedance is 

'Z = v '( 1,000)*' + (2,270)> = 2,480 ohms 

If the generator produces a potential difference of 110 volts rms, the 
cui rent i is 

' = iso = 


'I'lie potential diiVer(*nc<*s nci'oss /f, L, ami C are 


\\ = 0.0443 X 1. 000 = 44.3 volts 
= 0.0443 X 377 = 16.7 volt.s 
\\. = 0.0443 X 2,650 = 117.6 volts 


The potential difference Vc across the capacitor thus exceeds the line 
voltage. 

Suppo.se now tl>e frec|uency of the generator is varied until resonance 
takes place. Hy Eq. (34.10), this occurs for 

/o = 159 cps 

The impedance of the whole circuit is 

Z = R = \ .000 ohms 

‘ “ rooo = “"'p 


and hence 


The potential difference across the resistor is 110 volts, 
reactance at resonance is 



1,000 ohms 


The inductive 
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and the value of the capacit iN'e la'actaiiee i> tlieictore —1.000 ohms 


Hence 


y, = = 1 10 volt> 


= 2~i 



Fee. 34,(>. H«>|)r<-sct>t:itioii of an 
alt»Tnatiti{: («>tciitial dilTorotu'c. 


*34.6. Rotating-vector Diagrams. Since the \‘olta‘:e-<aii lerit K’latinns in an 
a-e ciiaaiit are so eomplieated, some uta[>hi<-al iepi'i‘sent;tfio!i of th(‘!n i.' veiy 
(lesiiahle. It is |)ossil>le, of c-oui.'^e, to plot the evnient and the pot«*nti.il difiet- 
etK'es as fumdions of filin', as was <lone lot- 
two situiile cases in Fi^s. 34.3 ami 34.4. 

This is a time-consmninji jintcednie, ln)w- 
€>ver, ami a simpler metliod is atlvanta- 
jieous. The vector impedance diagram 
(Fig. 34.0) can fortunately he modifie<l for 
this jnirpose. It will ho recalled that a 
conveniettt repre.sentation of SUM is 
ohtainetl from a nniftirm circular motitai. 

If we have a point revolving about the 
origin with a constant angular velocity 
w = 'lirfy then the piojection.s of this point 
on the .r and // axes move with SUM. 

Suppo.se we consider the potential tlilTer- 
eiice expiessed by Kq. (34.4). In h'ig. 

34.0 the projection of tiie vector W, on the .r axis is F... cos 2x0, and this jiro- 
jected length varies with time in the same manner as does the potential <litTei'- 
ence \\ If it is ilesired to represent on the .same diagram a current or another 
potential dilTercnce, then another vector may bo added whose length is propor- 
tional to i.„ for exanqile. Since the pha.se difference liotween the voltage and 
current remains constant, the second vector has a constant angle with respect to 
the lirst ami the <M)mlnnation rotates as a whole about tiie origin. It is custom- 
ary to choose for the reiiresentation that 
)Kirticular instant of time when one vector 
lies along the x axis and then to imagine 
tlie rotation of the whole picture. To rep- 
resent the applierl iiotential ditterence of 
Kq. (34.4) and the current in the circuit 
given by Eq. (34.7), let us choose the 
instant t = 0. The vector diagram is then 
slnnvn in Fig. 34.7. The phase angle 0 has 
beeii taken positive, and hence Fig, 34.7 
rejnesents an inductive circuit with ti 
lagging current. Figure 34.7 thus corresponds to Fig. 34.3. 

To represent tlie potentials across the components of the series circuit, we 
utilize Kq. (34.10). If the vector impedance diagram of Fig. 34. o has all the 
(pmntities multiplied by the current i, then it hecomes a diagram of potential 
differences. The diagram is redrawn in Fig. 34.8 with the proper change in nota- 
tion. Since tlie current i has the same pha.se as the potential I’k across the 


,<y=2rf 





Fio. 34.7. Vector <liagram of the 
currcMit and voltage in an inductive 
circuit. 
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icsistur, the i™ has been added alon^ the x axis. It should be noted that 

Ki;;. -14.7 .shows the sjune situation as Fig. 34..S at a previoxti time. Figure 34.8 is 
drawn for the time when the phase of the current is zero, or when 

'lirfi — <t> 


Figure 34.7 was drawn for the time I - 0. 

Aijother example of a vector diagram can be constructed for the resonance case 
discussed in Sec. 34.4. For the frequency of resonance, Vl = Ic, and <^ = 0. 

'I'he vector diagram is shown in Fig. 34.9. 

It is evident thjit vector tliagrams can be constructed using either the maximum 
values of the cpiantities or the rins values. The difference is only a difference in 
scale. If a current and a jHitential difference are represented on the same 
diagram, a separate scale must, of course, be used for each. 



potential differences eorre- 
.sponding to Fig. 34. .i. 



Vu't. Z4M. Vortor diaKrarn at 
resonanrf'. 


34.6. Power Relations. The power delivered by an a-c generator to a 
circuit varic.s with time just as the current and potential difference vary. 
The power P is given l)V 

P = 17 (34.17) 


where V and i arc instanluncotis values. 


If V and i are given by 


V = Vm COS 2Tr ft 

i — i„ cos (2ir// — <^) (34.18) 

then the instantaneous power is 

P = cos 27r// cos (2x/f — <{}) (34.19) 

In Fig. 34.10 the variations witli time of V, i, and P are shown, with the 
assumption that the circuit is inductive and hence the angle <t> is positive. 
The power P has a sinusoidal variation with time but varies about the 
average value P indicated by the dashed line. 

The average power P dissipated in the circuit can be easily found by a 
trigonometric transformation of Eq. (34. 19). Expansion of cos (2ir// — 4>) 
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and the use of tlie relations 

COS' ‘2irJI — * 2 "h * 2 

sin 2rf( cos 2irfl = ' •> sin Itt/V 
• » «> • 

results in 

P = ' 2 ^ ^ (1^/ ~ </»>] 

The average power P is, therefore, 

P = • 2 ^ ^ 


(34.20) 


(34.21) 


'I'hc u^'erage power cun also l>e <‘\press(Hl in terms of the rms voltagi* and 
current. Since 

Vrn = \ 2 W 
u = \ 2 

where W utul /V are the rms values, 


= I'r’r cos <t> 


(34.22) 


'rhe (juantity cos <t> is called the power factor ol the cii’cuit. Since <t> 
lies l)etween ±00®. cos <i> lies between 0 and I. The power factor is 



V/ 


Kks. 34.10. The qUHUtities /^ \\ ami i in an imhiftivc circuit. 

often, therefore, expressed as a percentage. In a purely resisti\e circuit, 
4> = 0, cos </) = 1 , and the power absorbed by the circuit is the product of 
the effective voltage and current. An incandescent lamp is almost purely 
resistive at (>0 cps. If the circuit contains reactance, the power factor is 
reduced. From Eqs. (34.13) and (34.14), we can express the power 

factor as 

C0>i <(. = (3-1-23) 


Vr- + X* 
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It is evidont from Fip. :U.10 that part of the time the power P is 
nc-alive. This moans that, (luring tliis time, energy is being transferred 
fnmi the circuit to the generator. The larger the reactive component of 
tlie circuit, the greater the time interval over which P is negative. If 
there is no resistive component, cos ^ = 0 and tlie curve of P vs. I is 
symmetrical about the time axis. In a reactive circuit, then, energy is 
transferred from the generator to the circuit and back again. Ihis 
tiaiisfer of energy pei'forms no useful lunction, and power ciicuits are 
usually arranged to have power factoi-s iis large as po.ssible. Since most 
motors are inductive, capacitors are oiten added to reduce the reactance 

in the circuit and to increa.se the power factor. 

The wattmeter described in Sec. 30.7 mea.surcs the average power 

transferred since the dcHection is proportional to the average of the 

product vi. The power factor can 

be determined by measuring T, 
and ir with a voltmeter and an 
ammeter and P with a wattmeter. 
The power factor is then deter- 
mined from Eq. (34.22). 

34.7. Transformers. One of the 
principal reasons for the wide use of 
alternating current is the ease with 
w Inch the potent ial difference or the 
current cun he changed by means of transformers. A transformer con- 
sists of two coils closely ctaipled together by winding them on the same 
iron core, as indicated in Fig. 34.1 1. The coil to which power is applied 
i.s called the primary of the transformer; power is taken from the second- 
ary. If the secondai y coil is unconnected or open-circuited, the primary 
acts as a large inductance and a small current 90° out of phase with the 
applied potential Hows. This current is called the magnetizing current. 
In a good transformer the inductance is large and the magnetizing current 
.•^mall. It is sufficient, however, to establish a large flux in the trans- 
former core that varies sinusoidally with time. The changing flux 
induces end’s in both the primary and secondary coils. If the flux 
througii the two coils is the same, then the counter emf in the primary and 
the emf in the secondary are simply proportional to the number of turns 
and 



Sj n^ 

Cl Til 


(34.24) 


I'he quantity « 2 /«i is called the turn ratio of the transformer. If the 
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turn ratio is larger tlian 1 , tlie transforn\er is a s/cp-np transformer and 
£ 0/61 > 1 : it the reverse is (rue, the tran.^former is called a sfrp-doirn 
transformer. 

Suppose now tluit a load is connected to the secondary and a current fo 
flows. I^>’ Lenz’s law the curr(>nt is in tlie diiection to decr(“as(* the flux 
through the secondary coil and hence also througli the piiinary. Willi a 
smaller flux the counter emf of tlie primary is reduced, and the current in 
the primary increases until the Hux is restored to its iniginal vahu*. If 
the magnetizing current and hysteresis losses in the core are n(‘glecl«*d (a 


I 



(a) (M 

Fio. 34,12. Tho uso of lainination> to supr«‘ss 4Ml(ly furrrofs. 


justifiable procedure in well-designed eijuipment ), liy consi'rvation of 
energy "e must have 

fiifi = fiat" (34.25) 

Consequently, if Eq. (34.24) is used, 


ij ^ nj 
f 2 » 1 


(34.2(5) 


The current is thus decreased in the same ratio a.s the emf is increased. 

In practice, transformers usually have efficiencies above 90 per cent 
and, in large installations, even up to 99 per cent; con.sequently the simple 
relations just derived are good approximations. It is necessary, how- 
ever, to avoid the presence of large induced emfs in the transformer core 
itself. If the core were made from a solid piece of iron, it would act as a 
single short-circuited secondary turn on the transformer. Large currents 
would flow in tlie iron, and the i-R losses in the core would be excessive. 
Such currents are called eddy currents. Figure 34.12a shows these 
currents in a cross section througli the primary coil. The eddj' cuiTents 
are minimized in transfonners and other iron-cored coils by constructing 
the core of thin laminations, as indicated in Fig. 34.126. The laminations 
are coated with some electrical insulator such as shellac, and the eddy 
currents are confined to circulate within a single lamination. Since, for a 
given flux density, the induced emf is proportional to the area, the magni- 
tudes of the currents are very small in a lamination of small thickness. 
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\ltho\iKh tbo laminations in a transformer are tightly fastened together, 
the core is not perfectly rigid. The forces between the magnetized parts 
are usually strong enough to i)r()duce ai>preeiahle vibrations m the core, 
which result in the familiar transformer hum. The hum has a funda- 
mental fretiuency of twice that of the alternating current. 

One comnujn application of tran.sformers is to reduce the losses in a 
long transmission line. In a generator it is desirable to have fairly low 
p«(tential ditferenees between the parts ol the eircaiit since clearances are 

usually small. 'I'he low emf and large 
< urrenl of a generator are changed 
bv a tiaiisformer to a high emf and 
low current for transmission on the 
line. The losses on the line are pro- 
portional to the resistance of the line 
and to the scpiare of the current, and 
At the end of the line, another trans- 



l-Ki, A 


hence a low curnail is desirable, 
former is u.sed to hiwer tlie emf again. 


*34.8. Three-phase Currents. If tiuee coils are wound on the armature of an 
a-c generator so that tlie plane of one coil is separated by 60* from the plane of the 
next, as indicated in Kig. 34.13, then by means of a r>air of slip rings for each coil 
three alternating emfs are produi’ed that differ in phase. The polarity of the 
coils may be so cho.sen that a vector diagram of the three emfs is as shown in Fig. 
34.14. It is po.ssihle, however, to interconnect the armature coils so that only 
thiee slip rings and three wires are necessjiry. 

The resultant of the vectors V; and Va in Fig. 

34.14 is equal ami opposite to the vector Vi and 
is indicated by the daslicd vector. Therefore, 
if the coils are connecte<l as shown in Fig. 34.15, 
the potential difference.s between any pair of the 
wire.s 1, 2, and 3 are all equal. The circuit on 
the left is known as a delta connection, that on 
the right as a Y connection. Loads can be con- 
nected to any pair of wires and power drawn 
from tlie generator. It is, of course, desirable 
to have equal currents tlirough the three wires. 

Wlien this condition is achieved, the loads are s:iid to be balanced. 

Tlie most important application of three-phase power is the induction motor 
The three emfs I'l, 1'-, and \\ differ in phase by 120*. Each emf is applied to a 
stator coil of an induction motor to produce a field that differs in phase by 120* 
and also differs by 120* in azimuth around the shaft from the fields of the two 
other coils. The coils might be arranged as in Fig. 34.16. Actually a six-pole 
arrangement is ordinarily used. The three field coils are connected in either the 
Y or delta connection, and the directions of winding are such that, when the pole 
(1) is a north pole, poles (2) and (3) are south poles. 



Fio. 34.14. Vector diagram 
of three-phase emfs. 
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The resultniit field can he found most c.asilv analvticallv. Let us clu)osc axes 
as sljown in Fitt. 34.11), and compute the x and y components of the field, d'lie 
fields of the .sei»arate pole.s are 


B\ = Bu cos 

2irft 





By = Bt, cos 

{■iwft - 

3/ 

= ^o( 

' 1 
. 2 

‘2-jrft + sin 27r//) 

By = Bt, cos 

{ •Irvfl - 

-) 
3 / 

= /^o( 

f \ 

<~2 

2irft - ^2“ 


(34.27) 


'I'he X component of the lesultaiit litdd is 

li, = H, - li> (34.2S) 

and the y component is 

li^ -1- i.,/L, (34.29) 


If the values of lii, B-, and B^ are insertecl from hicjs. (34.27), we find 



Bt — ^iBti sin 27 r/t 

H. = - HH. «« 2.St 

Tlie anjjie 6 that the re.siiltant B makes 
with the X axis is given by 

tan d = ^ = — cot 2Trft 

and hence ^ ^ ^ (34.31) 

The field therefore rolfites with the 
same frequency as the frequency of the 
alternating current. 

The armature of an induction motor 
is constructed of a laminated iron core 


I 



Fig. 34.16. The production of a rotat- 
ing field. 


with hea^'y copper bars inserted parallel to the shaft and connected together by 
heaxy copper rings at the ends, as shown schematically in Fig. 34.17. From the 
shape of the armature such a motor is called a “squirrelwage" motor, ^^^len the 
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I fM 51 infMtinir held currents are induced on the rotor and 

I'xlTM'.'.niUi- on tl.e n.otor shaft. If there is no load on the motor, the shaft 

a,t.r„ati.„ f,o,uen..y, W..en a loa^. „.ese„t. tl.ce ,a s„„.a 

^ilip l)et\vooii tho shuft aiKl tlic hclu. 

Two-phase circuits and motors are also in common use. 
The field coils are placed 90" apart on the stator, and the 
phase difference of the emf is also 90 . 

34 9. Oscillations. If the series circuit of Fig. 34.2 
contains no Renerator, l>ut initially the capacitor C is 
cliarncd, it will (lischaiRC tlirounh the circuit. Ihe 
variation of tlie charge <i with time i.s given by Eq. 
(34.0), with the driving emf set equal to zero, or 

(34.32) 



Ki(5. 34.17. Thcar- 
mature of an iiidue- 
tioii motor. 


^ dt ^ C 


'I'liis equation will l>e recognized as the equation for damped oscillations 
discussed in See. 12.10. The .solution is 

.f = eos 27r/f 

where yo is the charge on tlie capacitor at / = 0 and a and / are 

H 


a — 


and 


2L 


1 

U' 


7?* 

AIJ 


(.34.34) 


( 34 . 355 ) 


If the resistance is not too large ami 1 LC > IP 4//-*. tlie charge varies 
sinusoidally with time but the oscillations are damped and die out. us 
show n in Fig. 34. 18. If 1 = IP 

tlie variation of q is critically damped. 

If 1 LC < IP -iL~, the oscillations are 
overdamped and the decay is less lapid 
tlian for the case of critical damping. 

It should be noted that the frequency 
of free oscillation given by Eq. (34.35) 
is somewhat less than tlie freciueney of 
resonance of tlie circuit when dii\en, 

as given by Kq. (34.10). * j 

It is instructive to consider these oscillations from an energy stand- 

i)oint. Initially the electric energy in the circuit is all stored in the 



Fjg. 34.18. The clmrse q vs. I in 
(InmfH’tl os^rillatioiis. 


capacitor C; and if the charge is initially, this energy is 


IF. = ' 

tVfe 2 c 


(34.36) 
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When current flows in the circuit, cnerjty is translcrred from the capacitor 
to the inductance. The current i, hy dilYerent iat ion of Kq. 

i = (2jr/ sin 27r./V + « cos 27r//l ) 

The cunent first readies a large and negative value at the tune giN'cn. 
approximately for small a. hy 


27r//„ = 


TT 


(34.:^S 


At this time, by Eq. (34.3.3), q = 0. If a is not too lartte, tliis value of i 
is approximately 




( 24 . 39 ) 

Tlie magnetic energy H',; stored in the inductance, at this time, is 


Since u is assumed to be small. 


(2x/)-’ 


and 


ir„ = 


LC 

1 2^! f-i-n 

2 C 


(34.41) 


wliich is except for the exponential factor, eipial to the electric energy li 
that was stored in the capacitor. The dift'erencc in energy is tiie energy 
dissipated in the resistance li. After tlie current reaches its maximum 
value, it decreases again and energy is returned to the capacitor. Oscilla- 
tions of an electric circuit can thus be regarded as a fluctuation ol 
energy from the electric field between the plates of the capacitor to the 
magnetic field surrounding the inductance. Each time tlie transfer 
takes place, some energy is transformed into heat in the resistance. 

The rate of decay of oscillations is commonly described in terms of the 
Q, or Q factor, of the circuit according to tlie general definition 


- . energy stored in the circuit 

Q = 2irf — 


(34.42) 


energj' lost per sec 

The value of Q can now be found. The energy stored in tlie circuit, 
initially is given by Eq. (34.30). The energy lost in the interval is the 
difference between Eqs. (34.30) and (34.41); hence 

ir, - \Vn 


Energy lost per sec = 


to 


Iil' 

2C/o 


(1 - 
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For ^^niall values of a, this can be approximatc'd* us 

1 < 7 ( 1 * 


J^nergy lost per sec ~ 2 ~C 


2a 


'Die value of is tlierefore 


Q = 


2'irf 

2a 


(34.43) 


I'lie stvahail can ea.xily show that alternative forms for Q are 


Q 


_ X, _ 2wfL _ \//. C ^ 1 

“ li R R 2irfRC 


(34.44) 


PROBLEMS 

1. How much imhictuucc must he placed in series with a capucitHiice of 100 

f«»r the coiiihinatiori t«j In- resonant at a fre<iin‘ncy of 1 Me/see? 

2. I )raw t In* vector imp<‘«lan«‘e diagram for a resistance of 100 ohms, an indin'tanee 
<.r I mil, and a capacitance of I.O(K) mmI in series, at a frequency of (iO cps. What arc 

the magnitude and phase of the impe<!ancc? 

3. Draw the rotation-vector dianrams corres|)<indinn to Figs. 34.3 ami 34.4. 

4. Draw the inipedaiiei' dianram corresiMuiding to the first e.xample in Sec. 34.4. 

6. What i.s the power factor in each <»f the two worked examples in Sec. 34.4? 

6. \t\ ammeter connected in series with a motor reads a current of o amp, and a 
voltuH’tiT across tin* motor tiTininals r(*a<l.s 110 volt.s. A wattmeter measures the 
averajie power consumed to he 400 watts. What is the power factor? 

7. Kxplain why a motor is an Inductive load. 

8. 'I'ransformers are often designed for tiOeps. w ith 4 turns per volt. To what Ilux 
does this correspond? How many turns would there he on the primary and secomhiry 
coils of a power transformer to stej> down from 2,200 to I 10 volts? 

9. A resistance of 100 ohms is connected to the .secondary of a 2:1 transformer. 
^^■|mt rc-sistanco conm*ctcd across the primary voltage source would show the same 
current Jis the transfonm'r? (.Answer: 25 ohms.) 

*10. Prove ;inalytically that the sum of two components of a three-phase cmf is 
equal to the third component. 

11. 'I'lic frecjueiicy of resonance of 1 henry, 1 #if, and 1,000 ohms in series was shown 
in Sec. 34.4 to be 159 cps. \\4iat is the frequency of damped oscillations in this cir- 
cuit? What is the Q of the circuit? 

12. (’alculate the average power developed in a resistor during 1*4 cycles. 

13. The renctance of a motor running on OO-cps alternating current is 50 ohms. 
What is the effective inductance of the motor? How much capacitance should be 
added in series with the motor to give a jKiwer factor of unity? 

14. .V step-down trnnsfornuT from 440 to 110 volts at 60 cps is connected to a 
resistor and an iiuhictor in series. The resistor has a resistance of 60 ohms and the 
inductor has an iii<hietance of 2 henrys anti a resistance of 10 ohms, ^^'hat is the 
magnitutle ami phase constant of the current in the secondary circuit: in the primary 
of the transformer? 


Note that 1 — e = 1 — (1 — 2cUo + 


) S 2a/o. 
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36.1. Thermionic Emission. It is not nrcessary to have a material 
ci.ncluctor in order to have a How of eurreiU. Kdison found that curnMil 
passes from a heated wire in vaeiium to a positively ehar-ed electrode. 
No eurreiil flows to a netjatively eharj^ed elect nale. I he current is 
eaused hy the motions of electrons that are emitted fnun the hot \\ire. or 
fhaimnt.' ixm\ are attracted to the anode. This proee.ss is knoxMi as tlie 
(hermionici mission of electrons. It is fouml that the numl.er of electrons 
emitted per second by the filament is ind<-p('"fl<-“» <>>' ‘=‘1 

<lilYerenee across the tube, provided 

that this potential difTerencoislarfje 

enoufih, but depends .sensitively on / 

tlie temp(*ralure of tlie filament 

and tni the material of whicli it is yA 

composed. Thermionic emission is / 

anulonous to the vaporization of a / 

liiiuid. Within tlie metal the elec- y 

Irons have a distribution of veloci- 

ties that is characteristic of the — — ^ 

temperature. Thosewiththe luj'h- 3.5.1. TluTinionic rurront for two 

est velocities can O.scape and form teinperatures of the filament, 
the thermionic current. Tlie en- 

erfiy necessary to remove an electron from a metal is ji quantity 
analogous to the heat of vaporization of a luiuid. d his enertjy 
is usually expressed bv the difference in potential <t> between a point 
inside tlie metal and a point outside. The eiieiKy to remove one elect run 
is therefore c<^. The iiuantity <t> is called the work function ot the material 

and is usually expressed in volts. 

If tlie variation of the thermionic current I is plotted as a funj.*tion of 
the potential difference V across the tube, tlie curves shown in Fi^. 35.1 
result. The current is not zero when V is zero since some electrons 
possess sufficient energy to rcacli the anode, or plah\ without the aid of 
an accelerating field. In fact, to stop the eurrenl completely a slightly 
negative potential is necessary. Tlie shape of the curve tor negative 
values of V can be used to find the distribution in velocity of the emitted 

electrons. . . 

As the potential is increased, the current increases as shown, until it 

approaches a saturation value that is independent of 1 , and all the 
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Plate 


cl, .ft ions emittrt! arc rolloc'tca by the anode. The saturation value does 
depend on the teinjierature, liowever, and increases with increasing 
teniperalure. second curve is shown in the figure for a temperature 
> V’,. Ttie magnitude of the saturation current is proportional to 
the area of the filament. O. W. Richardson and S. Dushman have 
shown, bolli tlieoretically and experimentally, that the sattiration- 

lairrent d(‘nsity J. is given by 

= .!7’-’exp( - e4> kT) (35.1) 

wh<‘re 7' is tlie al)solute temperature and A is a constant that for pure 
metals has the value of liO amp cm=. The quantity k is Roltzmann’s 

constant. It will be recalled (Sec. 
20.3) that k is the gas constant 
per molecule and that it has the 
value A- = 1.37 X 10“^* joule degC'. 
Since T and <t> both occur in the 
exponent, ./* varies rapidly with 
both. The work function for 
pure tungsten has a value slightly 
larger than 5 volts. The presence 
of gas or other impurities on the 
emitting surface changes ^ mark- 
edly. Since a large emission is 
obtained with a low work function, 
impurities that reduce <f> arc usually added. The presence of some 
thorium in the tungsten lowers 4> to about 3 volts, and thus thoriated 
tungsten filaments are often used. 

If a potential is applied to the anode that is not sufficient to produce 
saturation, some electrons arc emitted that do not reach the plate but 
return to the filament. To understand the situation let us assume that 
the electrons arc omitted from a filament which is in a plane and that the 
anode is a flat plate a small distance away. In the absence of any 
emission the electric field is uniform between the filament and plate, and 
the potential increases linearly across the tube, as indicated by the dashed 
line in Fig. 35.2. If some electrons are present, the potential is lowered 
below the dashed line, as indicated by the upper solid curve. If the 
potential difference is decreased below that necessary to produce satura- 
tion, the potential is indicated by the low’er solid curve. This curve 
possesses a minimum, and the electric field (the slope of the curve) has 
opposite directions on the two sides of the minimum. On the right, 
electrons are drawn to the anode; on tlie left of the minimum the field 
accelerates electrons back toward the filament. At the minimum the 



Kio. 3r).2. The vari.Ttion of potcntiiil 
with (listiinco from the filament. 
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field vanishes, and a cloud of electrons forms a «/>««■< Wan;/, in this 


region. 


36.2. Diodes and Rectification. Devices tlial emi)loy tlnainiomc 
emission are mucli in use today in control circuits and in communication 
equipment. The simplest of tliese devices consists of only a source of 
electrons and a collector in a vacuum tube. Since there are two elec- 
trodes. the tube is calletl a diode (Greek hoihs. path). In most diodes, the 
filament is replaced by a cathode that is heated electrically by a separate 
heater ciriaiit. The cathode sur- 




face is covered with a substance of 
low work function. A mixture of 
the oxides of barium and other 
alkaline earths on a nickel surtace 
is ordinarily used. Often two sep- 
arate diodes are enclosed within the 
same glass envelope. • 

In diodes, and other thermionic 
tubes, the current is not linearly 

related to the potential applied to the tube— the relationship fliat exists 
is a complicated one. If the anode is made negative with respect to the 
cathode, no conduction occurs across tlie tube; and even with a positive 
potential difference across the tube the current / is not proportional to 
r, (see Fig. '35.1). ‘Diodes are therefore nonlinctir circuit elements, 
wiiereas resistors, capacitors, and inductances are linear. This non- 

linearitv is an extremely useful property but a ditticidt one to treat 

% 

quantitatively. 

Perhaps the simplest application of a nonlinear element is to produce a 

unidirectional current from an alter- 
nating one, or to rcc/ify the current. 
If a diode is connected in series with 
a resistor to some source of alternat- 
ing einf such as the secondary wind- 
ing of a transformer, current flows 
through the diode only from the 
plate to the cathode, in the revei-se 

direction to the electronic motion. Such a circuit is shown in Fig. 35.3, 
where the conventional symbol for a diode is used. 'Ihc source of emf is 
the transformer. The current through the resistor li is shown in Fig. 
35.4 as a function of time. The bottom halves of the sinusoidal waves 
are “cut off” by the nonlinear action of the diode, whereas the positive 
peaks are relativelj' unchanged. The resultant current is unidirectional 
although fluctuating. A diode used in this fashion is called a half-wave 




i 

Km. 35.4. The rum*nt i in tlic circuit 
uf Fig. 35.3. 
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rn-tilicr In Kit;. ;5r,.3 the curicnl lor t lie cathode I.euter is shown supplied 
|>y a sepamto secoiuiary wiruliuK on the transformer. The heater circuit 

niav or mav not he connected to the cathode. . 

Fnll-irnrr ndijiralion can ho olitained hy employinj^ two diodes in the 

circuit, as shown in I'ig. .55.5. 
The current i through the resistor 
is shown in Fig. 35.6. The heater 
circuit is not shown in the diagram. 
The peak value of the current i is 
approximately ^/R if the potential 
tlrop across the diodes can be ne- 
glected. The transfonner winding 
must therefore produce a total emf 
of 2£. It should be noted that 
there is no connection between the wires that cross in Fig. 35.5. An 
(‘lectrical connection is indicated hy a solid dot at the crossing. 

If it is desired to produce not only a unidirectional current but also a 

steady one, a filter must be added 
to the circuit. The simplest lilter 
is merely a capacitor connected in 
shunt with the load resistor H, as 
indicated in Fig. 35.7a. Ihe ca- 
patntor C is charged by the current 
through the diodes and discharged 
through the re.sistor R. If the time 
constant RC is long compared with 

the period of oscillation of the alternating emf, a nearly steady current is 
obtained. If better filtering is desired or if larger currents are needed, 
iron-cored inductances in series and other capacitoi's in .shunt are added 




(a) (6) (c) 

Fir,. 35.7. Filters to produce a steady current from a full-wave rectifier. 


to the filter, as indicated in Fig. 35.76 and c. The fluctuating current pro- 
duces a counter emf in the inductances, tvliich flattens the peaks in the 
current, whereas the capacitors serve to maintain the potential difference 
across R when the diodes are supplying only small currents. 
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36 3 Triodes. Lee del'orest found that ))y introciuriiiK a third 
oleetrode l.etween tlio plate and tlie cathode of a diode the current t hn.ufvh 
tlie diode could he eontrolle<l. The third electrode con.-^ists ot an open 
mesh of tine wires and is called a <jnd. The resulting; ti.ermioine tnl>e is 
called a iriodv. Triodes are also constructed with a cylindrical cathode, 
haviiifr the heater inside, surrounded hy a 
coaxial cyl-ndrical plate. The -rid is a helix JZT 

of fine wire between the plate and cathode. 

The conventional circuit .symbol for a triode is / \ 

shown in Fig. 35.8. The plate current of a _j_L — WW 1 C;, 

triodeisafunctionof twovarialilos— thepoton- | \ J 

tial ditference between the plate and cathode. 

(■„, and tliat between tlie grid and catliode. 

Figure 35.9 sliows tlie current as a function J J ^ 

„f for a senos ot values ot e t.ikcu v.th ,i 

commercial triodo, type (iC -5. Sucli ctlrvea are 

known as the chanuin-hh'c ciimx, or chara^IrnsUcs, ol the (node. 
Kach curve is similar in sl.ape to tl.e lower ponton ot tl.e diode 
eliaracteristic shown in Fig. 35.1. Triodes arc onlinarlly used witll the 
grid at a negative potential witli respect to tlte .^atlmde. t onsequently 
no electrons reach tlie grid, ami tlie grid c.trrent is very small. 1 he 



I' lo. 35.9. (‘huriictcristic curves fur a 6(’5 triode. 


potential of the grid can therefore be controlled by a very small current 
and hence by a low power, to produce a relatively large change ot cm rent 

and power in the plate circuit. . 

Idle characteristics of Fig. 35.9 cannot be represented easily oy 
analytic functions, but there are some viseful parameters that repu&on 
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the heliavior of the tube. Triodes are usually used in circuits that are 
sensitive to changes in the values of e„, Cp, and ip rather than to the values 
of these variables themselves. Some operating conditions are chosen, 
such as those represented by the point i* in Fig. 35.9, and the changes in 
the variables from the values at the operating point are utilized. The 
slope of the curve through P has the dimensions of a conductance, or the 
inverse of a resistance; hence we can write 


Ac 




J. 

R 


Co — const 


(35.2) 


where Up is called the plate resistance of the tul>e. In making the changes 
A/p and Ac,, the value of c„ is held constant, as indicated in the equation. 
In a similar fashion two other parameters can be defined as the ratios of 
changes in two variables when the third variable is held fixed. Thus 


Alp 



e,. — const 
ip = const 


(35.3) 

(35.4) 


where gm is called the mutual conductance and n the amplification factor. 
Tlie three parametei-s are not imlependent but are related by 



(35.5) 


It is found that, for a wide range of operating conditions, the values of 
the amplification factor a and the mutual conductance are very nearly 
constant. If only small changes in the variables aie significant, the 
triode can be considered as a linear device. In actual practice the changes 
that are not small can be treated to a good approximation as linear. For 
the GC’5 tube with the characteristics shown in Fig. 35.9 the values of the 
parameters are m = 20, Rp = 10,000 ohms, = 2,000 fxmhoa for the 

operating conditions of = —8 volts, Cp = 250 volts, ip = 9 ma. 

*35.4. Triode Amplifiers. A common application of a triode is as a voltage 
amplifier. circuit diagram is shown in Fig. 35.10. The small alternating 
voltage to he amplified, Ac„, i.s applied to the grid through the coupling capacitor 
C, which has a negligible impedance. The grid is maintained at the operating 
potential eg applied through the resistor Rg, which is very large. The i)oteiitial 
at the grid is tlius the sum -b Acg. The plate potential of the triode is applied 
to the tube through the load re.sistor Re from a source of emf ecpial to e,. Since 
the steady plate current ip flows through Rl, the value of €p is less than e, and is 
given by the equation 


Cp == c. — Reip 


(35.6) 
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When the (;n<l potential changes in this riieuit, a cliai.-e in plate poteTitial 
results not onlv <lireetlv from the chaiif'e in {irid potential. l)ut also from a ( hankie 
in the potential drop thiounh the resistance Rl- Consequently, in terms of the 

tube parameters, we can write* 

Acp = /^pAip + (:^.).7) 


From hap (35. 0) we also have 


Ac„ = -RiAi 


(35.S) 


(35.0) 


Klimination of Ai^ from Kqs. (35.7) and (35, s) results in 

Acp = — /iArv + f?)<) 

The output voltaKe from the amplifier is taken throu-h a seecm.l lar^e couplinj; 
capacitor The output voltage Acp is proportional to the input voltage Ac„; 

hence let it be denoted by C Acp. The <iuantity O is called the g,ti„ of tin- 

amplifier, and 

a - -uIiL/{Rp+ i<i) 


The nef5ative sit;n in this expression means simply that, wlien the applied volta‘;e 
on the gi'id is increased, the output voltage decreases. Several stages of amplifica- 
tion can be used together. If n stages are useil, the over-all gain is G’'. 



The relations just expressed analj'tically can also he obtained graphically fiom 
the characteristic curves. In Fig. 35.11 the line dla^Yn through the value of the 
supply potential e. with a slope of -X/Rl intersects the characteristic curve of 
the chosen grid voltage at the operating point of the triode, since the oiieratmg 
point must lie on the characteristic curve and must also satisfy the relation 


‘The student mav recognize that Eqs. (35.2) to (35.4), which defuic the tube 
parameters, arc expressed in terms of the partial derivatives of i, and Cp. Equation 
(35.7) is the total differential of Cp, or 




deg 



If the values of the partial derivatives arc substituted from Eqs. (35.2) and (35.4), 
Eq. (35.7) results. 
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(35.11) 


v Wich is obtained from Kq. (35.0). If the grid potential is now changed to 
^ (on the figure this is shown as a negative chaiige), the operating jx^int 
sliifts to r and there is a change in tlie plate current. The potential drop 


across He changes, and tliis change is indicate<l by d 

It is evident from I xi- (35.1 1) that the gain increases with increa.sing He- For 
a given oi)erating point, however, the plate-supply potential e, mii.st also be 
increasetl. It is often desirable to compromise by choosing Rl = Rp, and for 


this choi<'e (! = -• 



I'Ki. 35.11. Const ruction to l(*cafc tlu> operating jarint of a triofic. 


*36.6. Pentodes. Thetinionic tubes with more elcctrorles can be <lesigned 
with <’haracteristic curves of other desirable forms. In a pentode, two more 
grids are ad*led between the control grid and the plate. The grid nearest the 
plate is called the suppressor grid and is maintained at cathode potential. It is 
used to slow down the electron.s before they strike the plate, to j)reveut secondary- 
electron emission (cf. CMiap. 30). Between the suppressor grid and the control 
grid is a screen grid. This grid is maintained at a positive potential and draws a 
small current. It acts as an electrostatic shield l)etween the control grid and the 
plate and alters the distribution of space charge within the tube. In a pentode, 
very high amplification factor's are obtained, and correspondingly large plate 
resistances. The characteristic cuiwes of a 6SJ7 pentode are shown in Fig. 35.12. 

The gain of a pentode used as a voltage amplifier is given by Eq. (35.10); but 
since p and Rp are large, it is better to express the gain G in terms of the mutual 
conductance g^. If Eq. (35.10) is multiplied and divided by Rp, it becomes 

^ ^ ~ 'Rp Rl + flp ^ 
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If » /?/., (loiionuiiator fan l>e netilcctoil and wo li;iv(‘ 

(; = 


(35.12) 


For a fiSJ7 pentode, = l.dOO /imlms. Wlton tlio plato and s.-ioon-nd ix.tcn- 
tinls are each 100 volts an<l the ta.ntrol t;ri«l 3 volts no-ativo w.tl. re.^poc t to tlie 
catluxle. the plate resistance Is about 0.7 mo-ohtn. Ilonoo, with a load resistor 
of 100,000 »>hnis, a liain of nearly 100 j-an he attaijied. 



Fi<;. 35.12. ( ‘haraeteristies of a OS,!? pentode. 

36.6. Oscillators, Thermionic vacuum tubes otter a convenient 
means for the generation of oseillation.s. -Vs cliseusstMi in Sec. .34.0, in a 
circuit whicti contains resistance or in which there are other means 
wlicreby energy is lost the oseillations die out in cottir ‘ of time. If this 
energy ean he supplied to the circuit, sustained oscillations are produced. 
One metliod of accomplishing tliis is shown in the circuit of Fig. 35.13. 



The oscillating circuit, or lank circuit, consists of the inductance L and 
the capacitance C. An oscillating voltage is applied to the grid ol tiie 
triode through the coupling capacitor, and there results a change in plate 
current. The changing plate current produces a change in flux through 
the inductance L, and hence an emf in the oscillating circuit. The 
amplitude of the oscillations builds up until the energy lost is equal to the 
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vnvvfry .suppliril by the tube. The necessary energy comes from the plate 
supply r.. The proper grid potential is maintained by the potential drop 
of tile steadv plate eurrent tlirough the resistance R\. Ihe fluctuating 
eoiuponent of the plate current is by-passed through the capacitors C, 
and Since tlie oscillating circuit is connected from grid to cathode, 

the arrangement is called a luned- 
yrid oscillator. 

There are many variations in the 
circuits of vacuum-tube oscillatoi-s. 
Each must have a tank circuit and 
some means of supplying energy to 
it. One of the more common forms, 
called a Hartley oscillator, is shown 
in Fig. 35.14. Here the coupling be- 
tween grid and plate circuits is pro- 
vided by the mutual inductance 
Energy can be taken out of the circuit 



pOQOQQObOQfeOQQOQO 


Tir,. 3/). 14. llurtlfv oscillator. 


between the two parts of the coil, 
by means of the coil coupled to the tank circuit. 

36.7. Modulation and Demodulation. If an oscillator such as that 
shown in Fig. 35.14 is used to produce signals for the transmission of 




intelligence from one place to another, it is necessary to vary the ampli- 
tude of the oscillations in some manner. This process is called modula- 
tion. The simplest method is to turn the plate-supply potential off and 
on to stop and start the oscillations. The Morse code can then be used 
to form lettei’s and words. 
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To tr;in.smit speech the amplitiKle of the oscillations is varied in accord- 
ance witli the form of the sound waves fsec C'hap. 38). The form of the 
sound wave and the modulated o.scillat ions are shown in T if', do. 15. 
The wave tliut is modulated is called the carrier ware, .\mplitude 
modulation can be accomplished by means of the circuit of Fif:. 3o.U>. 
which represents the grid-potential supply for an oscillator such as that 
shown in Fig. 35.14. A telephone transmitter is connected to the primary 
of a transformer. In the secondary of the transformer, there is an 
induced emf Ac,, of an amplitude proportional to the varying sound wave 
striking the telephone transmitter. The secondary is in series with the 
steady grid voltage .supplied by a battery. The by-pass capacitance in 
the grid circuit of the oscillator must 
be large enough to have a small 
impedance for the carrier freciuency, 
but the capacitance must be small 
enough not to short-circuit the speech 
frequencies. Since this modulation 
scheme varies the grid voltage of the 
oscillator, it is called “grid modula- 
tion.” similar arrangement can be used to vary the plate voltage, and 
plate modttlalion results. Considerably more power must bo employed 
for plate modulation than for modulation of the grid. 

It is profitable to consider a modulated wave analytically. Suppose 
the carrier frccpiency is ain.1 the amplitude .1. Ihe amplitude is 
modulated by a wave of freciuency f^, so that 

A = -4,1 cos 2irf >t + B„ 




Cy + ACff 


+ 


Fici. 3.5.1fi. Circuit for inodulation of 
ail oscillator. 


(35.13) 


The carrier wave of instantaneous voltage c is tlum 

e = A cos 27r/i/ = Ao cos 27r/if cos 2irJ»t -h cos (35.14) 

A trigonometric transformation yields 

c = }^-4o cos 2ir(/i — fi)t + }-iA„ cos 2 t(/i + cos 27r/d (35.15) 

The mod\ilated wave is thus composed of three simple waves with fre- 
quencies (/i — /a), (/i + / 2 ), and /i. The first two waves are culled the 
side bands. 

Since the amplitude of the wave is varied during the modulation, the 
process is called amplitude modulation. A frequency-modulated wave is 
obtained bj' varying the frequency of oscillation instead of the amplitude. 
The resultant wave form can be expressed as 


e = .4 cos [2vt{fx + fo cos 27r/a0l 



48S 


PHYSICS 


{See, 35.7 



I'o rc'cuvrr llio (n■i^^i^al speech wave lorm from the modulated carriei’ 

the process of di-moduladon, or defection, is employed. In the simplest 

case a diode can be used iis shown 
in Fig. 35.17, which is similar to a 
rectifier circuit. If a voltage wave 
foiTn like that in the lower part of 
Fig. 35. 1 5 is applied to the terminals, 
the current is zero over the negative 
half of the wave. The values of li 
and C must be so chosen that the 
capacitor has an impedance low <-ompaied with R at the currier frequency 
hut large compared with R at the modulation fre(iuency. The potential 
dilYerence across R is then the ori- 
ginal modulating wave. 

A triode can also be used for 
detection in the verj' similar cir- 
cuit of Fig. 35.18. The grid volt- 
age is chosen to be large and 
negative where the characteristic 
curve is most nonlinear. The RC 
network must satisfy the same conditions as for diode detection. 

The action of the triode detector is understood most easily by consider- 
ation of another characteristic curve of the tube. If the plate current is 




Input signal 

Fig. 35.10. Chaructoristics of the triode detector. 

plotted against the grid potential as a parameter, a family of character- 
istic curves results. One of these is shown in Fig. 35.19. The operating 



Sec. 35.8) 


ELECTRONICS 


483 


point is shown as P, aiul tlie variations of the potential are intliealed 
as the input signal, tf vertieal lines are virawn to tlie eharaelt'i'i^tie 
curve anti tlien liorizontal lines extended to the right, tin* wave form of 
tlie output signal is easily found graphically. A symmetrical input 
signal is transformed to an tinsymmet rical output signal, and tlie action 
of the PC filter results in the reproduction of the ordinal modulating 

wave. 

36.8. Radio Transmission and Reception. An <‘Ieet ric circuit in which 
an o.scillatory current is flowing can lose energy hy nulialion. I'.lectro- 



Signal 

Flo. 35.20. tnmsmittiT. 

magnetic energy can exist in space, even in tlu* ahsonee of eurrtuits or 
metallic conductors, -hist as the vibrations of a string produce .sound, 
which transfers energy from tlie string to a sound d(*tector, so an oscillat- 
ing charge jiroduees rlrctromo^jnelic ra/halion, which takes (‘norgy from the 
circuit in which the charge flows. Kleetromagnetic energy travels with 
the velocity of light (See. 89.2) and can bo used to transmit intelligence 
from one place to another. 



Fio. 35.21. Itndio rcs-oivtT. 

The circuit elements described in the preceding sc'ctions can he com- 
bined to form a complete communication system. .\n example of such a 
system is afforded by a radiobroadcasting station and a home radio 
receiver. Figure 35.20 is the block diagram of a circuit that might be 
used by a broadcasting station, and Fig. 35.21 shows a typical receiver. 
The range of frequencies used for broadcasting extends Irom 0.5 to 1.5 
Mc/sec. In both the transmitter and receiver shown in the figures, 
radio-frequency (r-f) amplihers are used. The amplifier in the truns- 
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.nittor sorvos to increase tl.c power level over that generateal by the 
oscillator; in the receiver th. r-f amplilier increases the power the signal 
so that the .lo.ector operates efliciently. The detector is followed by an 
.oKlio-freMuency (a-f) amplifier, which amplifies the range irf frequencies 

encountered in speei h or music, from perhaps 100 cps » [ ^e 

.o.alilv of recept.on is largely determined by the width of the band of 
fr..i,mmci<.s that are amplified and converted to sound in the loud- 

speaker. 

r'sX Elect romasnetic waves are pro- 

\\ \\ (luced electrically by means of oh- 

Antenna. \ \\ r\\\ tmnas. A transmitting antenna 

\ \ \ \ U \\ \ often consists of a single vertical 

W P\\\ III \ I I radiator, snch as a steel tower, 

I ' 1 insulated from the earth. The 

^ ^ electric held near such an antenna 

K,,.. ;j.V22. The- oU- tri,- field near a 22. Since the 

l>rc.nteastin,; antenna. ^ Conductor, 

the electroniiignetic wtivos are attenuated, not only by spreading out 
from the souree, but also by heating lo.-^scs in the earth. It should be 
nott'd that the held at the earth’s surface is almost vertical, and con- 
sctiuently the most efficient antenna for reception is a single vertical wire. 

Radio transmission is elTective over mueli longer distances at higher 
freciuencies than are used for broadcasting. Although the attenuation 
bv the earth is greater at higher freciueneies, electromagnetic waves are 


Ki(i. :i.').22. The field near a 

hrnadcast iiin antenini. 



Fio. 35.23. The reflection of hitjli-freciuency waves from tiu* ionosphere. 


reflected from tlie ionosphere and i-each large distances. At altitudes of 
approximately 100 km above the earth, free electrons and positive ions 
aie present in a region known as the Heaviside layer, or the ionosphere. 
This layer acts as a good reflector for electromagnetic waves, as indicated 
in Fig. 35.23. Waves from the transmitter at T reach receivers Ri and 
R-i by tlie paths indicated. If the wave is incident on the ionosphere too 
close to normal, it is not reflected and a region exists between T and R\ 
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where the signal intensity is very h-w. 'I'he extent of this area is known 
as tlie •'ikip (li.'ifancr. 

'I'elevision signals are t ransmit t e.l at still hifiher freciuencies. More 
information must he transmitted per second to toiin a tele\ision picture 
witii sound tlian for sound alone, and con.^epui'ntly a lar^e liandwidtli is 
necessary. A hroadcastins station uses a hand of only about 10 kc sec 
whereas for television alxmt tl Me sec is needed. 'I'o aci-ommodate 
several stations in a }iiv<'n area, the carrier fre<iuency must he larjie com- 
pared with the iKindwidtli. Carrier freipieiicies hetween 50 and 200 
Mc/sec are now in use. To transmit and n'ceive sm-h lii-h fiaapiencies 
eiTectively more complicated antennas are laxpiired than tor luoadcast. 
fre(iuencies. The antennas usually take the form of one or mori' pairs of 
conductors wliich i)roduce eh'ctric fields like that of an electric dipole hut 
which oscillate at tlie carrier freipiency. Other comiuctors are arraiiKud 
as reflectors for the purpo.se of focusing the heam of radiation. Because 
the frequency is so high, television signals are not reflecti'd Irom tin* 
ionosphere hut pass througli it. 'I'lie elTective range of a leh'vision 
transmitting station is therefore rather limited. It may he shown to he 
approximately :‘;t times the distance from the transmitting antenna to the 
horizon. To increase the range it has been sugge.sted tliat transmitting 
stations he located in airplanes and the programs relayed from the grouml. 
Seven or eight sucli airplanes would provide nearly complete coverage 

of the country. A brief descrip- a P P ^ 

tion of a television system is given i / 

in Sec. 3().3. - — (■T^) 

36.9. Cathode-ray Tubes. A j. V-l i ^ \ / 

thermionic tube of a type entirely ^ 

dirt'erent from tliose previously de- 3- 24. .V rathodc-ray tube, 

scribed is the cathode-ray tube 

shown in Fig. 35.24. .V heater // heats the cathode K, whicli emits ther- 
mionic electrons. An anode .4 in the form of a cylinder, maintained at a 
positive potential with respect to the cathode, guides the electrons into a 
beam shown by the dashed line in the figure, and the intensity of the beam 
is controlled by the grid G. The beam of electrons falls on a screen *S’, 
whicli consists of a thin layer of zinc sulfide coated on tlie evacuated 
glass envelope of the tube, ^\'hen the screen is struck by the electrons 
it emits green light, or fluoresces (Sec. 49.10). The position of the spot on 
the screen can be controlled by electric fields produced by the two pairs of 
plates Pi and P-.. A field across the pair Pi produces a vertical deflection ; 
one across the pair P-. makes the spot move horizontally. The deflection 
of an electron beam was discussed in Sec. 25.10. The name “cathode 
ra}’” is an old name for a beam of electrons. 


Kir,. 35.24. rathudv-ruy tube. 
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with time is applied to the horizonta 





ealhode-ray tube is as the indicator in 

visible the wave 

iai dilTerence to be 

increase.s linearly 

P-i. the spot prt)- 

dtieed by the electron beam traces 

out the wave form. For instance. 

tlie variations of the potentials 

imlicated in Fig. 35.25 produce the 

wave form sliown on the tube in 

Fig. 35.24. If the stiw-tootli wave 

form is repeated at the same fre- 

(lueiicy as the alternating potential. 

the trace on the screen is repeated 

ea<h cvcie and remains .stationary. 
% 

(’ath(Mle-ray tubes are also made 
in wliicli the elect icm beam is de- 
Heeted by magnetic lields instead 


( )ne important application of a 

an oscilloscope, a useful and interest ing <leviee for making 

form of a fluctuating potential difference. If the potent 

observed is applied to the plates Pi and a potential that 

lU- r!r»flpptinff DlutOS 


of electric fields. The magnetic fields are produced by pairs of coils out- 
sidi* the glass envelope of the tube. 


*36.10. Radar. During the .'^ef4)nd Work! War the npi>lication of radio waves 
to detect and Incstte ol*jects invisible in darkness nr in fog was developed to a 
high degree of perfection. /Mdin Oetectinn -And /hanging, from which the name 
radar is derived, is a jiroce.ss (piite siinilar to the locating of ohject.s hy insible 
light. Klectroinagnetic radiation of frequencies 100 to 10,000 Mc/sec can he 
focnse<l into a sharp beam by an antenna of a rejusonahle size. A radiator placed 
at the focus of a parabolic mirror, for example, results in a sharp beam of radiation 
similar to the beam of light producfvl hy a searchlight. The electromagnetic 
ta<iiatioii is reflected from any object place*! in the beam, and the reflecte*! energy 
<-an he leceivei! hy a radio receiver locate*! near the transmitter. The direction 
*)f the reflecting ohje*-t is then the same as the direction in which the beam from 
tlie transmitting antenna is pointe*!. 

To find the *li.stanre, or range, of the reflecting object a time measurement is 
ma*le. The ele*-tr*)in.'ignetic energy is tran.smitte*! in the form of short pulses, 
*>f I t«i 10 ^s*‘c duration. The wave.s refle**te*l from the ohje*-t to be located are 
tli*Mi rec*MVP»l in shfirt pulses, al.«*). The *liffprenec in time between the trans- 
mitted pulse !in*l the rc*'eive<l e«4io pulse gives imme*liately the di.stanee of the 
object, sin**c the velocity of tlie pulses is kn*)wn. If an interval of time t elap.ses, 
tlie distance d of the object is 

d = [y (35.16) 


where c is the velocity of light. An interval of 100 fisev thus *’orresponds to a 
distance of 1 5,000 m. 
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Tl.e n,L.»eli«- "f :in echo sIkmoI ic .leteete.1, i.n.i the ileh.y time is n.eo.sured l.y 
the petto. .1 p.o.luee,l <m a eatho.i.May tuhe. h, the shnplo.st syste.p the ante,,,,., 
.•e,„ain.s pointing in a lixe.l di.eetion. The signals ,eee,ve,l ...e appln-,! afte, 
,„„plifi..ation, to the ve,tieally cieHeetinK plates, and a saw-tooth wave sn. h .,s ,s 
si, own in the lower pa. t of KIk- AoMn is applie,! to the plates for honzontal deflec- 
tion The fieqneney of the saw-tooth wave is made e,,,..,! t.i the ,<-pctit,on 

frenuenev of the fansmitted pnises. The pattern on the eat, tube 

appeals as shown in Kig. 3S.»i. The distan.-es ,/, anil d. of the e, ho pnises 
the transmitted pulse on the si-rcen me p,o|>ort,oi,al to the distanees of the ,, -fie, t- 
i„K ohjeets. The siaeen of the e„thode-,ay t„l,e .-an the.efoie he eahinated 

directly in miles or (»tlier e(Mjvenieut units. 

In more eomple.x radar systems tl.e antenna is continuously a.nl sUosiy turned 
in direction, so that objects at any azimuth can l.e located. A catlio.te-ray tube 

iV 



is anain use.l as an indicator, but in a more complicated faslno.i. 1 be proper 
potentials a.e applied to the .ioHeetiiiK plates to make tl.e eleetron hea.n f averse 
with a eonstant veloeitv a series of radial lines about the eonter of tl.e eathode- 
ray tube, as shown in Fig. 35.27. The direction of the sweep cl.anges m syn- 
cbVonism with the direetion of pointing of the antenna. The election beam 
theiefo.e completely s<-ans tl.e tube .sereen wl.ile the unten.ia scans m all d.re.- 
tions. Tl.e azimuth of tl.e antenna eonespoiuls to the angle of the sweep on 
the tube. When no echoes are present, the grid of the eathode-ray tube is at a 
negative potential and tlie election current is so re<Juced tl.at no fluor<«scenee is 
visible When a signal is received, the potential of the grid is increase.! am a. 
spot of light appears, as at P in Fig. 35.27. The distance of the spot from the 
center of the tube face gives the distance of the reflecting object. A tul.e used in 
this wav is called a plan-position indicator (PPI). If a radar of this tj^e .-s carried 
in an ai.-plane, a map of the surrounding country is reproduced on the indicator 

tube. 

PROBLEMS 

1. Find tl.e saturation current density for thermionic emission from a metal for 
which = 5 volts and A = 60 amp/eiii® at T = 273“K; 1000"K; 2000“K. 
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2 ttu. ,>l 1500 K „f a M„..al w,.l. a work funrt.on of 

5 .oltV * - 3 volts if .1 has tho sttn.o vah.o for hoth ntaf-rtals. 

3 Wl.a. is rorno. throOKh a half-wave reetiher ,f .he peak eurrent .3 

100 nui? is it for :i fiill-wjivc roctifit-r? _ 

*4, What are the ..late eorren. anti plate potential for a hf o triode with r. - 

volt-^ r. = i:.0 volts; lii. = 20.000 ohms? _ f 

*5. 'Wliat is the plate eurrent in a GC5 trin.le eonneeted as in the eireint diagram of 

Fig. 3’».28? 

200 volt 



Fio. 3o;28. C'ireuit for Problem 5. 

6 The a-f amplifier of a radio receiver amplifies frequencies up to 8.0(» cpa. If the 
ra.lio fr<-<iuem-y is 1 M<- /see, what range of frequencies should the r-f amplifier nmpiifj ? 
*7 \Vh‘tl is tho length in lUfters of a radar pulse with a tiuration of 1 Msect 
*8' \ live-staKf a.oplilier has a total Cain of lOh What is the gain per stage? 

*0. \ trioth- antplilior has „ - 10 t.otl H, - 80,000 ohms. What gam does tt have 
with a plate loatl n*sistor of 40,000 ohms? 



CHAPTER 36 

ELECTRONICS— Continued 


36.1. X Rays. KloiMrons oscillatinj; hack aiul forth alonji a trans- 
mitting antenna produce elect roinaKnelic radiation tliat travels outward 
in all directions. A beam of electrons, on the otlier liand. inovinj; witii a 
constant velocity produces no radiation. It is the cltan;i:e in velocity, or 
tlie acceleration, of charged particles tliat radiation. It a 

beam of fast-moving electrons is suddenly .stopped iiy allowing the beam 
to strike a metal target, radiation does occur, called A' nutiatwn, or 
A’ rays. Radiation also occurs 
when a beam of electrons is de- 
flected, as in a cathode-ray tube, or 
when electrons are accelerattal or 
decelerated by electric fiidtis. The 
intensity is so weak in these cases 
that the radiated energy cannot be 
detected. In a betatron, however, 
the centripetal acceleration of the electrons produces appreciable radiation. 

The frequency of the X rays can l)e determined by dilVraction methods 
described in C'hap. 47. It is found that radiation of a ranf^e of frequen- 
cies is produced but that there is a well-defined upper limit to the 
frecpiency. The limiting fre<iuency is found to l>e independent of the 
electron current but proportional to the energy II of the electrons. 

Hence 

ir = eV = liU., (3h-l) 



where V is the potential that accelerated the electrons, the frecpiency 
limit, and h the constant of proportionality. The constant h is the same 
Planck’s constant that was encountered in C'hap. 11. Its value is 
h = 6.62 X 10“"^ erg sec. If V = 10,060 volts, = 2.4 X 10' 


sec"'. 

X rays of high frequency have the property of penetrating objects that 
are opaque to light, and their usefulness in medicine and many other 
fields is well known. They are also called Roentgen rays after the Gei*man 
physicist, W. K. von Roentgen (1845-1923), who discovered them in 1895. 
X’rays are now produced in tubes of the type invented by C'oolidge 
(Fig. 36.1). The source of electrons is a tungsten filament, and the anode 
of the tube is water-cooled to dissipate the electron energy that is not 
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CDnvprtea to ra<liatinii. Hetatrons also cHn produce X rays of extremely 
lii-di fre(iuencv. and lienee (iroat penetrating power, if the beam of elec- 
trons is allowed to strike a metal tarRet. These very penetrating X rays 
are useful not only in the study of the interaction of matter and radiation 
but also for the inspection of large metal eastings for flaws. 

36.2. The Photoelectric Effect. The absorption of an electromagnetic 
wave by an antenna imparts velocity to electrons there, and currents flow. 
If the fre(|uency of the wave is sufficiently high, a new phenomenon 
occurs. Iligh-freiiuency radiation falling <ui a metal is found to cause 
the ejection of eleciron's from the metal. 'I'his is known as the photo- 
electric effect. The ejected electrons liave a distribution 
of kinetic energies with an upper limit. It the intensity' of 
the radiation is altered, the number of photoelectrons is 
changed hut the di.'^trihution in energy remains the same. 
If. on the other hand, the freqiieney of the radiation is 
increased, the upper limit of energy is inereased also. The 
radiation behaves as if it were composed of discrete bundles 
of energy, each hundle of energy being communicated as a 
whole to the electron. A. Fnnstoin Tirst explained the 
photoelectrie effect in the following way; lie postulated that 
^ I tlie energy in each Imndle, or quantum, is related to the fre- 

(|ueney of the railiation hy the e(iuati<jn 



Kic. 30.2. 
\ phatotiibc; 
M>lid black 
line is anode. 


11’ = hf 


(30.2) 


where h is Planck’s constant. Quanta of radiation are 
also known as photons. Tlie maximum energy tliat a photoelectron can 
luive is hf less the energy necessary to ri'move the electron from the 
metal. 


Hence 


' 2 ■ = M — < 4> 


(36.3) 


where <p is the m ork function' of the metal. Subseipient experiments have 
verified Kinstein’s postulates in detail. 

(Quanta of radiation also afford an explanation of the production of 
X rays. If an electron must produce at least one quantum of a given 
frequency, X rays of the maximum frecjuency are produced when the 
whole energy of the electron is converted to one quantum of radiation, 
and Eli. (36.1) follows directly. In X ray production the energy e<t> is 
usually negligible compared with the electron energy eV. 

Photoelectric tubes, or phototubes, are used in many electronic 
applications. They consist simply of a cathode of low work function 
and an anode to collect the electrons (Fig. 36.2). Since the electron 
'See Sec, 35.1. 
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current is (luito low. precaution muM In* taken to ensure jjood insulation. 
Tlu' pliotoelectric efiiciency oi' a catliode, tlie number ot electrons 
produced per incident photon, varies witli the lre(|uency and with the 
cathode material. The sensitivity, expressed in ampen's per tinit lijthl 
intensity, varies similarly. A curve showinjj; this variation for a 929 
phototube is given in Fig. 30.3. r ^ 

'I'he sensitivity falls to zero at a i- 

frequency of 4.5 X H)'^ eps. From | \ 

Fa\. (30.3) with r,.„ set e(iual to £ ' 

zero the work function <f> of the I 

.surface is found to be 1 .90 volts. 4 5 6 7 8 9 10 

Phototubes are u.sed in the repro- Frequency XIO cps 

, . £ If. r»;,. Khj. 3t).3. Tiro .>icnsitivitv of n ‘.)2'.) 

duction of sound foi motion pu- .... 


s\irfacc is found to he 1.90 volts. 4 5 6 7 8 9 10 

Phototubes are u.sed in the repro- Frequency XIO cps 

, . £ If. r»;,. Khj. 36.3. Tiro .>icnsitivitv of n 

duction of sound foi motion pu- .... 

tures. The side of the strip ol 

film, or sound track, is exposed and blackened to an amount proportional 
to the instantaneous pressure in the .sound wave. lo reproduce tiie 
sound, light is sent through the sound track of the moving film and onto 
the cathode of the tube, as in Fig. 3().4. 'i'he variation of the photc^ 
electric current through the resistor H produces a varying potential dif- 
ference that is amplified and converted to sound in a loud-speaker. 


Moving film 
with sound track 


Photo- 

cell 


Lamp 


^ amplifier 


Fio. 36.4. The rcproclurtion of sound with a photetulu*. 

36.3. Television. A system to transmit visual images from one 
location to another requires three e.ssential elements: (1) means of con- 
verting the image into a series of electrical impulses; (2) means for trans- 
mission of the electrical impulses; (3) a method of reconverting the 
electrical impulses into another visual image. Ihe transmission of the 
electrical impulses can be done by conventional radio transmitters and 
receivers, and a cathode-raj' tube can be used to produce a visual image. 
The conversion of the image to a series of electrical signals is done, in one 
system of television, by a tube known as an “iconoscope. Ihe tube is 
shown schematically in Fig. 3G.5. Tlie image is projeiUed on the screen 
S by a lens. The screen is composed of many tiny photoelectrically 
sensitive particles deposited on a thin sheet of mica. On the other side 
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„f ,1... mica is a metal plate from ul.ieh the electrical slBiials can be taken. 
When lishi falls on the screen, photoelecfrons are emitted and the paiti- 
,.les become positively chained. .\.n electron beam, formed by a cathode 
K and two anodes .1, and .l-n is .swept across the .screen m a series of 
horizontal lines by means of deflectmn coils not shoan in the hnuie. As 
the electron beam .strikes a chaiReil photosensitive particle, the particle 
is discharsed and a pulse of current pa,s,ses thronnh the resistance K. 
The potential variations across /f are amplified and used to modulate a 
rKlit) transmitter. At the reeoivins station the electron beam of the 
;.„I.o<le-rav tube moves in synchronism with the beam in the iconoscope 
tlu- svncln'onization beinj? maintained by special synchronizing signal 



pulses. The intensity of the eathodc-ra\Mube spot is varied by meansof 
the grid potential to correspond to the light and dark portions of the 

image. 

*36.4. Ionization by Collision. In a tube traversed hy a beam of electrons 
which is partially evacuated, the ele<-trons interact with the molecules of the 
residual gas. If the electrons have sufficient energy, a collision between an 
electron and a gas molecule may result in the ejection of an electron from the 
molecule and the formation of a positive ion. Suppose the residual gas is argon. 
When the electrons jiossess more kinetic energy than 15.7 ev, the reaction during 
a collision can be rlescrihetl hy the equation 

f + A + KE 2c + A+ + KK (30.4) 


The kinetic energy on the right is divi<letl between the two electrons. If there is a 
field in the region wlieie the collision occurs, tlie two electrons move one way and 
the positive argon ion tlie other. Consequently the current in the electron beam 
is increased. The presence of the gas results in a current amplification. 

This gas amplification from ionization by collision is utilized in several elec- 
tronic devices. A small quantity of gas is introduced into some photoelectric 
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tul)es Tho tut.c chanirtcnstic alteml as sluiwn in Fiji. iJti.d. 'I'lif use <>1 
current at potential dilTeronees across the tube is the re.sult ol ;;as amplilica- 

tion Amplifieation factors of o to 10 can he attaine.i witli stat.le operation. 

If a uniform electric tiel.i i.s present, the increase //.V in the numher A ol elec- 
trons t)y ionization is proportional to the numl>er preseTit ami is -iveii hy 

(lX=a\tlc 

wliere a is a <iuantity ilepemlent on the field, the pressure, and the nature of tho 
Has. Kquation (:i().o) can he into- 
^ratofl, and tliere Jesuits 

= A',.r 


.itJ 



where .Vo is tlie numher of electi-ons at 
X = 0. Tlie increase with distance is 
consequently very rapid. The coefli- 
cient a silso increases rapidly with the 
electric field. It is called the Town- 
seml coefficient. 

A second apjdieation of ga.s arnplifi- 
< ation is the (idgcr-M fuller coi/nU r (see 
Fig. 30.7). If a fine wire stretched 
along the axis of a metal cylinder is at 
a positive potential with lespect to the 
cylinder a high electiic field exists in the neighhorliood of the wire. The wne 

and oviinde.- are rontainod in a (?lass envelope filled vvitl. gas to a piessnre of 
ahont fO eni Hg. If a single ion pair is fornicd witl.in the volume of the eyhnder, 
the eleetron is drau n to tlie wire. In the higli-tield region, gas amplification 
takes place that mav he as large as lO'" or 10", and the resultant pulse of current 
tfirough the resistor is ea.sily detected and recorded liy an electronic nrcuit. 
(leiger-Miieller counters are widely used to record tlie piesen.-e of lomzntiou 

produced hv fast-mo\nng particles oj- 

iHi :£u by quanta of radiation. 

If n diode or triode contains gas, the 
«'liaiacteristi<‘s are altcrerl but tlie 
ilevice has otlier useful propei ties. If 
the gas amplification is huge, the oui'- 
rent carried by the electrons oiiginally 
emitted from the cathode is a small jiart of the total cunent. Within the tube 
both positive and negative chai-ges aie present. The net charge at any place i.s 
small, and no space-charge effects exist. Much larger currents can he passed 
through the tube at low potential. Diodes containing mercury vapor are 
extensively used as rectifiers for obtaining large currents. 

A triode containing gas can be made in which the starting of the current and 
tlie gas amplification can be controlled by the potential of a grid. Sucli a device 
is called a thyratron. Once the large current has started to flow in this tube, it is 
usually necessary to reduce the plate potential to stop it. 



Fio. 3G.7. .\ (Icigi'r-Mucllcr counter. 
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Tlie rapui cI.aiiKe in current with potential that is <-haraetcristic of gas ainplifi- 
,-ation has l.een applied to obtain more cflieient triode detectors, .such devices 

arc little used toilay. » i 

*36.6. Secondary-electron Emission. Another phenomenon that <un he use<l 

to amplify a current of electron.'^ is the emission of electrons from a surfai*e struc-k 
l)V an electron beam. The number of so-called secondary electrons produced in 
this wav mav be larger than the number of electi-ons bombardiiiK the surface, 

and amplification i.s obtained. All surfaces show 
the phenomenon to some extent, but the number 
of secondary electrons is particularly large from 
beryllium and its alloy.s if the energy of the pri- 
mary bombarding electrons is in the range 500 to 
I, .500 ev. At lower and at higher energies the 
number is less. 

Amplification by secondary emission is employeil 
to increase the current in a phototube. A series 
of electrodes are uswl, and the electrons are 
ai-celerated between each pair of electrodes. The 
.structure of one such tube is shown in Fig. 30,S: 
it is called an eleciron^mullxplier tnhe. Photoelec- 
trons are emitted from the electrode 0, and second- 
ary crnUsion occurs from electrodes I to 9; the final current is collected by the 
ring electrode 10. An amplification of between 10^ and nearly 10’ is obtainable 
with this tube. 

*36.6. Self.-sustaining Discharges. At sufficiently higli potentials a discharge 
can be maintainofl between twf) electrode.s in a gas at retiuceil pressure without a 
supply of electrons from a heated cathode. The additional process that takes 
|)lace is the emission of electrons from the cathode of the tube when the cathode is 
bombariled by positive ions. Such a discharge is called a gloic discharge. Glow 



I'lO. 3b. H. The clcrtro«lc.< 
ill till rlert roii-iimItiplU-r 
t ub«‘. 


Cathode 



Crooke's 
dark space 


^ S \v 



Faraday 
dark space 


Anode glow 


Negative 



Anode 


+ 


Positive 

column 


Cathode 

glow glow 

Fir,. 36.9. The structure of a glow discharge. 


discharges can exist only when la)th the current in the discharge and the potential 
across the discharge tube are above certain minimum values. 

The structure of a glow discharge is quite complicated, and the appearance is 
usually striking. The^-various parts have been given names, as indicated in 
Fig. 36.9. The distance from the cathode to the positive column depends on the 
pressure and kind of gas but is nearly independent of the length of the tube. 
Nearly all the light comes from the positive column, and the length that this 
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(Milunui can attain is faniiliat to cvoiyonc «l.o lias seen neon sif;ns. SoMie(inie> 
the po.sitive eohiinn is hnikon up into alternate li^ht ainl •lark hainls « alh‘«l 

.ctrialions. 

A jhiorcsci nt lamp is a <li.sehar«e tuhr with a eoatin- on the inner surlaee ol the 
tube that ahsurhs the ultraviolet lifilit from the (li.M-harf;e and reemits it as vi.dhle 
lif;ht. The luminous eth<*iencv is much [it eater than that of im amlesi ent laiiip>. 
Since fluorescent lamps must be operated at low voltafic, a hlament to siii.ply 
electrons is used at eaeli end. 

36.7. Photovoltaic Cells. Nut all elect ionic devices employ the muti<ui 
of electrons in a complete or paitial vacuum; some involve tin* motion of 
electrons in solids. An example of sueli a device is known as a pholo- 
rolfaic cell. A tliiii layer <»f euprtui.'' oxide, ( Ui<), is coated on a disk ol 
copper by heating:. If lifibt shines on the oxide. eh‘ctrons are eject e.l 
from it, not into the surroulKlin<^ air, but into the copper. I lie oxide 
layer tlius become.s positively cllar^^ed and the copper ncKalivt-ly eliai-fred. 
The light therefore generatc.s an emf. If contacts are made to the oxide 
layer and to the copper, the photovoltaic emf prorluees a current. ()tiier 
substances show tliis ciTect also, for example, a layer of selenium on iron. 

Photovoltaic celLs arc commonly employed in exposure meters. -V 
current meter is connected between 
tlie terminals ol the cell, and tlio 
current indicated is proportional to 
the light intensity falling on the 
oxide layer. Tlie meter can theri‘- 
fore be ealibiated diix'ctly in liglit 
intensity. 

*36.8. Semiconductors. Muny sub- 
stances have electric conductivities 
intermediate in value between tliat of 
a pure metal and tliat of a g<io<l insula- 
tor. Examples are silicon, genminium, 
cuprous oxide, and selenium. Sm'h 
substance-s are known as sennrotuhicUirs. 

The coaducti\ity of a semicomluctnr is • ♦ i 

usually the result of a few free elections, rather than of many as m a pure metal. 
The number of such free electrons, and hence the conductivity, depends greatly 
upon the impurities in the material, the strains, and other factors that do not 
influence the properties of a good conductor to a large extent. Semiconc lu ors 
are useful because the contact area between a metal and a semiconductor bus a 
resistance that depends on the direction of the current aero.ss the contact, huch 
a contact can tlierefore he used to rectify an alternating current. The combina- 
tion of cuprous ox-ide and copper that shows the photovoltaic effect also makes a 
good rectifier. A large area of contact can be employed, and tlie resistance to the 
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o 



Kk;. 3().U. C'ir- 

cMiit sviuIh)! for i\ 
riM-tifyinK «-outn«-t. 


i„ one .lirection ran be m.ule .n.all. Many devices employ copper-oxide 

rectiliers winch are particularly useful at low potent.al differences. 

,1 exi'cllcnt rectilier can also be made with a line tungsten point touching a 
’ f 1 »• silicon or uermaniuin. Since such a de\ice is extremely small, it is 

:Sul ^ ule of currents of vei^ hi.h frequency. Crystal rectifiers 

have been successfully used in microwave radars operating at frequencies as 

large as 30,000 Me sec. Figure 30.10 shows the character- 
istic curve of a silicon crystal rectifier: this curve should be 
compared with that in Fig. 35.1. These devices are satis- 
factory only for small currents. .... 

C’ontacts that rectify are indicated in electric circuits by 

tUi* syniI)ol shown in Fig* 3G.11. 

*36 9. Piezoelectricity. Certiiin crysti.lx tliat iirc in.siiliitors uliow electr.ciil 
,„„|.erties of uiintlier sort. If i. potential diffcieni-e is app hod between the two 
lidos of a iTVstal of ulialtz, tlio sizo and sliapo of the orystal ol.ange slightly, the 
natiiic of the ohange hoiiig dopeiidont on the i.riontatioi. of the orystal axi^ na h 
lesnoi t to the liolil. The converse of this effect also oooiii-s. If a crystal is suh- 
ioctod to a force that oliaiigos the slia,.e of the crystals, a separation of charge 
takes place and a Iioteiitial difference between parts of the crystal occurs. These 
phciioi.ieiia constitute what is called ,,Uzo,kctririt,j.' If an alternating potential 
Ilifference is applied to a quartz crystal, the crystal undergoes forced oscillations. 
If the ficqiiciicv of the alternations is correct, the phenomenon of resonance 
OCCIIIS The internal friction of quartz is very low, and with the proper precau- 
tions tlic ICS, .nance can he made very .sharp. .\ quartz crystal can thus he used 
■IS .. stmdard of freiinencv. Clocks regulated by oscillating quartz crystals can 
'he made accurate to within a small fraction of a second over a year of operation 
*36 10 Electrical Noise. We have already noted that the electrons in a metal 
:ue moving in a manner similar to the molecules of a gas. The electrons possess 
large velocities of thermal agitation. Across any cros.s section of a resistor, 
elec'trons are moving in both directions, and the current that would result if this 
motion were in one tlirection only would be tremendously larger than any current 
passing through the resistor caused by an external emf. On the average, of 
course, tlie internal net current is zero. It is, at any one instant, however, not 
exactly J^ero, but flowing first one way and then the other. The ends of a resistor 
left unconnected in a circuit are therefore charged for short intervals of time and a 
potential difference V exists across tlie resistor. On the average 1' is zero; but 
again, at any one instant, it may have a small value positive or negativ^ As a 

measure of tlie fluctuations of V we can employ as usual the rms value Vv\ It 
can he shown that the rms value of the potential difference depends only on the 
resistance R of the resistor and on the temperature T and is given by the formula 


= 2 VRkTiJi - fi) 


(36.7) 


The constant k is Boltzmann’s constant, and/i and/" are the limiting frequencies 


‘ Greek piezo, pressure. 
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for wliifli tho jipparafus tliat lueasures V is .s<Misitive. For o.xaiuplo, /.. inii'lit 
1)0 zcio, aiul /i perhaps lO kc .<oo. 

If an amplifier is connoctod to tho tenninal.s of a ro.'istor and tho output sij;tial 
applied to a loud-.spoaker, .rounds that can only he dosnihofl as noi>e arc lioanl. 
The rtuotuatiiif; potential ditTerenoe Kiven hy ITp (3h.7) is one source of this noise, 
wliieh is called thermal aoi-se {nv John.-mti auj.'cr after tin* ph^sicist who iiiaih* most 
careful ineasineinents on its mav:nltude). In a similar fashion the plate current 
in a vacuum tuhe also fluctuates, since discrete amounts of chaise are transferie.I 
hy each electron, ami shot tioisc is produced. 

The pre.sence of electri<*al noise of this sort eonstitut(*s a fundamental limita- 
tion to the .sensitivity of amplifier.s and the properties of all communi< ation 
systems. Often, of course, intci feienceoccui-s from other soui<-es, such as thunder- 
.storms or fluctuating power supplies, hut that ari.sin;; from the <li.scieteness of the 
electronic charge cannot he avoirled. 

36.11. The Electron Microscope. A final illustration of the applica- 
tion of electronic motions is alTorded l>y the electron microscope. If a 





lines are .solul: the lin<*s of force dashed. 

beam of electrons passes throtiKh a thin object, tbo beam is scattered in 
all directions. Each portion of the object scatters electrons in a manner 
characteristic of its structure, a part with a dense collection of atoms 
scatteriiif? more than a less dense part. The object thus modilies an 
electron beam in exacth’ the same manner as a light beam i.s modified by a 
translucent substance. It is possible, moreover, to focus a beam of 
electrons by means of electric and magnetic fields in the same way as a 
beam of light is focused by lenses. The electron beam can then be made 
visible with a fluorescent screen. By a combination of lenses a micro- 
scope can be constructed, and the image on the screen shows the structure 
of the object, magnified many times. AVe can thus “see” with electrons. 

The simplest electron lens consists of two coaxial cylinders such as are 
shown in Fig. 3G.12. Tlie potential I'l of the firet cylinder is below the 
potential Vi of the second cylinder, and both T'l and Vi are higher than 
the potential of the cathode, where the electrons start. In the figure 
the equipotential surfaces are shown as solid lines. The surfaces are 
figures of revolution about the axis A A'. The lines of electric force are 
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nnrmal to tl.eso cquipotential s.irfaces aiui are shorvn as dotted lines. I 
.>n elcetron traverses the lens alonj; the axis, the acceleration that it 
,.xperiences is always parallel to the velocity and no deflection occurs. 
\n electron traveling from .1 alon- the path indicated in the fiK'ire >s 
neeelerated toward the axis as well as alotiR the axis as it approaches the 
l,.ns \s the electron leaves the lens, it experiences an acceleration w ith a 
,.„mponent awav from the axis. Since the acceleration aloiK? the axis 



I-u;. 30.13. TIh‘ fnriniiti<in nf n iniiiKo l>y nn 4-lr‘i'trnn Ir-ns. 

is always present, the electron spends less lime in the riftht half of the 
lens than in the left half. The force away from the axis acts for a .shorter 
lime than that toward the axis, and the electron is deflected so that it 
strikes the axis apiin at the point Electrons coming from the point 

d are focused to the point .1'. In a similar manner a point near .1 is 
focused to another point near A', and the lens forms a magnihed image 

of an object as indicated in Eig. 3C..13. If the object at O is bombarded 

by a. parallel beam of electrons from 

the left, it scatters the electrons and 
shSd each point in the object acts as a 
point source of electrons. If a fluor- 
escent screen is placed at /, a mag- 
nified electron image is made visible. 

lOlectrtms can also be focused by a 
magnetic field. An iron-clad coil of 
wire carrying a current, with a gap 
in the iron, produces a magnetic 
leakage field, as shown in Fig. 36.14. 
An electron coming from the left 
tends to spiral around the lines of 
Via. 36.14. A mapnotic. electron lens. induction and consequently receives 


Coil 



a defiection toward the axis just as in the electrostatic lens. 

In the electron microscope a combination of a heated cathode and an 
electron lens is used to “illuminate'’ an object with a parallel beam of 
electrons. Two more lenses, similar to the objective and the eyepiece 
of an ordinary microscope, then form a magnified image on a fluorescent 
screen. Since electrons impinging directly on a photographic emulsion 
expose it, the fluorescent screen can be replaced by a photographic plate 
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and the imajxe can thus be recorded directly. An important tealurc ol an 
electron microscope is its hifi;h resolvin|>: power, 'l ids is tliscuss(>d in 

C'hap. 47. 

PROBLEMS 


1. It is (lf>ir(‘<l to X rays witli a inii\itiinin fr«*ciiH-iic\- uf lO'- cps. W'luif 

eixTKV in \'<)lls slionld llir hciinhardiii^ elis-f rims liav«‘? 

2. What is the encruy in one rumntuin «>f railiation at tiw follnwint: I'rcapn-iM’irs: 
(H), 10®, 10'®. 10" rps? 

3. phototiiho enthodc has a work fiintdion of -I volts. What is tin- mavitiiiiin 
velocity of the photoeleetr<ms from lijilit of fnapic'iii'V t>f 3 X 10'®."*'* “'? 

*4. .-Vn eleetron ioiii/es by collision in a field strength for which a =0,1 <-iii '. 
How far must it travel to produce UH) ion pairs? 

*6. An elci-tron-multiplier tube has a nain of 10* in 1 1 stajies. What is the jjain |)er 
stage? If thc‘ gain per stage is itn-reased b\ 10 j>er cent, what is the resultant total 
gain? 

*6. What is the rins noise voltage- gi-m-rate-el in a resistor of 1 megtthni e>ver a Ire- 


epjency band of 1 Mc/sec? 

7. A betatron accelerates ele<-trons ti> 1 00 M«-v, and tlu-y st rike a targ«-t . \\ hat is 

the inaximuni fn-cjm-m-y of the- X rays pro<liic«-d? 

8. The elfi<'i(*n<-y of a phototube- is seich that i e-le-ctron is produi-eel feer e-ve-ry 40 
|)hototis falling e)n the cathode- fejr light eif fre-ejueiie-y e>f 10" si-c“'. What curre-nt is 
produced whe-n 1 inie-re)watt e»f such light strikes the- se-nsitive- surface-? 

9. \ gas-fille-d photoe-e-Il has an amplifie-atieui e*f 10. If the- ionization by e-ollision 
takes place ove-r a distance of 1 c-in. what is the vahle- of TowtJseMid's e-oi-nie-ie-iit a? 

10. The tnaximutn e-nergy of <*h-ctre)ns e-je-e-te-el freiin a photosensitive siirf.-u-i- is 1..") 
e-v. If the iiie-ident light ha.s a freepiene-y of 2 X 10" se-c-“'. what is the- weirk fune-t iem 
of the- surface? 



CHAPTER 37 
WAVE MOTION 

37 1 Introduction. The phenomenon of wave motion is encountered 
in even’ hraneli of pliysics. ^^■ater waves are the most readily observed; 
but there are also sound waves in gases, luiuids, and solids, waves in 
vibrating wires, rods, and diaphragms, radio waves, light waves, etc. 
Of recent years there have been many interesting and important develop- 
ments with respect to the subject of sound, coming from research m 
tt'lephonv, radio, supei-sonics, acoustics of rooms, and military applica- 
tions. Most of these advances in our knowledge of sound have resulted 
from tlie great developments in the field of electronics. 

Waves originate in the displacement of some portion of an elastic 
medium from its normal position, causing the layers of the matter to 
oscillate about tlieir eciuilibrium points. Because of the elastic proper- 
ties of the substance, the disturbance is transmitted from one layer to 
the next, and so the wave form progresses through the medium. It is 
important to note that the layers, or elements, of the medium oscillate, 
or rotate only in limited paths— there is no bulk movement ot matter 
with the wave motion. For example, in the case of water waves the 
particles of water on the wave crest are moving in the direction of the 
wave, hut in the trougli tlie water particles arc oppositely directed. In 
their participation in the passage of waves along the surface the particles 
of the water rotate only in elliptical paths while the wave form or con- 

figuration progresses. 

By means of wave motion, energy may be transferred from one point 
to another; but the entire region, from the source of the energy to the 
receiver of the wave impulses, must be filled with a medium capable of 
transmitting such waves. Now one can produce a single wave pulse— for 
example, by striking a single blow against a taut rope. Another example 
would be the single shock wave resulting from an explosion. Or the 
periodic vibrations of a tuning fork or a telephone receiver can create 
similar periodic vibrations of the particles of the surrounding media, 
and a train of waves results. The single disturbance or the successive 
periodic vibrations are transmitted at a uniform speed determined by the 
Iiroper elastic modulus and the density of the medium. Each layer 
transmits its energy, consisting of both kinetic energy of motion and 
potential energy due to its displacement from its equilibrium position, 
to the next layer in line. There is thus an energy flow from the vibrating 

source through the wave train to the receiver. 

oOO 
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Tho wave pulse t ravelin- ainn- ti.e n.pe is an *'xainpl(* ol a Imnsnrsr 
wave, one in wliieii the partiele.-. of llie ine.lium are vilual.n- pei ix n.lu- 
ulaiTy to tho diieetion of propa-ation ol tlie wave. 1 here nia> . ol 
ro'ui-^e he a train of such waves sent .h.wn tlie mpt-, heeause ol a peno.l- 
ieallv applied di.sturl>ance at one end. aiul tl.es<‘ waves to-ellier witli tl.eir 
relieetions from the otlier end will produee visilile slaminuj waris in tlie 

rttpe (See. 37.10). 

When a vihratinji; tunin^i f<nk 
or dia])hra}i;in sends wa\’es inti* the 
surrounding elastic medium, u.su- 
ally air, the vibrations lake place 
in tho direction of propapition ut 
the waves. No wave form is visi- 
ble. tiiere beiufi; merely periodic 
chanties in the density of the me- 
dium. .Vt themomentary positions 

where the density is slitihtly in- 
creased the layers of the medium 
are movinti in the same direction as 
tlie disturbance. '1 hese positions 
are called condcnsalions. .Miilway 
between tliese are positions of ra/r- 
f(u-lion, where the density is slitthtly 
less than normal and the layem are 
movinfj counter to the direction ol 
{iropasation. Waves made up ol 
.such condensations and rarefae- 



Ftn. 37.1. d'lic (lcvc!oi)in<‘iit of a siinpli 
liarninnii- wave in a row of ela-«t i.-ally 
eoniie<-te(l partiiTes. 


hUi 11 ruiiviv 110*1 1 

tions are known as lonyilu<linat waves. When they fall on tlie ear ami 
excite the auditory nerve, we have the sensation of .sound. 

37 2 Waves from SHM. Sinee Hooke's law is almost always obeyed, 
the vibrations of the source will in most ca.ses be of the simple harmome 
variety. The vibrations of the partielos of the elastic me<lmm trans- 
mitting the waves will also be simple harmonic. If periodic vibrations 
are of more complicated form, these may be eon.sidered to be made up of a 
number of simple liarmonic components (Sec. 37.3). T.et us consider, 
then, a simple transvei-se wave set up in a row of particles «d' etpial mass 
that arc connected elastically. Suppose particle 1 to be given a trans- 
verse simple harmonic vibration. This will be communicated to particles 
2, 3, etc., successively, and the wave form will develop as indicated in 
Fig 37 1 In the wave as drawn, the phase dilTerem;e between successive 
particles is one-eightli of a period of tlie SHM. The wave configuration 
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I, MS lilt* shape of a sine or cosine curve always associated with simple 
harmonic vibrations. 

’I'he period P and amplitiule A of the wave are the same as those of the 
indivulual particle.s in their transverse simple harmonic vibration. The 
wavelenjith X is the distarice between any two parti(!les, such as 2 and 10 
in I'ifi. which are in tlie same phase of vibration. In F\^. 37.1 it is 

seen Hiat while one particle, such as 2. has made one complete vibration, 
the wave has advance«l a distance X. Denoting this constant speed with 
which the wave a<lvane('s by v, we have then X = vP . Since the fre- 
tiuencv f = 1 P. this may also be written 


r = \f 


n 


The speed r is a functi«)n nuW of the properties of the elastic medium 
composed of these mass particles and is independent of the values of X 
(H- f. iMiualion (37.1) is a perfectly general relation holding for all types 

of wave motion. 

In Chap. 12 it wasslu>wn that t he displucemcnt //of a particle executing 
a simple harmonic vibration may Ik* represent(*d by 

If = .1 sin + 0 ^ (37.2) 


in whicli 5 is the /d/rw ronslonf, or phasr of fiinr f — 0. U y = 0 when 
( = 0. then 5 = 0, and K(i. 37.2 b(>comes 



(37.3) 


If this is the ecpiation representing the vibration of our reference particle, 
then for any other particle down the line that leaves its eciuilibrium 
position at a time t' later, 

1 ■ 27r(/ - O , // t'\ . 

y = A sin ~ ~ 27r Ip ^ pj 


wliere — (2 t/') P is the phase ditTerence between this particle and the 
reference particle. X(»w. if x be the distance of this particle from the 
reference particle, it is seen from Fig. 37.1 that 


P 



(37.5) 


Therefore we may rewrite E(i. (37.4) in the usable form 


y = .1 sin 27r 



(37.6) 
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u-hicli is tiu' otiuation of tlu- lnui.<vrr.<.- waves of antplil'i<lv .1 an.l ihmmmI 
P beinn propajrated down t!»o row of elastically bound particl<>s in tlie 
positive .r direction. If we hold i eonslanl and plot the valiu's ol ij lor 
successive increments in .r. we obtain the wave eonfifjuration in .-pace as 
in Fi^. :i7.1f. If. un the other hand, we hold x constant and allow / to 
increase, we may coinptite tlie transverse displacement at any instant ol 
that particle wiiich is vibrating with simple liarmonie motion with a 

phase constant — (27r.r) X. .... 

Tlie eiiuation for a similar wave Iraveliny: in the negative .r dnecli.m is 


V = .1 sin 27r 


(37.7) 


Since X = e/\ lup (37.ti) may be written 


„ = .t sin ~ - •;-) 


(37.8) 


It is to be emphasized that the constant velocity c with which tlu‘ wave 
train proceeds has no relation to the velocity c„ 

cles in their vibratory motion. The latter we obtain from Kip (37.(>) by 
dilTerentiation with respect to I (partial differentiation, holding.r constant; 
such a partial derivative is denoted by dy dt). 


du 2ir.\ 

V =s - = <M)s In 

di p 


(;■ - 0 


(37.9) 


Similarly, di'„/ dl gives the acceleration a„ of the particle at any instant in 
its transverse vibratory motion. 


dr 

- -Q( 


U 


47r* 

p- 


.1 sin 27r 


(;. - 0 


47r = 
pi 


y 


(37.10) 


37.3. Complex Vibrations. Fourier Analysis. It is possible for a 
number of different vibrations to be traveling simultaneously through a 
medium. 'I'he resultant effect of the several coincident vii>rations at- 
any point may be obtained by plotting the .separate vibrations with 
proper relative amplitudes and phases against the time and then adding 
algebraically the ordinates for each value of /. The important case for 
sound waves is where the frequencies of the several vibrations are all 
integral multiples of one fundamental frequency. These higher fre- 
quencies are called harmonics of the fundamental and will usually have 

smaller amplitudes. 
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, I- •!- 9 .uo .liaNvn three eomponent vibrations rvith freciuencies 

■ H in "n- ratio N'ote that t, 

'"ot r is‘plotte,falons the horizontal. The resultant vibration is shown 
' 'heavv line. ISven for this relatively .simple ease the resultant 
Vibration i.esins to have a somewhat complicated contour bu it is 
perimlic, its frequeney beii.K that of the longest component vibration 



l.„l. 37.2. The resultant of three s,.„er,Krs,.,t vihratiuas haviuK fre„ueneies 
ratio 1:2:3 ami ainplitu<les in tlio ratio I : *•> : ‘a- 


ui 


the 



wave form. 

the group If the phase relations among the three component vibra- 
tions are different from those shown, the resultant vibration will have a 
different appearance but will have the same periodicity. The algebraic 
formula for the resultant vibration sketched in Fig. 3/. 2 is 

I A 

ij = A sin w/ -h ^ 2a)/ -|- yin Sw/ 

As a further example of the superposition of several vibrations, assume 
three component vilirations to have frequencies in the ratio 1:3:5 and 
amplitudes as ™s situation is plotted in Fig. 37.3. If 


Sec, 37.41 


WAVE motion 


505 


a(iaitlonalc(.mpom-nl wa\v.-- ol ficuuMinc.-. 7. 1 1 . . . . ami amplitmk's 

. . timcstlioso..l‘liK'himlanu‘mal warciiirlu.kMl, It uould 

befouml that tlm ivsultaiil wmihl im-icaMn^ilv takr mi l!u- appraranaa 
of a square wave as mure eompoiients w.*re added. 1 he >tudeol 
as an exereise plot at least one such resultant vibration willi a dilteieiit 
set of assumed relations amon- the amplitudes, freiiuemue^. and plumes 
of the three components (Probs. 2 and 3l. It is also easy to verily 
eraphicallv that, if the components diller in amplitude and pliase but. 
in period, tin- resultant is a sine wave form of tlie same period but 

witii .some* intoriiu'iliiitc value* ot the* phase*. 

Sin,.(* we ...av huihl up a .■on,ple*x p<*, ,o,h,. vih.atio.e lev tl,.* sup,*, pos.l 1...1 nl 
uuiulie*,- of .siiuplc* vihialious, the* ,|U<*sliou uaturallv ,ues,*s as t.. uhethe*, tl,,* 
reve-lsee- p.'oe.e*ss uiav l,c ca,ri.*,l out -the* ,l<*,.o,uposit,o„ ol a .•o,upl,*x vi .lat.ni, 
into ,.o.upou<*ut slue* ol* ,„.siut* viluatiou.s. TIu* F„*,u l. ,uathi*iuatu.,au, . 1 . l*ou,,,*, 
( 177 S-l,s:iO), was the* thst to sh.iw tliat this ,*at, he* ae.,.euuphslie*.i. .yiolillUK to 
Founds anv s.uootl, p<*,i...li,* fuue tiou tuay he* ,e*p,e*s.*uto,i as the* suu, 

e>f a tuimhei- of siue* auel e-osiue* huu teous xvith f,e*e|ue*uele*s that aie* iuult,ple*s ot 
e,uo hasie* f, e*eiue*u<-v. The, ,e*seiltaut .lisplac e*uee*ut .,t auy pa, tide* 111 the* lu,.,huui 
t,.„is,uittiu|t tlee* ,.o.uple*x |>e*lie),li.* wave* is thus aive-u hy a„ e*. plat, 01, of the* loieu 


„ = 1 1 sin o}t + .1: sin 2u>t + -h >in :Wl + ■ ■ ■ 

+ lio + Hi cos ut + H: ros 2cii/ + Ih c<'S + 


(37.11) 


in which the periods and wavelengths of the eompoiients are in the ratio 1 : ' 2 ■ ‘ : 

The Fourier series represeiitiiif; a stiuarc wave alludis] to in oiir discussion 

of Fiy. 37.3 wouhl he 

(37.12) 


,/ = .1 sin cot + t| sin 3 j/ + '■! sin ' 


If the perhxlic vibration is a fairly simple one, this mathematieal analysis into 
the proper sine and or cosine fuiietioii eompoiients is not too diHieult. 

The best way to observe a complex soumi wave is with a ealhode-ray 
oscilloseope ((’hap. 30). The sound is produeed before a micr.iphone 
and cUixn^i'd into an electric potential difference wliose time variations 
are synclironous with those of the sound wave, and then the potential 
dilTerenee is applied to the pair of plates in the oscilloscope to j;ive t le 
electron beam its vertical deflections. To keep the wave form at rest 
on the oscilloscope screen the “sweep” freiiuency must be adjusted to be 

that corresponding to the periodicity of the complex wave. 

37.4. Velocity of a Transverse Wave in a String. C ontinuing oui 
discussion of one-dimensional transverse waves, we shall develop an 
expression for the velocity c with whicli a transverse wave pulse travels 
along a stretched string. An example might be the pulse set up in a 
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Al 


violin .striiij^ hy plui-kin;4 or that sont aloiiK a taut rope by givinfj; 

one end a (|uiek sidewise jerk. We shall assume that the stnnj;, wire, 
or rope is pertectlv ilexihle and uniform and that the displacements are 
small, and we shall neuleet the elTcct of rellections at tlie ends. Our 
fir.st pi<M)f of the expre.ssion for v is included I>ecause of its being an inter- 
esting exercise, using physical principles already emphasized in this text. 

A better proof, using calculus, follows in Sec. 37.5. 

In Fig. 37.-1 is depicted the wave pulse between a and b proceeding 
from ri'dit to left in the stretched string, with velocity v. bet us imagine 
the entire string to be moved from left to rigid with this same speed so 
that tiie wave form remains fixed while the particles composing the string 
successively round the curve. Such a stationary pulse can actually be 

' produced in a long, loose pulley 

belt. A small section of the wave 
of lengtli A/ may be considered to 
be an arc of a circle of radius r as 
indicated. If d is the linear den- 
.sitv of the .string, the mass of this 
element is d A/. The tension F in 
the string is a tangential pull at 
each end of this small segment of the string. The components of these 
two forces along the vertical are ecpial, and their sum has the value 

1 A/ A/ 

2F sin e = 2F X 2 r ^ 

These forces supply the centripetal acceleration directed toward (). 
By C'hap. 7 the centripetal force acting on a mass d A/ moving in a circular 
path of radius r with velocity v is {d M v-^)/r. We therefore have 

/• /■ 



and thus 




(37.13) 


showing that the velocity of a transvei-se wave in a string is a function 
only of the tension F and the linear density of the string. If F is in dynes 
and d in gm/cm, i? is expressed in cm/ sec. If F is in poundals and d in 
lb/ ft, V is in ft sec. 

*37.6. The General Wave Equation. Kquations (37.0) and (37.7) ai e solutions 
in integrated form of a differential e(iuation known as the wave equation. This 
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equation mav be obtainci from Eti. (liT.S) by .lilTe.ontiatin^ twuo both with 
lospect to I and x. Wo must take purlial •!> rirntii'i s: lor since n is a fuiu-tion ol 
the two independent variables t and x, we hold one of these con.staiit wlnlc' dirtei- 
entiatiiiK with respect to the other variable. From lap (37.N), 




2ir.\ 


(it 

j> 


<Vy 

47r-.l 

and 

It - ~ 

- />.’ 


(hy 

47r- 

or 

If- ~ 

~ 'jn y 



(H7,14) 


(:47.i:)) 


DitTerentiatinK Kq. {:47.M twice similarly witli respect to x, holdini: / constant, we 
olitain 


\ 47r- 


(:47.Ui) 


( 'onibiniiin hiqs. t:t7.l">) and (di.Hi) 
^ives 

at- ~ '' di- 



(37.17) 


Fm. 37..'). Portion of the wave pulse in a 
...tri'tchcd strinji;. 

wliicli is the equation in differential 

form of a traii.sverse wave travelintj in the x direction witii velocity c. 

Let us consider once uKain the wave in the .stretclied .sfrin;:. In I'i-;. 37..a let 
Ax be an element of the string in the wave pulse. Tins element has an accelera- 
tion d'hj di- in the f/ direction becau.se of the dilTereiice in the y components of the 
two forces of tension F actinp^ tangentially at the ends of the element. This 

difference is 

F sin Ol - F sin uj = E(sin a, - sin a,) 

d(sin a) 


= F 


d.r 


Ax 


(37. IS) 


Now, fur small angles, sin a = tan a and tan a = d// dx. '1 hcrefore K<|. IS) 
nuiv be written 


/d-»/\ 

F sin «i — F sin a-. = /• 


(37.10) 


This unbalanced force in tlie y ilirection may be set eipial to the mass d Ax of the 
element times its acceleration d-y dt- along //. riierofore 


or 


' ®) ^ s? 

dhj _ F ^ 

dF ~ f/dx^ 


(37.20) 
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C'oniimritig i:(i. (37.20) with Kq. (37.17) we obtain y = VW just as m our 

(loduftion in Sec. 37.4. . ^ 

One reason for referring to Eq. (37.17) as the general wave equation is that it 

can be satishe*! by // beinfj any function of x ± vt. We have already mentioned 

that most sound waves are not just of the sinusf)i<lal variety, nitliough, to be sure. 

they may be analvzod into a number of simple sine and cosine terms. But for 

ij in tliis’e(|uation .)ne couhl substitute any periodically varying quantity such as 

tlie iiressure variation in longituilinal souiul waves in a fluid or the longitudinal 

.lisplaceincnts of the j.articles of tlie fluid. We proceed to use the equation in 

i.ur discussion of souml waves in a fluid. 

Workcft Example. Calculate the total kinetic and potential energy per unit 

Icngtli of a transverse wave in a stretelieil string. 

The Ekin per unit length of mass <l is 


i , 1 47r--l- A 

J -/ [^) = 2 'l y.“ '■<«- TV- ~v) 


(37.21) 


Since the restoring force per unit length is d{0-y dE), w liicli equals, by Eq. (37.15), 
-d( 47 rV/'-)'/, the per unit length is 

/■-/ 4ir'^ . 4 ir-w 2 1 , 4ir- , , . , / x\ 

AV.. = d-pr, ydy = d -pK p (3/.22) 


d'herefore 


Ev,. + E^. = ^ ^ " 0 ■*" ^ ” y) ] 


= = rf X 


(37.23) 


The result that the total energ>’ varies directly as the square of both the fre- 
(luency and the amplitude is general, holding for all types of wave motion. 

37.6. Sound Waves in a Fluid. In a fluid, either a liquid or a gas, 
sound waves are longitudinal. That is, the particles of the medium 
vibrate back and forth in the direction in wliich the waves are moving. 
In an extended meilium the waves will expand radially in three dimen- 
sions, but to facilitate the analysis we shall consider our medium to be 
confined in a very long tube. The medium we suppose to be homo- 
geneous, isotropic (same properties in all directions), and elastic. Since 
the only modulus of elasticity possessed by a fluid is a bulk modulus, 
compressional waves are the only kind a fluid can transmit. 

Let us suppose that the tube pictured in Fig. 37.6 is closed at the left 
end with a piston that is made to shuttle back and forth periodically 
with a short stroke. The tube is filled with the elastic fluid medium and 
extends indefinitely to the right. We represent the successive layere of 
the fluid by the vertical lines. .\s the piston moves fonvard from B to B' , 
the adjacent layers of the fluid are compressed and a compression pulse 
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starts down the tviho. On tiie return stroke of tlie iJi.ston Iroin H to H 
llie purtielos of tlie medium move haekward witii it. expansion oecur>, and 
a rarefaction starts down tlie tube towanl tlie ri;iht. As indicated by the 
arrows in Fig. 37.(), the particles are always moving in the condensations 
r in the direction of propagation of the wave train, while in tlie rare- 
factions r the particles are moving in the reverse threction. During one 
complete stroke of the piston from H to H' atul back to H the wave dis- 
turbance will have moved forward to the riglit a distance equal to one 
wavelength X. The maximum forward velocity ot the iiarticles is at r. 
in the muidle of a condensation, but in tlie entire comiin'ssioii extending 
for half of a wavelength the particles are moving in tlie direction in 
which tlie wave train is proceeding. In the other hall ol each wave all 
the particles are moving backward, with the maximum velocity at r, the 



$ 

Fi<i. 37.0. Tlic vihratiiig [liston produces altcriisite coiidcn>ations and jaii’faHions 
wlticli travel to the riglit, witli tlie lavers of fluid in the condensations moving in the 
direction of propagation, w Idle in the rarefactions the layers are in the reverse direetion. 

center of the rarefaction. These motions are superpo.sed on the random 
thermal motion of the molecules of the (laid medium and arc actually 
.small mass movements of layers of the substance. As we shall show at 
the end of Sec. 37.7, however, there is some relation between the velocity 
i* with which the waves are propagated in a gas and the kinctic-tlieory 

nns velocity of its molecules. 

It can be shown that these comiiressional waves travel through the 
fluid with a velocity v given by 


V 




(37.24) 


where 3/ is the bulk modulus of elasticity of the fluid and p is its density. 
Recalling that 3/ = p/fAF D. we can cheek Eq. (37.24) dimensionally as 

follows': 


y = /[3/Lr,!PiI = = [Ly-' 


] 


Similarly it can be shown that the velocity of propagation of compi'css 
■Note that in the dinu'iisioiud equation stands for mass, not niodulus.^^ ^ 
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(37.25) 


where V is Young’s inoduhis. , . . , 

W'oiLid I'hampiv. Let us c-oiiipute tlie veloeity of sound in ^\ate^ ami 

i„ steel, using the last two ec, nations. The In.lk modulus f«>r water 

(Table 4.1. page 54) is about 2.2 X 10“' dynes em^ while, at 4 C , p is, 

of coulee, 1 gm/em^ Substituting in Eq. (37.24), 

y ^ ^(2-2^ 10'“)/ i or 1.48 X 10" cm/sec = 1,480 m/sec. 

In water above 4“(\ .1/ inereases with temperature while p decreases; 
therefore r inereases when the water temperature rises above this value. 

Young’s modulus for steel is approximately 2 X 10'" dynes/em^ wlule 
7 8 ''•m/em'* mav l)e taken for the ilensity. From Eep (3/.2o) 


V 




10 '" 

8 


cm 


soc = .5.00 X 10-* ein see = 5.000 m /see 


37.7. Velocity of Sound in Gases. The application of Eq, (37.24) to 
gases, espeeiallv air. merits more <letailed consideration. If the com- 
pressions and expansions in the layers of gas were isothermal and Hoyle's 
law lield then, as we have .seen in See. 10.2. the bulk modulus should 
(H.ual the e(|uilibrium pressure of tlie gas (usually atmospheric pressure). 


In that case 


r = 




(37.20) 


If the gjus is air under standanl conditions, according to E(i. (37.20) 


/l.Oi: 

'' = V 0. 


/1. 013 X 10*' dvnes cm" 


,00121)3 gni cm" 
= 280 in sec 


= 2.80 X 10^ crn/sec 


hereas the experimental value of the velocity of sound, at 0 C and a 
barometric pressure oi <0 cm Hg, is 331./ m,sec. Xeuton vas aware 
of this discrepancy but was unable to account for it. 

Actually the compressions and expansions involved in the passage of 
audiide sound waves through a gas constitute an adiabatic process (Sec. 
19.0), as was first pointed out by Laplace in 1816. In the compressional 
parts of each wave the gas is slightly heated, while in the rarefactions the 
expansion produces a slight cooling. But the regions which are heated 
and cooled are so much larger than the mean free path of the gas mole- 
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culrs, and tlu‘ tiino availaldr is so simrl, that heat romluctioii rannnl 
offect temperature otiualizalion. We have already .-hown (See. Ih.l)) 
that the bulk modulus of elasticity of a }£as for adiabatic e<miiiressious is 
given by M = 'yp, where 7 is tlie ratio of the speeilie iieal at eoii^tatil 
pressiire to the speeilie lieat at constant volume of the gas and p is the 
normal pressure. W'e thus liave for tlie speed of sound in a gas 


V = 



:^T.2 


The value of 7 for air is l.40:b Multiplying the value 280 m se.- cal- 
culated from Eq. (37.20) by V'l.-m = I.1S7. we have r = 332.0 m sec, 
in very close agreement with the e.xperimental value. It we were to use 
lb ft- for p and lb ft'' for p. we must remember to multiply p by 32 

ft sec^ and a would be in tt see. 

From the eciuation of state for an ideal gas we know that 

p ^ in' 

p m 

where 7n is the mass of 1 mole of the gas. ]'a|Uation (37.27) ina\ then*- 
fore be written 

^in 


V = 


(37.28) 


Since, for a given gas, 7 , II, and tu are constants, it is to be concluded that 
y is independent of the pressure, provided that the pressure is atmospheric 
or below so that the gas closely approximates an ideal gas. This means 
that quite high in our atmosphere the velocity of sound tor equal tempera- 
ture is the same as on the ground. And if Ci is the velocity of souiul at the 
absolute temperature the velocity in the same gas at 7’s, then, 

from Eq. (37.28), t;i = m and r, = VyRT,/m. Dividing, we 


have 



(37.29) 


In developing Eq,s. (37.24) and (37.25) for the velocuty of longitudinal 
sound waves we have purposely mentioned the vibration back ami torth 
of layers of the medium rather than of the individual molecules. The 
latter have at all times their random thennal velocities, upon which these 
displacements are superposed. In a given layer, of thickness Ax, that is 
shuttling back and forth and suffering compressions and expansions, 
molecules ^dll be moving into and out of the layer because of their 
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i„<Ts.,>nt tl.ermal motion. B.tt this con.stant replacement of molecules 
l,v others need not concern ns here, for these compressions involve the 
slielu vibration (usually much smaller than the mean free path of the 
molecules) of regions lartje as compared with the diameter of a molecule. 
Nevertheless there should be some connection between the velocity of 
iomi.ressioiial naves in a ({as and the rms veloi-ity of its molecules (Sec. 
20 -5) for the transfer of inomontnm hetween molecules must utTect the 
Ha's.ir modulus as well as the molecular speeds between collisions. You 
wuuhl therefore expect that the thermal velocity of the molecules would 
always be somewhat greater than the velocity of eompressional wav^ 

llie same gas. This is indeed true, for the molecular velocity is V3p/P, 
while the value of t for lup (37.27) is never larger than 1.(17 for any gas. 
The two velocities are, however, of the same order of magnitude. 

*37 8 Water Waves. In the case of waves on the surface of a liquid the 
particles execute a periodic elliptical motion. If from the impact of an object 
force of the wiml. etc., a portion of the li(,uid is either heaped above or depress^ 
heh.w the imrrnal surface level, what re.storing forces come mto play.^ Obviously 
the force of gravity must be tlie principal restoring force wlien the wave.s are 
large. Hut if the cm vatuie of the waves i.s large, ns for ripples, surface tension 
shoulfl he the important force tending to restore the surface to its normal form. 

It can he shown that the velocity <»f propagation of surface waves is 


^4 


n\ 2 no 

2w + 'X7 


(37.30) 


where p and o are the rlensity ami surface tension, respectively, of the liquid. 
When X is large, ol)vioiisly only the first term under the radical is important, 
whoi-eas if X is small the second term predominates. For wavelengths in water 
longer than about 10 cm. the surface-tension term may he neglected, while for 
wavelengths less than 3 mm the term £;X/27r may he neglected. If X lies between 
these two values, both terms should he included. Considering the variation of 
velocity with X, we note that there must he a wavelength of an intermediate 
value for which the velocity of water waves is a minimum. Tliis minimum value 
of V is 23 cm sec at a X of 1.8 cm. 

If small capillary waves or ripples of known frequency are made with a xnbrat- 
ing stylus in the surface of a liquid of known density p, meiisiirement of the 
wavelength in the train of ripples will give one enough information, using Eqs. 
(37.1) and (37.30), to compute the surface tensions. 

37.9. Interference of Waves. Beats. In Sec. 37.3 we considered how 
vibrations of complex form result from the superposition (interference) of 
sinu.soidal vibrations with various amplitude, frequency, and* phase 
relations with one other. Similarly there can be interference of wave 
trains in space, with the production of a resultant amplitude, at every 
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point alons tlie path nf tlio waves, varying Innn zero to tlie anl linuM ual 

sum nf the amplitudes of tlie componeiit waves. 

An interesting ease of interference ot sound waves occurs wlien two 
close sources, say two tuning forks, wliose 1 re(iuencies ,/ 1 and ./■: <liner l)y 
only a very small amount, are vilirating simultaneously. We 'h‘le(i the 
two emitted wave trains at a given point in si)ace. In I'lg. -U.t wo 
represeitt two such viluations. using the device t>f plotting the longi- 
tudinal vibrations as transverse, starting in phase with each other at O. 
Tlie resultant of these two vibrations of the same amplitinle and lu'aiiy 
ecpial fre(Hiencies is seen to have an amplitinle varying slowly and 
periodically between the values zero and 2.-1, wliere .1 is the amplitude ot 
either of the components. Now the loudness of a sound depends on the 



Time 


I II • I w 

Fio 37 7 The resultant (heavv line) of two vibrations of nearly the same freqm-ne> 
varies in amplitmie with tin- l..al freqneney e.jual to tin- .lilYererne in the fn-queneies 

of the two eoinpoin-nt vii>rations. 

amplitude of the vibrations, and hence tl»e resultant .sound wave will 
fluctuate in loudne.ss periodically. It is evident tliat the numbei ot 
times the two vibrations will be in phase with each other per .second is 
equal to the dilTereney in their fretiuencie.s. There will tlieretore be 

/i “ A beats per second. 

To examine tliis analytically, assume tliat the displacements rp and r,, 
of tlie separate vibrations at any one point in the medium are given by 

the simple harmonic relations 

Tji = A sin 27r/i/ = A sin 27r/-f 

The resultant displacement is 

r}-> = Al-sin 27r/i/ + sin 2Tr/-j/l 

and since there is the trigonometric relation 

sin a -h sin ^ = 2 sin * + b) cos * “ b) 


we mav rewrite this resultant in the form 


= 2. 


fl - f2 
2 A cos 27r ’ — t 


Sin 27r - “2 — ' 


( 37 . 31 ) 


According to this expression the resultant has a frequency (/i 

or the mean of the frequencies of the two component vibrations. J he 
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portion in tin- .s<inaii> brackets is a varialrle amplitude factor the vana- 

lion n ith lime beinj; of frcpicncy (/, - M/2. ^\ hencver the costne 

funcli«)ii is 1 or -1, tliis amplitude factor will be a maximum. These 

maxima, or beats, will occur then at a rate 2(/i - /=)/2 per second 

1 „ tnninfr two musical instruments use is made of this phenomenon of 

1k"iIs for wlicn the heat note is eliminated, one knows that the two tones 

are of exactly the same fre.iuettcy. Beats can be distinKUished by the 

ear as .se|,arate pulsations up to almost 5 per .se.mnd As the difference m 

the froiiuencics of the two notes increases gradually beyond this value, the 

1 Knf'f tn t.hp pnr 


A’ -V iV A- 



I I I I 

.V iV N A’ 


more and moie of a discord, up to 
the point wliere the two frequencies 
bear some fairly simple ratio to one 
another. The combination then 
becomes harmonious. 

37.10. Stationary Waves. When 
two wave trains of the same period 
and amplitude moving in opposite 
directions are carried .simultane- 
ously by the particles of a medium, 
sfationanj, or standing, woiH'S result. 
These may be of the transverse 
variety in a stretched string, longi- 
tudinal stationary sound waves in 
a fluid, or stationary sui-face waves. 
In fact this is a universal, easily 


Kui. 37.8. The resiiUunt of two similar produced phenomenon for all types 
wave trains tm.viifK ill opposite (lireetions motion. Figure 37.8 de- 

i» „ sU.tic.crv wav., with 

i\\v positions .V. ' ^ I 

moving to the nglit, B to the lett. 
Ill (tt) the two wave trains are in phase opposition, the resultant 
lieing zero displacement throughout, as represented by the heavy 
horizontal line. In {h) of Fig. 37.8 each wave train has advanced 
one eighth of a wavelength, while in (c) each has advanced an additional 
eighth of a wavelength. It is to be noted that at the points marked N 
there is always zero displacement. These positions, known as the nodes 
of the stationary wave, are half a wavelength apart. Between these 
points of complete interference the particles of the medium are always in 
vibration; but all these vibrating particles pass through the equilibrium 
position at the same instant, and therefore there is no phase difference 
between them. The positions of maximum displacement midway 
between the nodes are called antinodes, or loops. Between two adjacent 
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nodes the partieles are always moving simultaneously in the >ame 
(lireetion. while on opposite sides of a node the displacements ai any one 

instant are always in opposite directions. 

Let tiie displacements in wave train A he reitresonted hy 


7/, = .1 sin 27r 


X 

X 


Then the equation for wav.- train li traxa^liuK in the opposite direction 
is given by 

y. = A sin 27r 

I'he resultant is, 

V = (h + ,'/■-* = •> ■'^i" ■' (/^ x) 

On (unploying tin- l rigonomet ric relation 

sin (0- + />) = sin <i c«)s U t cos a sin l> 

this eqimtion for if may he put in tin* torm 


.=( 


2.1 <‘os 2 t 


0 V 


(37.32) 


Uiiuation (37.32) is an anal.vli<-al r('|)n‘sciilali()ii i)l all ilia lads wa liuva 
manlioned about .stationary wavas. Xotica that tlia sina (unction 



involves the time but not the ilistanca r. The amplitiala factor in 
parentheses is a function of J', the coordinate in the direction the tvave.s 

are moving. Wlien j- = X 4, 3X,4, 5X, 4 the cosine function is 

zero and we have the points of zero amplitude, the nodes, spaced a halt 
wavelength apart. For j- = X 2, X, 3X/2, . . . the cosine function is 
+ 1 or - 1, and hence at the points of maN'inuim vibration, the antinodcs, 
the amplitude is 2.1. Finally the sign of cos 2ir(r, X) changes at the nodal 

Stationary waves in a stretched string may he studied in Melde s 
experiment,' in which a long string under tension is attached to the prong 
of an electrically di-iven tuning fork (Fig. 37.9). The tram of transverse 
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X, avs luiving the froq.ienry of the tunmK fork .s sent do« n he 
,,.(l..< te<l from tlu- far end with hut little d.mmution in amplitude. Since 
11 , .. veloeilv of propapitioii of the wave depends upon the tension in the 
sirint! aeeordit.f: to Eq. t37.13l, for lived frequency / the waveleiiRth X 
,„„V he ehaiined hy varyins the mass m. For certain values of the 
tension /•■ X Mill he such that standiiiK wavc,s are observed with the 
striiii: vil, rating in 1, 2, 3, . . . loops. I.et us compute the tension 
needed to sive staiidins waves with four loops, in a string 1 m long, 
weighing O.o gm, and hanging from a fork vibrating 200 times per second. 
Since X = 50 cm. c = 10.000 cm sec, and hence from Eq. (3, .13) 

„ 0.5 , 

/■' = ( lO.OOO cm, .<(•(•)- X gm/cm 
= 5 X 10^ dynes = oiO gm 

37.11. Wave Fronts and Rays. Huygens’ Principle. If a train of 
wives Idling a medium, a .surface connecting particles of the medium 
jdi of which are in the same phase of vil>ration constitute.s a irave front. 
In the ca<e of sound waves in air. the vibrating source being quite small, 
sueli a -surface will i)e spherical; and if the distance from the source is 
huge, a small portion of this spherical wave front may be considered as a 
plane wave. If the medium is homogeneous and isotropic, the direction 
of'piopagation is always at right angles to the wave front. A line normal 
to the wave fronts indieating the direction of motion of the waves is 
called a ray. In discussing various wave phenomena it is sometimes 
itest to consider the beliavior f>f tlie wave fronts, l)ut if we are interested 
only in directional effects we may confine our attention to the rays. 

d'lie behavior of the wave fronts as a train of waves proceeds unimpeded 
through a uniform medium, bends around obstacles {diffraction), rebounds 
from a surface (refieclion), or changes direction when entering a new 
medium {refraction) may be predicted by using a simple method first pro- 
posed by Huygens (H)29-l()95). a contemporary of Newton. If the 
position of the wave front is known at some given time, then with the aid 
of Huygens’ principle the position of the wave front at any later time may 
be determined. Tiiis principle states that every point on a ivave front may 
be eon-ndered to be a new noiirce of disturbance from which spherical wavelct.s 
issue. The envelope of these secondary wavelets is the new wave front at a 
time r/v later, where r is the distance the wavelets go in this time at the 
velocity v. 

This is illustrated in Fig. 37.10, where ABC is a section of a spherical 
wave surface that originated at O. To construct the wave front a time I 
later, we form arcs of radius r = vt from any points on ABC. The sur- 
face A'B'C' tangent to all these arcs is the required wave front. It might 
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Kk;. 37.10. th<- \v;iv»- 

siirf:ic-i‘ MU'. :uiv wave mii- 

f:M-r ns A'U'i'' inny ho found l>\ llu>- 
yc*ns' ron^t nu't ion. 


be thought that, if all points alon;; the surface .1/if’ are new sources ol 
disturbance, aiiotlier wave oujilit to be pntpa^iated l):ick toward (h 
Detailed analysis shows, however, that Iluy-iens' [niticiph' in this simple 
form Rives correct answtas only if we iRiiure its prtMliclion ol a back wave. 

Dijfrarlion, or the bendinji of tlie 
wave disturbance into tiie r{‘Rion 
beliind an obstacle, is easily ex- 
plained by usiuR lluyRcns' principle. 

In FiR. 37.1 1 a .splierical wave fn)nt 
from 0 is pictured as it strikes an 
aperture B(\ On takiiiR points 
aloiiR the wave surface between B 
and f’ as new sources it is evident 
that .some disturbance is to be found 
in the regions apparently blocked 
by the stops detiniiiR the openin-. Whether or not this bendiiiR ot the 

waves around the sides of oiistacles is ol)servable depends upon tlie rela- 
tive dimensions of tlie waves and the obstacle or openinR. If the leiiRth 
„f the waves and the width of the openin- are comparable in size, the 

bendiiiR around the coriKU* will bt' com- 
plete and there will be no part ot the 
rcRion beyond the openiiiR not tilhul with 
the disturbance, d'his is the case lor ordi- 
nary .sounds pa.ssiiiR throURli open win- 
dows and doors, since for .sound waves in 
air a frequency of 2(14 vibrations per sec- 
ond. for example, has a waveleiiRth Rieater 
than 4 ft. For suelt sounds a hill or a 
very larse buildiiiR would cast a (juite 
.sharp sound shadow. With visible HrIiI 
waves of wavelenRth. say. 0.0005 mni, 
one must use openinRs of very small width 
and observe with care in order to detect 
ditTruction elTects (C'liap. 47). 

37.12. Reflection of Waves. 'I'he law 
of reflection for a wave front incident 
upon a smooth obstructing surface may 
be obtained by application of lluvRcns' 
principle. In Fig. 37.12, AC represent.s a plane wave incident 
oblitpiely on the surface /./, and with the end A of the wave just 
touching the surface. In the time it takes for the C end of the wave to 
travel the distance CE to the .surface, the distvirbanee at .4 would have 


0 



Fin. 37.11. Since every ]>oint 
between li and C «n the wave 
front is a new source, some dia- 
turhanee is found beliind the 
obsta<’los. 
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,,,,,,,..,10.1 to H. if the ...rfaee were not there, and the new wave front 
' , h..n he ///■; Hnt we mav take .1 aa being a new center of dis- 

; 1 e- an i^ - draw a circle of radius df = C/J. we know that the 

. “ ed wave from .1 will he represented hy this circle at the instant 
.. . the other end of the wave arrives at E. Next consider some inter- 
mediate point « on the incident wave. The disturbance from B proceeds 
to I) on the rellecting surface. I> becomes a new center of di.s iiihance, 
ll drawing at this point a circle of radius I)G we know that his repre- 
sents the wave from this center at the instant when the C end of the wave 
lias arrived at E. The line EE tangent to these spherical wave dis- 



turbances arising from ,1 and I) reprc.sents the reflected wave front at 

tins instant. , , , . . 

Since the right triangles ACE and EFA are equal, the angles r and r 

between the incident and retteeted wave fronts and the reflecting suiface, 

respectively, are eciual. Hut because the rays are perpendicular to the 

wave fronts, AM and AF also make these same etiual angles with the 

normal .4:V to the surface. This proves the law of reflec,hon, that the 

angle of incidence i e(iuals the angle of reflection i . ^ 

The change of phase of a wave when it is reflected is a matter of some 
importance. In Fig. 37.13 is pictured a single transverse pulse in a rope, 
undergoing reflection at the fixed end of the rope. The wave forrn 
traveling up the rope involves displacements to the left. Because of 
the elastic reaction of the fixed end of the rope the displacement there 
becomes reversed, and the reflected pulse therefore starts down, ^\^th 
complete reversal of phase as indicated. To demonstrate this analyti- 
cally, we represent the displacements in the up wave pulse by 


y 


1 = A sin 2Tr[ ft — (x/X) -f <^i] 


Sec. 37.121 


WAVE MOTION 


519 


0 at tlu* 

Ih + Ih 


///////////////////^//////z 





those in the down imlse hy 

= .1 sin 27r[,// + (j", X) + </>■.•] 

where <#)i and are tlie necessary phase constants. dakin}i.r 
fixed end of the rope, and since the resultant displacement \j 
must he zero at this point, we have 

sin 2 t{// + i^)|) = — sin 2)r(.// + (fy-i) 

which can he true only if <#>■• - <#,i = tt. When tlie wave traveling down 
the rope arrives at its free end, however, this 
end, being under no restraint, will move out 
with increased displacement. This larger 
amplitude of tlie free end, in the same s<‘nse 
as that in the incident wave, starts a reflected 
wave of the same phase hack up the rope, 
and if the analysis above were carried out for 
reflection at the free end it would show that 
4 >\ — 

Similar phase effects occur when compres- 
sional waves in a fluid in a tube are reflected 
from the end of the tube. Suppose that a 
compression moving down the tube from left 
to right is reflected from the closed end. On 
reealling that in a compression the layers ol 
particles of the fluid are moving in the same 
direction as tlie wave, the situation is (piite 
analogous to the impact of a small steel 
sphere on a much larger mass of steel. .lust 

as the ball will rebound, so there will be a rever.sal nt tlie direction of 
motion in the compressed layer at tlie closed end, and tin* compression 
starts back moving from right to left (Kig- 37.14a). If tlie compression 
arrives at the open end of a tube (Fig. 37.14/^), liowevor, tliat. compressed 
layer of the fluid continues to move forward from left to right because of 
the lack of constraint and the expansion causes a diminution of the 
pressure at that point. A rarefaction, with the layers of particles still 
moving from left to right, therefore moves back down the tube fiom right 
to left. At first thought this reflection of a compression from an open end 
as a rarefaction might seem to represent a cliange of phase of 180 . But 
as compared with a reflection from a fixed end there is a delay of half a 
period in the reflection of this wave of opposite phase. Hence, in the 
reflection of a compressional wave from the fixed end of the tube, a 
denser medium, there is a reversal of phase, or change of phase, of 180 . 


(a) (6) 

Kio. 37.13. .\ wave pulse in 

the ropi* is refl<‘<'te(l nt the 
fixed end with a ehaiiKC of 
l)hnse of 180®. 
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Incident wave 


a 


In tlie rclieetion from the open end, or a less dense medium, however, 
there is zero channe of phase, for tlie direction of displacement of the 

luvors of the Iluid does not cluinKc. 

'in a similar manner we could show tliat a rarefaction .should be reflected 

from a denser medium as a rarefac- 
tion hut from a less dense medium 
as a compression. Also it should 
be pointed out that these are but 
examples of a general rule holding 
for all types of wave motion: Re- 
Jhction from a denser medium 
rolvrs a phcuse chan(je of ir radians, 
while reflection from a less dense 
medium involves no change in phase. 
We shall have occasion to refer to 
these changes for sound waves in 
the following chapter and for light 
waves in C’hap. 40. 

37.13. Refraction of Waves. 
When a wave front pa.sses obliquely 
from one medium into another in 


Reflected wave 
Incident wave 


Reflected wave 

I'lo. 37. U. longitudinal wave in a 
fl»iid is rc‘flert«'d froni tin* fixtul end of the- 
t\iht* with reversal of phase, hut with no 
])ha.se change at an op<Mi e>id. 


which it travels with a ditferent velocity, its direction will change. This 
is the phenomenon of refrartion. In Fig. 37.15 suppose AC to represent 
a section of a plane wave front incident at the angle i on the boundary 
between two media. Let the velocity of propagation be vi in the upper 



Fio. 37.15. The refraction of a plane wave upon passing obliquely with increase of 
velocity into a different medium. 


medium and i’« in the lower medium, with V 2 > ri- This would be the 
case for sound waves if the lower medium is a liquid or solid, with air 
above it. 
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U the instant pietnro.l, the point .1 nf tite nave has just reachetl the 
surfaee ./. N>nv the nave will usually in part he refleete.l \>aek tnfu 
modium 1, but we assume that in part it passes un intt> medium 2. 1 v 

Huvirens' principle. .1 lieeomes a new source ol disturbance; and m t he 
time it takes fur the nave tu travel the .listaime Cl-, tn lne<hum 1 the 
ihsturhanee emanatiu!; from .1 will travel a ihslanee (i; .•,)( /■- - .1/' m 
„,,aium 2. We tlraw a eirele of nulius .I/’ eenterea at 1 . In "»■ 
time interval the disturhanee from the point H on the nate U mil 
ao to I> on the interface hetween the two meiliu ami then a ihstanee 
DC, = (r, v,)l>K in medium 2. We ilraw an are ol this radius triim D as 
the venter The line Kd!' from K tangent to these two ares reiiresents 
the refracted wave at the end of this time interval. The aniile r that 
this refraeted wave front makes with the surface ts known as the <iii(//e -)/ 

'Tlie fact that the ratio siti f sin r is a constant lor any Iwo media is 
known as Snell’s law.' To prove ihis relalion, we note, referniiK to I'l);. 

37.15. that 

sin 1 _ CK = — 

siiTr “ AF (r-. n)CK 1-2 


(37.33) 


I'or light waves the velocity i; in the solid or liipiid medium will he less 
than I'l, with the result that, for light waves passing trom air into a solid 

or li(pii<l. sin r < sin i. 

PROBLEMS 

1. .Show tli:U Va\. (37.SI niiiy h<- writti'ii in the alternative forms 

y = .1 .sin -ifr/i/ - (x.e.l, y = .1 ( 2 .iAKr/ - i-). y = -I IM' - < 2 ^^ XH- 

2 Pint the re.sultaiit wave form ft.r three eomponeiit .sine waves of the same period 
hut with Lnpli.udes in the ratio 1 : I 3 and phases of 0 , ./2 and .. ( omment on 

F!mrtupen^^^^^ vibrations have fre.pieneies in the ratio I ;2:3:4 and 

.....puta:;:: r iiw nuk. i:..-,:'.. h". .hr : 

have oppo.site Sipns. Plot the re.sultaiit vibration. Note the marapproad . 

^r\Ttlic equation for a Irai.sv.Tsi- wave in a stretclii.il siring is !/ = 2 sin 2ir 
l (//0 02 ) - (a-/ 20 l), will, li'iigtlis ..xpr,.s,s«l in .■onliineters ami time in sernn.Ls, eoni- 
puto llu. iiinpHlmle, wiiveleng.li, frequeliey, and velnei.y nf 1 e wave, . so, ealeiilato 

the inaxinilin, transverse velocity anil aeecleralion of a piirt.ele of the ’•' " I’- 

6 . .V simple hnrmnnie wave moving in the posi.ive . ihreelion ha» a. , ,p t <1 of 
3 cm, frequency of 100 vibrations per second, anil velocity 
raleillate the displacement „ a, a- - MO cm from the origin a, f - 3 sir, the 
length, the particle velocity aji/a/, and the partii'lc acceleration d-y, dh. 

. Snell (1.591-1626) aetiially did not state the law as the ratio of the sines of the two 
angles. The law was first expressed in this form by Desrartes Ilo96-10,.01. 
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6. A sfccl wire I in long Jind of muss 5 gm is strctchi*d with a tension of 10 kg. 

W'liiit is till- vriocity of a transverse wave in this wire? 

7. If a string 00 ft long weighs 0.04 Ih, with whut tensile force in pounds must it be 
stretched in onler that a transverse wave would travel its length in 0.1 sec? 

8. The string mentioned in Prob. 4 has n linear density of 0.01 gm. Compute the 


total energy per eeiitiineter of that transverse wave. 

9. (’aieulate the velocity of sound in hydrogen and in air at 20°C. By how mueli 
should the vidoeity ()f sound in air inereasi' for <-aeh degree rise in temperature? 

10. In echo souiuling to determine the depth of the water, roinpres.sional wave 
l»iilses are .sent t<* tin- bottom, an«l the elapseil time for the reflected waves to return 
t«) the sliip is determined. If this time is measur<-d as 1.3") see, and assuming that the 
Inilk modulus for sea water is the same as that for pure water and that the average 
n .'iter temperature is about 4'< ', calculate the (lei)tli of the ocean. 

11. If the veloeitN- of a sound wave in a gas is 400 m/sec at IT^f’, what will be the 
\elocity at 47^(' niul doiiltle the pres.sun*? 

12. (’ompufe the tension to give .standing waves with three loops in a string 90 cm 
long, weighing 0.4 gm, and hanging from a fork vibrating 150 times per second. 

13. .1 copper win* of 1 inm* ero.ss .s<‘etion i.s under the tension produced by a 1-kg 
w»‘ight. Calculate (a) the velocity of a transverse wave, (f)) the velocity of a longi- 
tudinal wave in this wire. 

14. .1 plane sound wave in air .strikes a water surface at an incident angle of lO'*. 
What angle does the n^fraeted wave in the water make with the surface? -Assume the 
ti'inperature of the air to be 0°(' and that of the water 4®(\ Will the sound be 
n fraeted into the water for every angle of incidence? 

16. 'Fhe density of helium gas under standard conditions is 0.000178 gm/em* and 
tlie ratio of its speiulic heats is l.C. Calculate the velocity of sound in helium at a 
I)ressure of 74 ein of mercury anil a temperature of 27°(’. By how much would this 
\ eloeity change if the pre.ssure boeamc 75 cm of mercury but the temperature remained 


e<*nstant? 

*16. Show that the minimum value of v and the corresi)onding value of X for water 


waves as given in See. 37.8 are correct. 



CHAPTER 38 

PRODUCTION AND RECEPTION OF SOUND 

38.1. The Nature of Sound. In tlio piTccMlinj; clniptcr on Wave 
Motion (‘onsHUM-ahle attention was paid to soundwaves. We emphasized 
that s(«ind originates in vibrating l)odies and that the viluations are 
transmitted througli the surrounding elastie medium, usually air. as a 
wave motion of the longitudinal type. When the eompressional sound 
waves are passing througli air. the amplitude ot the vibratory motion oi 
the layers or partieles is surprisingly small, being only about lO”' em lor a 
sound that is barely audible. Since a fluid ofi'ers no elaMie resistanee to a 
shearing force, hr., its shear modulus of elasticity is zero, it cannot 

transmit transver.se waves. 

The velocity of sound in air, about 342 m sec according to Va\. (37.27). 
is not large compared with velocities familiar today and is insignificant 
in comparison with the velocity of light (3 X 10' m sec). UiHe bullets 
travel with a muzzle speed of two or more times the speed ot sound, and 
we are soon to have stratosphere .supersonic airplanes Hying at speeds ot 
700 m/.see, or about double the speed of sound. ^ -2 rockets attain a 
speed of 1.000 m sec. The sound from a distant, swift airplane moving 
across vour line of sight always comes from a point in the sky well behind 
the airplane. Measurement of many acoustic phenomena .such as 
reverberations, echoes, and resonances involves the velocity with which 
the .sound waves are propagated. This velocity may be easily measur(‘d 
in the laboratory when propagathm occurs in any solid, rnpiid. or gas by a 
measurement of stationary waves in the material, using a source of 

known frecpiencv. 

Sound waves, of course, exhibit the properties of reflection, refraction, 
and dilTraction characteristic of all forms of wave motion. Such behavior 
of sound waves may be rendered visible by the method of spark photog- 
raphy. The waves passing before the photographic plate are illumi- 
nated for a brief interval by a timed electric spark. The slight increase 
in density in the condensation in the wave front cau.ses some refraction 
of the light and thus produces a shadow in the photograph. Figure 38.1 
is svich a photograph, taken by Foley and showing the reflection of a 
spherical sound wave from a plane surface. Figure 38.2 is a photogiaph 
taken by this same techniciue and demonstrating the refraction of a 
sound wave in passing through a lens of carbon dioxide gas, as ^^ell as the 
reflection from the face of the lens and the diffraction at its edge. 

The diffraction of sound waves has already been mentioned in Sec. 

523 
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Ilcflcct ion of spluTii'iil soiiiul wave from a piano surface. 


Foley.) 



l iG. 38.2. Sound wave through Ions of carbon dioxide gas, showing the original 
wave (upprr right oornor of photograph) and the refloctod, refracted, and diffracted 
Wiiv<-s. (.l./'/cr Foleij.) 


37. 1 1 . Tlie boiidins of sound waves around corners is the rule, since the 
wavelength is about as great as the size of the opening or the obstruction. 
Audil)le sounds range in wavelength from 17 m (20 vibrations per second) 
to 1.7 cm (20,000 vibrations per second). For the shortest wavelengths, 
as well as for supei-sonic waves, one would expect from Huygens’ con- 
struction the sharp sound shadows that arc observed. 
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38.2. Musical Sounds, llu’ ln'twccn a and a r..u>ical 

sound, or /oar, is that in tlie foriiKM' a (•..iilinuoii- raii-o ol 1 ic iiH'ncic> is 
prosont. wherea.s a musical tone is composod of one or more discrete 
freiiuencios. Sometimes, however, ilie distinction hetwei'ii a noise ami a 
musical sound is not sharp. If you dmp a .stick <if woo<l on the table, lor 
example, you would cal! the re.sultini: sound a iioisi*. lint it you drop 
onto the table in (luick succession four suitaldy chosen sticks ot wood, 
you may jict the notes of a musical chord. 

Mti.sical tones are characterized hy ihriM- properties, pde/r /em/ec.s.s, 
and vmdd)/. The pilch of a lone depends upon tin* numher of vilirations 
per second— the ^jreater the friaiueney. the hijrher the jiitch. Liiiifhicss 
is associated with the inten.sity of the sound, wliich is proportional to the 
power exptMiditure in the vihratint;; source. 'Ihe (luality ol a musical 
sound is directly related to the shape of the wave form, which, in turn, is 
alTected hy the numher and intmisity of hijsher freipKMicit's or nnrtoiirs 
accompanvinj; the fundamental tone. 

38.3. Pitch of a Sound. Doppler Effect. 'I'hat the pitch of a tone 
rise.s as the number of vibrations per second in the source increasi's is a 
matter of common ol>servation. \\ hen an eh'ctric motor i)icks up speeti. 
the sound produced by the increasing; vibration rate of the motor com- 
ponents rises in pitch. As a rotary power saw cuts throunh a board, llu' 
number of impulses *;iven to the air, and hence the fre<iueney and pilch 
of the resulting sound, varies directly with the speed of the saw. And the 
connection between freiiueney and pitch may be shown directly with a 
siren, which consists e.ssentially of a variable-siieed <lisk bavin- regularly 
spaced lioles around its periphery. .\s tlie <lisk rotates, an air blast pla\.> 
uKainst this row of lioles. so that a succession of compre.<sion pulses is 
imparted to the surrouiulin- air. The |)itch ol this .sound rises steadil\ 
as the speed of the disk is raUed. Incidentally, if the holes in the siren 
disk are not uniformly spaced, the irre-ular train of eonden.sations m the 
surrounding; air constitutes a noise, not a musical tone. 

As already noted, the human ear can detect tones ot frequency as low 
as 20 per second and as hi-h as 20.000 per second. althout;h this upper 
limit is lowered bv age and by diseases of the ear. Supersonic vibrat ions 
as high as 500 Mc/sec or 5 X 10' cps can be produced by osedlatmg 

quartz crystals in suitable electronic circuits. 

If there is a relative motion between the sound .source and the olisenei 
along the line joining them, the pitcli of the sound as heard by the observer 
is changed. This is known as the Doppler cjfccf, first elucidated by 
Doppler in 1842 for the analogous optical ease. If the source is m 
motion toward the observer, the pitch of the tone heard is higlier than 
when the source is stationary; but if the source is rece<ling, the obsi'rver 
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hoars a scnial of lower pitch tlian when the source is at rest. Similar 
rlnniies in the pitch heard occur if the observer is in motion toward or 
away from the source. Nowadays, with our high-speed trains, auto- 

molhles. and airplanes, this plieiionienon is very common. 

„ No/orc in Motion. Let the frequency of the source be/, its velocity 

hnoonl the observer be c', and the velocity of propagation of the waves be 
as usual .lenoted bv c. Since the / waves produced in each second are 
; '.-owd.'d into the space c - c' (Fig. 38.3«), the wave length of the sound 



0 



of the sound heard is, then, 




(38.1) 


If the aonrcv is n-rrth'ni/, the sign of /■' should be reversed, with the result 
that 

V 


r = f - 


(38.1') 


• r -h c' 

h. Ohserrcr in ^folwn. When the obscrrcr is moving with velocity v' 
lonarrt a stationary source (Fig. 38.36), there is no crowding of waves but 
the ear receives each second, not only the/ waves in the interval v, but 
also an additional number r' X in the distance v'. Therefore, the increase 
in frequency heard is /(f'/y), and the pitch /' of the sound heard is 




(38.2) 
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If th<. ohsi mr is moving will, velooily nuau from a sfationary source, 
liie a} v' ^should he rev(‘rsetl. 




(.SS.2'j 


l\(|uati(in (38.1) may Uv expanded as tt>ll<>u‘s: 

K ~ + 7 + • • ■ ) 

if tho liinomial Micorcin is u.^ed. Wlicii r' /• i> >niall tlic t.-rnis iiulicatcd 
by dots may Ik- no^lectrd. and tlio icsult i.s idontical witli lai. (38 2 j 
I^ut as a' api>n)uclie.s a in value, by Eq. (38.1),/'-. x Idle, from Eq. 
(38.1'), /' — >/ 2. ll tlie <)l>sei\'er is 
in motion, with v' nearing; tlie \’elocit y 
a, by E(|. (38.2) /' -> 2/; but when / 

Etp (38.2 ) applies,/' — > 0. ,Vnd jet / ff 

airplanes are already flying at speeds -( K flTV> <S 5 

greater than a! \ \“' 

In Fig. 38.4 suppose Sx, .So, .S.-,, .S 4 , 

Ss, to be the positions in sueee.ssive 

time intervals of a body moving with J-'k;. 3S.4. .\ M.ur.-e moving uitli ,i 

a vcloeity a' f//-(Y/hr tlian the velocity velocity greater tliau tlie vcloeity of 
of sound a. When the body arrives •'^“""^1 creates a wave front makijig an 
at .Sfi, the spherical wave fronts of the of motion, 

sound that originated at the other positions as the body passed those 
points are as shown. That is, the sound wave from .Si will liave tra- 
veled a distance .SiP while the body has moved the distance .S,.S:,. liy 
Huygens’ principle these waves will reinforce each other along the 
tangent surface represented by P.S, but will interfere at all other points. 
The angle 8 made by this wave front with the line of motion of the body 
is given by 

. - .S'l/-* V 


sin 8 = 


A familiar example of such a wave front is the bow wave formed by a ship 
moving through (piiet water. All shock waves are of this type. 

Worked Example. Two trains, each moving at 00 miles hr, are 
receding from each other. One of the locomotives whistles, the frequency 
of Its sound being 200 per second. What is the frequency of this sound 
as heard by an observer on the rear platform of the other train? On 
assuming v = 1,100 ft/sec, calculating first/' from Eq. (38.1), and then 
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iLsiiig this as tlio / in E<i. (38.20, the result is 

r - 200 X ~ = 170 vibrations per sec 

38.4. Sound Intensity. The intensify / of a sound is defined as //)e 
arerayc time rate of transfer of energy per unit area of a surface perpendicu- 
lar to the direction of propagation, bet us assume that we are dealing 
with a train of plane compressional waves of the simple harmonic variety, 
tr-ivelim^ in the x direction. In Sec. 12.9 it was shown that the energy of 
an oscilhiting particle is 2T=APm. The energ.v W per unit volume is 
times as great if the numlier of oscillators per unit volume is n. But 

ffifi = p, and hence 

ir = p X 27r-pA' (38.4) 

where p is the density of the fluid. Therefore, since the energy flow takes 
place with the velocity v with which the disturbance is propagated, the 
('iiergy passing per second through each unit area of a sui-face perpendicu- 
lar to the X direction, or the intensity I of the sound, is 


/ = p 27r*/2.-r-y 


(38.5) 


According to this result the intensity of a .sound varies directly as the 
sfiuare of both the amplitude and the fre(|uency of the vibration. 

As the waves proceed through the fluid medium there will always 
be a certain amount of damping, or loss of dnergy from the waves to the 
fluid. Damping may be explained as due to viscosity and to heat con- 
duction from the condensations to the rarefactions. Also, at certain 
rather high frecpiencies there may be marked absorption of the sound 
energy into the internal motions of the molecules. 

How does the intensity of a sound vary with the excess pressure 
as,sociated with the waves? To answer this qiie.stion we use Eq. (37.24) 
and employ the value of the modulus M derived in Sec. 19.2, 

r = 

where V denotes the original volume and Al the change in volume 
produced by the excess pressure p. Now the change in volume that 
occurs in the fluid in the transmission of these compressional waves arises 
from the displacement tj of the fluid layers from their equilibrium posi- 
tions. Therefore the strain AV/V is solely longitudinal and equal to 
Arj Ax, or, in the limit, to drj/dx. Substituting dij/dx for AV/V in the 
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ecjuatidn for r and solving: for />. wo have 


l> = -I'-pifr] (Kv 

Ft)i’ tlipse simple liarmonio waves. 


(d8.(i) 


Hence 


11 = A sin 27r/ ( / — 
On 'IirAf 




cir 


CDS 


/• 


(' - r ) 


K(Hiafion (38. (i) may t li(‘r(‘f«)re he written 


p = 2ir A I'fp CO.'S 2irf 


(' ^ .0 


(38. 


We tlm.s see tltat the maximum excess pressme in the sound wa\’es 
is given by 


P 


mm 


n f 4 27rpr* . 

= 27r»’/p.l = ,1 

A 


(38. S; 


JC(iuation (38.7) may then he writlen 


P = P 


mm 


cos 27r/ 


(38.9) 


which may be considered to he the etjinttion of a pressure wave. Tlie 
factor is often referred to as the pressure amplitiak. Note tliat tliis 
pressure wave is 90° otit (jf phase witli onr original displacement wave, 
for it is a cosine function, whereas we represented tlie tlisplacement wave 
hy a sine function. Combining K(\s. (38.5) and (3S.8) we obtain 


I 



(38.10) 


wliich shows that tlie intensity varies jis the square of the excess pressure. 
Since the frequency does not occur in this formula, it is evident that the 
intensities of sounds of different freciuencies may he compared hy just 
measuiing the associated excess pressures. The acoustical engineer 
therefore prefere to measure pressure variations rather than amplitudes. 

The values of range all the way from about 2 X 10"^ dynes cm- 
for the faintest sound that can be detected by a good ear* up to about 200 
dynes/ cm^ for a sound so loud that it begins to be painful. For ordinary 


‘This 2 X 10 ‘ flyne/cni* value is the AinericnnStmuhinlsAssoriation (AS.\) rofer- 

euce level for pressure aiiiplitucle. 
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cnnvorsational tones. may be al.out 1 dyne/cm^. For sound waves 
in air at 2(t°(’ at normal pressure of 7(i cm Pig an<I tor X - 1 rn, we may 
caleulate from Pap i^iS.S) the amplitude A of the vibrations of the particles 

of the medium. 

1 dvne cm- X 100 cm 


.1 = 


2ir X br()0121 gm enV’X 05.44 X 10^ cm see)- 


= 1.12 X 10 


-S 


crii 


'This verities our 
.sound waves in a 
'rh<‘ intensity « 


statement in ( 'hap. 
yras are \'erv small. 
)f ( hese saint* sound 


37 that the vibration amplitud<*.s in 
wave’s is 



(I dyne, em-)'^ 

2 X 0.00121 eni^ 3.44 X 10^ cm/sec 

1.2 X 10"- erg see"' ern"- 
1.2 X 10"^ watt 'em® 


'Phis is a small amount of power per sijuare centimeter of the wave front, 
Init the human ear can detect .sounds of very much lower intensity than 
this. If we use the value p..^. = 2 X lO"' dync/cm'-' for the lower limit 
of audibility, the corresponding value of / is 5 X 10”” watt/cm-, which 
shows tliat the ear is an extremely sensitive organ. For comparison, we 
note that a mo.s(iuito in flight develops a power of about lO”"* watt! 
4'he ear is in fact almost sensitive enough to hear the noise produced by 
the thermal motions of molecules. 

Finally we .should mention that the intensity of a sound decreases with 
distance r from the source because the total energj' radiated per second is 
passing through an e\’cr larger surface as r grows. If the sound source 
may be assumed to be a point emitting uniformly in all directions, the 
total energy in these expanding spherical waves passing per second through 
any spherical surface concentric about the source is con.stant (neglecting 
damping). Since the surface area of a sphere is ■iirr'^ the energy trans- 
ferred through unit area thus varies as l/r-. It follows from Eq. (38.5) 
that the amplitude of the waves decreases as l/r. If therefore we 
denote the amplitude of the waves by A'/r, then the equation for a 
harmonic spherical wave is 


V 



sin 2wf 



38.6. Quality of a Sound. A pure tone has a wave form of the simple 
harmonic variety. Such a tone is produced by a vibrating tuning fork, 
but the sounds from most sources have complex wave shapes. As already 
discussed in Sec. 37.3, complex periodic vibrations result from the 
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superposition ol a nuinlKM- ot .■^iInpl(* hannotiic vil>rations haviu;: t'i(‘- 
qiUMicieJs always soino iiuejijal imiltiplo of a lowc.st fnnthiini nhi/ frciiiKuicy. 
Any higluM- frcciiKMicy c-ornpononts accompatiyiii;; I lie fundaincntal of a 
musical sound arc known as omfonc.s. Tlicy arc ofi cn. hut not alway.^, 
hnrmonics of tlie fundamental tone. As was lirst shown hv lli(‘ "real 
scientist II. von Helmholtz in 1859. the quolifi/ of ani/ fo/o ,h pi i,<ls upon 
the niimhcr, the inlcnsitirs, and the frcfjnciicMs of oil the onr/ones pnsail 
V'ilh the futuiamental. 

Since the phase relations l)efw(‘cn the compoiKuit fre(iuenci(‘s do affect 
tlie contour of the complex wave, it mijjht be thouuht that such phase- 
shifts mi|jjht change the (luality of the tone. The invest ij;at ions of 
Helmholtz and othei-s mor{‘ r(‘cent semn to show. h<uve\(*r. that the 
relative phases of all the component freepiencies have little to do with 
the (lUality of the re.sultant tone. It must ))e remembered that the 
.sensations of pitch, loudness, ami (piality are psychological (juant it i(‘s, 
all interr(dat{‘d. ami not subj(‘ct to \(*iy precise measurement, dhat 
is not tc) say that tiu- physical (juantities fre(ju<*iicy, inloiisitv. ami wave 
form cannot be measure*! exactly, for they can be. Souml has the two 
aspi'cts; subjectively we reter to the auditcuy sen.satit)n in the bjain. 
while objectively we refer to the physical lealur(>s of the wave motion. 

Many interesting^ experiments on the judiiments of piti-h and (piality 
of musical tones when certain component fre<iu<>ncies are eliminated 
by electric filters emphjyed in the telephone system have been report***! 
by Harvey Tleti-herof the Hell Teleplnme Laboratories.’ In tj(‘neral the 
elimination of the fundamental frecpiency has n*) effect ijii the })itch of a 
musical .sound arnl chan}j;es the (juallty but little. If. how(*ver. higher 
overtones arc eliminated, the musical (jualify of the tone is d(*finitely 
aflect<'d. J'yVen wlien grouj)s of several compom*n(s {*ithi*r of low or of 
high freipiencies arc eliminated the pitch does not change, although tlu* 
quality may be markedly change*!. When the note (i (dOb vibiations 
per second) was .sounded with a violin and then all frequencies from 1 .000 
up were filtered out, the listeners reported that the violin (piality was gone 
from the tone. Similarly, when an organ pipe sounded C’ (2()1 vibrations 
p(‘r .second) and then all component fre(iu<*n(*ies above 750 per second were 
eliminated, the hearers said that the sound was “dull.” 

M hat makes a vowel "ee” recognizable as a particularsound, no matter 
whether uttered by a deep bass voice of pitch about 90 cycles sec oi- by a 
high-pitched soprano voice of 250 cycles sec? The harmonic analysis 
of this vowel sound spoken at various pitches shows always a group of 
Iiigh-frequency components clustering around 2,300 per second as well 


H. Kl**tcl>fr. ami HcaritJf;,” \aii .\<).strainl, 1929. 
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as :i conipoiuMit at al)out 375 cyeles/sec (Fig. 38.5). If the high-fre- 
(luciicy group of overtone frequeneies were filtered out, there would be a 
(lislinet change in the (piality of this vowel sound. The “ah” in father 
lias the components around 1K)0 cycles increased in intensity. These 
form the ninth, tenth, and eleventh harmonies for the bass voice, but 
form the third and fourth harmonics for the soprano voice speaking the 
vowel “ah.” That is. wlienever tliis vowel is spoken, the oral cavity 
takes such a shape that if resonates to a freiiueiicy of about 900, thus 
reinforcing that part of the total sound coming from the vocal cords. 

Since of all the vowel sounds and the tones of various musical instru- 
ments each has particular overtone frequencies or a characteristic 
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Fid. 38. o. Souiul spri trum of vowel “co” at pitch of 137 c-ps (tifler IlanH ij Fletcher). 
Tin- components nroiind 375 and 2.300 cps arc clmractcristic of this vowel sound, no 
matter what tlic fundamental pif<-h. 

‘‘spectrum” of component freipiencies, it ought to be possible to imitate 
any of these sounds by proper mixing of a set of pure tones covering the 
necessary fretjuency range. This indeed has been done, hrst by D. C’. 
.Miller, using a set of organ pipes, and more recently by Fletcher, at the 
Bell 'I'elephone laboratories, with a group of electronic circuits that 
enable him to mix in any proportions 100 pure tones spaced over the 
principal audible range. 

38.6. The Vibration of Strings. As sources of musical sounds the 
stringed instruments such as the violin and piano form an important 
group. When a string that is under tension is struck or bowed or plucked, 
the disturbances travel to the two fixed ends, where reflection occurs 
with change of phase and with but little diminution in amplitude. At 
each end, then, the incident and reflected waves, being of the same fre- 
(pienc}', tend to produce stationary waves with nodes spaced at half-wave- 
length intervals (Sec. 37.10). The reflected waves are re-reflected from 
the opposite end. of course; and in order that the two systems of nodes 
coincide tlie length of the string must be an integral multiple of half 
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wavt'leiiiiUis. Only those l're(juencii*s .<ai i.^lyiii”; tlii.< coiulition {K'lsisl 
and ])roclueo stamliiij!; \\ aves in a vilnat in«i: si t in*’:. 'rii(‘s(‘ are t he so-eal](Ml 

/’m’ viliralioim ol a strinji, as opposcal to {\h' Inrct il l■{hl^ol{olls that niifiht lx* 
impressed upon it l)y sonu’ ai)plie<l j)eriodic j'oree. 

W hen a striii"; stretclKal ln'tween t\\a> supports is lijililly howtnl in the* 
middle, it will vibrate in the simplest manner, in «)ne se^rimuit wit h a node 
at ettch eiul (I'i^. 3S.()a). 'J'lu’ note produced is a pure* tone. the ////a/fi- 
mcnlal tone of the slrinp;. Its wavelen^tli is 21, where / is the leiijilh of the 
string. The string ni(>rely vibrates as n whole br^tweem tlu* two e.Mreme 
positions, aiul twita* in each complete \il)ration it \\ill lia\'e its normal, 
straijilit-line jii)peaninee. 


A striiifi may al.so vil)rate in 2, 3, 
4. etc., segments us indicated in 
Figs. 38.1)/; to (1. Since the distance 
between ailjacent males is always 
X 2, the waveh’iigths arc 2/ 2.2/ 3, 
2//4, respectively, for these three 
overtone vibrat ions. Employing 
the general rehition r = \f, we luive 
for the.se four lowest frecpiencies of 
the string 

“ 21 ' 21 ' 21 ' 21 


-H 




Second Harmonic 



Third Harmonic 



Fourth Harmonic 
I' K!. 3S.(i. Stundiiig wave’s in a .st rctclu‘<l 
striiiu. 'I’hcsc ft)riiis may all la- i)n-s(’i)t 
siniiiltaiirouslv. 


'I'lius, these overtones are exact 
multiples, or Itarnio/tics, of the 
fundamental frequency. It is ciis- 
toinaiy to speak of thefundamental 

as the first harmonic, or Jirst partial; the first overtone as the second 
harmonic, or second partial, etc. 

Since the velocity v of these waves is \/F d (Sec. 37.4), where I' is the 
tension in the string and d is its linear density, we have 


/=- 
21 yjd 


(38.11) 


For a given string under fixed tension F, this equation give.s the fre- 
quencies of the successive harmonics if N has the values 1, 2, 3, 4, . . . . 

adjusting the tension a string is tuned to produce exactly the correct 
fundamental pitch. The violinist increases the fundamental frequency 
of a string by effectively shortening its length with his finger. And since 
the fundamental varies inversely as the square root of the linear density, 
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the .sjrin}>;s tor tlu> notes are tlie lieuviest, while, for the 

pitelied notes, fine, lightweight strings are used. 

It is of interest to see liow the standing-wave j)atterns for vibrating strings 
may he obtained hy solving the wave e<iuation (Eq. (37.20)). If the string is to 
execute simple hai tnonie nhratioiis, every particle of the string must oscillate 
with the .same fre<iuency. Also, the displacement ij at any point along the 
string must he represented hy tlie product of a function .such us sin (wf -|- a) by a 
fuiH-tion of X alone, say K(x). Thus, 



'rherefore 




y = )'fx) .sin iu}t + a) 
^^2 = — l'(x)a>- sin (wt -)- a) = 

and 

Substituting in lap (37.17), 


— wV 


a? “ ~dx- 


-W-Y = c2 


<PY 

di^ 


hir \shich a .soluti<ni is (cf. S«*c. 12.2) 

1’ = .1 sin -h/s) 


(38.12) 


(38.13) 


Now the two ends x — 0 and x = I are always nodes. Therefore K(0) = 0, 
so that /i = 0. Al.so !'(/) = 0, so Hiat, from Kq. (38.13), sin (wl/v) = 0, or 
(uj r)/ = (27r/, v)l = .W, where .V = 0, 1, 2 Hence, 

/= (.V 2/)u = (.V 2/) \^F/d 

wliich is I-ap (38. 1 1 ). 

In any stringed instrument the sound is very largely emitted by the 
body or frame, whicii vibrates in resonance with the string. A sustained 
tone is produced by bowing a string, the bow alternately gripping and 
slipping on the string. The pleasing tones from these instruments have 
complex wave shapes, i.e., they are rich in harmonics. Therefore a string 
must be capable of vibrating in a number of modes simultaneously. The 
waves ot various lengths pass through one another, each setting up its 
ou n pattern of nodes and antinodes. Just which overtones are present 
depends largely on w here the string is bowed or struck, for obviously this 
point cannot be a node. Usually the striking or bowing is done at about 
one-eighth the length from one end, thus eliminating the seventh and 
ninth harmonics. Since the biisis of harmony is the simplicity of the 
ratios of the frequencies that are sounded together (cf. Sec. 38.11), these 
particular frequencies do not give harmonious combinations. 

*38.7. The Vibration of Air Columns. Another important class of musical 
instruments, unnd instruments, make use of the free vibrations of columns of air 
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in tubes witli ri^icl walls. Examples «if sin-h in.'^trimuMits are flie pip<* otj'.-ui, licit ii, 
elarinet, and Huto. Some of the.*^o, r.f/., tlie c laiinet. \ il)iatiny; jcmvIs. With 

otliers, sneli as tlio cornet, the lips of the perfoniier ■;(‘in‘rat<“ flu* vilnafioiis. In 
all of them the tube, who.se elTectivt* len-ith is u>tially controll(‘d hy op{*tiin<' or 
closinjj lioles placed at proper intervals, a<-ts as a naitn/ilor to r(*inforc(*, sustain, 
and control tlie.se \’ihrutions. And since in a vihratin;; air column th(‘re is already 
a considerahle mass of air in motion, no adchtional resonatinj; body is n<*<‘ded to 
im-rease the loudness of the tom*s. H'lie o\'ertones are harmoni<*s. which is an 
essentia! characteristic of vibrating systems if (lu*y ari* to be* useful as musi<*al 
instruments. 'I'he pcrca.v.sjeH instniiin suc-h as the drum, the bell, ;itid the 
cymbjil, are exceptions to this statement; incidentail>’, it may be nof(*d Ihaf hu’ 
most vibratin;' bodie.s the normal modes of vibration 
are indeed inharmonic. 

.\s the jirototype of all wind instruments, consider 
a jet of aii‘ blowint; j^ently ajrainst the edge of the 
open end of a pipe, as in Fif;. This will raise 

the pr<‘.ssure sli^jhtly at this end, and a pulse of con- 
densation, with the air particles moxing in the direc- 
tion of the wave, start.s down the piiie. .\t the clo.secl 
end this condensation will be reflecferl as a cond(*nsa- 
fion (phase change of ISO®). When this reHectecl 
I'ondensation or j)re.s.sure wave returns to the open end 
of the pipe, it will throw the air jet away from the 
edge, if, indeed, it has not alieady been forced out 
by the increased piossure in this region. This expan- 
sion of the I’eturned condensation at the open end 
starts a rarefaction traveling clown the inpe, with the 
air jiarticles moving upward, ojiposite to the direction 
of jiropagatioei of the rarefaction. At the clo.sed end 
the rarefaction will be reflectecl as a rarefaction hack to 
the open end of the pijie, where, because of the le.ssenerl 

l)re.ssure, the air jet is drawn back inside the edge of the pipe. This starts another 
condensation down the pipe, and so on. During one viliration of tlie air jet 
across the e<lge of the pipe, a condensation and the following rarefaction each 
traA’ols twice the length of the pipe. The emitted .sound will have, then, a wave- 
length equal to four time.s the length of the pipe. The latter merely serves a.s a 
means of regulating the period of vibration of the air jet and hence the pitch of tiie 
sound. The energy comes from the jet. Since the closed end of the pipe is a 
point of no motion, it is a node, while the open end, being a point of maximum 
motion, is an antinode of the stationary w’ave pattern. ‘ 

Similar considerations apply if the pipe is open at both ends. A condensation 
is reflected from the far end as a rarefaction, however, and w'hen it arrives back 


KlCi. 38.7. Till* jc*t of air 
vibratc‘.< back and forth 
acToss the* c-dge of llic? 
pipe* at a rate* controlled 
by the rcflc*c*tccl pulses 
from the* othc*r c-nd. 


‘ In this discussion we are considering stationary dispUicement waves. The cor- 
responding pressure waves would have antinodes when the displacement waves have 
nodes, and xnce versa. 
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;it tiu' jot oixl, wliore tho jot will alrently have been forood outside the cilge of the 
{>ij )0 by tho rise in [)tossut'o from tho blowiiij^, it will pull the jet ba<‘k inside the 
odno. Thus tho next oondonsation will be started down the pipe for the beginning 
of the next eyrie. During one ooinplete vibration of the air jet over the edge the 
<lUturl.ance will have traveler! twice tlio length of the j»ii>e. This length is there- 
fore tho wavelength of the emitted sound, and thus if the pipe has the same length 
as the clo.'^erl pipe tlie sound will have double the freriueney, or be the oetave, of 
the note from the elo.^ed pipe. For this fumlamental note the stationary wave 
pattern in the air column ccjnsists of an antimxle at each end and a node in the 
middle of the open pipe. 

If the rate of How of the air from the jet is increa.-:ed, various overtones will l)e 
produced; i!i fa<-t tlie blowing must be very gentle indeerl if the first overtone is 
not to be jHodiiced witli greater intensity than the fumlamental. For the closed 

pipe, the open end is always an antinode, 


and the closed e!>d always a node. Con- 
secpiently, for the fii-st overtone a second 
node exists at one-tliirrl of the length from 
the r>pen end, as indicaterl in Fig. 38.86. 
d'lie wavelengtli of this overtfuie is 4//3, if 
I is the pipe length. For the second over- 
tone of the closed pipe, one nofle must be 
one-fifth of the length from the open end, 
sotliatX = 4/''o. P’or a closed pipe, then, 
the fundamental and overtones have 
X =* 4/, I, 4f/3, 41/0, . . . an<I therefore 
fretpiencies v/4l, Zv 4l, or, 41, ... . 
Notice that the even-numbered harmonics 
are missing for a closed pipe. 

The stationarj'-wave j)atterns for the 
fundamental and first and second over- 
tones f<ir the ofHii pipe are sketched in Figs. 38.8d to /. Since the distance 
between two adjacent loops or nodes is always X/ 2, it follows that the wavelengths 
of these three partials are 21, 1, 21/2, and 2// 3. The frequencies of the funda- 
mental and overtones for an open pipe must then go as v/2l, 2v/2l, 3v/2l 

Thus it is seen that all the har monics are present in this case. The tones from 
open jiipcs are therefore of richer (piality than those from closed pipes, the 
j)resenco or absence of the strong second harmonic accounting foremost of the 
tliffei'cnce. 

We have a.ssumed that the reflection at the open end of a pipe takes place 
e.xactly in the plane of the end. This is in fact not true, for the reflection occurs 
only after some expansion into the region beyond the end of the pipe. Since in 
a lai'ge-diamcter pipe a greater mass of air vibrates than in a small-diameter pipe, 
we should expect that tlie larger inertial effect would cany the expansion farther 
in the ctise of the larger jiipe. Experiment verifies this conclusion and shows that 
the end correction to be added is about three-tenths of the diameter. 


x-ll 

1 


4/ 

3 





(C) 


2 / 2l_ 
2 3 





(c/) (e) (/) 


Fi(j. 38.8. Stfitionary \v;ivr pattiTiis 
showitif; {HjsitioMs of ihkIos for (ho 
first tliri'O iKiriii<)iii(*s of (*lo.sr(l raid 
open piprs. 
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Workvfl h'xain/th. 'I'Ko lonj'C.'it ••(minionly u>(Mi in .-i <il pipc' in nn 

or^an is s ft. If it is an open pipe. ’) in. in ilianietoi. and if v = 1,UM) ft snc, 
i'ompute tin* pitch of the fninlaniental note. .\tl<iin«: two (>n(l con-e<f ions, 
I = H.25 ft. Tlierefoie, / = (1,100 ft .■^ec'l 2 X N.2.') ft = OO.T vil)rations per 
sec. \\'ithout the corrections, / = 0 s..s viluations pei sec. 

*38.8. The Vibration of Rods. .V rod may he nnnh* to \il)rafe either lony;i- 
tndinally or transversely. To pr<idm*e h)n}'itndinal \iliration> it >hould i)e 
stroked with a rosined cloth: the exact 


(b) 


mode of v ibration will rl(‘pend ))oth on ^ ^ ^ 

the stroking ainl on the niannei- in H , 

whicli the rod is clamp<*il. If clain|ied 

at the end (KIk- 3s.9n) the rod's fnnda- (f.) ^ 

mental nmde has a node at this jioint I 

and an antinode at the fiee en<l, so B 

that X = 4/ us for the elosed o,eun pipe. ( ^ 

I he re.seinoinnce to the elosed-jnpe ■ ■ 

\il)iatic)ns is apj^nreiit also in the lirst 1 1 

overtone, for which the additional node p,(.. 3 s p Meth<»l.s of dampinn a ro<l 
comes at on(‘-third / fiom the free end, for hniKitutlinal vibrations, 
with tlie result tliat X = 4f, 3. To gen- 

iMalize, (Jiily the odd harmonies arc ])ro<luced by a rod clamped at one end. If. oti 
the other hand, the rod is clamped in the middle in- at (joints I/A in from each end 
(Kiss. 3S.% and f), these (joints are nodes and both emis are antiiiodes. The lirst 
of tliese, 6 , corres|)omls to the fundamental mode of o()en pi|>es and with X = '21, 
the second, c, (rives the harmonic note with X = /. As with the ()()en |)i()(*, both 

even and odil harmonics may be (nodueed by a rod so mounted, with both ends 

^ — 

( " ) One way of visibly demonstiatinjr 


(C) 


Flo. 3S.0, Methoils of clam{)in(' a real 


(C) 


WWW One way of visibly demonstiatinjr 
® the existence of lonfritudinal vibrations 

in a rod is to have a li(rht liall sus|)ended 
^ as a pendulum in front of and in con- 
( 6 ) with one end of the mil. When 

''“■" — the latter is stroked with the rosined 

^ _ __ cloth, the ball will fly out because of 

I ^ ^ '/.'x''' iin()ucts from the rod (cf. Fig. 

‘SUM). 

" Transver.se xnbration.s are also pos- 
Fio. 38.10. Transverse vibrations of ^ible in a solid rod. If elam()ed at one 

end and struck a blow at the ficc end, 
a rod will vibi-ate as in Fig. 3S.10ri when giving off its fundamental tone. \\’hen 
sti uck more shar()ly, it may vibrate in its first overtone (Fig. 38.106), but such 
overtones for transver.se vibrations of rods are not integral multi()les of the fun- 
damental tone. If su()poi ted in two (jlaees but witli free ends, the rod will vibrate 
transvei*sely, as shown in Fig. 38.10c. With an additional su()()ort between these 
two, the rod may (>roduee its first oveitone, but again this is not a harmonic. 
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If the rod, vihrjitin;i as in Fig. 3S,1(). i.'< bent at the center, the two nodes move 
• loser together: and if it is bent completely into a U shape, we have the familiar 
tuning fork (Tig. 3s.l 1). When it is vibrating in it.s fundamental mo<le, the two 
nodes are close t«)gether at the base ami tlie .stem vibrates up and down. If the 



I'ic,. 38.11. 
A timing 
fork has but 
one ini>dc of 
V ihra t ion ; 
tlius giving 
a pure tone. 


tuning fork is proiierly constructed and is not struck too violently, 
tlieie are no overtone.s present in its vibration. This fact, that a 
tuning folk produces a pure tone, makes it a useful device as a 
fieciuoncy .standard. Tuning forks are usually made either of 
steel or of a light magnesium alloy, the latter being a material 
that jirolongs the vibrations becau.se of smaller internal friction. 
If the fork is mountetl on a jcsonating wooden box having one 
end closed and with a length appro.ximating X 4 for the fork, the 
tone will be very con.siderably augmentetl by the resonance effect 
discussed below. 

*38.9. The Vibrations of Plates and Membranes. A thin 
metal plate or a membrane supported at it.s outer edge will in 
general, when striK-k a blow, vibrate in a coinplicaterl fashion. 
In a jdate such as the diaphragm of a telephone receiver or 
transmitter the restoring force called into play by the di.stortion of 
the surface arises from it.s stiffness. In a membrane such as a 
di umhead or the diaphragm of a condenser microphone the restor- 
ing foi ce is caused by the tension in the surface. The two-dimen- 
sional waves undergo multiple reflections from the houndaries, 
thus setting up a stamling-wave jiattein, which u.sually involves 


;i number of overtone fieijuencies along with the fundamental. 


'Phe nodes foi- these t\\«j-<liniensi»)nal statiomiry waves are nodal lines. They 
may he demonstrate<l by supi>orting the jilate or membrane hoiizontally, sprink- 




(a) (6) 


Kio. 38.12. Xodal-liiio patterns for («) a square plate clamped at its center and (6) a 
round di:i|)hragm clatnpeil at its edge. 

ling the surface with fine sand, and in some way causing it to vnbrate. The parti- 
cles of samI aecunuilutc along the quiescent nodal lines. In Fig. 3S.12 are shown 
examples of the nodal lines thus exhibited for a square plate clamped at the center 
and l>owe<l in several ways at the edge. More than 250 different standing-wave 
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pattot n.'^ in plates lia\'e Ikhmi (loinnnstruted liy tl^i^ I'oi ciicuiai- metii- 

brancs or j)lates supporto<l at the edy:e, this hounilai v is, o| a nodal line, 

aiul for tlie fundamental mode the entire sinlaci' vil>iat<‘> svmiiietricalh' as a 
whole, \\ith maxinuini ainplitmle at the i-enti-r. d'he «>vei tones ha\e iM>dal line> 
that are diameteis and or ciia-h's eomamtrir about the 
i-enter of tlie surface (Ki^. ITs.12). These ov<Mtone fre- 
(|ueneies are not harmonics. 

A bell may l>e lejiarded as a rounil plat«‘ bent int<» th(“ 
characteristic bell shai)e. In T'in. ^Ts.i:!, hitjkinjf up at 
the mouth of the hell, the lowest mcule of A-ibration is 
indicatetl. .Vctually, how(*ver, overtones are always 
produced when a bell is struck, and s<une of these are 
more intense than the fundamental. The i)itch of the 
souml from a vib|•atin}^ Ixd! is s(une aniihiiudioii or 
differture tone (Sec. .‘is. 12) inv<ilvinn these o\’ert<tm* 
freciueiuies. 



Fk;. 3K.13. I,o\\csi 
inixic of vibration of a 



38.10. Resonance. ltu\’c ulreatly relorfcd to tlie phenomenon of 

irsunaiia- in eoniUM’t ion with tlie monntinji t>f .sti inti.s and luninji forks on 
l)odi(‘.s tliat by resonating witli the applical vibrations fi-oni tlie souree 
j?really amplify the intensity of tlie sound. As a matter of fact, many 

important examples of resomince are encountered, 
not only with sound waves, but also with light atid 
radio waves and in vibrating structures generally 
(C*hap. 12). ^\'hcnever the forced rihralionfi in a 
body have nearly the same frtujueney as its natural 
undamped rihrotioua (Sec. 12.14), then by virtue of 
resonance large amplitudes may result for the-se 
sympatlietic vibrations. 

As a clear illustration of re.soriancc. suppose that 
two identical tuning forks mounted on (piarter- 
wavelength boxes on rnblnu- pads stand so that the 
open ends of the boxes face eaidi olliej-. ^\’beu one 
of the forks is vibrated, then (luickly damped, it is 
found that the second fork, because of resonance 
with the train of waves from the first fork, has 
started to vibrate audibly. If the .second fork is 
then damped, it is noticed that the first fork is 
again audibly in vibration, but of course with much 
less intensity since the input energy is rapidly being dissipated. 

Hesonunce between the sound waves from a tuning fork and the stationary 
waves in an air column affords a quick and fairly accurate method of measuring 
the velocity of sound in air. The air column is adjusted in length hy laising oi' 



Fm. 38.14. Hcin- 
forcciiic*nt of the 
.><0111141 from the fork 
o4’i*ur.s when tlie air 
column above the 
wat4*r is of l(‘iigth 
X/4, 3X/4. .... 
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hAviMiii^ the water level, as indieaterl in Fik- When the fork is sounding 

and the!' reservoir is gradually lowere«l, a inaike<l reinforcement of the sound will 
he heanl for a i)articular length /, of the air column. This is the first resonant 
length /, for whi<'h the reflected waves from the water surface arrive ba<rk at the 
mouth at the right instant to he in phase witii the vihration of the fork. Clearly 
/, must he the length of air column having as its fundamental frequency the/ of 
tiie fork. If we neglect the end c()rrection, X = 4/,, and e = 4/i/. With the 
fork sotinding, upon h)wering the water level further the .second re.sonant length 
will l)e encountered. For this, X = 4/-j,'3, and v — -il<f d. The error due to 
neglecting the end <-orreetion may he eliminated hy using the difference between 
the first tu(' resonant letigths, l-i — = X, 2. Ihen, 

y = 2a, - /,)/ (3H.14) 

Kundfs methoil of measuring the velocity of soumi afford.s an additional 
e.xample ()f resonance. A metal rod /f is clamped at its center and earries on one 
end a piston /', which tits loo.sely into a glass t\ihe 7’(Fig. 3H.15). .An adjustable 


R 




m. 




I 










Fig. 38.15. Kundt’s method for determining the velocity of sound. 


piston I*' closes the tube at the far end. Tl»e ro<l is set into longitudinal vibra- 
tions hy stroking it with a rtjsiiied <-lotli, and the air column T is atljusted in 
lemdh hv means of 1*' until resonance occurs. The standing waves in the air 
column arc detected with cork du.st or lycopodium* powder sprinkled along the 
hottom of tube T. .\t resonance the dust is strongly agitated and lines up in 
ridges at the disidacement antimules hut is (juieseent at the nodes. P’ is of 
course a node, and P is close to a noile. 

Tlie wavelength X« of the waves in the rod is twice the length / of the rod, 
while in the air inside the tul)e the wavelength X., is twice the average distance 
between ailjacent node.s. as indicateil hy the cork dust. Now the frequency of 
the .standing waves in the rod and in the air column is the same. Hence 


^ = ^ or ^ = h 

/ d. 


(38.15) 


If Va at the exi.sting tempoiature i.s known, the velocity of sound, Vr, in the 
metal of which the rofl is nuule may thus he detcrmineil. 

If the air in T is replaced by another gas in which the velocity of soumi is 
and for which the average distance between nodes is dg, then 



(38.16) 


‘From the grcck h/kos. wolf + pan:!, foot : the genus name for the club mosses. The 
powder is composed of the .sjjorrs ami is very light and easily moved hy the sound 
waves. 


Sec. 38.11) PRODUCTION AND RECEPTION OF SOUND 


541 


*38.11. Musical Scales. When two or moie tones are soiiiuleil 

tojjctlier, tlie result may bo a pleasiiifj sound, in wliieh case tlie component notes 
are said to be consonant, or it may be a inir.<h. unpleasant sound, in which case 
the cotnp(tiu‘nt notes are said to be «tissonan(. Tlie pliysical basis foi dis'.onanci* 
is the e.xistence of beats (Sec. 37.9) either between tlie fundamentals or lietwemi 
their overtones. As already mentioneil in Se<-. 3s. 9, if the pitches of two tones 
are so nearly alike as to pnuluce no moie than. say. •> beats jier secoml. the etT(‘ct 
is ratlier pleasiny;. In fact, on laifie or^jans there is a •'tremolo stop" in which 
each of the notes comes fiom a pair of pijies a<ljusted to ^Ive aliout 3 beats per 
.'Second. Hut as the number of beats beeoniQs lar^ru . they cannot lie ilistinnuisheil 
ns se[)arate beats and the result is a lounh. unpleasant sound. When tlie lieat 
frcriuency is jireat enouj'h, however, it will no lonjjer be noticed, and then theie 
is consonance if the two tones have a simple frequency ratio. 

The simplest freciuency ratio for two notes is I ;2. correspondin;; to a note anti 
its octave. Othei' most pleasin^j combinatitiiis are tlu* “ lifth ’’ (2:3), the “fourth 
(3:4), and the “thinr' (4:5). If three notes are to be sounded to form a con- 
sonant triad ami if the interval from the lowest to the liijihest note in the triad is 
to be less than an octave, it can be shown that there are only two possibilities, the 
major Irani with freipieney latios 4:5:0 ami the minor triad with ratios 10:12:15. 
The major and minor scales of modern Occidental mu.sie are based on these 
consonant triads, but it sliould be emphasized that many otlier musical scales 
have been devised. The .Arabian .scale, for e.xample, has more than 50 intervals. 

\ major scale of einht notes is formed by three major triads. On taking 
middle C as the keynote and desiKuatiu}; the notes uj) to ihe o<-tave by 1), I), F, G, 
A, M, the frequencies of the.'e notes are determined by the three triads C'KG, 
( IIU )', and FAC''. In the key of C major the scale of notes, based on the standanl 
pitch of 440 vibrations per secoml for .\, ami the freiiueney ratios are as follows: 

M ajar Scale 
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The ratios and are called full-lone inteivals, while the ratio ‘’’is i^'^ 
known as a half-tone interval. 

A minor scale of eight notes ba.sed on the same middle C note but using three 
minor triads yields the same notes as tlic major scale, e.xcept for F, X, and H, 
with freciuencics 310.8, 422.4, ami 475.2 cps, respectively. Similar scales 
composed of tliree consonant triads may be based on any one of the notes appear- 
ing in the kev that we have used in our illustration. Faeli of these kevs intro- 
duces some new notes, so that, even though tlie calculations are restrioted to 
major scales, some 35 different note.s are neetled in each octave interval. Since 
with keyboard instruments such a large number of notes per octave would be 
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inipossil)lo, tluMe was dovi.scd a scale of cirn tetnpcnnnctU, tlie 12 notes j)er 

(tctave to wlucli we are a<a'nst«)iiie(l in tlie i)iain) and (jr^an. In tliis system t>f 
Umpiring the scale, successive fretjviency ratios are each ^^2, or about 1.0595. 
'I'wo of tliese steps are taken for a full tone, and one for a Indf tone. This very 
siin|)le method j)f di\-idinn up the octave works remarkahly well. Tlie dilTeiences 
hefucen tliis i-guolhi Umpered scale and the ju.st scale are so slight that even the 
musical ear juiiges it as satisfai'tory. 

*38.12. Combination Tones. When two .simple tones tliffering in frccjnency 
l)y a <*onsideral)le amount are soumIe<l togethei', a difference tone of freipiency 
eijual to the ilitTerenc’e hetwt'en the freijuencie.s iif the two generating tones may 
sometimes he heard. Difference tones are to he distinguished from heats. With 
moie difficulty a summation tone, whose fretiuency is the sum of the two frequen- 
cies. may h(‘ detei'ted. All these are known as combination tones. Helmholtz, 
who <’ontrihuted so much to the study of sound, wa.s the first to offer the probably 
correct explanation of these tones, attributing them to the nonlinear response of 
the ear. In the vibrating mechanism of the ear, esjKJcially in the “middle ear” 
(See. 3.S.14) the restoring force is not a linear function of the rlisjilacement. Also, 
it is asymmetric; i.e., a greater restoring force ari.ses from a ilisplacement in one 
direction than from a ilisplacement in tiie l(‘^•erse direction. 

We lepresrmt the excess pressure p of the two driving vibrathiiis by 

p = .1 (cos u»|/ + eos u.t). 

Now tlu* nonlinear response of the ear may he taken as 

R = a/t bp" 

where a and h arr* constants. H(*nce 


R — a.{ (cos ii)\f d- cos uijf) -|- /j.-I-Icos- aj|/ -f- cos- laj -j- 2 r-os ud cos w-l). 
The three terms in the secoinl parenthesis, the nonlinear part, of this etjuation 

are to he interpreted as follows: t>ince cos'^wf = »2 d' ' 2 2 wh the fir-st two of 

these terms repre.sent the .sei-ond harmonics of the impressed fretiuencies/, and fo. 
For the third term we can make the substitution 


2 cos a>i/ cos uid = co.s (w, — (A):)t -}- cos (w, -f 

We thus .see that tlie reipiired difference and summation frequencies apjwar in 
this product term. These difference ami summation term.s are called side bands 
(Sec. 35.7) in the electricrd case. 

38.13. Loudness. The Decibel. In our cIi.scussion of sound intensity 
in Sec. 38.4 we have mentioned that the ear is a remarkably sensitive 
oigan, the lower limit ot audibility for a good ear being an, intensity of 
about 10“'® watt em'-=. A'et before the sensation of sound becomes 
painful, the intensity may rise to about 10'^ times this value. The loud- 
ness ot a sound does not increase proportionally with the intensity, how- 
e\er, but more nearly as the logarithm of 7. This is an example of 
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tlio well-known Wibcr-Fvchnvr Itiir in psycholotjy, which slaU'.'i that tln' 
majjnitudo of any sensation proportional to tlu‘ loy:arithni of tin* 
stimnlus. The minimum fractional increa.'^e in inten.>ity that is just 
penreptihle to the ear as a chanK<‘ ht intensity slumlil, according: to this 
law, l>e a constant indepeiulent of the intensity. 'I'he dilYcrtuicc in loud- 
iH'ss, technically kno\Nn as infrnsih/ Inul, l><‘tw('(*n two s<»unds is tluaefoic 
(h*lin<‘d as the lofjarithm of the ratio of the two intensit ic.^. the unit 
dinereiu'c launs the lu I . ' Siiu'c t his is a rat her larjje unit . one-tent h of it . 
t h(‘ tfrcihrl (ahbieviated dl>), has lK*conie standard. 'I'he iiitcns/li/ lu>t / 
of a souiul Is tlien deline<l hy the <*(jttation 


Intensit\' le\el = 10 lo^io 


(/.) 


dl) 


(3S.17) 


where L, is a reference intensity arbitrarily taken as 10”’'’ watt cmh 
which corresponds roufjhly to tin* lower limit of audibility. 

II the intensity U'vcl of a souml increases by I db. the iiUTtvise in loiid- 
ness is barely perceptible. When I ris<‘s to 1()~‘ watt cm- and the sound 
becomes painfully loud, the intensity leyel is lOloiin, (10~‘ K)-'”) = 120 
db. In Table 38.1 wc gi\'e the intensity le\el for some ciunmon noises. 


Tal)lc 38.1. Approxiutatv Inlrnsity JawIs of Various Sounds 


Soi:n' Liiu l, illi 

.Virplunc, near l>y 120 

Iii.sidc Niihwav train 100 

.\oi.sos of busy stn-ct 7.’) 

Ordinary convcr.Mation 70 

Quiet autoniJihile .lO 

Purrin>; eat 2.") 

Hustle of Icuive.s ]0 

Threshold of he.’irinn. 0 


For the acoustical engineer, interestetl in such problems as noise 
abatement and soundproofing, .such description of the intensity leyel of 
the sound without regard to frecpiencies is cjuite satisfactory. Small 
pressure amplitudes may be accurately measured with the aid of modern 
developments in electrical engineering. It happens, however, that the 
ear is not eciuallj’^ sensitive for all fretpiencies, so that, at the .‘^ame inten- 
sity level, sounds of different frequencies may be judged to be of cjuite 
different loudness. 

Figure 38.10 shows for the average human ear both the lower and upper 
limits of sound intensity level as a function of frequency. Notice that 
the frequency scale is logarithmic. The course of the lowest curve, giving 

' The word “bel” was chosen to honor Alexander Graham Bell (1847-1922), the 
inventor of the telephone. 
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the tlireshold of audibility, shows that there is a tremendous difference 
ill sensitivity of tlie ear for difTorent frequencies. The normal ear has its 
maximum sensitivity for low intensity levels in the range 2,000 to 4,000 
vibrations per second. Tlie highest curve shows that the threshold of 
pain comes at about the same intensity level for all frequencies. As we 



80 400 800 4000 8000 

Frequency in cycles per second 

Fio. 38.10. The lo\vp.st and higlipst rurvp.s for a normal ear show the threshold of 
andibility and of pain us functions of frpqucnoy. The area between these two cur\'es 
pives the entire audible range. The numbers labeling the cun-es represent the 
<leeibel level at 1,000 eps. 

have previously mentioned, the ear can indeed hear sounds through the 
range 20 to 20,000 vibrations per second, but at the extreme limits the 
intensity-level range is small. Unless the intensity level is at least as high 
as 20 db, even a sound of frequency 200 vibrations per second is not heard, 
while at 20 vibrations per second the level must be at least 100 db, or 
close to the threshold of pain. The entire audible range is represented 
by the area between the two extreme curves. For peisons hard of 
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licai iii”: tlio low or cui-vc is raisc<i l)y varyiii'i aimmin-' at t lii* (litTcKaii 
t ro<|Uonc'i('s. 

'I'lu* car is mucli more .sensitive to eliatijrt* in j)itch than td (•hany;e> in 
intensity. At a))out 2.500 cycles sea*, for which the <'ar has tin* jiic-atc.-l 
intensity-level ran^e, it is j)os>ihle to <let(>ct a chanjic in fnajitcncy df 
on(‘-fifth of 1 per cent, but a change in intensity mii>t l>e at Iea>i 5 per 
cent to be detectable. At very low fre(|uencies, however, tin* change in 
intensity must b(‘ tenfold Ix^fore a change in loudn(‘ss can lx- detta-teil. 

AnotluM’ interesting fact about our auditory pena'ption is the ><‘nse of 
tli(‘ direction from which the souiul comes. TIu* fact that tin* sound 
might be more intense at the ear facing the sotuce could only contribute 
to this elVeet for the high-piti-hed notes, foi which tin' wa\(‘length is 
considerably short(*r than tlie <liam(‘ter of the head, since foi- the long 
wavelengths the pre.s.sure variations must be the .same at both ears. 
I'Aperiment shows that for the lower pitches our judgment of direction 
comes from the dilference* in phase of the sound at the two eais. Such 
phase differences produce certain time dilferences in the impulses in the 
nerve libers going from the two ears to tlie brain and tlic.^e time dilferetna's 
apparently give us a clue as to the direction from which the sound comes. 

*38.14. The Ear. I'igine 3s. 1 7 is a diagiaminatic section through tlio human 
ear, with the inner ear drawn on a larger scale to hring out det.ails. Tliat part of 
the ear to the left of the eardrum is known as the outei' ear. Tlien comes the 
small middle-ear portion between the eanlrum and the oval wimlow. T(» tlu* 
right of the oi al wimlow is the inner ear. The outer and midille ear contain air, 
while the inner eai' camtains watery fluids. Sound waves arriving at the (>ar jiass 
down the ear canal ami cause the eardrum to vibrate. These vibrations aic 
transmitted through the middle ear by three small hones known as the liammei . 
the anvil, and the stitruj), the latter acting on the membrane (jver tlie oval 
window. Since the eardrum has an area To to 20 times that of the oval window 
ami the leverage of the three middle-ear hone.s multi])lies the force by 3, the 
pre.ssure changes on the liejuid in the inner ear are 40 to tiO times those in the outer 
ear. Also, the.se hones in the middle ear have a nonlinear transini.<si<in charac- 
teristic that is responsible for em])hasizing harmonics and comhiiuttion tone-^, 
as mentioned in Sec. 3S.12. 

In the innej' ear is the cochlea, only (i or 7 mm in diameter at its widest part and 
twi.sted into a spiral of 2?:, turns like a snail .-ihell. It is tlie end organ of hearing. 
Uncoiled, the human cochlea is 30 to 35 mm long. The sejiai’ating structure that 
divides it into two canals consi.st.s in part of the flexible basilar membrane, along 
which are about 23,500 so-called “ Corti rods.” The rods are moved by vibration 
of the membrane. At the end of each rod is a hair cell, which .stimulates the 
nerve ending at its base. 

There is e\ndence to indicate that the vuriou.s region.s of the basilar membrane 
in the cochlea are sensitive to different tones, as indicated in Fig. 38.1.S. These 
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ti<‘<im‘iuic*s tims decrenso proKi-Ci^j^ivoly from the oval window to the 

end of the c-ochloa, this trend Ijeinj^ in anreeinent, for one thing, with the 
fact that tlio vil)r:itiiig mass of fluid l>e<a>mes greater as the stimulated region 
goes toward the apex. AUj. it is to he noted tliat resonant \ihrations such as 
these in the liasilar memhrane must he highly damped, varying in exact syn- 
< hronism witli the stimulus. Considering that our discrimination of pitch is so 



kc('n, it is indeeil reinarkahle that the lesonant mei’hanisms in this small organ 
can |)i(iiluce sindi sensitivitiy. 

*38.16. Architectural Acoustics. The sound arriving at the ear of a listener 
in a I'oom comes in pai t rlheetly fi'oni the sf)uree and in ]>art after reflections from 
the walls. Now a speaker may utter two to three syllables pei‘ second, and a 
musical instrument j}roduce two or three notes eaefi second, witl> the consequence 



Km. 38.18. Char.acteristic frequency regions on the basilar membrane of the cochlea. 


that the ear may receive a syllable or note by the direct route at the same instant 
as the picceding syllable or note after one or more reflections. Reflections will 
increase tlie lou<lness of the sound but may result in making the speech rather 
unintelligible. The persistence of sound in a room because of reflections from 
surfaces is known as reverberalioti. By covering the surfaces ^\^th porous, sound- 
al)sorl)ing material such as hair felt ami draperies the reflected sound may be 
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tljinipod out to !iny dosiipd doj;ioe. Kxpcritneiit that tlio intonsity t)l tho 

souml iituh‘i'f 2 :<)inf>: multiple |•cflc^•ti<)ns <loeteaso.< e\[i(uioutially with tlie time 

(like (■-*'). The revf rlu nilion time T is arhitrarily (hdiiieil as the time lecpiiied for 

the intensity to fall to one-milli<m(h of its «»t'i«;imd int<*ti>ity or f<»r tlie intensity 

level to deerease hv dO dl). 

% 

Tills flefinition of reverberation time for a room was madi- as a matter of con- 
venience by W. ('. Sabine (iSdS-lOlO). an Ameriian jilivsii-ist who (ii>t jilaced 
urcliiteetural acoustics on a scientili<‘ basis. Ih'foic his studies it was common 
practice to string wires acro.ss a hall to disperse the retlectiMl sound waves. Sabim- 
showed the futility of this methoil ami <letermin(‘d by careful measm-ements with 
an oiKan |)ipe of frequency 512 and a chronotjraph the coefficients of absorption of 
various souml-reflectinj; surfaces ami tlie relation of the reverberation time to 
the volume ami totjil nbsorliiii}; power- of the hall (Mep (3s. 21)). 

Suppo.se that, at eacli reflection at a wall, a fraction a of the inton.sitv of the 
souml is absoi'bed ami a fraction I — a is reflei-terl. The (piantitv a is «-alled the 
absorption roejUcicnl of the sui-face. Its average value a for the looiii is obtained 
l»y aildinn the pr oducts of the a of ea<-h surface times the ar-ea of that surface and 
dividing by the total sur-fac(* ai-ea. 


a = 


.1 lOi .1 -.■g-j -j- 

.li + -W + • 


(3S.1S) 


Some average absorption coefficients are Kiven in I'able 3S.2. 


Table 38.2. Absin-plion ('oejfirienls far f = 512 cps 

Open U'indow . | ()()() 

(Hass... n.02"> 

Carpet... .0.20 

(‘Hotex 0.3(5 

Draperies, lu-avy . . 0 .. 5 _() (5 

Hair felt, 1 in. (hick . ... 0.78 

Plaster 0.025 

Wood, varnishi'il 0.03 

.\(lult person ... O .}4 

I'pholstered .s<‘at 0.30 


It is arbitrarily consirlererl that the souml travels an average distance 4r/.l 
between r-eflections (cf. I’rob. IG), where T is the volume of tire room and .1 is the 
total urea of its surfaces. Havinj; a velocity e, the average number of reflections 
these sound waves make in a time t is Art 41'. Therefore the intensity / after 
this time is, 

7 = /o(l - (3H.19) 


where lo is the value of the initial intensitv. If t is set equal to the reverberation 
time 1\ I = 10-« X /o. Tlien 


10-6 = (1 - St).uT/*y 
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Fiikinx natural lotfjiritlim.s (if both slides, ln(l() — (-li’7’/4 1 )ln( 1 a) 


41’ 


or 




(3.S.20) 


Siiuc « is usually cotisiilcral.ly less tlian 1 (Table 3s.2). we may expand In (1 - a) 
as a si‘ii(‘s and ladaiii only the first t('i‘in, oi. Then, approximately, 


r 

T = O.Kio - 

(I 


(3.S.21) 


where a = a.l = -liai + -1. <»■.•+ ... is the total absorbing power, T is in 
cubie meters, and .1 is in s(piare meters. If is in cubic feet and .1 in square 
feet, the numerical coetHcient in I-ap (3s. 21) becomes 0.049. 

In a loom who.se surface.s are eomi)letely eovcrcf) with sound-absorbing 
material, the absence of reflections makes sound.s dull and lifeles.s. The rever- 
beration time may be made too short, then, even for speech. Also, since the 
damping is .so jjreat in a jierfectly ab.sorbinK room, a person wouhl have to produce 
about 100 times the normal power for ordinary’ eonver.sation in order to be heard 
distinctly 30 ft away. Hut if the reverberation time is too lonj;, the strons 
reflected sound tends to make speech unintellisrible. Making a compromise 
betw(‘en the.se two effects, it has been found that the optimum reverberation 
time varies from about I .sec for a large room to about 2 sec for a large auditorium. 
'Fhese values of T are also about correct for music, for wliich a certain amount of 
re\’erberation is desirable in ortler to blend the notes. 

*38.16. Supersonics. The terms supersonirs and uUrasonicJi are used for 
sound liaving fre(piencies abo^e 20,000 cycles sec. These high frec|iiencie.s are 
usually produced by a tjuartz cry.stal i)late mounted between metal electrodes and 
set into elastic oscillations by resonance with an applied alternating electric field 
(piezoelectric effect). The natural elastic freciuency of the crystal varies inversely 
as its thickness and also depends on a characteristic modulus of elasticity and the 
density of the crystal. It is i>ossible to i)roduce supersonic vibrations up to 500 
Me sec"' (1 Me = 10*' cycles) in this way. At this very high frequency the 
\Navelength is but C X 10"^ cm in air and 2.4 X lO”'' cm in liquids, or about the 
huigth of the waves of visible light. The magtirtoslnrtion effect, in which a rod of 
ferromagnetic material in a suitable, rajiidly alternating magnetic field vibrates 
in resonance with the alternating current, is also used to produce supersonic 
vibrations up to about 300,000 cps. 

.\ beam ()f supei-sonic waves passing througli a liquid in a cell produces periodic 
density changes in the direction in which the waves are progressing. 

In water, supersonic waves of frequency around 40,000 cps travel many 
kilometers before their intensity has dropped to half because of absorption, but 
at I Me tliis distance decreases to 40 m. In submarine signaling, supersonic 
wa\e.s of fretpiency about this 40,000-cps value are used for talking from 
shii) to ship, the quartz vibrations being modulated by the speech frequencies. 
.\noth«‘r apjilieation is the detection of submerged submarines by the echo 
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ptinciplo. Tlie j^iiporsDiuc .‘sijrnals arc .•suitably pulsed, tlic transmitter l)ciiiti 
cliaufjcd, in t)ic interval between j>ulses, int<» a re«-river to re^iister any refloi teil 
waves. In tliis way the time taken for the sennni to tiavel to tlie object ami back, 
and lienee the ilistanee of the object, may be found. Essentially this same |)i'o- 
cednre may be used in eclio soumling to determine the dejith of the sea. H>' 
usinj; supersonic waves the ofieration is silent, tlie echo soumlin;! m.ay lie eon- 
tiniious, soundinjis may he taken in .shallow water, and the :iccuiacy of mea.siiie- 
ment is greater than if audible wavelengths are use<!. 

When suiier.sonic waves are passed through a mass of metal, noticeable reflei-- 
tiori or ab.sorption of the .sound occurs at any blowholes or crack." in the interior. 
The dete<-tion of such flaws in large pieces of metal prior to theii failure in use is a 
matter of considerable imimi tance. 

Supersonic waves transform colloidal suspensions, licpiid mixtures, and gels 
into very line, stable emulsions. Aerosols (mist, dust, smoke, etc.), on the other 
hand, are coagulated by supersonic vibrations. \'arious biological effects of 
supersonic waves have been discovered: microorganisms and small animals in 
water are kille<l, red bU)o<l <*or))Uscles are ilestroyed, yeast cells lose their power of 
repioduction, and milk may be sterilized. .\ll such effects are jicrlnqis in pait 
due to the local geneiation of heat, hut in greater measure they probably are 
produced by the large acceleration of the particles of the Htpiid in tlieir very rajiid 
vibratot v motion. 


PROBLEMS 

Noth: In all probl<-ms the velocity of souiul may be as.sutm*d to lie 1,100 ft 'see or 
3-10 m sec unle.ss its calculation is re(juired. 

1. 'I'he Die.scl engine of a stre;unlin«*r .somuls its horn of frcipn'iicy 1.50 vibrations 
per second while traveling at a sjieed of 7.5 miles, hr. What change of fretpuaicy 
would an fil)scr\'cr on the station platform hear as the train passes him? 

2. 'I'wo musicians some di.stance apart both .souml midillc C* (204 vibrations per 
.seconrl ): but because they are slightly out of tune with each other, an observer between 
detects 4 beats jkt second. How fast must the observer trav<*l from om* musician 
toward the other so that he will no longc^r notice the b<'uts? 

3. Compute the amplitude of the vibrations in air at 20®(’ for the fain 1 <‘.st sound 
that ean be heard ami also for a sound at the threshold of p.iin. Take the pre.ssure 
amplitudes as 2 X 10“^ dyne/em* and 200 dynes/em*, n'.spectively. / = !,00() 
vibrations per sec. 

4. 'The !•] string of a violin is 30 cm long and lias a mass of 0.1.5 gm. With what 
t<*nsion must it be stretched if tuned to GOO vilirutions per see for it.s fundamental? 

6. \\ hat must he the tcui.sion in a string .50 <'m long and of mass 1 gin to give* a 
frequeiiey of 132 per .second? 

6. ^\'hnt should be the length of an organ pipe that is closed at one end if it is to 
have a frequency of 204 per second? What are the frequencies of its finst two 
overtones? 

7. Two open pipes of lengths 00 in. and 01 In. are sounded together. How many 
beats per second are produced by the two fundannuibil notes? 

*8. 'J'he first two huigths of air eoluniii, above an adjustable water surface for 
resonance with a tuning fork of frequemry .528 per second, are 6.0 in. and 18.5 in. 
C'aleulute the veloeitv of sound. 
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*9. I Iu‘ <Iust pilos in n Kuiult's tnl>o wore an nveraKf rlistanro of 10 rm apart for 
nir j.imI H.3 rtn for CO . ( omputo tho velocity of sounrl in CO,. 

*10. Cal.ulaf.Oln*fn-qu.-nriosofanoratvoofnotosofamajorsraloba.«^or|on h = 330 

a^; tiu- ki.yntiti., . * u ..l 

11. Dfhotiim tin- rc-lativc fnajiioiu-ios «)f the first 10 harinomos of a noto by tho 

intcKors 1 tliroiijib H). shins fr(nn a coii-.^irlcration of tho ratio.s botwoon the variou.s 

ficMi.n-in ios tbaf 7 arul !» Kivo tlu‘ Ic-a.-it hariiu.nioii.s roriibinations. . . 

12. 'I'lio infi-iisity lovrl of a .««nMnl is incrrasotl by 5 <lb. If the original intensity 

nas 10 ' waft ctir. what is thr new intensity? 

13 For a eertain s<.ntnl in air the waves are essentially plane and have a pros.sure 
ninplitinle of 1 dvne/mC. Coinpnte the intensity of this sound, the number of 
<l,.,.ibels it is above the h.wer limit i.f hearing, and the amount of energy passing 

(lirough eaeh square meter of a wave front p«T minute. 

14. '|-«o.soundshaveintensities.»f 5and 100 ^watts/em*. respeetively. Ilowmany 

deeihels is the one .souml above the other? 

*16. .\ le.-ture hall wit li a volume of 200.000 ft* is fouml to have a reverberation time 
«if 2 see What is tin- total ali.M.rbiiig power i)f all the .surfaees in the hall? If the 
area of all the soumUabsorbing surfa.'es is 30.(KM) ft*, what is tlie average aksorption 

eoeHi«'i«-iit? , ^ ^ 

*16 I sing tlie formula 4 X (vol.l isurfaee area) for the average distaiiee that 

sound travels between reflertions in a nK.in. eah-ulate this disfunee for a sphere and 

a eube in terms of ll.e radius ami edge, respeetively. (live the maximuii. and mini- 

iiiiun ilistanrrs for of tlicso 

17. .souml Souree moves witli vehieity f,'. an observ<T with voloeity i'/ in thesjunc 
direetion. I’sing Kqs. (3K.n and <38.2) ealeulate the apparent frequeney heard by 
the oh.servor. What if v/ ■» e/? 


CHAPTER 39 
THE NATURE OF LIGHT 


39.1. What Is Light? Itoih r(M*r)T’<lrcl linu's up tliroimti ilic 

prriod of Newton’s and Huyp'Us’ great diM-overies, i.r., to alK)ni 1700. 
practically all lliinking about the physical world was conlined to th(‘ fields 
of mechanics and light. Prior to U»7S. wlien Huygens studied th<“ 
possil)ilit i(“s ot a \\ave tlu'oiy, it was commonl\' believed that light con- 
sists of corpuscles shooting out in straiglit lines from a luminous souice. 
The ancient (Ir(‘(‘k philo.soi)hejs knew such facts as the regular reflections 
of light at a smooth stirface where the angle of reflection eijuals the angle 
of incidence; they knew (lualilatively a!)out the refraction of light at a 
surface separating two transparent media, such as air and water, and the 
apparent straight-line, or rectilinear, propagation of light. All th(‘s(‘ 
facts could be explained (juite Widl by a corpuscular theory. 

The transmission of eneigy l)y a b(>am of light, such as .s\inlight. was 
also, of course, known to the ancumts. As already noted in (’hap. 37. 
energy may be carried from one point to another in only two ways — 
% moving betwetm the two points or by a wave disturbance 

traveling through the intervening medium. A stream of rapidly moving, 
invisible corpuscles coidd conc<*ivably carry the energy. .\s to the speed 
of propagation of light, philo.sophers debated up t«) the time of its first 
measurement in the .second half of the .seventeenth c(“Uturv \\hether the 
.speed is large but finite or whether light is propagated instantaneously. 
The latter view was held, for example, by tin* great Kepler (.loTl-Hi.’M)) 
The ob.served large speed of light (18(),()()0 miles sec) speaks neither for 
nor again.st the corpuscular theory. 

During the seventeenth and eighteenth cent t tries, while the fotuidat ions 
of modern science were being laid, both the wave theory and the cor- 
puscular theory found support among the best .scienti.sts. Newtoti 
championed the corpusetdar theory, chiefly becatise it was the only way 
in which he could explain the fact that light travels in straight lines. 
His conteini)orary, Huygens, about 1(178, showed that the laws of reflec- 
tion and refraction could be explained on the basis of a wave theory. His 
ideas did not receive general acceptance, however, because it was not 
observed that light bends around obstacle.s as sound \\aves do. We now 
know, as we have already shown in our discussion of Huygens’ principle 
in Sec. 37.11, that to detect readily this phenomenon of diffraction the 
wavelength and the width of the obstacle or opening must be comparable 
in size, but in Huygens’ time the smallness of the wavelengths of light 

5ol 
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was not known. And t)u‘ groat prostige of Xewton and of Laplace 
(174‘t-1827) who also supported the corpuscular theory, helped to 
sustain belief in the correctness of this idea, in the absence of any crucial 

expeiiment favoring the wave theory. 

Both Hooke (1()35-17():H and Grimaldi (H)18-10(i3) almost discovered 

the wave nature of light, for they tlid observe slight deviations from the 
straight-line path when light pas.ses through small openings. Ihe 
satisfactorv explanation of rectilinear propagation on the wave theory, 
however, did not come until the beginning of the nineteenth century. 
'I'liomas Young (1773-1829) in 1801 and Fresnel (1788-182/) in 1814 
demonstrated tlie phenomenon of interference of light and showed that 
their experiments could be explained only if light is a wave motion. A\ e 
shall discuss the interference of light in some detail in C hap. 4(». A oung s 
d„uble-slit experiment enabled him to measure the wavelengths of visible 
light, and Fresnel showetl conclusively that interference effects between 
these v(*ry short waves couUl account lor rectilinear propagation. 

'I’his work of Fresnel was so convincing that the wave nature of light 
came to be fairly genei'ally accepted. Its acceptance became universal 
after Foucault (1819-18()8) about 1850 proved experimentally (Sec. 
39.8) that the v<4ocity of light in a litjuid such as water is less than the 
velocity in air. a result contradictory to that demanded by the corpuscular 
th(?ory. For to explain refraction on this theory it must be assumed that 
the corpuscles, as they approach oi)li<iuely the licjuid .surface, experience 
an acceleration in a ilirection normal to the surface, and if tlie liejuid 
offei'S no resistance to the motion ol the corpuscles (transparent liquid) 

this increa.sed velocity should be maintained. 

With the fact that light is a wave disturbance firmly established, it 
seemed necessary at that time (mid-nineteenth century) to believe in the 
existence of an all-pervading medium, the ether, which transmits these 
waves. 'I’liis, however, raised new difficulties. For if these were elastic 
waves, their velocity shouhl e/pial the s<piare root of the elasticity of the 
medium divided by its density (Sec. 37.0). But the very large velocity 
(ff light then iiulicated the elastic modulus to be very large, i.e., the ether 
shoukl be a very rigid medium, and yet it offers no resistance to the motion 
of bodies like the planets, which travel through it with undiminished 
speed. This inconsistency concerning the physical nature of the ether 
was well known; it was not resolved until the beginning of the present 
centu^3^ 

39.2. The Electromagnetic Theory of Light. Another difficulty with 
the concept of an elastic-solid ether was that a study of the polarization 
of light (Chap. 48) had shown that light is strictly a transverse wave 
motion. Now all elastic solids are capable of transmitting longitudinal 
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as woll as transvcrso wavos. hut no lonjiitudinal wavc.s had l)ooii found. 
Then Maxwell in 18()4 Ijrouf^lit out Ins lainous electi’ornajinetic llie«)ry, 
which required the vibrations in li^ht waves to l)e transver.se and whicli 
indicated a fundamental connection l>etween light and electricity. 
Maxwell’s analysis showed tliat an oscillating electric circuit slnndd 
radiate electromagnetic waves in which the vectors representing the 
electric- and magnetic-field strengths are perpendicular to each other and 
also in general to the direction of propagati»)n of the waves. 

Klectromagnetic energy can exist in space, even in the al).<en(aM)f currents or 
metallic conrluctors. Just as tlie vibration of a string produces sound wa\’es 
wliich pro|)agate energy away from tlie string, so an oscillating charge produces 
(lectnnnagiutic trnvcn wliicli take energy from tlie circuit in whii-h tlie charge flows. 
In an electromagnetic wave tlie electric field strength varies with position in 
sjiace and with time ac<‘ording to a wave etpiation, just as sound waves ^•ary. 
'Die vector E is given by 

1 d-E 
dx- e- 

where v is the velocity of the waves, provided tliat E Is indeiieinlent of y and z. 
The electric field in radiation is aci-ompanied hy a magnetic field determined also 
liy a wave equation. It is customary to employ tlic vector H in radiation 
piohlems, and we have 

^ 1 d-H 

dx- V- 


The wave equations for E and H can lie derived from tlie four fundanuMital 
electromagnetic equations .stated in See. 32.11. 

The velocity t» of the waves is related to the properties of tlie medium. In 
practical units 

y = (39.3) 

Vefi 

where < is the permittivity and g tlie pernieahility of the medium. In free sjiacc 
the velocity is rienoteil hy r and 

C = d= (39.4) 

\ CoMo 

Tlie ratio of the velocity in free .space to that in the medium is called the index of 
refraction n of the medium, and 

^ -I = = ( 39 -«) 

where K is the specific inductive capacity of the medium. Light waves are elec- 
tromagnetic waves. 
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'I'lie simplest elect romafinetic waves, i.r., the simplest solutions of Lqs. (39.1) 
:ni(l (39.2), are jtlotu Iraiittrcrue irnvef:. 'Hie vectors E and H lie in a plane trans- 
vei-se to the direction of i)toi)aKation of the wave and at riKht angles to each otlier, 
as indicateil in Fig. 39.1. where direction of propagation is taken as the z axis. 
'I’lie tields E and H vary siiiu.soidally with time I and position z in phase with each 



Fio. 

otlier Init are 
(Mpiations 


'Fhf firlds E ami H in a pi 
indepemlent of x and </• 


aac IratisviTse Hectroinagnetir wave. 
'Pherefore the Holtls are given by the 


h, = /-‘o cos 2T/^f — ^ 
II, = //a cos 2ir/ 


(39.6) 


where / i.s the frecpiency of the w.ave. It will be recalled that / is related to the 
u'tivvkntjth X and the velocity by 

c = /X (39.7) 


We usually think of the electric vector as determining the direction of vibration 
of the wave. If E remains in the same plane, the wave is said to be polarized; 
but actairding to an old tradition the * plane of polarization is taken to be 
the jilane of the magnetic vector. 

Tlie energy density IF of the wave is the sum of the energy den.sities of the 
electric ami magnetic fieUls. Hence from Eqs. (26.34) and (33.19) 

TF = (39-^) 


where A’ ami II are the effective values of the fields. 

The magnitudes of the fields in a wave are such that the densities of electric 
and magnetic energy are equal. Hence 


or 

amt 


(39.9) 

= v'JiM (39.10) 

ir = (39.11) 


The energy S propagated through a unit area per second is related to the energy 
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density 11’ liv 


N = Jl'r 




nr in terms of tlie licld strenutlis, if (30.3) i.< usn<l f<»r v. 


.s- = \ - /.;2 = \ //•-’ 

M e 


(30.13) 


1'lie (jUiiutity < has the dimensions of an impedame and hence is «alleil tlie 
inlriiiaic hn/utloiia of the medium. In free sjiaee, 


\^" = 377 


ohms 


In 1887 Heinrich Hertz (1857-18U4) detected these eh M‘t lomajinel ie 
waves radiated from the rapidly accelerated charges in an oscillatory 
spark discharge. 13y measuring the wavelength of tlie waves in a 
“.standing-wave” experiment, and knowing the fre([uency of the electrical 
discharge. Hertz detennined that the velocity of these waves, now called 
“radio waves,” had exactly the predicted value. It is of interest to not(‘ 
that Hertz’s brilliant experiments came 23 years after tlie pnblieation liy 
Maxwell of the guiding theory. The time interval between theoretical 
prediction and experimental confirination is much shorter than that 
todav! 

39.3. The Quantum Theory. The conclusion that light consists cif 
electromagnetic waves of smaller wavelengtli than tliose produced l»y an 
electric eirenit is ine.scapal)le. .Xevertlieless, from the beginning of I lie 
present ceriUiry, tliere has l)een an impre.ssive aecuiniilation of evidence 
that when light interacts with matter it behaves as if its energy is con- 
tained in packets of value hf, where h is Planck’s universal constant of 
action and / is the frequency of tlie liglit. In the photoelectric effect 
(Chap. 30), for example, there is complete confirmation of the idea that 
the incident light delivei-s energy in units of hf. In the Compton elTect 
(C'hap. 50), to cite another example, X rays are shown to behave like 
particles of energy hf in collisions with electrons, although in other 
experiments X rays behave like electromagnetic waves of short wave- 
length (1 to 10 X 10“^ cm). The cnorgj' packet hf is now referred to as a 
photon. 

Our presentviewis that light has a dual character.^ In its propagation 
it consists of electromagnetic waves, but when it interacts with matter in 
emission, absorption, and scattering processes we must consider it as 
composed of photons. In optics we are mostly concerned with the study 


•This du.'ility is only apparent anti results from our attempts to e.vplain optical 
processes in terms of meehaiiical models, as is shown in modern qmnitiim tlieory. 
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of the propa^atif)!! of however, and tfiereforc we shall refer con- 

staittly to its wave nature. Also, for the description of most optical 
ph(’noni(‘na it is not nec(*ssar\' to emphasize the electiomagnetic ehaiacter 
of the waves. Only when we come to t’haps. 49 and 50 shall we employ 
the modern corpu.seular theory — the so-called “ciuantum theory." 

39.4. Wave Motion. Huygens’ Principle.* Much of the treatment 
of wave motion in general in ( hap. 3/ applies to light waves. The 
definitions of ware fronts, rays, and trains of icavrs hold for light waves, 
and we .<hall u.se these terms continuously throughout our study of light. 
The description of the course of a train of light waves through an optical 

^ system is often simpler if rays are 
used, a ray being merely a line 
drawn perpendicularly to the wave 
front to indicate the direction in 
which the w ave is traveling. Near 
^ a small light source the wave fronts 
are splu*rieal surfaces, and the rays 
are tlieir radii. When a spherical 
wave front is sufficiently large, a 
section of it inav be considered as 
a plane wave and the rays are tlien 
nearly parallel straight lines, nor- 
mal to this plane. In optics spherical waves may be changed into plane 

waves hv means of lenses or mirrors. 

% 

M all points on a wave front the electric intensity and the magnetic- 
int(*risily oscillate periodically. Since the electric intensity and the 
magnetic intensity are always at right angles to each other, it might be 
asked which of these represents the displacement in our previous dis- 
cussion of wave motion. Actually it could be either one, but in most 
ways the electric component plays tlie dominant part, for it is the electric 
intensity tliat blackens a photographic plate, causes fluorescent effects, 
and presumably affects the retina of the eye. 

'I'hat the ordinary laws of reflection and refraction of waves follow from 
application of Huygens’ principle has already been shown in Chap. 37. 
'I'he demonstration that the principle of superposition (constructive and 
destructive interference of two sets of waves) applies to light w’as first 
made by Thomas Young in 1801. Diffraction effects will be considered 
carefully in Chap. 47; but to emphasize the wave nature of light and the 
correctness of Huygens’ principle as applied to it, let us discuss briefly 
the passage of light tlirough an opening of width small compared with the 
wavelength. In Fig. 39.2, plane waves from the left fall on the opaque 

‘ Review (’hup. 37. 


D 

I'k;. 3U.2. 1 >ifrrurti<ni of wuves at a 

v«*ry narrow oponinK- 
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plate .1/^, contains the very narrow slit .s' (‘Mendiii”; at ri;!:lit an^le.v 

to the plane of tl )0 dia^jrain. ]^y Iluy«r(‘ns' principle one (‘\pe<-ls .S to 1,(. ^ 
new source of waves so that to the ri«rhl of AH tlie <listurl)anc(“ .should hm 
out as iiulicated. Experimentally it is hmnd that, if .S is consideinhlv 
wider tlian the wave lenj 5 tli. only a lui^hl line of lijihi at H is ohserxed. 
As the slit N is jiradually narrowe<l. however, thi.'. illiiininalicm at H 
broadens over the entire screen. To he sure, tin* jjreaU^st intensitv will 
occur in the forward direction al but with the slit narrow<>r than the 
wavelength of the light some illumination will be found evcni at an angle 
of 1)0° with the line SI\ 

39.6. Rectilinear Propagation. For most practical purpo.s(>s. light 
does travel in straight lines. It is a matter of common experience that 
sharp shadows of objects are cast by a small simrce of light, and W(‘ us(! 



Klfi. 3iL3. Tin- sha<lci\v of tlio earth illuniinnt«>cl by the s\ia. 

this fact of rectilinear propaffnfion whenever we place things in a straight 
line by “sighting.” The line of propagation is a ray. 

Since all source.s of liglit are of finite size, there is always a region of 
partial shadow surrounding the region of complete shadow. An interest- 
ing example of this is the shadow cast by the earth. The sun being 
larger than the earth, the region of complete shadow, called the umbra, is 
a cone (Fig. 39.3). Surrounding this is a region, known as the penumbra, 
which is illuminated by light from a part of the sun’s surface. Going 
outward from the umbra, an increasing portion of the surface of the sun 
contributes liglit in this region of partial .shadow. When the moon is 
completely in the main shadow cone, there is a total lunar eclipse, while 
if only a portion of the moon is in the umbra it is partly eclipsed. In the 
latter case the remainder of the moon’s surface which lies in the penumbra 
takes on a copper-red hue. 

Uhe phenomenon ol parallax arises because of the rectilinear propaga- 
tion of light. Parallax is the apparent displacement of one object xxith 
respect to another when the observer moves. This is illustrated in Fig. 
39.4, in which, when the observer’s eye moves from E\ to £.' 2 , the object B 
appears to move from left to right with respect to object .4 by an angular 
displacement di The apparent relative motion of near and far 
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ohject.s as viewed from a movinjt railway train is a matter of common 
experii'nce. If .1 is tlie image from tlie objective lens of a telescope and 
li denotes tin* cross liairs, an absence of parallax between .-! and H when 



the eye moves siilewise indicates tliat .1 and B 
art* in the same plane. Parallax is also of im- 
portance in certain astronomi(*al ol)serv'ations. 

.\ further example of the rectilinear propaga- 
tion of light is the bu-mation of an image by a 
pinhole (Fig. 39.5). As the pinhole becomes 
smaller, tin* cone of rays, or pencil, proceeding 
from any point of the source and defined by the 
edges of the hole becomes narrower and the 
invei-te<l image on the screen becomes sharper. 
Perfectly good photographs may be made in this 
way with a small pinhole substituted for the 
len.-s in a camera, but of course the exposure 


tH;. 3U.t. Parallax; 
t hi' apparent iinttitMi i>f 
H with rrspcrl to .1 
wlinri tlu' oyt‘ niovos from 
Ex to E:. 

size, (lltY ruction effects 


lime must be prolonged (several minutes in full 
sunliglit) beeau.se of the small amount of light 
passing through the tiny aperture. Although it 
is true that the .sharpne.ss of the image increases 
as tlie pinhole decrea.'<es in size down to a certain 
will actually make the image more diffuse again 


if the aperture* is deer(*ase(l further. 


39.6. The Velocity of Light. 'I'he v(*locity with which light is prop- 
agated in emi)ty .space is one of the fundamental constants of the physi- 
(*al woild. It has the same value 


for all frequencies and is the same 
not only for visible light but for 
all electromagnetic radiation from 
the longest radio waves to the 
sliortcst ravs. Hccause it is so 
very large (180.000 miles, sec), its 
accurate measurement is difficult, 
(lalileo was the first to attempt it 
IfV a method correct in principle 
but doomed to failure. He caused 
two observers on hilltops about a 
mile apart to flash light .signals to 
cacli other, each noting the time 



Fio. 39.5. A fairly sharp invertMi image 
is foriiu*(I by a puihole. 


reejuired for tlie acknowledging signal to come back from the other. 
Tliis would serve for a fair determination of the velocity of sound in air, 
but because of the short di.stance and the reaction time of the observers 
it ctaild not serve for the measurement of the huge velocity of light. 
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A few years later (KiTti) Oluf Homer, a Danish astronomer then 

working in Paris, made the first sneeessftil determination of this \(‘loeilv 

hy an astroiiomieal measurement. ]le was (Ui^afied in a earefiil study 

of tlie periods of revolution of tlie satellites of the planet .Ju))itei-. 'I’heif' 

are 1 1 ol tlie.se sattdlites. all of which r(‘\'oI\-e in orbits nearh' in the sanu‘ 

% 

plane as that in which the earth and .Jupiter move, 'riiert'fore tlu‘ sat- 
ellites are eclip.sed by .Jupiter oiua* durinjj; each ri'X’olulion about the 
planet. Rbmer made a lonj; serh*s of observations on the times of the 
eclipses of the inner satellite, measurinji; always tlie times of (‘merjience 
from the shadow, and determined accurately the averajje period. 'Khis 
averajje period of revolution for the inner satellite is 42 hr 28 min It) sec. 

Rbmer first noted the exact time ol an eclipse w hen the earth was at Ex 
and .Jupiter at ./ 1 (I'ijj. Then, usinj; the average peiiod foi- this 

satellite, he computed the lime for 
a later eclipse when the earth was, 
say, at E^. lint this calculation did 
not agree with the facts: tlie eclip.se 
was observed to come more than 10 
min later than the calculated time. 

Since the period of revolution of 
.Jupiter about the sun is nearly 12 
years, during this interval .Jupiter 
will have moved onlv to./ -. Hfimer 
(lecided that delavs such as this in 
the observed eclip.se times are due to 
the time re<juired by light to travel the increase in the distance between 
.Jupiter and the earth. His conclusion was that it takes about 22 min 
for light to go a distance e(jual to the diameter of the earth’s orbit. In 
Rbmer’s day this di.stance was thought to be 172, 000. 000 miles, and 
hence the indicated value of the velocity of light was 130,000 miles, sec, 
or 227,000 km sec. 



I•’n:. .‘JU.(). Uoim-r’s (►li.scrv.stioiis on 
.Inpitrr’.s inoon.s frotii wliii-h tlie velocity 
of coiilil be «l4't(-riiiinc(i. 


Many of Rbniei's contemporaries refnsc»l to hclieve tliat tlie velocity of light 
<-ould he so large, hut in 1727 tlie Rnglish astronomer Bradley detormined this 
velocity conclusively by an entirely independent astronomical method. lie dis- 
covered that the atiparent direction of the light reaching the earth from a star is 
altered by the motion of tlie earth in its orbit. This effect, known as aberration. 
causes all stai-s observed in a direction perpendicular to the plane of the earth’s 
orbit apparently to move in circle.s of angular diameter about 41 sec. To under- 
.staiid this effect an analogy will be helpful. Supjiose a raindrop falls down the 
axis of a vertical tube (Fig. 39.7a), the velocity of the drop being 1'. If the tube 
is at the same time moved at right angle.s to its length with a velocity t>, the 
raindrop will have a horizontal component of motion relative to tlie tube and will 
liit its side. The path of tlie drop relative to the tube is liC. Obviously, if such 
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, ain.ln.ps are to in..ve down the axis of the tube, the hitter must be tilted from the 
vertical thruUKh an aiij'lea by 


tun a 


V 



Now let the tube be a tcleseoiie and the raindrops be liglit cominR witli velocity 
I' from a star in a direction i)erpeiHiicular to the velocity v of the earth in its 
„rl.ital niotion about the .sun. The telescope must be tilted forward through the 
angle « if tlie ray of light from the star is to travel down the axis of ^le tube. 
While the earth makes one revolution about the sun, then, sucli a star will appear 

to move in a small circular path of angular 
A B diameter 2a (about 41 sec). The velocity 

V of the earth in its orbit is about 18.5 
miles sec. On combining the best recent 
values of these two quantities, V is cal- 
culateil to be 1S(>,200 miles/sec. 

39.7. Velocity of Light Measured by 
Direct Methods. The first successful 
direct measurement of the velocity of 
light was made l)y A. H. L. Fizeau 
(1819-189(i) in Paris in 1849. He used 
a rotating toothed wheel to interrupt 
the light, which then traveled over a 
two-way light path 10.72miles in length, 
the wheel was rotated at a certain 
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speed eacli returning light pulse was eclipsed by the next cog following the 
open .space on the wheel. From the known speed of the wheel and the 
length of the path the light traveled, the velocity of light could be 
calculated (Prob. 3). 

An important modification of this method was made by J. B. L. 
Foucault (18U>-18G8) in 1850, the principal change being to substitute 
a rotating mirror for the cog^vhecI. Foucault’s method was improved 
and brought to a high state of perfection by A. A. Michelson (1852-1931) 
in a long series of experiments begun while he was an instructor at the 
l\S. Naval Academy in 1878 and still in progress at the time of his death, 
to be completed in 1932 by Pease and Pearson. NIichelsoii introduced a 
long-focus lens L (Fig. 39.8) between the rotating mirror m and the dis- 
tant mirror M. In this way the distance D could be greatly increased. 
If the mirror w is stationary, the returning beam of light is brought to a 
focus at S. But if, during the time when the light is traveling the rela- 
tively long path 2D, m has turned through an angle 9, the returning 
light will be focused at «S', where the angle SmS' is 26. If m makes n 
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rcvolution.s second and 7' is the time ie<|uired for to travel the 

distance 21), then T = 6 2ira and tlie velocity of Iij?ht r (the usual syinl)ol 
for tliis constant of nature) is niven by 


€ = 


2D 


= 4tDh /6 



The angle 29 may he obtained from the displacennait SS’ of the image. 

In 1920, at the Mt. Wilson Olrservatory. .MicheUon <-«»n>iderablv 
increased the accuracy of such measurements 
by using accurate, many-sided rotating mir- 
rors. The speed of the.se was adjusted until 
one face just replaced an adjacent face dur- 
ing the time for the light to travel the dis- 
tance 2D. The distance D (Mt. Wilson to 
Mt. San Antonio) i.s 22 miles, and it was 
measured by triangulation to the remarkable 
accuracy of about in. For an octagonal 
mirror the reciuired speed for the next face 
to replace the first reflecting face was about 
528 revolutions/ sec. The average of a large 

number of ob.>jervations vielded the value 

% 

299,790 km sec for the velocity of light. 

I’here have been a number of modern ex- 
periments to measure the velocity of light, 
using electrical methods. They all give 
values of the velocity in excellent agreement 
with that from the last experiments started by 
Michelson. The latest and most interesting po.ssihility is the timing 
of reflected pulses of “microwaves” returned from distant objects, using 
the radar techniques perfected during the Second W'’orld W'ar. In 1940 the 
U.S. Signal C’orps succeeded in detecting a radar signal reflected from 
the moon. Since the moan distance to the moon is some 238,800 miles, 
the trip there and back takes the pulse of microwaves, which are electro- 
magnetic waves identical with light but of longer wavelength, over 2.5 
sec. This time interval may l>e measured to an accuracy of probably 
10“*^ sec, and with the distance to the moon well known for stated points 
in its orbit this should constitute another metliod of determining the 
velocity of light in empty space. Irregularities on the surface of the moon 
would be expected to lessen the accuracy of this particulai’ experiment. 

From a careful analysis of all the recent measurements Birge has 
suggested for the best value of the velocity of light 

c = 299,776 ± 4 km/sec 


I'u;. 3a. 8. Uotntiiia mirror 
of niousuring tho 
v<0o«*ity of 
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39.8. Velocity of Light in Matter. When a pencil of light crosses 
<)l)li<|uely from air into water, it is l>ent, or refracted, at the interface, the 
angle of refraction r being less than the angle of incidence i. Purthennore 
(he shorter wavelength blue light is refracted more strongly than the 
longer wavelength red light (Fig. 39.9). Newton explained this by 
saying tliat the corpuscles of light are attracted to\^ard the surface of 
the denser medium and that therefore they should have a greater velocity 
in this medium. To explain the direction of this refraction on the wave 
Iheorv. using Iluvgens' principle (See. 37.13). we reciuire that the velocity 
in the liiiuid l)e less tlian that in air. It is thus possible to decide between 
the two theories by determining e.xperimentally the speed of light in 

water. 

Inserting a long tube of water into the 
light path. Foucault observed that light 
does indeed travel more slowly in water. 
Michelson made more accurate measure- 
ments of (his kind in 1885. Using white 
light, he found the velocity in air to be 
1.330 times greater than that in water, 
while the velocity in carbon disulfide was 
found to be less than that in air in the 
ratio 1:1.758. He also noticed that with 
carbon disulfide in the path the final 
image of the source wa.s spread out into a 
short spectrum, which indicated that blue 
:* red light in traveling through the medium. 
These findings were ail in complete agreement with the wave theorj' of 
light. 

The ratio of the velocity of light in vacuum to that in a medium is 
called the index of refraction of the medium and is denoted by n. This 
(juantity may be determined by application of Snell’s law (Sec. 37.13); 




Atr \ 

/ 

Water 

y 


r\\ 






^ \\ 

Fir,. Sn.O. 


light wa.s slowed more than t 


c sin i 

n = - = — — 
V sin r 


In practice n is usually reckoned as tlie ratio of the velocity in air to that 
in the medium, since for air under standard conditions n is almost unity 
(/I = 1.0002926 for yellow sodium light). For gases, n is always near 
unity. P'or tramsparent liquids and solids, n ranges from 1.333 for water 
to 2.42 for diamond. The subject of refraction is treated more fully in 
Chaps. 40 and 41. 

39.9. The Origin and Lengths of Electromagnetic Waves. Most 
light sources are either bodies at high temperatures, such as a lamp 
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filaiiu-tu. an cloctiic arc, or llic sun. or they arc (‘Icciric <li>charjrc,s in 
gases at reduced pressure, such as neon signs and (luorescenl lamps. In 
all cases the light originates in the viluations of ch:irged particle.-, cliielly 
electrons, of whicli matter is composed. A> already mentioned in (’hai). 
22, all fre(iuencics are pre.sent in the radiation <*mitted by an incande.simt 
solid. This will he discussed in more detail in (’hap. 18. In an (‘l(‘ctiic 
discharge in a gas the atoms and molecules radiate the cnergv that thev 
have ac(iuired either by collisions with electrons or by ab.sorption of light 
from other .similar atoms and inoh'cules. The ('mission and absor})tion 
ot light by matter is always a (|uantum phenomt'uon, a light (pianlum or 
photon having energy proportional to its fr(>(juency. 

The (piaiitum theory of the ('iiergy state's of heavier, mor(' complex 
atoms resembles tliat for the Ijydrogen atom.' ^^'hen otu* of the outer 
valence electrons of an atom is knocked Into a larger orbit, the return of 
such Jill eh'ctioii to its stabh* orbit closi'r to the nucl(*us is ;iccoinp;ini(*d 
by radiation, the energy ladijited being tlie difVert'nci' in the energies in 
the (wo states, d'his radiation is iisintlly in the visible rang«'. Such 
“spectra” will be treated in (’hap. -1‘). 

As for all wave motions, the velocity of propagation, v, is the product 
of the wavelengtli X and the freiiuency /. The wavelengths of visilile 
ligiit range from 4 X H)-’ cm for the shorKxst wavi'length vioh't light to 
7 X 10--'^ cm for the longest red wavelengl lis. The.se are often exj>re>sed 
in microns (1 micron (mI = lb m = H)-" mm|. millimicrons (1 milli- 
micron (wg) = 10 ‘'mm], or .\ngstrom units |l .Vngstnnn unil (.\) = 
10“' mm). 'I'Ik' ('xtreme values of X for visible light jire. tlum. 

4 X 10 "cm = 0.4 g = 400 nm = I.OOO.V (shoitest vioh*! X) 

7X10 '^ cm = 0.7 n = 700 nig = 7,()()0.X (longest i(‘d X) 

llie oi ange-yellow liglit In/iii a sodium flame or the niod(*rn sodium-\'apor 
lamp has a wavelength 

X = 0.00005803 cm = 0.5803 g = 580.3 mg = 5,803A 

hpecti oscopists alway.s use .\ngstrom units; tliey are able to nu'jtsure 
wavelengths to the third decimal place in .Vngstrom units, or to 10“" 
cm, which is indeed high precision! 

Since V = X/, and tlie velocity of propagation in a transparent medium 
such as water is less than that in empty space by a factor l/n, the (pies- 
tion arises whetlier it is the wavelengtli or the frequency of the light in the 
medium that is reduced in this same ratio. Direct measurement in a 
double-slit interference experiment in water (Chap. 40) shows that the 

' Cf Sec. 1 1 .9. 
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wavoU-nutl.s arc just three-fourths (= l/« for water) those found in air 
\ littlr |■('flo(■lion would load ono to expect this result; for if a tram of 
ii.d.t waves passes tlirouRl, a transparent material, tl.e number of waves 
leaving tl.e sul.stanee per seeo.ul must e.p.al the number entering per 

second. 
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Gamma rays 


On the long-wavclenjith side the electromagnetic radiation spectrum is 
unlimited; for since X = c /. the radiation from a charge that oscillates 
slowly, with a period of, say, 2 sec, will have a wavelength 

X = (3 X 10'" cm .sec“'). (0.5 sec“*) = 0 X 10*" cm = 0 X 10^ km. 

Fhe ordinary (>0-cyclc a-c circuit produces a wavelength 

3 X 10'" cm sec 


X = 


()0 sec ' 


= 5 X 10’* cm = 5,000 km 


Radio waves of the very highest freriuency, so-called “microwaves” or 
“radar waves,” have now been produced with wavelengths less than 1 cm, 
and as long ago as 1020 Nichols and Tear experimented successfully with 
electromagnetic waves as short as 1.8 mm, using sparks between tiny 
pieces of metal foil. Hence a gap between radar waves and infrared 
waves no longer exists. In fact, characteristic absorption frequencies of 
certain molecules have been detected by using microwaves in the centi- 
meter range, and a molecule that absorbs such frequencies also can emit 
them (C’hap. 48). Similar overlapping occurs between all the other 
regions of the electromagnetic spectrum. A chart of the entire electro- 
magnetic spectrum is given in Fig. 39.10. To be noted are the short 
range of the visible wavelengths and the fact that the complete chart 
does not end at the extremes shown. The only limit to the frequency of 
gamma radiation is apparently the energy of the bombarding particles. 
A particle accelerator now being planned will produce gamma rays of 
frequency up to 10^^ vibrations/sec. 
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PROBLEMS 

i. Assuming the* oartli to inovo in a rirruhtr orhit of raiiiMs to (hii* riKaii 

<listanc*o from thr sun, l>2,!)00,0t)0 milrs, l•omput<* tlio tinio for li^ht to tr:i\‘< l a <)is(:in<*o 
to tin* (liaiuetor of the earth’s orlht. 

^2. ('alrulate tin* tnaxiinutn ahc*rratton an^lo duo to tin* rotation of t)ir rartli on its 
axis, the telese<ipe luuiifi plared on the* earth’.s eaiuator. 

3. Fizeau’s cogwheel had 720 eaigs, tiu* eogs and spa<*es lM*t\Neeii heirig of equal 
wieith. llis two-way light path was 10.72 miles. r>ing tin* present A'ahie of tlu* 
velocity of light, cnlcuhite the minimutn angular v(*loeity of tin* wluad to j)rodu<a‘ 
eclipses of the light pulses returning from the distant mirror. 

4- In an (‘xperiinent on the velocity of liglif sueli as Miehelson's on Ml. \Vils<m, if 
the<li.stant mirror is 35.0 km away, what must he thespe(>d of rc»tati(Mi of tin mMagonal 
mirror in order that the following mirror fact* lie exiudly in jMisition to refi(»et the 
returning pulse hac‘k to the .source? 

6. (’aleulate the elapsc'd liim* for a mi(To\\ave beam to travel to tlie moon ami ha<*k 
whcui the moon is 23«S,8fiO mih's distant, taking our h<*st value for r. If tliis is to he 
usi'd as an cxperiinent to (hdermine c and tiu* prohahle error in thiMlistance is ±5mili*s 
and that in the time is ± I0“'’'se*e, caleidatc* the pen^entage error in the veloidty c. 

6. (’aleulate the frecpieiiey of light of wavidengtli 6,000 A: of X rays of wavelengJh 

lA. 

7. Tlie index of refraetion ft for water is 1.33 anil for a certain glass n * l.()0. 
(’aU'ulato the waviHengthof theorangi* siHliurn light in these two sulistanees. 

*8. Using Kcj. (30.4) and the values 377 ohms for ami X lO’’ henry, rn for 

go, calculate the velocity of light c. 

9. Planck's constant h is 6. 62 X 10 erg sec. Uahmlate the energy in iTg.s and in 
electron-volts of a plioton of violet liglit of wavelength 4.000 A. 

10. Assuming that c 3 X luii/see and that for air at \TV n * 1.0003, 
cahailati* the number of waves per cm (culled the wave number) in vacuvim and in air 
for orange sodium light. 



CHAPTER 40 

REFLECTION AND REFRACTION 
AT PLANE SURFACES 


40.1. Geometrical Optics. In (’hap. 37 wo derived with the aid of 
IIuyKOiis’ principle ihe laws for the reflection and refraction of plane wave 
fronts at the surface between two media. Since li^ht i.^ a wave motion, 
these laws should apply to the reflection and refraction of light. We 
considered in these derivations only the case of plane waves, but it can be 
shown that these laws hold in general for waves of any shape. In this 
chapter, for example, we shall use Huygens’ principle in the analysis of 
the reflection and refraction of .spherical wave fronts at plane boundary 
.surfaces. Provided diffraction effects may be ignored, however, it is 
convenient, in considering the changes in direction of liglit at surfaces 
tliat in optical instruments are usually curved, to employ only the normals 
to the waves, or the raya. That portion of the study of light which deals 
with the course of rays as tliey undergo successive refieetions and refrac- 


tions is known as {/romclncnl optics. The remainder of the subject, 
including topics such as energy transmission by light, interference, 
diffract ion. and polarization, can be dLscussed only in toiTns of waves. 
These topics are grouped under the heading physical optics. 

40.2. Plane Waves Reflected at a Plane Surface. We shall consider 
only rcyitlar. as distinguished from diffuse, reflection. The latter type of 
reflection occurs at a rougli surface; but since the reflection from each 


tinv element of the surface foIk)Ws the laws of regular reflection, we need 
not discuss tlie diffuse variety further. The case of a plane wave incident 
obli(iuely on a smooth plane reflecting surface has been treated in Sec. 
37.12. Using Huygens’ principle, it was shown that the reflected wave is 
also plane and that the angle of reflection is equal to the angle of incidence. 
In Fig. 37.13 the incident and reflected rays are also seen to make equal 
angles with tlie normal to the reflecting surface. In this diagram the 
planes of the incident and reflected wave fronts and the plane of the 
mirror surface are all perpendicular to the plane of the paper. Therefore 
(he incident and reflected rays and the normal to the surface, being each 
perpendicular to one of these planes, all lie in (he same plane, the plane 
of tiie diagram. From the ecpiality of tlie angles of incidence and reflec- 
tion it follows that, if a mirror is rotated through a given angle about an 
axis perpendicular to this plane, the reflected ray will be rotated through 
twice that angle. 

For this regular reflection of light the surface must be so smooth that 
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irrefjiilarities are small as compart'd wiili ihc wavclciijit li of the lisiit. 
Polished metal surfaces form tlie best mirrors. t)f course, hut a consider- 
able amount of regular reflection occurs, al.so. when light parses fioin air 
into substances such as glass <»r water. In thest* cases the fraction of tlie 
incident light regularly reflected increases with the angle of incidetice. 
If a beam of light strikes a glass or water surface at grazing incidem-e 
(i almost 90®), the reflected light is bright, the intensity of tin* light 
refracted into the transparent medium l)eing c«)rrespondingly weak. 

40.3. Plane Waves Refracted at a Plane Surface. When a wa\ e fxint 
passes obliquely from one medium info another in wliich it is propagaftal 
with a different velocity, its direction will change. 'Phis has alr(*ady been 
shown with the aid of Huygens’ principle in Sec. ilT.bb Since for light 
the velocity Cl- in the lower, denser medium is less than the velocity /q 
in tlie upper, less dense medium, we redraw Fig. 37.lt) to indicate that the 
angle of refraction r is now less than the angle of incidence f (Fig. 10. 1). 
Let the index of refraction of medium 1 be //i. that of medium 2 be 
Then, by definition, 


Hi = 


and 


c 

U; = — 


where c is the velocity of light in empty spac'e. Therefore 


;ind thus Snell’s law [Kep (37.30)]. may be written 


sin i _ >12 
sin r «i 

rti sin i — /!•» sin r 


( 40 . 1 ) 


If medium 1 is air, then ni for most purposes may be set equal to unity 
and the ratio sin i/sin r is a constant /<2 for a given medium 2, say glass. 
Then, since sin i > sin r, the rays will be bent toward the normal upon 
passing from air into glass, as indicated in Fig. 40.1. If the light is 
traveling in the reverse direction, the rays will be bent away fiom tlie 
normal wlien entering the air. The incident ray, the refracted ray, and 
the normal to the surface at that point all lie in the same plane. 

As an example of the application of E(j. (40.1), suppo.se that medium I 
is water of index 1.33, that medium 2 is glass of index 1.50, and that 
i = 30®. Then 

1.33 X 0.5 = 1.50 sin r 
sin r = 0.443 or r ~ 26.3® 
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If the is incident on the plass-wjiter interface from the glass side 

witli i = 2f).3°, tlien 1.50 X 0.443 = 1.33 X sin r, or sin r = 0.5, and 
;• =: 30®. In other words, the light is exactly reversed in its path. 

If a pencil of light passes obliquely through a slab of transparent 
material with parallel sides, there will be some lateral displacement of the 



FiCi. -10.1. Uc'fracfion of a piano light wave at a piano surface. 


rays but no change in their direction. This is illustrated in Fig. 40.2. 
'I'he deviation of the rays by refraction at the first surface is exactly 
compensated by a deviation in the opposite sense at the second surface. 
.Vn expression for the lateral displacement LM in terms of the thickness 
<1 of the slab and the angles i and r may readily be calculated (cf. Prob. 7). 



Fio. 40.2. Ray passing throvigh refract- 
ing medium with parallel sides. 


40.4. Total Reflection. In the 
example just cited there is some 
light reflected at the boundary, the 
light going in either direction and 
at any angle of incidence. Of par- 
ticular interest is the case of light 
traveling in a denser medium and 
striking a plane refracting surface. 
On taking water and air as the two 
substances the division of the light 
between the refracted and reflected 


beams may be rendered visible by placing fluorescin in the water 


in a rectangular glass tank. Upon injecting a beam of plane-parallel 
light (train of plane waves, hence parallel rays) up at an angle 
through one of the glass sides it is evident that as the light strikes 
the water-air surface more and more obliquely an increasing fraction of 
the light is reflected back into the water. Finally, as the refracted waves 
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move parallel to the surface (Zr in the air e([ual.s 00®). tlie lifjht becomes 
100 per cent reflected. For all angles of incidence in tlie water tiieater 
than this critical angle, the lijiht is totally reflected back into the water. 

This situation is illustrated in Fifj. 40.3. in which we draw just t he rays. 
For light going in the direction /. nearly 50 per cent is reflected back into 
the denser medium, the emainder being refracted in the direction 
Even for normal incidence (Zz = 0) about 4 per cent of the light is 
reflected at the surface back into 
the water. Approximately this 
amount of light energy is lost by 
reflection at normal incidence at 
every refracting surface in any 
optical instrument. A ray such as 
m, for which the refracted ray has 
Zr = 90®. is said to be incident at 
the critical angle C, since tc4al 
reflection occurs f(jr any ray such as 

0 incident more obliiiuely. For Zz = (' it follows from Eq. (40.1), on 
taking a = 1 for air, that 

1 



Fkj. 40.3. 'Potal rcflc«*f ion occur.'i when 
Z I > ('. 


sin C = 


index of dense medium 


Water has an index of refraction etjual to 1.33, and hence C = 48®3()'. 
A diver in the water looking upward would thus see the whole of the space 

above the water concentrated into the cone 
of angle 2C = 97® at his eye. \’arious kinds 
of glass have indices of refraction such that C 
lies between about 37 and 43®. Diamond 
has the uniquely small value 24®2()' for C. 
.Vdvantage can be taken of this in cutting 
regular facets so as to cause a laige propor- 
tion of the light to be totally reflected by 
the diamond, the multiple reflections inside 
the diamond producing the characteristic 
brilliance. 

Since the critical angle of gla.ss is always less than 45®, a simple right- 
angled prism (Fig. 40.4) serves by total reflection to turn a beam of light 
through exactly 90®. No refraction takes place at the entrance and 
exit faces because of the normal incidence. This device is used, rather 
than a mirror, in many optical instruments, such as binoculars, because 
of its greater efficiency, the only loss of light being the small (approxi- 
mately 4 per cent) loss by reflection at the two right-angled surfaces. 



Fig. 40.4. Total-rcflci-ting 
prism. 
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S(‘veiul more com[)licate(i forms of glass prisms for changing the direction 
of light rays, reversing images, etc., all making use of total reflection, have 
heeii perfected. The principle of the “erecting prism” is shown in Fig. 
10.5. A converging beam of rays such as AB, which would have come 
to a focus at /', is refracted and totally reflected so as to give a reversed 
image at /. If /' would normally have been an inverted image from some 
optical instrument, this forms a Cf)nvenient way of rendering the image 
erect. 



If the Ie.><.s den.«;e medium is not air but a Ii(|uid of index ni, the more 
refractive medium l)eing of index then, from Eq. (40.1), 

sin 90° = //2 sin C, or 

sin C = — 

«2 


(40.2) 


riuis if n-i is known, tlie index /<i of the other material may be determined 
by measuring the angle of total reflection in the denser medium at the 
surface of contact of the two. 

*40.6. Spherical Waves Reflected at a Plane Surface. Supiiose that spherical 
waves originate at the i)oint X (Fig. 40.6) and fall on the plane reflecting surface 
LM. bet .MiC he one of the incident wave fronts, with H just becoming the 
center of a wavelet. Then siie<-es.-«ively other jioints on the surface become 
(•enters of di.sturhanee. The envelope of .some of the.'^e wavelets is represente<l 
itt the figure hj' DhF for the inshuit when the advancing wave front would have 
arrived at IXiV had there heen no mirror. Tlie wavelet radii satisfy the relations 
HE — B(i, J K = JK', etc. Therefore the reflected wave front DEF and the 
arc I)(!F must he similar and have equal radii of curvature. The wave front DEF 
seems to come, then, from the center S', which is called the virtual image of S. 
I'ividently S’ is as far heliind the mirror surface as S is in front of it. 

If the eye is at A, the pencil of light entering the pupil and focused on the retina 
will be a cone from the \'irtual image at S'. Actually the rays of this pencil come 
from S, as shown in the figure. For any ray such as Sill the angles SHN and 
A HI made with the normal A'// to the mirror at the point of incidence are equal. 

40.6. Images. If the light source is an extended body such as AB in 
I‘ig. 40.7, the image of each point is as far behind the mirror as the point 
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is in front. Tlierefure the virtual image formed l)y a plane mirror i.s of 
the same size a.-^ the ol^ject, and tlie two are symmetrically placed on 
either side of the mirror. .Vn eye at E receives pencils of light as indicated. 
If the observer stands l.)etween the object .1/^ and the mirror and view> 



P'lG, 40.6. 

the arrow directly, he sees the head on his left. Turning around and 
viewing the virtual image, he observes the head of the arrow to !)C on his 
right. This right-left inversion is called perversion. A plane mirror 
produces, then, a perverted but erect image. This nature of a mirror image 
is known to everyone who has tried 
to read the reflected image of a 
printed page. 

IVo plane mirrors at right angles 
to each other form a simple but in- 
structive example of multiple images. 

The construction in Fig. 40.8 follows 
all the laws of reflection that we 
have discussed up to this point. It 
is seen that the pencil of rays from 
0 is reflected back parallel to its 

original direction like a billiard ball bouncing in the corner of the tabic. 
In addition to the images I\ and I 2 produced by a single reflection in each 
mirror an eye at E sees a third image [3 by a double reflection. 4'hc 
image might be called a “virtual object” for this third image, and I 3 



Fi«. 40.7. iinjjgo produced t)y 

a plane mirror. 
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lies as far behind the mirror AB as /•. is in front of it. It is easily shown 
that 0, /i. Ii, and h all lie on a circle about as a center. If the two 
mirrors arv inclined at (iO®, five ima^vs are observable, two by single 


reflections, two l)y double reflections, and the fifth by a triple reflection. 
^\'hen two minors are parallel and facing each other, a large number of 



Fifj. 40.8. Multiple images in two 


images is observed because of multi- 
ple reflections, the limitation on the 
number being set by some loss of in- 
tensity of the light at each reflection. 
If a pencil of rays is directed into a 
three-sided corner made of mirrors, 
the reflected pencil is always parallel 
to the direction of the incident rays. 
This is the principle of the corner 


mirrors at right angles. 


reflector used in radar. 


*40.7 Spherical Waves Refracted at a Plane Surface. Let spherical waves 
from the source S (Fig. 40.9) pass through a plane surface into a less dense 
medium. The distance of S below the surface is </, the velocity in tlie denser 
medium is vi, while the greater velocity in the upper medium is Cj. As the wave 
front pa.sses through tlie surface, points successively farther from the 

verte.x li become new sources of disturbance and the envelope of some of these 



Fig. 40.9. Refraction of spherical wave at a plane surface. 


wavelets an instant later will be, say, DE'F rather than DEF, wliich would have 
been tlie wave front at this instant had there been no change in velocity. That 
is, while the disturbance at B travels the distance BE' = V\t, that at A on the 
same wave front travels the shorter distance AD = in tlie lower medium. To 
an eye at h the wave fronts seem to diverge from a center at S', which is therefore 
(he virtual image of S. Let it' be the depth of S' below the surface. Before 
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developing tlie relation between d and d' w“ nmst digress to estahlisli an expres- 
sion for the curvature of an arc. 

The formula we need may be derive<l l)y ref<*rence to Fig. 40.10. 'Dk* dis- 
tance X measured along the bisecting radius t»f the arc .!(’ betw<*en the arc aiul 
the chord *IC is called the sogilUd of the aic. Now 


= + (r - x)- = //= + r- - 2rx + 


or 


2rx — J-" = y 


If X is small coinj)ared with r or y (or cos $ may be consi<lered equal to unity), w(‘ 
maj' neglect the x- teim. Therefore within the limits of error in tlic measure- 
ments we may often write 






(40.3) 


We shall have occasion to use thi.s relation in 
discussing spherical mirrors and lense.s in the 
following two chapters. 

To return to our problem of the change in cur- 
vature of the wave fronts upon refraction (Fig. 

40.9), if the cone of liglit from »S has a small apex 
angle, .1/7 = BG is the siigitta of the wave in the 
denser medium, BK' is tlie sagitta of tire wrive in 

the less dense medium, and d = .l.S and d' = I)S’ arc, respectively, their radii of 
(•urvature. Tlieiefore 



B 


Fig. 40.10. Sagitta x of an 
.If’ erprals //-, 2r if 8 is small. 


DA = y- 2d = j'J 
Bhr = y-.. 2d' = vit 

. d Cl w- 

and thus „ = = — (40,4) 

If an eye looking vertically rlownwar^l views an object below the surface in the 
refracting medium, the portion of the wave front actually used is very small 
indeed. The j)upil of the eye is on the average about 3 mm in diameter, and 
hence DF in Fig. 40.9 is les.s than 3 min. This is ju.stification for the metliod 
used in develo])ing Fq. (40.4) for the ratio of the object distance to the image 
distance. If the lower refracting medium is water (/i^ — 1.33) and the other 
medium is air (rii = 1), the apparent dejith d' of an object below the surface is 
three-fourths of its actual depth. 

When the cone of rays from the source S is wide, the wave fronts in the upper 
medium are no longer spherdcal. Such a deviation from spherical shape is known 
as spherical oberralion. Whenever this departure from splierical shape exists — 
and it is a common fault adversely affecting good image formation in opticrrl 
instruments — it is more convenient to use rays in our discussions. The large 
aberration in the present example is illustrated in Fig. 40.11. The external rays 

'Latin, arrow. 
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l)ioj('cto(l l)ack into the rofractinK medium are all tuiiKcnt to the caustic curve 
SS'Y, and the virtual imauo always appears at some point along this curve. If 
tlic eye is at A', the image of S at -S' has large lateral as well as upward 

displacement. 

Tor the case of a slab of transparent material of index n and with plane-parallel 
sides a distance <l apai t, we may use l‘.r|. (40.4) in the form 

n — 1 . 



d - d' = 


n 


y 


40.11. Spherical waves rcfractcal 
at plam- siirfa<-e nj an* ii<i hmgiT 
spherical. Aye at E .s(*es image <if .S' 
at *S’'. 


and obtain n from a direct measure- 
ment of d — d' with a mieroscope. The 
microscope is focused on a mark on tlic 
table, the slab is then interposed, and 
the exact aniount the micro.scope must 
he raised to bring the virtual image of 
the mark into focus is determined. 


40.8. Refraction of Light through 
a Prism. A prism is a portion of a 
refracting medium bounded by two 
plane surfaces that are not parallel. 
Tliis forms one of the most u.scful pieces of optical equipment. If a 
source .S’ i.s viewed through a prism, as in Fig. 40.12, the curvature of the 
waves striking the eye is such that they seem to come from .S', the inter- 
section of the pair of rays shown. With almost all light sources there are 
color elTects in this image, luit for the moment we shall assume that the 
light is monochrotnafic, i.r., Init one 
color or wavelength is present. The 
angle A is the rejracting ari(jl<\ and the 
line along which the two refracting 
surfaces meet is called the edge of 
the prism. We .shall consider all the 
rays to be perpendicular to this edge. 

The total deviation D (Fig. 40.13) 
of a ray in passing through a prism 
of known angle .1 maj' be obtained as follows: We have 

J) = d I d-> 

dv = f, — ri da = I'a — ra 

E + A = 180“ = E + ri + 

and hence .1 = ri -f- ra 

Therefore 1) = ii -f {■> — (ri -|- ra) = fi + la — A 

We consider that the prism material has an index of refraction n and that 

it is mounted in air of index unity. Now if the ray passes through the 



Fig. 40.12. Source of light as viewed 
through ji prism. 
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prism in tlie opposite tlirection, Ijeinjjj ineitleiil on the risiit ftice at an 
angle i>, the same deviation IJ results. The angle I) varies continuously 
as the angle of incidence is changed from I'l to {>. Therefore, it may he 
seen that when D is plotted against /, I) must go tlirougli either a 
maximum or a minimum wlien /j = i-i. I’J.vprriinrnf fiiiou's that fhcii }) is a 
minimum, with the incident and emergent rays .symmetrical witli respect 
to the angle .1 of the prism. 

For this angle D of minimum <leria(ion, from tiie last ecjuation. 


h = i-i = 


.1 + D 


and 


ri = r-. = 


.1 


Therefore 


siti i sin '->(.1 + D) 
71 = = — r- , 

sm r sin * •>-T 


(40..5) 


Thus the index of refraction of any transparent suhstaiice in the form 
of a prism may be obtained by measurement of the refracting angle of tlie 
prism and the angle of minimum 
deviation for the color or wave- 
length of the light being used. 

Since these angles may be measured 
with considerable precision with a 
spectrometer (Sec. 43.10), this 
forms a most accurate method of 
determining n. 

40.9. Dispersion. The index of 
refraction of a substance depends 
upon the wavelength or color of the 
light. Therefore a given prism will 
give a different angle D of minimum deviation for the light of each wave- 
length emitted by the source. If the source *S in Fig. 40.12 is a narrow, 
illuminated slit parallel to the edge of the prism, the eye will observe a 
number of virtual images of the slit in a row at S', one image for each 
color emitted l)y the source. These diverging ra 3 's from the prism may bo 
concentrated into real line images by means of a lens us illustrated in 
Fig. 40.14. These images constitute a line speclrufn, and the separation 
into the various colors is called dispersion. If all wav'elengths are present, 
as in sunlight or tlie light from an incandescent tungsten filament, then 
these images completely overlap into a continuous spectrum. In practice 
another lens is always inserted between the slit 6' and the prism to render 
the light plane-parallel before it enters the prism (cf. Sec. 43.10). 

Newton in 1666, using sunlight, was the first to observe a prismatic spectrum. 
Wollaston in 1802 and then Fraunhofer in 1815 obser\’ed with a very narrow slit 


.4 



Fig. 40.13. Deviation of a ray by a 
prism. 
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that the otherwise continuous solar spectrum contains numerous dark lines 
pinalh-l to tlic slit. Tliese lilies, called Fraunhofer lines, are caused by character- 
istic absoi ptioii frequencies of elements in vapor form in the outer, cooler layers 
,',f the sun's atmosphere. We shall discuss their production in Chaps. 43 and 49. 
'I’he reason for mentioning them here is that in <iuantitative measurements of the 
diqiersion of materials the index of refraction is always pven for some of the 
pi-ominent Fraunhofer wavelensth.s. I^recisely these same wavelensths can be 
pnHluccd in emission if these elements are introduced into laboratory light 
sources. The wavelengths usually employed for dispersion data, Fraunhofer’s 
letter designations, and the chemical elements responsible are given in Table 40.1. 



scviTal colors. 


As indicated in Fig. 40.14, blue light is deviated through a larger angle than is 
led light. Tims the shorter, blue wavelengths undergo a greater decrease in 
velocity in the prism material, and hence for them the index of refraction has 


Table 40.1 . Prominent Fraunhofer Spectral Lines in the Visible Spectrum. 


Designation 

Color 

> 

1 

1 

[ Flemeiit 

Wavelength, 
Angstrom units 

A 

1 

lied 

1 

Oxygen 

7,594 

C' 

Red 

Hydrogen 

6,563 

D 

Yellow 

Sodium 

5,893 

F 

Blue 

Hydrogen 

4,861 

(1 

Violet 

Calcium 

4,308 

H 

Idtraviolet 

Calcium 

3,968 


larger values. Figure 40.15 is a plot of the variation of index with wavelength 
for three kinds of glass as well as for quartz and fluorite.* For all these optical 
materials the index increases with decreasing wavelength, but it is to be noted 
that the slope of each of these curves is different. Such curves are called “dis- 

•It is not always the case that substances of higher density p have larger indices of 
refraction ii. Note the following comparisons: 
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j)erj>ion curves,” an<l tho.'^e plotted here are all <-ases of nortiial ilisiHr:>ion. As an 
exact measure of the dispeision »)f a suh.stance tin* ^•alue of iln il\, or the slope* of 
the dispersion curve at a Kix’eti X, is used. 

If the refractinji anjile of the prism is small, the aiiyle of mitiimum de\ iation I) 
will also he small: hence the sines of the an^;les in hai. (40.5) ina>’ he re))l.‘iced hy 
the angles themselves. 

.1 + 1 ) 

Therefore n = -j — 

or /)=(«- |).l ^4().()) 


If Dy and Dr desijinate tlie de\ iations for li«ht «)f tlie wa\-elen;;tlis of tin* V ami ( ’ 
lines, respectively, ami Di, is the deviation foi' the sodium I) line of intci nii'diate 



Wavelength (Angstroms) 

Fig. 40.15. \’arintion of index of refniotion with wavcleiifjth. 


wavelengths, I)y — Dr is the angular ilispcrsion of these particular re<l and hluo 
colois, while D/, is a niean deviation. The dispersive power tl of a suhstance is 
defined hy the I'clation 



Dy — Dr 

Ih. 


Ethyl alcohol 
\\'ater 


Fluorite (CaF,). . 
Hock salt (XaC’l) 


p 

i 



0 

8 

1 

.3(5 

1 

0 

1 

33 

3. 

18 

1 

.43 

2, 

18 

1 

.54 


It has become customary, however, to refer to a substance of large index of refraction 
(i.e., an optically dense substance) simply as a den.se substance. 
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For a prism of small aiijjle this becomes 

(«>• - l).t - (nr - 1).-1 


d = 


(7<i> — 1)A 


ny — Tic 
n/j — 1 


(40.7) 


In Table 40.2 we list the values of the rejraclive power and the dispersive j)ower 
for a number of transpar<'nt materials. It is evident that there are ver>' con- 
siflerable differences between the dispersive j)ower.s of various substances. 


Table 40.2. Rejradive Indices tt and Dispersive Poirers d for Some 

xSnbsfances 


1 

fill 



1 

1 

d 

Water 

1 . 3330 



0 . 0060 

0 0180 

(’rowii 

1.0171 i 

1 . 5232 

1.5146 

0.0087 

0.0168 

bight flint glass 

1 . 5804 

1 .55)03 

1 . 5764 

0.0139 

0.0240 

Douse Hint kIhss 

1 .0555 

1 .0001 

1.6501 

0.0190 

0 . 0290 

Fused (puartz ' 

1 .4584 

1.4f>44 

1.4564 

0 . 0080 

0.0175 

Carbon disulfide ^ 

1 . t)303 



0 . 0345 

0 0547 

XiT ((FC, 7() cm) 

1 , 000243 



0 000003 

0.0121 



1 




*40.10. Achromatic and Direct-vision Prisms. If two prisms having the 
same refracting angle, one tf crown glass and the other of dense flint ghiss, are 
u.scd in the same aj)paratus to project a spectrum on a screen it will be found that 
(1) the mean deviation is greater with the flint glass because of its higher index 
Hr, and (2) the total lengtli of the spetdrum is considerably greater for the flint- 
glass prism. Suppose both jaisms have an angle of 10®. We compute the 
angular disper.sion for each from the relation Dy — Dc = — 1)A, using the 

data in Table 40.2. 

For the crown glass, 

Dy - Dc = 0.0l(iS(0.517) X 10® = 0.0S7® 

For the dense flint glass, similarly, 


Dy - Dc = 0.0290(0.(5555) X 10® = 0.190® 

We see, then, that the length of the spectrum is over twice as great for tlie flint- 
glass prism as for the crown-glass prism. 

It is thus possil)le to choose a combination of two different kinds of prism so 
that there will be very little dispemon but an aj)preciable net deviation of the 
light. This is called an achromatic combinatioTi (greek a, not; chroma, color) of 
two prisms. The spectra from two different i)risms are not necessarily just 
copies of one another on different scales. Therefore the choice of wavelengths 
does make a slight difference in the calculated refracting angles. For 'N’isual 

purposes achromatic combinations are usually calculated for the C and F wave- 
lengths. 
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Worked Kxomfdcs. a. Using the eonstants in 'I'ahle 40.2, fiinl tlie angle of a 
dense Hint-glass prism that j)it)<hn'es tlio same length >i>ecti'um het\vt*en tin* (' 
and F wavelengths as a 10° erown-glass j)rism. 

For the crown ghiss, Dy — 7)c = 0.0s7°, as ali(^a<ly eomj>nte<l. 'Jdierefon-, 
for the flint glass, Dy — J)c = 0.0200(0.055.")). I = 0.0100,4. 

Hence 0.0100. 1 = 0.0.s7° or .1 = 4..').s° 

If these two prisms aie j)lai-ed together as in Fig. 40.10, tlie dispersion of one 
pri.sm will counteract tlie ilispeision of the other. That is, the red and the blue 
rays will proceed in the same direction, which, bei-ause of the mueli smaller 




refractive angle of the nioie dispersive flint prism, will be a ileviation in tlie 
same sense a.s that due to the ci-own prism. 

To calculate this net deviation, 


For r light, (1..5140 - 1)10 - (1.0501 - 1)4.5S = 2.17° 

For Flight, {l.o2;W - 1)10 - (l.OOOl - 1)4..>.S = 2.17° 

For I) light, (1.5171 - 1)10 - (l.()555 - 1)4..")S = 2.17° 

It i.s also po.s.sible to calculate foi- these same two glasses a I'ombiimtion of two 
pi’isms that will produce dispeision but with no net deviation of a mean wave- 
length, say that of the D line. Such a combination is called a dircrt-n.iwn jirism 
(Fig. 40.17). 

h. De.sign such a direct-vision prism, given that the flint-iirisin part should 
have a refractive angle of 10°. Then, for the mean deviation J)i,, 


Therefore 


(no — 1)A for the crown = {no — 1)10 for the flint 

0.6555 X 10 


A = 


0.5171 


= 12.7° 


The two prisms must be combined with the edge of one ne.vt to the base of the 
other (Fig. 40.17), just as in the achromatic pri.sm. 

To compute the net dispeision, we take 

(nr — ric) 10° for the flint — («/■ — nc)12.7° for the cro^Mi 
Tiiei efore, the angular di.spcrsion is 

0.190° - 0.00N7 X 12.7° = 0.0S0° 

whicli is just about the same as that produced by a single 10° prism of crown glas.s. 
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1. A small mirror rovolvos about a vortical axis once per second. A beam of light 
is reflected from this mirror to a plane scale JO ft away at the nearest point. \Mmt i.H 
the si)eed of the spot of liglit on the scale at this point? How does thi.s .speed vary 
with the angle between tlic reflecterl benn> and the normal to the scale? 

2. What is the shortest i)lane mirror in which a man «*an see a full-length image of 
liimself? 

3. Whv does a plane mirror nr)t [)roflu<'e inversirm .as well jis perversion? 

4. Two parallel plane mirrors are 2 m Jipart. C’alculate the distances from the 
mirror surface's «»f the first three images in each of an ol)ject 50 cm from one of them. 

6. Twe) plane mirrors are imdinerl at 00“ to each other. Plot the position of each 
r»f the image's e»f an oleje'e-t place'd at a nonsymmet ricjil position betwr-en them. Sketch 
the' pe'iie'il eif ray.s that tmike's three reflee'tions before* striking the c'ye of the' observer. 

6. .\ layi'r e)f e'ther of inele'x 1 .3f) rests on water of index 1.33. ray of light in the 
e-tlie-r is ine-iele'nt ein the surface of separation between the two liquids at an angle of 
ine'iele'jice' of 30°. Cjile-iilate the jingle of refraction in the water and the angle of 
lU'viation. 

7. If the- e*th<*r hiyer in Prob. 0 is 3 cm deep and the water layer is 5 cm deep, what 
is the apparent «listanc<* of the hot ton» of the vea.sel below the top surface of the ether? 

8. ray of sodium light is incident at an angle of 30“ on a slab of ghiss having 
paralh'l sich's exactly 3 <'m ajmrt. Calculate the lateral displacement of tlu* ray 
emerging from the c)th«*r side of the slal) if the inrlex of thi.s gla.ss for the D line is 1.60. 

9. Calculate the critical angle }>etween water (n — 1.33) and carbon disulfide 
(n = 1.67). 


10. \ hollow prism of <>0“ r«‘frncting angle, made of thin gla.s.s plates having parallel 
sides, is fillc'd with carbtui disulti<le (u — 1.63). (’alculate the angle of minimum 
•levlafioii and th«' angular deviation l)etwecn tiu’ F and C lines. 

11. .V glass h(‘mispher<' of index 1.65 has a drop of li(|uid on its ho^i^ontal flat 
surfa«'«'. For light pa.ssing radially in as shown in Fig. 40.18 the criti<'al angle for total 
reflection is found to be 59.0°. What is the imlex of the liquid? 



Fi(?. 40.18. — Problem 11. 


12. .\ microscope is focinsed on a mark on the top .svirface of a slab of transparent 
pla.stic material exactly in. thick. ’I'heii the microscope is focused on a mark on 
the lower surface of the slab, viewing through the material. From the first to the 
sc'cond setting the microscope is dropped 8.14 mm. Cah'ulate the Index of the slab. 

13. .\ crown-gla.ss prism anti a tlen.se flint-glass pri.sm are made with proper angles 
so as to form an achromatic combination for C and F light, giving a net deviation 
<tf 2°. Contpute the refracting angles of the two prisms. 


CHAPTER 41 

REFLECTION AND REFRACTION 
AT SPHERICAL SURFACES 


41.1. Ray Method. The optical parts of instruments usually hav(> 
eitlier plane or spherical surfaces. .V spherical wave front is reflected 
as a spherical wave from a plane surface, but the curvature of tlie wave is 
chanjied by reflection from a spherical surface and is usually made non- 
spherical. Only if a mirror has dimensions small companHl with its 
radius of curvatuie are the reflected wave fronts approximately spheiical 
and therefore the resulfinj? imaj;es fairly sharp. Similarly, plane or 
spherical wave fronts are never strictly spherical after refraction at a 
spherical surface. 

This complication makes it difficult to trace the coxirse of the lisht 
passing? throujsli optical inst rxunents by analyzinjj the shapes of the wave 
surfaces. It is therefore !m)re convenient to use the ray method. In 
our treatment of image formation we need concern ourselves, then, only 
witli geometrical relations, using tlie following four experimental facts: 

1. Light travels in straight lines in a homogeneous medium. 

2. IVo independent beams of light may intersect eacli other and 
continue on as independent beams. 

3. Upon reflection the angle of incidence etpials the angle of reflection. 

4. Snell’s law of refraction. 

41.2. Reflection by a Concave 
Mirror. point source *S is at a 
distance p from a concave mirror 
LM (Fig. 41.1) having a radius of 
curvature centered at C. A rav 
SL is reflected at L so that SL 
and LS' make equal angles with 
the normal CL. The ray iST inci- 
dent normally on the vertex T’ (the 
center of simrimetry) of the mirror 
is reflected back on itself. These 
two reflected ra.vs intersect on the axis <SU at the image .S', a distance 
q from the mirror. We assume that the angular aperture of the 
mirror is small, so that the angles •#>, 4>\ and 4>" are small and all 
points on the mirror may be taken to be at the same distances p and q 
from S and respectively. Such rays making but a very small angle 
with the principal axis are called para.rial rays. By principal axis of an 
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optical surface is meant its axis of symmetry, 5F in this case. The angles 
in Kig. 41.1 are exaggerated for the sake of clarity. From the law of 


sines, 

SC 

p ~ R 

- V 


sin i 

sin i 

.sin <t>' 

.Vlso, 

CS' 

= 9— 



sin r 

sin <t>' 



Zr, division of the first of the.se equations by the 

.SC _ p 
CS' g 

P - R ^ p 
R - q q 

Hence qH -f- pR = 2pq, and, dividing through by pqR, 


Tlier(*fore, since Zf = 
second gives 


or 



(41.1) 


This equation holds, subject to the paraxial-ra}" limitation, for any 
point L and therefore for all rays from the object that are reflected from 
the mirror. Consecjuently there is a “focusing” action; all rays from a 
point source will be focused to a common image point. 

The correctness of this formula may be verified by experimenting 
with any concave mirror “stopped down” to small aperture. If the 
source is at S', the image will occur at S. Any such pair of points is 
therefore referred to as a pair of conjugate, foci and the distances p and q 
as con j ugafe focal dislanccs. If the source is at a great distance from the 
mirror, p is practically infinite, the corresponding value of q is called the 
principal focal length f, and S' is the principal focus of the mirror. Equa- 
tion (41.1) then becomes 

1,12 ^ R 


showing that the principal focus of a concave mirror is midway between 
its vertex and its center of curvature. 

Hence we may write the conjugate focal relation in the form 


1 , 1 ^ ^ ^ 1 

P <7 R f 


MIRROR EQUATION (41.3) 
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If p > R, q < U; the image is between (' and tlie minor. 

\i p < R but > /, q > R; the image is fartlu‘r tiian (' from the* mirior. 


If p = f, (2 = <x ; the reflected ra> 
If p < J, q is negative; the re- 
flected rays appear to come from a 
point iS' hchitul the mirror (I'ig. 
41 .2). This is called a virlual focus. 

In using tlic e(piations for con- 
jugate focal lengths, we must 
adopt the following convention for 
signs; The quantities p, q, and R are 
each positive if they refer to a dis- 
tance measured in front of the mirror 
but negative if the distance is meas- 
ured behind the mirror. This con- 


are parallel. 



vention enables us to use our formulas willj positive as well as negative 
signs for p and q. 

If./^ = *, "e have a plane mirror. 

41.3. Convex Mirror. The formula for the conjugate focal relations 
for a conve.v mirror may be derived in similar faslnon (Fig. 41.3). We 

assume as l^efore tliat all rays are 
paraxial, and hence SV = p and 
1 = q- Since CL bisect.s the 

exterior angle at L in the triangle 

SLS', 

SC ^ SL 
S'C S'L 
p 4 - R _ p 

R ~ q ~ q 
Rq — pR = ~-2pq 

and, dividing through by pqR, 

11 2 I 

= - -,3 = - (41.4) 

p q R f 



ror. Tlio rays have b(*oii drawn far 
from paraxial for tlu; sake of clarltj'. 
The figure* therefore, while u \iseful il- 
lustrutij)!!, gives little evidenec for the 
correetness of the statements in the text. 


It IS clear that with the above con- 
vention of signs, Eq. (41.4) is iden- 
tical with Eq. (41.3). For the 
convex mirror Eq. (41.3) predicts a negative q since / is negative and p 
is positive for a real object. That i.s, only virtual images are formed of 
real sources by a convex mirror. The incident light could be conver- 
gent onto a point a distance — p behind the mirror, however, so that q 
might become positive for such a virtual object. 
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41.4. Images Formed by Spherical Mirrors. The mirror formulas 
hold for ol)j(‘ct. and image points slightly off the axis. Any two rays 
drawn from a j)oiiil of the source will, after reflection, intersect at the 
corresponding point of the image. This fact is used in the graphical 
couatrnction of images. In practice any two of the following four rays 
arc used for that purpose since their cour.se is most easily drawn. 

1. The >ay directed through or toward the center of curvature and 
reflected back over the same path. 

2. The ray directed at the vertex of the mirror and reflected with 
li = /r. 

3. The ray tfirough the principal focus and reflected parallel to the axis. 

4. The ray parallel to the axis and reflected through the principal 
focus. 

Figure 41.4 shows how the first two rays are used in the graphical 
construction of an image. 



The real image formed by the concave mirror is inverted, whereas the 
virtual image formed by the convex mirror is erect. As to the relative 
sizes of the object and image, it is clear from the constructions of Fig. 
41.4 that, since the two subtend equal angles at the mirror, their sizes 
are to eacli other as their respective distances from the mirror. Therefore 


Size of / 
Size of O 


magnification .1/ = ^ 

P 


(41.5) 


The magnification may be either greater or less than 1; for the two cases 
illustrated in Fig. 41.4 the images are smaller than the object. 


Worked Example. An object 3 cm in front of a spherical mirror pro- 
d\ices a virtual, erect inage three times larger than the object. Find the 
focal length of the mirror. The mirror must be concave, for the virtual 
image formed by a convex mirror is always of reduced size (Fig. 41.4). 
Therefore q is -9 cm, and substituting in Eq. (41.3) we have 


1 - 1 = i 

3 9/ 


or / = + 4.5 cm 


*41.6. Spherical Aberration with Mirrors of Large Aperture. The only case 
where the reflected wave from a spherical mirror is itself perfectly spherical is the 
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special one of the source beinjr at the <-entei of curvatiiie of the niirroi-. In 
general those incident jays jjurallel to the axis and close to the veitex 1’ of tlu‘ 
mirror are reHe<‘ted thioufilj F, but rays f.artljer fiom the axis are reflected .so as to 
cros.s the axis closer to the min-or, as illustiated in Fi^. 41."). The leflected rays 
are taiij^ent to a coiinlic curve having; a shaip cusp at F. This lack of a sliaip 
focu.s, ijjdicatinj^ tliat the reflected wave is not splieiacjd, is called sphericnl 
fiberratiou. 

If light is incident ol)li(iuely oji a ctnicave inirroj-, the reflected lays do not 
form a sharp focus even if the aiierture is small. 1'he iefle<‘ted lays are con- 
centrated into a pair of broailened focal lines, the light in this focal legion forming 
a sort of lemniscjite, or “figure S." To explain this abenation, tikin to nsligmntisiu 



Fig. 41.5. Spherical aberration 
with mirror of large jipcTture. 



Fio. 41.0. Light incident obliipjcly 
on a mirror is concentnitial into focal 
lines. 


in lenses (Se<‘. 42.9), consider as in Fig. 41.1) that the minor is a poi tion of a large 
mirror LX on the axis of wliich is the point source .S'. It is clear tliat the rays 
from L and M will intersect in the mannei' shown. The diagram is, of course, 
a sectional view. If the figure is revolved slightly about the line NT, it is seen 
that the inteisection /’V is actually a line pei‘])endiculai' to the pajjer. This is 
called the primary focal line. The secondary focal line Fs is a patch of light 
slightly elongated in the direction iT. 


If tlie mirror is a paiaboloid of revolution, incoming rays parallel to the axis 
are all concentrated at the focus, as a consequence of a geometrical property 
of the parabola. There is thus a complete lack of spherical abenation, no matter 
how large the ai)erture of the parabolic mirror. If the source of light is jilaced at 
the focus, the reflected rays all i.ssue parallel to the axis. Automobile headlight 
and searchlight mirrors are therefore always paiaboloidal, as are the large mirrors 
for astronomical telescopes. 


41.6. Refraction at a Spherical Surface. Let us now consider refrac- 
tion at a single spherical surface separating two media. The object 
space, of index n, is on the left of the surface (Fig. 41.7), and the image 
space, of index n'{n' > n) is on the right. Consider the object distance 
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p positive when the object lies to the left of the vertex V of the refracting surface 
and the image distance w positive when a real image is formed to the right of 
the vertex. The ratlins of curvature of the surface will be taken as positive 
when the surface is convex toward the object, as in Fij;. 41.7, but negative if it 
is concave toward the object. A ray from the axial point Oi is refracted at 
llie point L of tlie surface and proceeds to the axial image point I We 
employ the subscripts 1 because later (Sec. 42.2) we shall combine the 
(•(piation governing the refraction at this surface with a similar equation 



for a second surface to obtain the lens formula. We reserve the letter q 
to denote the image distance after the two refractions. 

In the triangle LC\I i, 


ix(\ ^ w - lu _ r ^ V 

sin r sin r sin {ir — <t>) ^ sin </» 
and. in the triangle 0\LC\, 

__ P “h _ I 

sin (t — i) sin i sin <h 
Dividing the first of these relations by the second, we have 

w — Uj sin i _ T 

p + /?i sin r 7 

According to Snell s law, (sin i sin r) = «' n, and if we assume that the 

rays are paraxial (d and 9' arc small), there results (since T~-*w and 
l-^p) 

IV — R\ _ nw 
p ■}- R\ n'p 

n'pw — n'pRx = nwp + nwR\ 


or 
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Dividing lluough by 

n' 



ft 


+ 


n 

P 


// // _ n — n 

p ir ~ Ui 


(41.(5) 


Tills equation for tlio refraction of paraxial rays at a splierical l)oun(lary 
is one of the most important lormulas in geometrical ojuirs. Had n\(‘ 
cliosen a concave surface for wliicli is negative. (41. (i) would have 
resulted, but with a change of sign of tlie right-haml .>< 1 ( 10 . 

41.7. Focal Points and Image Formation. W'Ikmi th<* somce O, i.s at 
infinity, tlie axial image point /, is l)y iletinition tin* principal focus /•’' 
in the image space. 'I'he focal distatice/' (*f /'” from the vertex \ may lie 
obtained from Eq. (41.(3) by .setting p = y: and w = /'. Thus 


- + ^ 
oc ^ r 


or 


r = 


//• — ^ 
Hx 

n' 

u' — n 




(41.7) 


Similarly, if the source is at tlie principal focus F in (lie nl>j(>et space, the 
rays after refraction are parall(4 to the axis and the image /, is at inlinity. 
Setting p = /and le = *x in lOip (41. li). 


4 - — 


// — n 


or 


f = 


Rx 

n 

n' — n 


I^x 


(41.8) 


1 lie ratio of tliesc two focal kuigths lor a single refracting surface* is. then. 


/' 

/ 


n 


(41.9) 


If, for example, the optical system consists of a glass rod of index 1.5 witli 

curvature at one end. the surrounding m(‘dium 
being air, tlie ratio of the tocal lengtiis in the glass and in the air would l>e 
1 .5/ 1 . 

We have already seen that, if the direction of a ray is reversed, the 
ray retraces its path through the optical system. That is. if the source 
is placed at / 1 , the image will be found at the original source point Oi. 

If the locations of the two focal points for a refraiiting sui'face ari* 
known, the size and position of the image of a given objeert may be 
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(IctcMiniiU'd by a graphical method similar to that given in Sec. 41.-4 for 
splic‘ri(*al mirrors. The method is illustrated in Fig. 41.8. The three 
ravs dra\Nn from the head of the arrow follow a known course. That 
proceeding parallel to the a.vis in the object space is refracted so as to go 
through the focal point F'. The ray directed along the normal to the 
surface through C is undeviated. Tlie intersection of these two rays 
locates the head of the arrow in the image. Of course, the two rays 
might diverge after being refracted at the surface, in which case their 
intersection would occur back in the object space and the image would be 
virtual. 

The third ray drawn througli the focal point F is refracted so as to 
proceed parallel to the axis in the image space and must go through the 



same intersection point. In fact, the corresponding point in the image 
now liaving becui located, the course of all other rays from the head of the 
arrow 0 incident on the refracting surface is determined; they are all 
lefracteil so as to pa.ss through the head of the arrow I. 

When the rays go successively through a number of refracting surfaces, 
as in a train of len.scs of some optical instrument, the image formed 
by each surface is the object for the next surface in line. If the rays 
approaching one of the surfaces diverge either from a real image or from 
a virtual image, the distance from that image to the surface in question 
is a positive object distance. But if, as often is the case with lenses, the 
ray.s from the hist surface are converging on approaching the second 
surface, then the point ot convergence is farther along in the image space 
of the second surface and thus tlie distance measured back from this 
point to the second surtace constitutes for it a negative object distance. 
Such a convergence point is a virtual object for the second surface. 

*41.8. Worked Examples, a. The front convex surface of a crown-glass lens 
of index 1.5 has a radius of curvature of 30 mm. An axial point source is 90 mm 
in front of this lens surface. Assuming that the glass extends for some distance 
behind this convex surface, calculate tlie image distance jc (1) if the lens is in air, 
(2) if the lens is in water of index 1.33. 
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1. We may use Ia\. (41. (i) with » = 1. = l.r,. p = <m) nun, /<*, - ;^() n,ti 


<)0 ^ ,r 


ir = 


1.0 - 1 
30 

-1-270 mm 


That is, if the >;ln.«s extended fartlier than this from the ernivex surface, tli«-rc 
wouhl he a real imai^e at this distance from tlie vei tex 
2. Witii « = 1.33, 


1.33 I..O 
90 


1.0 - 1.33 
' 30 
"■ = — 10.") mm 


ir 


Since ic is noKative, tlie rays in the lens as they leave the fir.st .surface an' 
divertiinj; from a virhial ima«e in the water 10.") mm from the vert«'x of (fiis 
surface. 

h. Locate the principal focus F’ in the kIuss, assmnintr tliat the ;ilass extends 
indefinitely heyojid this coin ex surface. 

If in air,/ = (1.5 X 30) (1.5 — 1) mm = 00 mm from the A'erte.x. 

If in water,/ = (1.5 X 30) (1,5 1.33) mm = 20.5 mm from tin; \'ei tcx. 

*41.9. Other Refraction Phenomena. There are a numher (d interestiiifr 
effects <lue to iitmosplieric refraction. When the sun is near the horizon, its 
rays tj-averse air of incroasiim density while passing through to the earth’s 
surface. The denser the air, tlie greater its refractive i)ower. Therefoie these 
rays are bent downward so tliat the sun is visible when it is actually below the 
horizon by an amount about etpial to its diameter. AUo, the rays from the lower 
edge of the sun will be bent more than those from the upper edge. This produces 
an apparent shortening of tlie vertical fliameter, cau.sing the sun (and tlie moon) 
to appear elliptical in sliape when near the horizon. The horizontal diameter 
of the sun is the -same at the horizon and near the zenith, appearances not- 
withstanding. 

The twinkling of stars is produced by rapid local changes in the density of the 
atmosphere along the line of .sight. This caui*es small, smiden .shifts in the 
apparent direction and intensity of tlie incoming rays. 

A mirage is another examine of changes in the direction of pencils of light 
passing through air of varying density. It is often observed as an apparent pool 
of water on the road ahead liy a motorist looking forw’ard along a concrete jiave- 
ment heated by the sun. This warms tlie adjacent layei s of air and reduces the 
index of refraction. Figure 41.9 is a repre.sentation of how an ohserver at K 
inight see the object OM directly by means of pencils such as OE and ME and an 
inverted image O’M' by way of the refracted pencils 0.1 A' and MJiE, which are 
deviatetl in tliis manner in the warmer air layers near the ground. Just the 
opposite type of mirage, known as “looming,” is observed in sighting an object 
over water. The air layers adjacent to the cold water are the denser, witli the 
result that light traveling from O to the observer’s eye E is refracted slightly in 
the manner shown in Fig. 41.10. 
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VcMT similar effects have been ohservcil with radar beams directed along the 
earth’s surface. In the propagation of underwater sound the continuous varia- 
tion of n from one ocean layer to another gives rise to most curious effects such as 
tiapiiiiig of the waves between layers. Investigation of these matters is curried 

out under the Navy’s “Sofar” researches. 

The rainbow is caused by sunlight tliat has been refracted and internally 
reflectcil by raindrops. Sometimes two bows me seen, both being arcs of circles 
with centers on the extension of the line from the sun to the observer. The 
inner, or primary, bow, which is considerably the brighter of the two, is violet on 



the inside, red on tlie outside. In tlie .seeondary bow the order of the colors is 
reversed. The rays composing tlie primaiy bow are refracted and once internally 
retlected in the spherical drop in the manner depicted in Fig. 41.11. For all the 
parallel rays entering the ujiper half of the drop there is an angle of maximum 
deviation, wliich is I37®42' for rod light and !39®37' for violet. All the rays 
emerging at nearly tins angle arc about parallel, and hence the intensities of all 
such rays total to an aiijneciable amount at the observer’s eye at A’. For rays 
emerging at other angles there is no such accumulation of light from drops at 



various distances. An obser\'er at E looking away from the sun will receive 
these rays from all raindrops hnng in an arc forming with the line from the sun 
extended an angle of ISO® — 137®42', or 42®18^ for the red light and 
180® — 139®37', or 40®23', for the violet. Therefore this primary' bow is violet in 
color on the lower side and red on the upper, the other colors falling in between. 

The secondary rainbow is produced by rays incident on the lower half of the 
drop, refracted, twice internally reflected, and then refracted downward as shown 
in Fig. 41.12. This inverts the order of the colors as compared with tlie primary 
how, tlie deviation being .such that the observer, looking away from the sun, sees 
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the reil color in an arc Rul)ton<lin«: an an-:lo of oO°;U' and the violet an anjjle of o-l® 
with the line fi«>in the ^un i'xtended. 

For an observer on the «romi<) the s»m must be not more tlian 42° above the 
horizon if a priiuajy bow is to be visible. From an airplane, however, with the 
sun overhead and lookiji}^ down on a cloud, a circular rainbow mav be seen. \u 
artificial rainbow may be made in the labfiratojy by sending a beam of platir*- 
parallel li-iht from an are lamp in the ])r«)per directirm into a holh)W ^dass sphere 
tilled with water. Halos sometimes observed at a 2:1° an;:le with the li)ie to the 
sun or moon are in somewhat analogous fashion produced by refractioms ami 



Fic!. 41.11 
r?iinl)()\v. 


Prodiirtioii of thr primary 



Kio. 41.12. St'<*<)iulnry raiiitiow prodiu 
tinn. 




internal reHectit)ns in thin, parallel hexagonal ice crystals that form the higli 
cirrus clouds. 


PROBLEMS 


1. How far from a eoiicav«* mirror must an <*bje«*t be j)laceil to make the image 
(either real or virtual) four times as large, if the fcn-al length of the mirror is 2o em ? 

2. .\ «'oiivex mirn»r .1 fif fcaad lengtli 10 eni and a concavr* mirror B of foeal l(*ngth 
15 em face eaeh olln-r at a di.stance of 25 em. .\n objeet 5 ••m long is placed al riglif. 
angles to fin- common principal axis aiitl at a <li.staiicc j.f 15 ••rn fn)m .t . Calculate tlu' 
position, size, and natiin* «if the image formed by rays reflected first at .1 aiul tlicn 
ilf H. 


3. 'Fhe sun has a diameter of K.(i5 X 10' miles and is at a distance of X It)' 
miles. hat is the size of it.s image formed by a spheri<*Hl eoncavi* mirror «if 40 ft, 
f<»eal Ic-ngtii? 

4, A concave mirror ha.s a railius of curvature of 20 em. An object is plac«‘«i in 
such position.s that its real image i.s («) half the size of the object; (6) twice its size. 
Find liow far the object is from tin* mirror in eu<'h ca.sp. 

6. Ill Prob. 4a the object moves through a small distance x toward the mirror. 


Through what distance and in which direction will the image move? 

6. A long glass rod of inde.v 1.5 has one end ground and |M)Iishcd to a convex 
spherical shape of radius of curvature 10 cm, with its vertex on the axis of the rod. 


A luminous arrow 2 mm long at right angle.s to the axis of the rod is placed 30 em 
beyond the vertex on the extended axis of the rod. Calculate the position and the 
size of the image of this arrow formed by paraxial rays passing through the surfaci'. 
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7. If the orul surface of the ro<l of Proh. is concave and of radius of curvature 

10 cm, limi the jx^sition and siz<* of the iiiiaKC. 

8. Solve I’robs. 0 and 7 for the case where the soiiree anti rofi an; immersed in 

water of index 1.33. 

9. The rays from the s\in enter a spherical howl of licjuid alonii; a tliameter and are 
focused on the far side. XcKlectiiiK any refraction by the thin glass shell, what 
must be the intlex of refraction of the litjuid? 

10. Show that for paraxial rays the ratio of the size of the image / to that of the 
object 0 in Pig. 41.8, that is, the magnification M, is given by M = nw/n’p. If the 
.source in Example (rt)of Sec. 41.8 has a lateral dimension of 2 mm, find the correspond- 
ing length of the image in the glass. 

11. spherical bowl of 10 cm radiu.s and filled with water contains a .small object 
24 cm frotii the side of the bowl. Calculate the position and magnification of the 
imago of the object for paraxial rays frmn the object directed radially throiigh (a) the 
near side, (6) the far side of the bowl. 

12. A piece of Rhxss of iiuU^x 1.5 has one face piano, the other convex o\it\var<! and of 

radius of curvature 10 cm. I ht* thickn<‘ss of the glass along the axis is 5 onu A small 
object is placed outside the block on the axis 5 cm from the plane face, is the 

apparent location of the object when viewed through the block? 



CHAPTER 42 

LENSES 


42.1. Types of Lens, l.enscs arc piccori of transparent .substance, 
usually bounded by spherical surfaces, for tlie purpose of inia-ie forma- 
tion. There are two main types of sin^Ii* lens, tliose tliickei- in llie 
middle tlian at the edf;es, thus retarding the <-ente]' portions of incident 
plane waves so that they converjic to a real iinajje, and those thinner In 
the middle than at the edj^es, with 
the result that incident plane waves 
are retarded more at the edges and 
hence emerge diverging from a 
virtual image behind the lens. The 
common forms of single lens are 
shown in section in Fig. 42.1. 
l.enses of the first type are knou n 
as converging, or positive, lenses, 
while those in the second categorv 




{b) 

liG. 42.1. (a) Douhic-coiivo.x, plano- 

<*oiJvcx, niici iniiiiscii.s corivcrgiiif; Irnscs. 
(fc) I)out>lc-coiic;ivc ainl plano-ccnicavc 
<livcTt;iiij; h‘nscs. 


are called diverging, or negative, 
lenses. The positive and negative designations arise from the fact 
Uiat a converging lens brings plane waves to a real, positive focus 
in the image space, whereas a diverging lens causes such waves 
to diverge from a virtual, negative focus back in the object space. 
These effects on incident plane wave fronts are illustrated in Fig. 42.2. 



Fio. 42.2. Converging and diverging l<>n.s nr-tion on waves. 


42.2. Thin Lens. V\e wish to find an exiJiession for the focal length 
of a thin lens. Suppose that we have a meniscus converging lens of 
inde.x a in air (Fig. 42.3). Equation (41. G) for the first surface becomes 


, n _ n — 1 
p w 

593 


(42. 1 ) 
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\o\v /i is the object for the second sui-face, for which the object distance 
is. then, — (u> — /), the negative sign being used because h is a virtual 



object. If we may consider the thickness i of the lens to l)e nej^liKible, 
Imj. (41.(>) «?ives for the refraction at the second surface 


— + - = (42.2) 

— te q l <2 

Adding K(is. (42.1) and (42.2), we obtain 

If = cc, 5 is by definition equal to /, the focal length. Hence the 
riglit-lnind side of Kq. (42.3) equals 1//, and we may write 


1 + - = T = (n — 1) (4 4 ") kquation (42.4) 

7) <i f ^2/ 


RULES FOR SIGNS IN THE LENS EQUATION 


I, The object distance p and image distance q are positive if disposed 

relative to the lens as they are for a converging 
lens forming a real image of a real object. 
The length p is negative for a virtual object 
(waves conveiging onto the lens), and q is 
negative for a virtual image {waves diverging 
from the lens in the image space). 

2. The focal length is positive for a converg- 
ing lens, negative for a diverging lens. 

3. Each R is a positive quantity if it is the 
radius of curvature of a lens surface convex toward the incident rays, hut 
negative if the lens surface is concave toward the incident rays. 

As an example, let us calculate the focal length of the meniscus lens 
in Fig. 42.4, given that its index is 1.5. If light is incident from the left, 
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/ = Go 

/ — +240 mm 


If light is incident from tlie right, 


i = (1.5 - 1) ^ 
/ = +240 mm 





A lens thus has the siime f(jcal length foi* light in<'i«i(‘nf from either sidt', 
provided the medium on the two sides is the same. Application of I-ap 
(42.4) to a thin concave lens yields, 
as expected, a negative value for its 
focal length. We shall use this 
thin-lcns equation furtlier in Sec. 

42.12 in tlie calculation of achro- 
matic combinations. 

To locate grapliically images pro- 
<luced by tldn Icn.ses we make use of 
the fact that in an 3 ' lens there is a 
point on the principal axis called the 
optical cenUrr which has the property 
that all ra,vs passing through it are 
undeviated because the^’ traver.se a refracting medium with parallel 
sides, altiiough thej' will suffer a slight lateral displacement. 'I'his is 
illustrated in Fig. 42.5, where, since t\ and r» arc parallel radii of curva- 
ture, the .surfaces at Z/ and -V are nece.s.sari]y parallel to each other. For 
a thin lens the optical center and geometrical center may be considered 
as coinciding. The graphical construction of images for two thin-lens 



in iliroctioii. 



situations is illustrated in Fig. 42. G. The ra 3 's from O and O' are unde- 
viated in going through the center of the lens. Those ra 3 's passing 
through the principal focus F emerge on the other side of the lens, travel- 
ing parallel to the principal axis. For the converging lens those rays 
from O and O' drawn parallel to the principal axis are refracted through 
the principal focus on the far side of the lens. The intersections of these 
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r.vs -^n vo to locate the corresponding image points ^ ^ 

v.'riatioii in construction for tlie diverging lens is evident from the drau- 
iile It is also evident tliat all virtual images, including those nitli 
"onex lenses when the object is less than the focal distance from the 

i,.iw •IJC eroct, while all roal images are inverted. 

Sinre image and object in Fig. 42.0 subtend equal angles from the lens 
tl, eh relative sizes are in the ratio of their respective distances 

fiom the lens. Therefore 


Sizt^of^ag^ _ j, ^signification M — ^ 
Size of subject ^ 


(42.5) 


The magnir.eation M is negative if either the object or the image is 

' " 42 . 3 . Thick Lens. If the lens ttiickness / cannot be neglected, Eq. 
(42.2) should be written 


n 


, 1 = L- " 

— (ir — /) 7 


(42.0) 


Vpplication of Fa\. (42.1) to obtain te and then solution of Eq. (4 .0) 
Jr the distance q of the final image from the second surface coi^titute 
a valid procedure for a Ions of any tluckness. Al^^o, the ratio of the s'zeb 
of final image and object is just the product of the magnifications effected 

by the refraction at each surface. 

Since for a thick lens the distances of the two focal points from the iiear^t 
lens surface in general are not equal, the question arises as to how tlie focal length 
of the lens is best speciiied and measured. Xow to every ray origm.it g 
at a point of the ohject and lying in the object space there is a corresponding 
Hy i!. the image spice that is a continuation of tliis ray in the object space 
The,se two arc coujugaU rays. For every lens or optical system there are a pair of 
planes perpendicular to the principal axis, called prmnpal p anes, whicli 
iroperty ihat any pair of conjugate rays will intersect these planes at equa 
disiineis from the axis. The intersections of the principal planes with the axis 
are the prinripal points, and the focal length is the distance from either focal point 
to the in responding principal point. Tims the two focal lengths so defined are 

Cfiiuil if the same medium exists on both sides of the lens. 

The imijortance of principal planes may be judged from the statement that, 
once their position has been determined for a lens or optical system, they may be 
vised in place of all lens surfaces for image calculations. If a simple lens may 
be considered as a thin lens, then the principal planes and the lens surfaces all 
coincide and we may measure the object and image distances from either surface. 

42.4. Combination of Lenses. Two or more thin lenses are often used 
together, cither in contact or with air gups between them. Such a com- 
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binution is called a “compound” lens. Tlie location and nature' »>!' tlu' 
final image produced bv a compound leuis may be calculated by succ<“ssi\ (i 
applications of the thin-lens equation to each component lens. 



Consider the combination of two thin lenses separated l)y a distance H. 
as shown in Fig. 42.7. For lens 1, 



(42.7) 


The object distance for the second lens is — (r/i — d). Hence, for h*n.s 2, 



(42.8) 


which gives the distance q fnmi lens 2 to the final imag<* I . The over-all 
magnification is the product of the magnifications produced by the 
separate lenses, or 

,1/ = il X — (42.9) 
P q\~ d ^ ' 


If the first is a conv’erging lens and the secon<I a diverging lens, the 
combination is called a telephoto lens (Prob. 14). 

When the two lenses are in contact, d = 0 and addition of Eqs. (42.7) 
and (42.8) gives 


p q /i /2 / 


(42.10) 


The two lenses are therefore equivalent to a single lens of focal length /, 
and of course either /i or /2 maj" be negative as well as positive. 

42.6. Aberrations in Lenses. Throughout our discussion of lenses up 
to this point we have assumed that the rays make but a small angle with 
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the axis. If this is not tlie ease, the emergent wave fronts are no longer 
splierieal. even though the lens surfaees are perfectly spherical, and there- 
fore' the rays from every point in the source will not be brought to a 
definite point image. \\ hen these rays, making such a large angle d 
with the axis tliat one cannot approximate sin d by 6, are included, one 
or more of five types of aberration, or defect, may appear in the images, 
'i'hese aberrations are spherical aberration, the defect that we have already 
described for large mirrors; aslujmatism; coma; curvature of the imaeje field; 
and distortion of the image. To these must be added the defect known as 
chromatic aberration, arising from the fact that the index of refraction of 
the lens material varies with the wavelength or color of the light. 

Spherical and chromatic aberration occur even in the case of point 
objects on the axis, while the other four occur only for point objects off 
the axis. The detailed consideration of lens aberrations and how to 
eliminate or minimize them becomes so complicated that it must be left 
to the experts in this field. It is important to describe these defects, 
liov ever, and to give a few of the methods commonly used to reduce their 

magnitude. 

One simple v ay of reducing all aberrations except chromatic aberration 
in any optical system is to “stop down” the aperture. This procedure 
eliminates the rays making large angles with the axis but at the same time 
decreases the light intensity in the image. 

*42.6. Spherical Aberration. \\’hea the ratio of aperture to focal length of a 
lens is relatively largo, the refraction of rays from a point source on the axis 
produces an image a.s illustrated in Fig. 42.S. Faraxial rays in the image field 
cross the axis at I. which is called the image point. The rim rays, i.e., 

tho.>JC which are refracted at the edge of the lens, however, cross tlie axis at K. 
'I'he totality of rays produces as tlie image of the point source a caustic curve with 
point I as its apex. At ./, wliich is known as the circle of least confusion, the 
jliameter of the circular cross section of the entire bundle of rays has its minimum 
value. It can he reduced in size by stopping down the aperture with a diaphragm. 

S})herical aberration may also be reduced by making the two surfaces of the 
lens of different cui vatuie. As a simple example take the case of parallel rays 
from a distant source incident on a plano-convex lens of large aperture, first with 
the plane surface (Fig. 42.9«), then with the convex surface toward the light 
(Fig. 42.96). On thinking of the edge of tiie lens as ai)proximating a prism, it is 
clear that in (6) the rim ray is incident on the refracting surface at much more 
nearly the angle which will make its deviation D a minimum and that therefore 
the ray J K will l)e directed clo.ser to the focus I than is the case in (a). In general, 
for the greate.st reduction in spherical aberration the relative curv^atures of the two 
lens surfaces should be such that the deviation is distributed equally between the 
two. Detailed calculation shows that the radius of cuix'ature of the surface 
toward the light should be about one-seventh of that toward the image, but a 
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plaiKwoiivex Ions nriontod as in V\>^. 4 >.% re-liioos tho siihorira) al.oiiation aininst 
as much. 

The first component lens in u mi<To.sroi)c ohjoctivo is ootnmonly a l)onii.<plioio 
with the plane .surface toward the 4)l)jec-t. When tlio .si)ace hetween the hais and 
tho object is filled with an oil of the .same refractive index as tlie lens, even though 
the angular aperture may be large, there is very little .spherical aberrati(,n. 'bhe 
object is placed at a distance It/u from the center «if the spherical surface r.f 
radius If, n being the imiex of the glass (Tig. 42.10). .\pp|ying lap (41.(5) to 



bio. 42.8. Spherical aberration. / 
confusion. 


J 


— (laussian imago point. ./ * <arclp of least 




Fig. 42.9. There is le.s.s spherical aberration in (6) than in (a). 

the refraction of a ray such as 0,1 and reincmhering that li is negative for this 
surface, 

” ,1 I — n 

R (/{/n) w ~ -R (42.11) 

Solution of this equation for w gives 

M- =-(;? + Rji) (42.12) 

.showing tliat tlie image / is virtual and at a distance Rn below the center of the 

hemisphere. In the triangle COA, 

sin d sin r 


or 


R 

sin 6 
sin r 


R/n 


~ n 


sin t 
sin r 
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•iiul hence j = 6. In the triiinKle CIA, sin i/Hn - sin 4>/R 


sin it sin 


iiiul hence <f> = r. Tlierefore all rays, 
refnictinn a.s if they were coming from 



Fin. 42.10. \Vi(ic*-nngle hemispherical 
h'Hs produce.^ no spherical oborruti(»n. 


^ = n 

not just paraxial rays, proceed after 

The two points O and I are called 
aplanalie points of this refracting 
surface. 

*42.7. Astigmatism. If the point 
source i.s not on the axi.s, the change 
in cur\'atuie of the inciflent sj)herical 
wave front is not symmetrical even 
though spherical aberration is absent 
and the resulting image is astigmatic 
(Greek a, not; stigma, point: “ not a 
point,” i.€., the image of a point source 
is not a point but a pair of lines). The 
cross sections of the wave fronts near 
the focus are as shown in Fig. 42.11. 
There are two line foci at right angles 
to each other, while between them there 
is a circular confusion of light, which is 
the neare.st approach to a point image. 
In general the bundle of rays has an 
elliptical cros.s section. The line focus 
nearest to the lens is called the primary 
focus, the further one the secondary 
focus. 

The astigmatic difference, the differ- 


ence between the distances of I,, and /, from the len.s, increiises rapidly with the 


oblicpiity of the im-ident rays. The difference Ip - I. is ])ositive for a divergent 
lens an«I is somewhat larger but negative for a convergent lens. It is thus pos- 
sihle to combine the two into a comi>ounil lens in which the astigmatic differ- 



Fio. 42.11. The shapes of bundles of rays near the two astigmatic line images of a 
|)oint object. 


ences compensate for one another to some extent. In the photographic anastigmat 
(Chap. 43) both astigmatism and curvature of field are largely eliminated over 
a considerable area in the image plane. 

*42.8. Coma. The image defect known as coma (Greek kome, hair) arises 
from the fact that for object points off the axis there is in general a variation of 
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lateral maj^nification with the height h of tlie zone in the lens throngli which the 
rays pass. Thi.s is illustrated in Fig. 42.12. F\irtherniore tlie rays tliat pass 
through the Ions at a <listance h froni the axis may moot in the plane in a 

oirole of jxiints, the size of tlio r-irclo dopomling on h and other fai tors. I'ach zone 
of the lens prod\icos one of tliose rownlir circles, ami the effect of the ov<*rlai)|)ing 
of all these circles is a pear-shaped image. 



Fig. 42.12. Ci>nia: pear-shaped imiig«* of non-axial object j>oints. 


To eliminate coma the lateral magnification must be constant for all zones in 
the lens. \ lens may bo correcto<l for both spherical aberration and coma for 
only a single oliject position. .An example of such an aplanali'c lens is the hemi- 
spherical objective lens desciibed in Sec. 42.(>. (’oma may also be eliminated by 
an a))erture stop of the correid size projierly ])lace<l on the axis of the lens. 

*42.9. Curvature of Field and Distortion. If the object is an extended plane, 
the astigmatic images are curved surfaces. For points in the object far from tin* 



r'lG. 42.13. Astigmatic primary ami .secondary focal planes for meniscus lens, (’irclc.s 
of least eondusion lie in plane L. 


axis the images are not points but blurred patches, the size of wliich increases 
uith distance from the axis. With spherical aberration and coma eliminated, 
these patches are circles of confusion and are the best possible focus. The surface 
containing this best focus for the entire image is a surface of revolution of a 
curved line about the axis. Hence we speak of curt'ature of field. 
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Hy nsiiiK s|KM-ijil p:l;issep, it is pos.sihIe to make a pair of thin lenses that form 
an arhromatif doublet (Sec. 42.10) and also produce a flat image field. But 
astigmatism and curvature of field may be corrected to a considerable extent 
l)y the use of a front limiting dia])hragm with a meniscus lens (Fig. 42.13). 
'Phis is done in inex])ensive <’ameias. At all parts of the image field the circles of 
least confusion, midway between the primary- and secondarj'-image surfaces, 
lie very nearly in a plane. 

If the magnification is not constant for rays crossing the axis at all angles, there 
i.s tli.sforfioti irt the image. A i>roperly placed stop aids in correcting distortion, 
for in a pinhole image (Fig. 39.5) there is constant magnification. Therefore 
with a single thin lens there are also rectilinear projection and freedom from 



Fio. 42.14. (a) “Pincushion” distorted 

ili.storlion” of same .sejuarc lattice. 




image of a square lattice. 


(6) “Barrel 


distortion. For an ordinary lens the pie.sence of a stop behind the lens will pro- 
duce distortion of the pincushion variety, while if the stoj) is in front of the lens 
the distortion will be of the barrel type (Fig. 42.14). Therefore, if two lenses ai-e 
used with a stop midway between them, the two kinds of distortion will tend to 
count(*ract each other. A sjnnmetiical doublet-lens system [each component 
being also an achromatic pair (Sec. 42.10)1 with the diaphragm midway between 
the two «-omponcnts and with properly designed lens surfa<'es will have this and 
the other aberiations all fairly well corrected. 

*42.10. Chromatic Aberration. Since the focal lengtli of a lens depends uptm 
the index of refraction, which varie.s with the wavelength or color of the light, the 
different coloi-s have different foci. The shorter, blue wavelengths are refracted 
more than the longer, red wavelengths, as illustrated in Fig, 42.15. This defect, 
called chromatic aberration, cannot be eliminated with a simple lens; but an 
“achn)matic doublet” tliat has the same focal length for any two colors can be 
cojjstructed of two tliin lenses of different kinds of glass in contact. The con- 
struction of an aclnomatic prism (Sec. 40.10) should be recalled in this connection. 

The two colors usually cliosen for visual achromatization are those for the C 
and F lines (Table 40.1), and it is customary to make one of the component thin 
lenses of crown glass, the other of flint glass. For purposes of illustration we shall 
use the indices and dispersive powers for the ordinary crown and the dense flint 
glasses listed in Table 40.2. We shall take the focal length /o of the combination 
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for the intermediate D line to be 50 inin. The tliin-lons e(|uati<>n (K(i. 42.4) may 
he written 


1 

/ 



(42. hi) 


wiiere K = — (l//^j). UsiiiK primes to «lenot(* the crown-^jlass lens ami 

double primes for the flint-^la.ss lens, ecjuality of focal hnigtlis for (' and /•’ lijilit 



re<juires [rf. K<j. (42,10)1 


J 1_ J_ 

/ ~/e' "^/r" "^/r" 

or (nr' - I)/v" + (nc" - i)K" = («/ - 1)A" + («/' - 1)A"' 

Therefore (n/ - nr')l<' = {ric” - (42.14) 

For the intermediate I)-line waveleiiKtli, 


or 


~ = in,/ - 1)A" and tV- = (n,/' - ])K" 

J '• J i> 

(no" - l)/i/' A" 

(no’ - \)/o' ~ A'" (42.15) 


Kquating the values of K'/K" from Eqs. (42.14) and (42.15) and rearranj^iiiK the 
terms, we have 


or 



(42.10) 


where d' and d" are the dispersive powers of the two kinds of glass. Hcneo/a' 
and fo" must be of opposite sign, for the dispersive powers are positive. Com* 
monly the convergent lens is made of the crown, the divergent lens of the flint 
glass. From Table 40.2, 


d' (crown) = 0.01077S 
d” (dense flint) = 0.029070 
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nim 


u l> 


/ / 




1 1 

I /?= 2413 mm 

c 

\1 

F ' 



('()ijil)iniiiK (42.1()) with tlio relation l//n = \/fh + !,//> , 

, , - fl’) -">0 X 0.012292 _ , 

> - ' d" ~ 0.029070 

_ d”) oO X (-0.012292) . 

^ ,/• - = — aoTcT^- = 

It is left as an exercise for the st\ident (cf. Proh. 10) to calculate, knowing that 
{,. f„ = (nr, - !)/(«<’ - 1). the values of fc and fc'\ and hence /c, to .see how 
closely /c agrees with tlte aO mrn value for//,. The difference hetween //• and //, 
inav i>e calculated similarly. These differences will he found to he practically 

negligible. 

common form of achromat is a double-convex crown lens with a divergent 
lens of flint glass cemented to it. Then Hi = -Hi for the convergent lens, and 
for the <livergent lens is the same as R 2 . On using Kq. (42.4) with «/,' and 
from Tal>le 40.2, there results 7^/ = 21..S2 mm, /fa' = - 21.S2 mm, 

/f," = -21.H2 mrn, //•/' = -241.33 
mm. This uehromat is sketched in 
I'ig. 42.10. 

C’hromatie aberration mav also be 
greatly reduced by using two len.ses of 
the same kind of glass at a certain dis- 
tance apart. It may be shown that, if 
the two lenses are placed at a distance 
(/i 4 -/ 2)/2 from each other, the com- 
bination is nearly achromatic. Manj- eyepieces (Sec. 43.4) are built in this way. 

PROBLEMS 

1. If the angular diauM'ter of the sun is 32 min, calculate the focal length of a Icai^ 
tliat will produce an image of (he sun 4 in. aeros.s. 

2. .\ simpU' lens of index 1.5 has ra<lii of curvature of its surfaces of -{-50 nini and 
-1-75 mm. Calculate the focal length if the lens is “thin.” 

3. If the lens of Proh. 2 has a thiekries.s of 15 mm, use Eqs. (42.1) and (42.6) to 
find («) the di.starj<*c of th<- focal jKjints from the vertex of each surface; (6) (he location 
of the image of a .small ohject on the axis, 150 mm beyontl the vertex of the surfa<’e, 
witli It = -|-r)() mni. 

4. I'.sing the formula calctilated in IVob. 10 of C'hap. 41 for the magnification 
I>n>duced by a rcfra<*ting surface, compute the relative size of image and object in 
Prob. 36 by taking the juxxluct of the inagnifirations for the two surfaces. 

6. Two thin convex len.ses of focal lengths 10 cm and 15 cm are 10 cm apart. 
Calculate the position and size of the image of an obje<*t 5 mm long 5 cm in front of 
(he fir.st lens. 

6. A thin convex lens of index 1.55 has a focal length of 10 in. in air. AMiat is the 
focal length in water? 

7. Show that for a thin converging lens the minimum distance between an object 
ami its real image is fovir times the focal length. 

8. A hemisphere of glass of index 1.5 has a radius of 5 cm. Locate the principal 
focus for plane waves incident (a) on the flat surface; (6) on the spherical surface of the 
glass. 


Km. 42.16. An achromat. 
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9. A jxiint .«nirc»‘ on tlic axis of :i ronvorni-tit Ictis is inianod at :j(l ctn troin tlio 
U-iis on its otluT si»h*. \\ In-n a socoiid thin jms is plaml in contact witli the lirsf, 
tin- iitiafic is fornnal 10 cm from the coinhination. oti flic same side as tlic first iinatic. 
Calculati* the focal Icn^tli of the sc'comi lens. 

*10. For tin* a<-liromat cahniated in S<*c. -12.10. (aimputo tlic focal Iciiyth for the 
(’ and lines. Also com|)ut<* the foi-a! length for the (i line in the \iolet for wliidi 
u = 1.52S1S for croun and a = 1 .08070 for ili-ns*- (lint jrlass. 

*11. A ooiuaTKiiiK crown Uais and a diverging flint lens <-emeiited together, with the 
common surface of ratlins of curvature oO mm. ftirm an achromal ((' and I' lim-sl of 
focal h'ligth 100 jnin, Calcuhite the ratlivis of eurvaftire of each of tin* other surfaces 
of the tu'o lenses. 


12. heatn of sunlight falls on a thin divergent Icms of focal length 30 cm : (iO cm 
heyond this lens is placetl a oonvergc'iit lens of -15 cm fo»-al length. Where is tlie 
image of tin* sun formed l>y this coinhination? 


13. tliin douhle-convex h-ns of imlex 1.55 hits radii of ciirvatUK' 20 cm. If oni‘ 
of the surftices is silvered so that it acts as a mirror, where will thi- light from a source* 
at a (list a net* of 50 <*in from t hi* unsilver«*d surfaci* ho hrought to a focus? 

14. thin converging lens of focal length 20 cm has hchind it at n distance of Ifi cm 
a thin diverging lens of focal length 5 cm (telejiliofo lens). Calculate* the jiosition of 
the iimige of a distant ohject. 

*16. Show that if the distance hetwecn two thin lenses is ( /i + /»)/ 2 the chromatic 
aherrution is u niiniinum. 
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43.1. Sclu-nuitic ‘lianram of the 


43.1. The Eye. Since it is the purpo.se of most optical instruments to 
enable us to see better than with the unaided eye, it is proper that we 
bejjiii our study of the.so devices with a brief de.scription of the eye itself 
as an optical .system. The parts of the eye are shown in Fig. 43.1. The 
eye is a nearly spherical shell enclosed by the tougli sclerolic membrane S, 
which becomes transparent in front to form the cornea C. The iris I, 
the colored part of the eye, contains an aperture, the pupil. There are 

that automatically control the size of the pupil which 

may vary in diameter from 2 mm 
when the light is intense to 5 mm 
for dim light. The “cr3\stalline” 
lens, together with the ligaments 
that attach it to the ciliary muscle 
M, divide the eye into an anterior 
chamber, filled with a clear fluid 
called the ofiucous humor, and a 
posterior chamber, containing a 
rather jellylike substance called the vHreous humor V. Both the a(|ueous 
and vitreous humors have an index of about 1.33G5, while the ciystalline 
lens has an average index of about 1.437. 

'riie lens /> focu.ses images on the retina R, a covering of the inner surface 
of the eye containing the nerve fibers, which spread out from the optic 
nerve O. The sensitive organs at the ends of the nerve fibers in the retina 
are called “rods” and “cones” because of their .shapes. At F there is a 
small region about 0.25 mm in diameter, called the fovea: this contains 
only cones and is the portion of the retina where vision is most distinct. 
The fovea is so small that it subtends an angle of but one degree in the 
object space. When one looks at an object, the eye always focuses the 
image on the fo\ ea. The sensitivity of the retina decreases with distance 
from the fovea. At the place where the optic nerve enters the eye the 
retina is insensiti^■e to light. This region is called the blind spot. 

When the normal eye is relaxed, it is focused on objects at infinity. In 
focusing on near-by objects the ciliar^^ muscles change the shape of the 
crystalline lens to a more nearly spherical form. The normal eye can 
focus well on objects as close as 10 in., or 25 cm, without strain. This 
adaptation of the eye to large changes in object distance is called accommo- 
dation. The nearest distance at which a small object can be distinctly 
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M*on is calleil the near point, while the objeet distance wlieii the evo is 
relaxed is known as the /or point. The latter is inlinity for the normal 
eye. The power of aoeommoflation decreases ^\•ith a«;(', howe\-cr, so that 
the near point for an elderly person may l)e as far as 200 cm. 

43.2. Defects of Vision. The tliree most common defects of vision an^ 
myopia (Greek mijd, e\osc;opsis, eye) (nearsit,ditednessl. hypt ropia (Greek 
hyper, o\QY\opsis, eye) (farsijihtedness), and a.sfiymatimn. In the normal 
eye the image is formed exactly on the retina. In tlie myopic (‘ye. how- 
ever. the eyeball is too long for the len.s, and hence the light is brought to a 
focus in front of the retina, llringing an 
object closer to sucli an eye causes the image 
to move back toward tlie retina, p(xssibly 
exactly on it; and therefore a per.son with 
myopic eyes is said to be nearsiglited. In 
the hyperopic eye, on tlie other hand, the eye- 
ball is too short for the focal length of the lens, 
and thus the light is brought to a focus behind 
the retina. A pei-son whose eyes have this 
defect .secs far objects more clearly, because 
for these the image distance is shorter, and 
hence he is farsighted. These defects are 
illustrated in Fig. 43.2. 

To bring the clTective near point for a 
hyperopic eye to the distance of distinct vision, 
which is taken to be 25 cm for the normal eye, 
a spectacle lens must be used that will form a 
virtual image of the object placed at 25 cm at 
or beyond the real near point. For example, 
suppose that such an e^x* has a near point of 
100 cm. To calculate the focal length / of the correcting spectacle lens, 
take p = +25 cm, q = —100 cm. Therefore 




(<•) 


Kkj. 43.2. (a) Xoniml 

ih) myopic eye. (r) hyper" 
opic ev(‘. 


1 _ 1 1 

/ 25 100 


or 



+33 I cm 


Ihat is, a converging spectacle lens of this focal length should produce 
good vision at the normal reading distance. 

7 he myopic, or nearsighted, eye has a far point nearer than infinity. 
Suppose that it is at 150 cm. M hat spectacle lens is required so that 
very distant objects maj'^ be seen clearly? Then p — ; and since a 

virtual image must be formed at 150 cm, g = —150 cm. Hence 


1 == Jl - J_ 
/ « 160 


or / = — 150 cm 
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Therefore the spectacles should have a diverging lens of this focal 
length. 

In optometry 1 / is used as a measure of tlie power ot a lens. The unit 
of lens power, called a diopUr, is that of a lens Avith a focal length of one 
meter. Thus the power of the converging lens with / = +33^^ cm in 
our example is +3 diopters, while the power of the negative lens for our 
myopic-eye example is — diopter. C’learly, the power of a lens 
is tlie sum of the powers of its two refracting surfaces (Prob. 4, C’hap. 42) 
and, from 10(p (42.10), tlie power of two thin len.ses in contact is the sum 
of their separate powers. 

Astigmatism in tlie eye is caused by lack of sphericity of its refracting 
surfaces, chiefly the cornea. Then rays of light from lines coming, for 
example, from the spokes of a wheel-shaped figure are not all focused in 
the same plane at the retina. This astigmatism is not to be confused with 
that described in x^ec. 42.7, the latter arising solely because of the obliquity 
of rays incident on a spherical refracting surface. This defect of vision 
is overcome by using .spectacle lenses with slightly cylindrical curvature so 
oriented as to give, together with the eye surfaces, a total focal length the 
same for rays in all planes through the optic axis. 

43.3. Simple Microscope. If an object is placed slightly nearer to a 
thin converging lens than the principal focal point, an eye brought close 
to the lens .sees an erect, virtual, enlarged image. A lens used in this 
way is a simple microscope, or magnifier. If the object is placed at the 
distance of most distinct vision (25 cm) (Fig. 43.3), it subtends a certain 
angle, say 2d, at the lens or eye. A^Tlen the object is at some point closer 
than the focal point to the lens so that a virtual image is formed at 25 cm, 
then the object and its image subtend a larger angle 2a. Now the magni- 
fying power of any optical instrument depends upon this gain in angle 
subtended by the image at the eye. Thus the lens simply allows the 
object to be brought close to the eye. effectively increasing the power of 
accommodation of the eye and increasing the size of the image on the 
retina. The magnifying power M in this case is 



if the angles are small. From the thin-lens equation 


Hence 

or 



( 43 . 1 ) 
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Tlio eye can sec clearly an object at any distance from the near point, 
25 cm. to infinity, and the normal adjustnu*nt ol the ey(‘ is for infinity, 
if the object is placed at F in Fi^. 13.3, the iina^^e is at infinity and 
p = f. Tlien the magnifying power is just 

25 


M = 


/■ 


(-13.2) 


or slightly less than it the virtual image is jit 25 cm distance. 

A converging lens of focal length 5 cm, for example, has according to 
Eq. (43.1) a magnifying power M = I = 0 or, by Eep (13.2), 


r 



M = 25g _ 5 \ magnification larger than this with a simple magnifier 

is not very useful becau.se of the large aberration.s for a simple lens of 
short focus. Therefore magnifiers with powers greater than about 5 
.should be compound, designed to minimize the aberrations. The 
Ramsden ej'^epiece described in Sec. 43.4 is an example of a compoun<l 
magnifier. A simple magnifier may, of course, be an achromat. 


*43.4. Eyepieces. Any magnifier will serve as the eyepiece, or ocular, in a 
telescope or compound microscope, but witli a single lens much of the light from 
the real image formed by the objective would be lost. Therefore a second lens, 
called the “field lens,” is added to gather in toward the axis more of the liglit 
from the objective. The two lenses are of the same kind of glass, and the com- 
hination is made nearly achromatic bv making their distance apart equal to 

C/. + /.)/2. 

The two common types of ocular are tlie Huygens and the Ramsden. The 
fhajgens eyepiece is illustrated in Fig. 43.4. The focus F of the objective serves 
as a virtual object for the field lens, which forms an erect image at 7. This image 
is at the focus of the eye lens, so that the final image is formed at infinity. A scale 
or cross hairs may l)e placed at 7, but the scale must not be very large if the 
eye lens is uncorrected for aberrations. The curs’ature of the convex surface is 
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•h ns to rc<luce spherical aberration to a minimum, but curvature of field may be 


considerable. 

In the Knm.'idcii t i/ejmir (Kij?. 43.5) the fo<-al lengtlis of tlic two lenses are e(|ual 
and tlie convex surfaces face each other. If the.^e two lenses were placed a 
distance (/, + /•:), 2 apart, the focal plane of the eye lens would be at the .surface 
of the fi(‘I(l lens, with the consecjuence that dust pajlicle.s on thi.s surface would 
be in focus. Therefore at some sacrifice of achromatism the distance between 



lens(*s is made 2/, 3. The image 1 formed by the objective precedes the field 
lens so that a scale or cross hair may be used successfully at that point. In fact 
the Hamsden eyepiece is always used in telescopes, such as those on surveyor’s 
instruments, where a cross hair is es.sential. 

*43.6. Compound Microscope. To obtain greater magnification than is 
])o.<sil>le with a simple magnifier a combination of lenses known as a compound 
microscope is used. The optical parts of a microscope consist of an objective 
and an ocular, as sketched in Fig. 43. G, where for simplicity we indicate the lenses 
to he single. In reality the objective is a complicated train of lenses, and the 
ocular may be similar to one of those just described. The object 0 is placed just 



beyond the focal point of the objective, so that an enlarged real image is formed 
at I. This image is viewed through the ocular, which produces a virtual image I', 
further enlarged, at a distance somewhere between 25 cm from the eye and infinity. 

The magnifying power of a microscope is the product of the magnification Mi 
of the objective and the magnifying power .I /2 of the ocular. For the objective, 



pi fi 


where q\ is the distance of the image I from the objective, whose focal length is/i. 
On taking the ocular to be a simple magnifier forming the image I' approximately 
at infinity, M^ = 2b/ f«. Therefore the magnifying power M of the microscope is 
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7i is a])[)r(*.\ini;jtcly the leiijith /. of the riii«*rosr()po tube. .Ml leiitrtlis in l icp 

(43.3) arc mea^ure(l in (“entiinetors. 

A modern inicroseope ol)jecti\’c is in reality a train 
of lenses, with the front lens usually of the hemi- 
spherical foj-m d(*s<-ril»ed in Sec. 42. (5. A j)ossil)h‘ 
arraUKeinent of <-oniponents is sliown in Fi^. 43.7. 
The combination of lenses is (Iesie;ned to have laiKC 
aiijjular apertine, a minimum of spherical and 







Fns. 43.7. Micn)Scope ol)j«*cl lens. 


chromatic aberration, and a flat focal surface. It is usually necessary to 
illuminate the object by means of a so-called coiuknser located beneath the 
microscope staj^e. This ctmdenser may be a concave minor reflectinj? a con- 
vergent beam of li^ht into the objective: or, witli short-focus objectives, a cor- 
re<*tod condensinn lens is used. 


43.6. Refracting Telescopes. The telescope i.s similar to the compound 
microscope in that they both consist essentially of an objective lens and 
an ocular. Since the object of which a telescope forms an image is very 
distant, however, there are great differences in the construction of the 
objective and other features of the two instruments. In the astronomical 
telescope (Fig. 43.8) the objective forms at / a real image of the distant 
object. Since the object is at a great distance, / is practically at the 
focal distance /i from the objective lens. Furthermore, the virtual 
image /' is usually formed at infinity, so that / is at the focal point of 
the ocular. The distance between the two lenses is, then, /i+/a, 
where /2 is the focal length of the ocular. 

To obtain an expression for the magnifying power M of the telescope 
we note that the object and its image / subtend tlie same angle ^ at the 
objective. The object subtends practically^ this same angle if viewed 
directly by the eye. \Mien viewed through the ocular, the image / and 
its image /' subtend the larger angle a, the eye being at E, just behind 
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the orular. The muKnifying power is therefore equal to the ratio a/0, 
and tlie retinal image is larger by this factor than it would be if tlieobject 
weMc observed directly. Since these angles are small, we may replace 
the angles by the tangents; and hence the ratio a^0 equals /1//2, or 

M = fy (-43.4) 

Ji 

The modern astronomical tele.scope is used principally for photographic pur- 
|)oses, and the larger the diameter of the objective the greater the light-gathering 
power and the greater the resolving power {('hap. 47). In visual work, however, 
the diameter of the objective sets a limit to the useful magnifying power, for the 
objective is the so-called entrance pupil of the system. Tlie conjugate exit pupil 



is the image of the objective formed by the ocular, and at this point the trans- 
mitted light has the smallest cross-sectional area. Since the eye is placed at this 
point, the diameter of the exit pupil should be no greater than the pupillary 
diameter of the eye if all the light is to be utilized. If the objective lens is the 
object at a distance p = /i T/2 from the ocular, the corresponding image distance 
q from the ocular to the exit pupil is obtained from 1, ^ — (I//2) -* ll/(/i d*/?)]. 
or ij = fiifi 4- If is the diameter of the objective and D,- that of its 

image, 


Ihi — E ~ /i 4-/2 _ /i _ If 

/>. 9 " (/. 4- AOA//. ~ S^~ 


(43.5) 


Tims the ratio of the diameter of the objective to the diameter of the exit pupil 
also is a measure of the magnifying power of a telescope. To find the diameter of 
the exit pupil for any telescope it should be pointed to the sky and a paper screen 
used to locate the position where the beam emerging from the ocular has the 
smallest size. The diameter of the disk of light at this point is Di. 

The pupillary diameter of the eye may be taken as 2 mm. For a telescope 
with a 150-mm objective, M = = 75 jf the exit pupil has exactly this 

2-mm value. If this objective has a focal length of 1 ,800 mm, the focal length of 
the eyepiece should be 1,800/75 = 24 mm to give this normal magnifying power. 
Although the objective admits 75- times as much light as the unaided eye and all 
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of tliis lifilit enters the eye. there is no increase in the :i|)|)uient hiiiilitness of the 
object, for the retinal innij^e lias now 75- times tlie area. 

When a telescope is used for astronomi<*al purposes, the fact that the iina^ie is 
invei'terl is no di.sadvantajio: but for terrestrial woi-k it is desir:it>le to lia\’e an 
erect imapje. This is accomplished by inseitinji between ol>jective and ocular 
another' lens (or', better', a jiair of achromats as in tin* " rectilineal- " car mu a lens to 
diminish the aberrations) to leinvert the ima<je. This makes tlie tube of the 
terrestrial telescope lorijier by four times the focal l<*ny;th of the erer-tin*' lens. 



In the Galilean telescope, used in ripera and held glasses, an erect, virtind image 
is obtained by replacing the eyepiece with a tliverging lens (Fig. 43.9). I’he 
converging rays from the objective, which would form the inverted imago / if 
there were no adrlitional lens, are made diverging by the negative lens .V. The 
image I forms a virtual object for lens .V, aiul an eye at /•’ see.s an ere<'t, virtual 
image /'. Since the object is distant and approximately parjdlel rays (‘merge 
from lens .V (that is, /' in Fig. 43.9 shoirld be practically at infinity), the rnagni- 



Fig. 43.10. Prism binocular. 



Ocular 


tying power is also / 1//2 and the tube has u sliort length approximately etpial to 
/i — J->. In this telescope the exit pupil, or the image of the objective lens formed 
by the ocular, is nrtual, and the field of view is restricted. 

Pr ism binoculars also pr oduce an ei-ect image, while at tlie same time avoiding 
the excessive length of the terrestrial telescope by placing a pair of right-angled 
total-reflecting prisms between the objective and eyepiece in the mantrer indi- 
cated in Fig, 43.10. The image formed by the objective serves as a \urtual object 
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for the prisms. By the hrst two internal reflections at ^1 and B, not only is the 
li^lit reversed in direction, hut also the two sirles of the image are interchanged so 
tliat it is no longer perverted. In the second prism, which is placed at right 
angles to the first one, the reflections at (' and D direct the light toward the ocular 
and make the image erect. Hence tlie inverted (and perverted) image produced 

by tlie objective is completely restored by 
the reflections in the two right-angled 
(so-called ‘‘ Porro”) prisms to an erect posi- 
tion. The ocular forms a further enlarged 
but erect image. .\nd because of the sev- 
eral reflections an objective of fairly long 
focal lengtli may be used, with resulting 
gain in magnifying power, but with the 
instrument still rather short in length. 

*43.7. The Reflecting Telescope. Be- 
cause of the difficulties of making a veiy 
large objective lens, wlucli must be an 
aclironnit of high-c|uality liornogeneous 
optical glass, the large mo<leru astronomical 
telescopes are all of the reflecting type. 
The largest refractor is the 40-in. telescope 
of the Yerkes Observatory, but the largest 
reflector at tlie Mt. Palomar Obsen'atory 
has a diameter of 200 in. Because of the 
large area of its i-eflector, this telescope has both verj' large light-gathering 
and resolving powers (C’hap. 47). The mirror block Is a cjisting of a borosili- 
<*ate glass Iniving a small expansion coefficient, but it nee<l not be of optical 
(juality since the light (h)es not pass through It. The mirror has a parabolic 
surface and is coated with aluminum by evaporation in a high vacuum. Such 
an aluminum surface h.as greater durability (because of a protecting surface layer 
of transparent aluminum oxide) than the .diver formerly used, but the reflectance 
of aluminum is somewhat le.'is than that of silver for visible light. 

The image formed by a paraboloidal mirror is free from spherical aberration 
on the axis, and chromatic aberration is always absent in mirrore. Therefore the 
focal length may be shorter relative to the aperture than in a refracting telescope. 
The S2-in. reflector of the McDonald Observatory has a focal length of 26 ft, 
or a ratio of the mirror’s iliameter to its focal length of 1/3.8. This ratio of the 
diameter of a minor or lens to its focal length is called the relative aperture of the 
mirror or lens and is a measure of its light-gathering power. If of two mirrors of 
the .same diameter one has twice the focal length of the other, and if both are used 
to produce images of the same object, the image formed by the longer-focal-length 
mirror will cover four times the area and therefore be only one-fourth as intense 
as the image from the mirror with the shorter focal length. Therefore the photo- 
graphic exposure time is only one-fourth as long for the shorter-focal-length 
mirror, whiidi has double the relative aperture of the other. 

The /-number of an optical instrument is defined as the ratio of its focal 


I » 



Gregorian 



I-'hj. 43.11. Reflecting tcloscope.s 
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lenjitli to its aportuic ilianiotpr, 3.J> lor tlip McDonald K'fl(‘ctoi. In plioto- 
graphic practice this is written //3..S l)ecause tliis lafio ecjuais tin* (liainetcr 
of the effective ajieiTuie or “stop.” 

It is necessary to change tlie j)atli of the i-eH<'ctcil jays to ;i |)oitjt w hei'<‘ one 
can t)l>serve tlie itna^o without hlockin^f tlie inci<hMit litifit. l-'i^ruj** 43.1 I inili- 
cates tliiee of the methods hy wliicli tliis is dctne. In the Newtonian metlioil a 
small i)lane mirror or riKht-an^;led prism reflects the imaye otf to one side*. In the 
Cassejirain tyjje a small conve.v paraholoitlal mirioi- sends the leflectt'd rays hack 
through ;i small hole ii» the large minor, while in the (Iregoiian tcdescope a small 
concave mirror ])erforms .similarly. Several modifications of these last two fonns 
have been perfected to leduce spherical aberration, astigmatism, and coma over a 
fairly large field. The giant 200-in. telescope on Mt. Palomar is of the C’assegrain 
form. 

*43.8. The Camera. In this in.struinent the len.s and the photograj^hic i)late 
or film are enclosed in a lighttight box, usually with a<ljustablc lens-film distance. 
The demands on the len.s are exa<‘ting and often contradictory. The image mu.st 
bo free from spherical and chromatic aberration, 
distortion, and cur\ ature of field, while at the same 
time the aperture angle must be large and the lens 
must hax'e great light-gathering power. There 
must be good ‘‘dei)th of foc*us,” i.e., all objects in a 
considerable range of distances mu.st be brought t«» a 
focus in the plane of the film. .\11 i)oints in the 
object space except those in one plane are not 
brought to j)oint images at the film, of course, but 
foitunately tin; “circles of confusion” wliich arc 
formed in place of point images are not so large but 
that a good picture results of all objects within a cer- 
tain range of distances. The smaller the lens aper- 
tui’e, tlie greater the “depth of f«K*us.” 

If the lens consists of a symmetrica! doublet (Fig. 43.12), each component iif 
which is an achromat, with the iris <liaphragin stop at the optical center of the 
combination, <listortions jiroduced in each half correct eacdi (»ther (8ec. 42.9). 
('hromatic aberration is obviously taken care of, and by allowing the diajihragm 
opening to be no huger than that demanded for sufficient light intensity the 
other defects are minimized. Modern higli-specd anastigmats such as the 
famous Zeiss “Tes.sar” lens have about eight surfaces, very carefully ground so as 
to correct for all aberrations. 

The /-number referred to in Sec. 43.7 measures the speed or light-gathering 
power of a lens. The smaller the /-number, the “faster” the lens: in fact the 
required exposure time varies as the square of the /-number. Lenses have been 
constructed to operate at a stop of //1. 5, which means that the focal length 
is but 1.5 times the diameter of the lens. An inexpensive fixed-focus camera 
operates at about// II. 

*43.9. The Projection Lantern. The essential features of a projection lantern 
are showm in Fig. 43.13. The condensing lens C, consisting of a pair of large, 


Kio. 43.12. Ucft il im*ar 
doublet Ions miniiui/cs 
most image defects. 
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simple, uncorrected plano-convex lenses, Kutliers in tlie light from the intense 
source N and focuses it througli the lantern .slide AH onto the projection lens L. 
If it were not for the condensing lens much of the light from .S' passing through 
the lantern slide wouhl not fall on the lens L, and therefore that is the field 
to he imaged on the screen wouhl he limited to only the central part of the 
slide .1 li. 

*43.10. Prism Spectrometers. The .spectrometer is the most important optical 
instrument for the study of light itself, for with it the wavelengths of the light 


C 



emitted from any source may be measured, the effects of interference (Chap. 46), 
diffraction (Chap. 47), and polarization (Chap. 4S) may be studied, and indices 
of refraction may be determined. If a spectrometer is cciuipped with an eyepiece 
for visual observation, it is often referred to as a spectroscope, while if a camera 
replaces the eyepiece it is called a spectrograph. 

Figure 43.14 shows the essential features of a spectrometer. A collimator 
tube C carries a narrow .*lit .s’, which is illuminated by the liglit from the source, 
and an achromatic lens L\ to lender this light a parallel beam as it strikes the 
prism. The prism disperses the light into the lens L-: of the telescope 7’, forming 
images of the slit, one for each wavelength present in the liglit, in the plane of the 
cross hairs just in front of tlie eyepiece A’. The collimator, telescoi>e, and table 

on which the prism rests all rotate 
about the central vertical axis of the 
instrument. The settings of the tele- 
scope on the various spectral-line 
images may be read on the circular 
scale by means of the verniers V\ and 
V'z. Many spectrographs do not have 
a circular scale. 

A cone of rays incident on a prism 
does not remain a cone after transmis- 
sion. For all angles of delation, 
astigmatism distorts the images. Only 
when the incident light is parallel is 
this flistortion absent for all colors, and then each color emerges from the prism 
in a parallel beam. It is therefore necessary for the lens Li to be an achromat; 
and if it is desired to have all colors in focus at the siime time at the eyepiece, L? 
must also be achromatic. 

To produce a “pure” spectrum the slit S must be very narrow (slit widths as 
narrow as O.Ol mm are employed) so that the colored images of the slit wdll not 
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overlap. The “len^tir* of the sipectrum depemls upon the an^iular <lisjK*ision 
effected \>y the prism and upon tlie focal lenjrth of the telescope 7'. Sim-e the 
si>ectrum “lines” are really diffraction patterns (t'hap. 47), they will lx* shariier 
the larjjer the apeitures of the lense.s and pri.sm. Of c-ontse, if the .source, such 
as the sun or an iiu-andescent-lamj) filament, emits a ctintinuons <listril)ution oi 
fiecpiencies, no matter how powerful the specti'onietei' the .sp(>rtruin remain> 
continuous: hut the j'leater the dispei.sion and the apertures, the easiei the detec- 
tion of weak ahsorption lines such as the Fraunlmfei' lines in the solar spectrum. 
Some characteristic spe<‘tra aie shown in Fi*;. 4o.l. 

T'or rapirl, direct readinu of the wa\elennths <if sj)ectial lines a constant- 
deviation si)ectrometer (Fi^. 43.15) i.s often used. 'I'lu* juism is e<|ui\ah'nt to 
two 30° prisms and one 00° prism, ceinenteil to^;eth(*r as shown hy the ilotteil 
lines. For any aiif^Io of incidence the lij^ht of the wavelen”;th that is at minimum 
deviation einer«:e.s at ri^ht angles to 
the diieetion of the incident heam, w ith 
one total reflection in the prism. The 
pi’ism may he rotated hy a micrometer 
and screw accurately calibrated in 
.Vnjjstrom units, thus hiincin^j; any 
desired wavelength to the exit slit. 

This instrument is therefore sometimes 
called a monochromator. I'he prism anrl 
lenses may he ma<lc of cjuartz for u.se 
in the ultraviolet region of the spec- 
trum. .Also, it may he con^•erted into a spectrograi>h hy attaching a photo- 
graphic-plate holder at the exit entl. 

A direct-vision spectroscope is a hand instrument, useful for lapid inspection of 
the character of the spectrum of any light, lly making use of the differences in 
the dispersion producerl hy two diffeient kinds of glass, tlisijcr.^ion without 
dc\’iation may he produced as described in Sec. 40.10. To obtain suflicient dis- 
persion, about five prisms in a train are used (Fig. 43.16). The entiie optical 

system -slit, collimating lens, prism 
train, and tele.scope — is ajiproximately 
in a straight line, and hence the instru- 
ment may be easily pointed at a source. 
A scale may be included in the focal 
plane of the eyepiece for semiquantita- 
tive wavelengtli comparisons. 



Fm. 43. h*). 
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( 'on.stant-dcviation sjjcc*- 



As already mentioned, for the production of sjiectra in tlie ultraviolet an all- 
quartz optical system must be used. All gla.sses absorb stiongly ultraviolet 
wavelengths shorter than about 3,300.A. .Also, since the eye is not sensitive to 
light of wavelength shorter than 4,0fl0.A, the detection of the specti'al lines must 
be photographic. For infrared spectrometers, prisms of rock salt have trans- 
parency farther into the infrared than those made of mostotlier refracting materials. 
Concave mirrors may replace lenses: and since both photography and vision fail 
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in the infrarod (photonraphic emulsions sensitive in the near infrared to wave 
lentitlis only up to 12,00()A are available), a thermopile (('hap. 2H) may be used 
as the deteetor beliind the exit slit. 

PROBLEMS 

1. 'Dip near jioint for a hyperopic eye is 2 m. WTint is the focal leiiKth of the lens 
that will enable this eye to .‘^ce clearly an object -lO cm from the eye? State the power 
of the lens it) dioj)t«TS. 

2. Tlie far }>oin{ of a myopic eye is at 75 cm. What lens is recpiired for distant 
v ision? (liv<' the iK)W<*r of the lens. 

3. If a hypero|)ic eye needs si spectacli* lens having a power of 2 dioj>ters in order 
to see distinctly an object 25 cm from the eye, what is the shtirtest distsiiice sit which 
the ol)ject could be clesirly .seen without spectacles? 

4. Most of the refractimi of lij^ht entering th<* eye takes phice at the cornea. 
Assuridns the evi- to be tilleil with a hornogeiMHjus nicdiuni of indi-x 1.337, calculate (a) 
the radius of curvsiture of the cornea to place the focal iM)int at the retina 25 inm from 
the viTtex of the cornea; (6) the length of the retinal image of an object 25 cm long, 
at a distjince of 1 m from the eye. 

6. .\ .simple magnifier of focal length 6 cm is used to view an object by a person 
having the normal distance of distinct vision, 25 cm. If he holds the gln.ss clo.se to hi.s 
eye. what i.s the best jio.sition of the object? 

6. A com[)ound microscope has an objective lens, of focal lejigth 5 mm, that forms 
an itnage 20 cm from the lens. If the magnifying power of the oiailar i.s 10 X, what is 
the total magnifying power? 

*7. The objective of the Yerkes refracting telescope has a diameter of 40 in. and a 
food length of 05 ft. What is the normal magnifying power to give an exit ptipil of 
2 mm? What should be the focal length of the eyepiece to give this magnifying 
power? 

8. What should be the size of the image of the moon produced by the Yerkes 
telescope objective? The mean distance of the moon i.s 238,800 miles, and its diameter 
is 2,103 miles. 

*9. The olijoetive for opera glasses has a focal length of 25 cm. If the magnifying 
IK)wer of the glas.ses is 4X, what is the focal length of the eyepieces? What is the 
approximate length of the glas.scs? 

*10. projection lantern jjroduces a magnification of 50 diameters on a screen 50 ft 
from the focusing lens. Consiilering this a.s a thin lens, calculate the distance of the 
lantern .'<lide from the lens and the focal length of the lens. 

11. Calculate the relative exposure times of a camera lens when it.s diaphragm is 
set at //4.5 and //lO. 

12. Show that, if a magnifying power either greater or less than the normal value 
cah-uhiteil in I’rob. 7 is us<>d, there is no gain in the total light in the retinal image. 
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*44.1. Luminous Flux. v is tliat lurmi li of (■oMc<‘rii(*«l witli 

tlie Tneasui'Ctiient of tlio ititoiisity of liiilit s<nu<-es. Hen* “ soiii ca* ’ is used as a 
■ienenil term inehuliiin self-lmninoii.s liodies ami surfaces ttan>iiiittin': or reliectinn 
li^ht falling on them. Most primaiv light souiees, such as tin* sun ami tlu' 
ineamloscent lamp, are luminous heeause <if their higli temperature. Although 
tliese sources are not strictly “hlack bodies” as dismissed in Secs. 22.5 ami 22. ti. 
still the distribution in wavelength of the radiant energy that they luuit re.sem- 
bles the black-l) 0 (iy curves shown in l-'ig. 4s. s. Such thermal radiation is dis- 
cussed in rletail in ( liaji. 4s. d he total railitnil Jinx I’oming from a source is 
defined as the radiant energy passing per .second thnmgh any surface enclosing 
the source. Itadiant Hux is measured in watts. In light measurements we are 
interested only in the small fraction ot the ra<liatit energy h;(\'ing wa\<*length.s 
lying in the visible region of the spectrum. This is known as himinou.s flux. .\n 
exact definition of luminous Hux will be given below. In |ihotometry tli<‘ matters 

of chief interest are tlie luminous flux from the source, the luminous intensitv of 

* 

the source, and tlie illuminatiim. iir “illuminance.” of a surface. .\11 these terms 
need definition and explanation. 

Hccau.se of the fact that the .sensitivity of the eye varies witli wav<4ength, the 
specification of radiant flux in watts ahun* does not measure the elTective ‘‘ bright- 
nes.s” of the light. The wavelength of the light and the variation of the .sensi- 
tivity of th(‘ eye must be kmiwn. .also. It is ther<*fore consiihaed ma-essarv in 

% 

practice to hav(‘ an arbitrary .staiidaril source of luminous flux with whi<-)i other 
sources may be compared. This stamlard is specified in Se<-. 44.2. Figure 44.1 
is a plot sliowing the i elative magnitude of the visual sen.sation produceil by eipial 
amounts of ladiant energy of <liflerent wavelengths. This curvi* is called tlu- 
relative luiniuosilij curve. The maximum ordinate comes at a wavelength of 
o.-'inOA, a yellow-green color, ami i.s arbitrarily set etiual to unity. This curve is 
an average of the respon.se of a large number of indivhluals under gooil lighting 
conditions. The brightness sensitivity of the eye fails off .so rapidly w ith w ave- 
length shift from the optimum value that at (i.OOO.V it is only O.ti and at .a.ODOA 
only 0.4 of the value at .5..a.50A. J he International Commission on Illumination 
lia.s a<lopted this as a stamlard representati\e of a normal eve. 

Luminous flux F is defined in terms of this curve giving the relative lumirio.siti/ 
for every wavelength interval r/X. Let (IF denote the luminous flux of the source 
in the range X to X t/X; let Lx be tlie relative luminositj' at the wavelength X. 
Then 


dF = Lx/(X)dX 

where /(X)dX is the ladiant flux in this wavelength range. The total luminous 
flu.x F is therefore 

61‘J 
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(44.1) 


expression can 


ari<l may be said to represent tlte total visual sensation. The function /(X) may 
he known [it is -iven by the famous Planck equation (Sec. 4S.7) for a black-body 
radiator]. The intejiration limits are zero ami infinity because the luminosity 
curve in Fig. 44.1 goes to zero asymidotically at each end; but since an analytical 

not be written for this curve, the integration must be carried out 

graphiciilly. Since this process Ls 
cumbersome, the unit of luminous flux 
is more commonly defined in terms of 
tlie flux from a standard source, as 
explained in the following section. 

*44.2. L umin ous Intensity of a Point 
Source. If the dimensions of a source 
of light are sufficiently small, it may be 
taken to be a point source. From 
such a source at S in Fig. 44.2 light 
radiates out in all directions, and the 
flux (if' passes outward through a cone 



Km. 44.1. Sensitivity curve (“reliitive 
luminosity”) for the normal eye. 


of solid angle ilco. The luminous intensity I of the source is defined as 

(IF 


/ = 


(Iw 


(44.2) 


Hence tlie luminous inUnsity^ of a point source is the luininons Jlux emitted per unit 
solid (ingle. The common unit of I is the candle. The unit of luminous flux /•’, 
the lumen, is the total luminous flux from a point source of one candle. Since 
thcie are 47r steiadiaiis in the total solid angle about a point, the source emits a 
luminous flux of 47r/ lumens if it bus a luminous intensity of / cjj.ndles. 

The standard candle was formerly defined as the luminous intensity in a 
liorizontal direction of the flame of a 
sperm candle of specified dimen.sions, 
hurning the wax at the rate of 120 
grain/hr. Since the flame of a candle 
is a rather unsatisfactory source, the 
primary photometric standards of the 
United States are a number of spe- 
cially imule carbon-filament lamps 
operating at 4 watt/candle and calibrated at the National Bureau of Standards 
by comparison with the standard candle. Other lamps whose intensities have 
been determined by comparison with these lamps form secondary standards. 

There is now a new international candle, established by the International 
Committee on Weights and Me^isures and recently introduced by the National 
lUireuu of Standards. This new candle is one-sixtieth of the luminous intensity 

'Note thiit the word inlensily ns \ispd here has a meaning different from its usage in 
oilier jmrts of physics where it has the connotation “per unit area.” 



Fio. 44.2. Luminous intensity I of 
source is / = dF /du>. 
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of :t s(ju;u'0 i-outiniotor of u bl:n-k-l)o»ly ladiutor oporatcd nt tlio tonippi atuto of 

freeziiiy: i)latiiuun. The new unit is alumt 1.9 per cent smaller than the former 

international camllc. 'I'lie photometric jatintj.': of mo>t tun”:>tcn-fil:im(“nt lam|)s 

will ho piactically unatTected hy tlie <-lianj;e. Followin': tin* i(‘commcnflati4)n 

of the Bureau of Standard.'^, we .shall r<*fer to the m*u unit of intensitv as tin; 

% 

‘ now” candle and the “now” lumen steia<lian. 

I'he term “ i-andU“powor ” was formoiT_\’ used in ratin;: tlu‘ luminous intensity 
of lij:ht soijrcos. Now olectri<‘ lamps are rated in tei tns of their power consump- 
tion. This is a convenient rating as lonj; as all oloctiic lam|)S aic of the 
incandescont-filamont ^•ariety: for althoujjh all tin* input ener<:y is n«»t con\erte<l 
into radiant onorj:y, still the luminou.s outjjut of a ^i'cn kiml of lamp is iou>ihl\- 
pro])ortional to the power ccmsumed. lint, in view of the im reaxin;; use (»f 
fluorescent (Sec. 3(>.()) and othei- new typos of lamp, comparisons of intensif hv 
))owor latinjis are meaningless, A 20-watt incandescent lajup y:ives 240 lumens, 
wliereas a fluort'sceut lamp of the sann* power ratin'^ j)i<)duces M)0 lunnais. 
Obviously it would be much more informati\e to rate lamps acc-ordiny; to th(*ir 
lumimms-flux output. The uroater efliciency of fluoioscont lam))s comes from 
the coineision of the jjrodominant, invisible idtia\io|et ra<liations omitted by 
t)>o ioni/od titnl “oxciterl” y:as .atoms and molecules iuto the loss em*rK(*ti<‘ ^■isible 
wavolon«:tli.s by the fluoresi'ont substatu'cs coate<l on the inner walls of tlio <lis- 
charKO tribes. 

The hnnitions effiriennj of any lijiht source is defined as tlie ratio of the total 
luminous flu.\ emitted to the radiant flux emitted, exjuessed in lumen.s per watt. 
But note that the watts liere measure the total radiation emitted, not the power 
input to the lamp. Kxperiment shows that, if some monochromatic, lifiht of 
waveh*n»:th of o.ooOA has a luminous-flux value of 1 lumen, the radiant flux is 
‘r,.--.!) = 0.01)1 ">4 watt. But because tlie relative sensitivity of the eye at n,000A 
is only 0.0, if the ladiant flux in linht of tins latter wavelength is 1 watt, the 
luminous flux is only 0.0 X 050 lumens, or 390 lumens. 

*44.3. Illuminance. The measuie of the illumination on anv surface is I’aUerl 
illutfiiiionre. If the luminous flux incident on a small area dA of the surface i.s 
<IF, the illuminance K at this spot of the surface is defined bj' 


K = 


iU’ 

dA 


(44.3) 


Illuminance is, then, the luminous flux incident on unit area of the surface. If 
there is uniffrrm illuminance fiver a finite area A produced by a total luminous 
flux F, Kq. (44.3) may be written 

F = ^ (44.4) 

The flux F may eome from any nuniber of sources and from various directions. 
Illuminance is expressed in lumens ft- (fool candles) or lumens m-' (luxes). 

If the illuminance of the element of surface dA is jiroducod liy a point source 
(Fig. 44.3), there is a simple relation between E and the intensity I of the .source in 
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tlio (lirootion of #/.l. Let 6 be the angle hetwceiuthe normal to the surface 
cleniciit ami the cli.'stance r hctucen .S and dA. The solid angle doj subtended by 
d.\ at the source is dA cos d. r-, and in this solid angle the flux dF is 



/ dA cos d 



(44.5) 


i fence 



/ cos B 



(44.6) 


Thn.^j for light from a point source the illuminance of a surface varies inversely as 
tlie scpiarc of the distance from the source and directly as the intensity of the 

source and a.s the cosine of the angle 
between the normal to the surface and 
the line connecting the surface element 
and the source. \\’)ien the surface is 
everywhere perpendicular to the light 
rays from the point source, cos B = I 
ami Kq. (44.6) becomes 



dA cos 0 


K = 


I 

p2 


(44.7) 


Fi<}. 44.3. Illurninjuu'c pnxluccd by 
point source. 


a 


If a uniform point source of luminou.s 
intensity 1 candle is at the center of a 
sphere 1 ft in radius, the illuminance 
of this .surface is 1 luinen/ft% or 1 foot 
candle. If the surrounding .spherical 
surface is of radius 1 m, its illuminance 
is I lumen/m% or 1 lu.x. Kecently our 
stamlards for good illumination have been steadily rising. We now specify 500 
lu.xes or more as desirable for sustained close work. That this is not excessive is 
indicate<l by the fact that dull daylight supplies about 1,000 luxe.s, while in direct 
sunlight the maximum illuminance is about 100,000 luxes, or 9,600 foot candles. 

*44.4. Comparison of Luminous Intensities. The comparison of the inten- 
sities of two light sources is carried out with a photometer. This is an instrument 
used to determine when two identical adjacent surfaces, each illuminated by one 
of the two sources being compared, are of the same brightness. The two sources 
to be compared are mounted at the ends of a long, graduated bar (Fig. 44.4), 
and a movable screen having a mat-white surface on both sides is placed between 
the two lamps. This screen is moved back and forth until the obsei^'er judges 
that both sides are equ.ally illuminated. Then, from Eq. (44.7), 

1 1 Ii 
X,* " 

/, 


or 


Xi 


(44.8) 
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where I , an<l I j are tlie intensities of tlie two sources in the diiection of the screcni 
and J-, an<l x- their resjjective distances from the scu-en. If one sout.e is a 


stamiard latiip of known luminous intensity at sper ihed voltaue and cun<-nt, tin; 
intensity of the otlier lamp may be found from tliis measuiement. 


There must be some optical device 
in any visual-match type of photometer 
to enable the operator to view sitnul- 
taneously the two illuminated surfaces. 
Thi.s may be done by the simile pro- 
cedure of mountin;; two mirrors at such 
inclinations that juxtapose<l images of 
the two surfaces are j)rovided: the 


Screen 



I'lo. 11.4. A bar pliotniiictiT. 


screen may be merely a sljeet of i)aper with a grease spot at its cent(‘r 
(jrcnsc-spot phoUyindcr). A better metho<l is toobserve the scieen with a I.innimr- 
Hroilhiin phoUtmdrr liead, which is ilhisfratecl in T'i^. 44."). Its elements consist 


of the screen S, a pair of ri^ht-auKled prisms /h and P., an observing telescojie T, 
and u lainuner-Brodhun “cube” C. Tlie latter consists of two i i;;ht-aniiled 



Eig. 44.5. d'he Luininer-Brodhun pho- 
tometer. 


prisms cemented to-rether, one of its 
prism.s liavinsj a desii'ii etched on its 
.surface to ^ive a field of view, as show n 
in Fij;. 44. on. The paths of tlie liuht 
raysaieindicatedin the figure. Where 
the cube is not etched, rays from J-’-i 
l)a>s throujih to the telesco])e but siu h 
rays are totally reflected at the etched 
poitions. The lays from J\ strikinji 
the etched parts are totally reflected 
info the telescope, but those rays from 
Pi inculent on the unetched parts pa.ss 
through the cube and out to the riu:ht. 
The .shaded portions of the field of 
view (Fit;. 44. .5u) receive lit;hl, then, 
only ftom one si<le of the screen A, 
while the remainder of the field of vi(‘W 
is illuminated only by light from the 
other .side of the .screen. 'Die jiro- 
cediire is to move the photometer head 
back and forth on the track between 
the two light sources until the pattern 
in the field of view disa[)pear.s, indi- 


cating equality of illumination of the 
two surfaces of the screen. This method of viewing the two surfaces of the 


screen simultaneously iiermits of rairid and precise judgment of this position. 

The shadow photometer consists merely of a rod R and a scieen (Fig. 44.6). 
The sources .Si and .S’- are adjusted in position and distance until the two shadows 
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on tlie screen tiro toucliiiiK and have equal illuininanre E. Then, if ri and rz 
are the I'cspective distances of the two sources from the screen, it follo^\s from 


Va\. (44.7) that 



(44.9) 






is the ratio of the intensities of the two sources. 

A photometer sliould be operated in a darkened room with black wallsso that no 
illumination of the screen surfaces arises fiom extraneous sources. Also, the dis- 
tances and X-: from the two sources to the screen sliould be large compared with 
the source dimen.sions, for it is assumed that the souices are effectively points. 

Such visual-match types of photometer have been rendered somewhat obsolete, 
however, by photovoltaic cells such as those described in Sec. 36.7. These are 

used in the modern foot-candle meter 
and in the photographic-exposure 
meter. The sensitive surface of the 
cell when exposed to light of appreci- 
able inten.sity generates an electric 
current large enough to actuate a mi- 
croammeter. Since the current pro- 
Fui. 44.0. Shadow photometer. duced is a function of the light 

intensity, the meter may be calibrated 
to read directly in footcamlles or luxes. Filtei-s are now available that give the 
meter practically the Siime wavelength-sensitivity characteri.stics as are possessed 
by the normal eye. 

*44.5. Intensity Comparisons Involving Color Differences. In comparing the 
inten.sities of two lamps with a visual-match photometer, diflicultics are encoun- 
tered if the light from the two sources is not of the same color. The eye cannot 
accurately judge the equality of illumination of two surfaces unless their colors 
match. Lam])s of different colors can be compared, however, with a flicker 
jihotometer, with which the observer views alternately first one side of the screen 
:md then the other. Upon increasing the frequency of alternation a value will be 
found at which the flicker due to color difference disappears but the flicker due to 
illumination differences persists. Then the screen is moved until this flicker also 


disjippears, and the intensities are compared in the usual way. 

In a spc'clrophotomcter the light from the two lamps is first dispei-sed into spectra, 
and the comparison is then made step by step, by matching always light of the 
same color. One of the beams could have passed through a specimen of colored 
transparent material, while the other beam from the same lamp by-passes the 
specimen. Comparison of the intensities of the two beams, color by color, 
enables one to draw a spectral transmission curve giring the fraction of light of 
each wavelength transmitted by the material. 

*44.6. Extended Sources. Luminance and Total Flux. Most sources of light 
may not be considered as points unless the distance to them happens to be very 
large. Consider, for example, an incandescent sheet of metal close at hand, 
the reflecting walls of the room, or the diffusely reflecting page you are reading. 
Let .1 be a small element of area of the surface, F be the total flux it emits through- 
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out tiu* ptitiro nn^jlc tif 'lir steiadians on tho one of tlio surface, dui l>e the 
solid an;^le formed by a pericil of rays 44.7), and <//■' l)e tiie jairtion of 

the total tlu.K F included in this solid ;inj;le do). If the pencil of lavs is alonjj tlie 
iKMimjl »/, the intensity /„ of this surface element in tliat direction is /„ = <IF. dw, 
while in the pencil at an an;ile 6 with the normal the intensity /« is dFo dw. Tli(> 
luoiituinre (forinei ly called “ l)ri>;htness'') of this sui fac(‘ element in any dijcction 
is de(it>e<l as the ratio of its intensity in that <liiection to the projection of the area 
.1 on a plane ])erp(aidicnlar to that dirrvtion. 'I'hns, (hmotiny; tli(‘ luminance in 
tin* direction 6 by Ho, 


lio = 


A cos 0 


(44.10) 


oj' hnniiKince is the i/itenis-itif ptr unit projrrlrfi 
area of emitting surface. 

Lambert fouml that tho luminance of a dilTuseb- 
ladijitiiif; or retlectiny: surfa<'e is practically 
indepemlcnt of tho angle from which it is ob- 
ser\’e«l. If tliat is the case. 



1$ = /,. <'os 6 


(44.11) 


l'’ic;. 44.7. 'rhe intrmsity «>f 

the surfaci* «*lcinc*nt in an\' 

* 

ilirectimi is dF </<*>. 


for then Jio = (/„ cos 0), (.1 cos $) = 1,,/A = li, a constant independent of 6. 
Lquation (44.11) is known as Lambert's cosine law. Hence an incande.scent 
sphere observed from a distance considerably larger than its radius appears to be a 
uniformly illuminated disk. The sun, being a luminous sphere, .should be an 
example of this effect: but since it is surrounded by an absorbing atmosphere 
through which light from the e<lges passes more obliquely and hence is more 
strongly absorbed, ])hotographs of tlie sun show the edges of the disk to be less 
bright than the center. 

The “ new ” candle mentioned in Sec. 44.2 is actually a unit of luminance rather 
than of luminou.s intensity. That is, the luminance of a l^lack bofly at the tem- 
perature of freezing platinum is by agreement declared to be bO new candles/crn*. 

*44.7. Worked Examples, a. A standard lamp of intensity 30 candles and an 
unknown lamp aie at ojiposite ends of a jihotometer bar 200 cm long. They 
produce ecjual illuminance on the photometei- screen when the latter is 120 cm 
from the staiulard lamp. What is the intensity of the unknown lamp? 

The illuminance of the .screen is (30 lumens/m-) (1.2)* = / '(O.^)'-' lumen.s/m-. 




X 30 candles = 13^ candles 


h. A lamp whose intensity is 100 candles is pla(*ed o m from a screen that 
reflects 75 jier cent of tlie light inciflent ujion it. If the screen is a diffuse reflec- 
tor, what is its luminance? 

The illuminance E of the screen is lOO/o® lumens/m® = 4 lumens/m®. 

Its luminance B is 0.75 X 4 candles/m® = 3 candles/m® = .‘br meter lamberts. 
(1 lambert = 1 -ir candles/cm®, 1 foot lambert = l/?r candles/ft®, 1 meter lumbert 
= l/TT candles/m®.) 
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*44.8. Summary 

Siiu'p the terminology used in this chapter tends to be burdensome, we close 
witli a r6siim6 of definitions. 

Rndiaul Jinx is i)o\ver emitted by a source and is measured in watts. 

Liiininous Jinx is a measure of tlie visual sensation. It is defined l)y Eq. (44.1) 
and measured in lumens. 

lAiininons iiitoisili/ is luminous flux per unit solid angle [Eq. (44.2)] and is meas- 
ured in candles (lumens steradian). 

Uluminmice is luminous flux per unit area incident on a surface [Ecj. (44.3)] and 
is measured in lunu’tis ft* (fo«)t <'andles) or lumens m* (lu.xes). 

Lnmiimna is the luminous intensity |M-r unit area emitted by an extended source. 
It is measnr<*d in candles ft- or candles, m*. 


PROBLEMS 

1. Calculate the illuminance on the pavement at a point directly beneath a street 
lamp of intensity 1.000 candles if the lamp is at a height of 20 ft. What is the illumi- 
nance at a poiiit on the pavement 30 ft from this sjX)!? 

2. .\ midget high-])ressure mcrcury-vajM>r lamp is n*port<‘d to have an intensity of 
-10 million candle.s. At what distance from this lamp wouM the illuminance be e(pial 
to that of )>right suidight (0,000 foot camlles)? 

3. .V floor is illuminated by four lamps of intensity 200 candles each, .spaced at the 
coriK'rs of a rectangle 20 by 30 ft and hanging at a height of 15 ft alwvc the floor. 
Compute the direct illuminance on the floor at a point equidistant from each of the 
lamps. 

4. 'I'wo lamps of 75 and 100 candles intensity, respectively, are 10 ft apart. A 
screen is plaiaal l)etween the lamps with its plane at right angles to the lino joining 
them. FimI the position of the screen where its two sides have the .same illundnance. 
Also find a po.ssible location for the screen, not between the two lamps, where the 
illintiinance of one sidcrof the screen equals that of cither side before. 

6. photojiieter bar 3 in long has a standard lamp of intensity 30 candles at one 
end. wliile at the other end is the circular, flat window of an “end-on” goseous-<lis- 
j'harge tube. ’I'he wimlow, of 2 cm diameter, with its surface normal to the bar, has a 
uniform himinance from the flu.x is.suing from the tube such that the photometer is 
balanced with the screen 1 m from tlie window. Calculate this luminance in candles/ 
cm* and in lamberts. 

6. 100-watt lamp delivers 1,200 lumens when operated at its rated power. At 
what lu'ight must this lump be suspended alwve a desk to produce an illuminance on 
tlie desk ecjua! to that of dull daylight (100 foot candles)? 

*7. Prove that for an infinitely long line source of light the iUiimmance on a parallel 
surfa<'e at a ili.stanee x is 2//jr, where I Is the intensity per unit length. 

8. A 200-candle lamp is suspended 10 ft above a sheet of white blotting paper, 
which reflects 50 per cent of the light incident on it. Calculate the illuminance on the 
blotter, as well as its luminance. 

9. To give the desirable 500 luxes of illuminance on a workbench, how high above 
it must a 200-watt lamp be placed, if the over-all efficienc}’ of the lamp is 12 lumens/ 
watt? 

10. If the full moon produces an illuminance of 0.02 lumen/ft*, at what distance 
will 8 dOO-candle lamp give the same illuminance? 



CHAPTER 45 
SPECTRA AND COLOR 


The study of tlie emitted from a self-Iuiniiujus liody or that 

refleeted from a surfaee is important from two points of view. On ilu* 
one hand, we can obtain information a])out tlie mectianism.s by whicli 
liglit is produced or absorbed; on the otliei . the analysis and clussifical ion 
of the subjective sensations of the color of tlie li^ht have many tech- 
nological applications. 

46.1. Types of Spectra. The light from any .source may be dispersed 
by means of a prism spectrograph (Sec. 43.10) or a ditVraction grating 
(Sec. 47.10) into a spectrum giving a wavelength, or frectueiicy. analysi.s 
of the light. The detailed study of various spectra lias conliibuted 
greatly to our knowleilge of the structure and dynamical liehavior of 
atoms and molecules. These studies led to tlie de\’elopment of the t|uan- 
tum theory and iiuantum mechanics, and these radically new theories 
governing the interaction of electromagnetic radiation and matter have 
in turn been instrumental in predicting and interpreting numerous 
.startling discoverie.s in atomic physics. 

Spectra may be grouped into live main classes: 

Continuous emission spectra. 

Line emis.sion spectra. 

Continuous absorption spect ra. 

lane absorption spectra. 

Hand or molecular spectra (lioth emission and alisorption). 

Note that the various classifications for absorption spectra are the 
same as for emission .spectra. 

Conlinuous emission spectra come chiefly from incandescent solids, an 
example being the light from the ordinary tungsten-lilament lamp. 
The laws governing such continuous radiation will be discussed in detail 
in Chap. 48. Most of the radiant energy produced by such sources lies 
in the infrared region and only a small part is visible light, a'he emission 
spectrum of molecular hydrogen from a lamp similar to a short neon 
sign, but filled with hydrogen gas at a few millimeters of mercurv pressure, 
however, consists in part of continuous radiation through the entire ultra- 
violet. It is well established that, upon emitting this continuous ultra- 
violet radiation, the hydrogen molecule dissociates into two hvdrogen 
atoms. Another source of continuous emission spectra in the far ultra- 
violet even to X-ray wavelengths is the light viewed “end on ” of the dis- 

fi27 
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.-liarKo of a large capacitance at a high voltage through a narrow capillary 
tube filled with gas at a low pressure. In such a discharge the current 
density may he 10,000 amp/cm-, and consequently the concentration of 
electrons and atomic ions is large. '1 hese recombine and emit energy 
as light with a continuous wavelength distribution. 

Lhie sjypclra are characteristic of electric discharges in gases at low 
current densities and of electric arcs and sparks between metallic elec- 
trodes. In the arc or spark .some of the electrode material is vaporized 
into t be discharge region so that the light comes from atoms of the metallic 
elements involved. 'I'he spectral are images of the spectrograph 

slit, which is illuminated by the light under investigation. Each fre- 
([ue’ncy or wavelength in the given sample of light is represented by its 
line image, and every element exhil)its a uni(iue set of spectral lines. For 
tins reason the spectrograph has become a valuable tool in analytical 
cliemistry. (Quantities of an impurity as small as 1 part per million may 
l)e rapidly and surely delected l)y e.xamination of the spectrum of the 
material for the most prominent lines of that element. Figuie 45.1 is a 


photograph of these prominent lines for a number of the elements. 

MiNorpfion spectra are produced by inserting gaseous or litjuid material 
into the path of the light having a continuous emission spectrum. Spec- 
tral fretpiencics characteristic of the atoms and molecules of the absorbing 
substance are ob.scrved as dark lines or bands in the bright emission 
spectrum. .\n example of this process is the dark Fraunhofer lines in the 
solar spectrum. These lines in the spectrum of sunlight originate mostly 
from absorption by the atoms in the relatively cool outer layers of the 
sun's atmosphere, but there is also absorption by the oxygen, ozone, 
water vapor, and carbon dioxide in the earth’s atmosphere. From 
comparison of wavelengths of Fraunhofer lines with atomic spectra 
produced in the laboratory at least (it) of the elements are known to exist 
in the sun. 


FJvident series of lines whose frequencies may be related by relatively 
simple formulas occur in the atomic spectra of h 3 'drogen and the alkalies 
and alkaline earths that fall in the columns on the left-hand side of the 
periodic table (Table 49.1). The .spectra of the elements in the center 
and right-hand columns of the periodic table, or the other hand, contain 
in general large numbers of lines apparently distributed at random. 
Those lines in a complex spectrum which are closely related may often 
be located by vaiying the excitation conditions in the source, changing 
the pressure of the gas, causing the light emission to occur in a strong 
magnetic field, etc. ; for such variations affect similarly the breadth, 
frequency, and intensity' of all the spectral lines in the same series. We 
shall return to the subject of regularities in the spectra of atoms and 
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Fig. 45.1. Sprrtra of several clrtiictits. 
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molecules in (’liap. 49. For the remainder of the present ciiapter Me 
shall consider tl»c (luantitative description of color. 

46.2. The Sensation of Color. U hen ne say that a prism disperses a 
beam of li^ht into all its component colors, Me are using the term “color” 
loosely. ( ’olor is actually a .sen.sory e.\perience, influenced by association, 
faligue, and sharpness of vision and by color blindness. The physicist 
often contents hims(“lf l)y measuring the luminous flux at each .small 
Mavelength interval in a given .spectrum and is Mell aMare that the eye is 
setisitive to ))ut one octav<* out of tl»e many in the complete range of 
electromagnetic radiations. Hecause the use of colored objects has 
become <*f such importance in art, in industry, and in the daiK' lives of 
all of us. hoMever. it has l>ecome necessary to develop a science of color, 
vohriuninj. For many purposes it may ))e .sufficient, or even desirable, 
to call a color “ aciuamarim*. ” “orchid.” or “apple green,” but as an aid 
to industry it is l)ecoming increasingly nece.ssarv to de.scrilie and measure 
cohir in t<‘rms of the subjecti\«* sensations. 

'I'he ear can analyze complex sounds into dilferent fre(iuencies. The 
eve, (*ven though It can deti'ct a .small dilTerence in color M’hen the dis- 
persed light comes directly from the prism, does not have the ability to 
recognize tlie component fre<{uencie.s in a synthetic c(4or. The sensation 
of yellow, for example, may l)e produced by superposing red- and green- 
colore<l lights on a Mhite screen. Despite this chanicteristic of our visual 
.sense the .science of colorimetry has developed to the point M’here it can 
ade«juat(‘ly s[)(*cify colors numerically. 

'riie aspects of the color .sensations that are to be dcacrihcd as quantita- 
tively as pfi.ssible are hn't/li/ncui!, hue, and saturalwn. The first of these 
<iualities is determin(‘d l)y the amount of luminous flux in the light. 
Descriptive of the hue and saturation of a color are the so-called dominant 
waveli iKjlh and purihj, respectiv ely. The.sc tM’o characteristics M’ill noM’ 
be consider<*d. 

46.3. Color of Reflecting Surfaces. We observe most colored objects 
by the light reflected from (heir surface.s. The color of this reflected 
light depends not only on the (M)lor of the surface but al.so on the color of 
(he light illuminating the surface. Daylight is naturally chosen as the 
standard for the illumination of colored surfaces. The color of daylight 
may be simulated rather Mell Mith a gas-filled tungsten-filament lamp 
operating at a temperature of about 2850°K and used M'ith specified 
filters. Such cah!>rated lamps and filter specifications may be obtained 
trom the Xational liureau of Standards. “Daylight” tungsten lamps 
M-ith blue-colored glass envelopes give a ([Ualitatively correct .spectral 
distribution. 

The Tvfieclancc of a surface at a M-avelength X is the fraction of the 
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inci<U‘nt ut that wavalonfitli wliich is roflactcd. This tiuctioii is 

independent t)t‘ tlie intensity of tlie li^lil. A l>ody tlnit appears wliite )>y 
daylijiht has al)out tlie same relleetaiiee for all w avelenjit lis. (Iray is 
similar to white, hut with a smaller value for the reflectance. 

The variation of the reflectance of a surface against the wavelen^:lh of 
the li^ht is obtained with a spectrophotometer. In the h(‘st type of 
automatic recording spectrophotometer a sinjrle photoel<*ct ric lube is 
used as the (hdector. The lisht from the source, after beinjj; dispiased by 
a prism, falls on a slit, which isolati's a narrow band of wavelenat hs. 'This 



100 

1 75 

W 

2 50 

O 

4 ) 

% 25 
a: 



1 


\ Oft 

IdtO 


1 

y 

— 




(a) 


100 
5 75 
50 
25 


O 

u 

c 

u 

OJ 


o 

a: 


“Yale blue’silk ^ 





\ 

/ 





0 
4000 


4000 
100 
C 75 
% 50 


X 25 
(£ 


5000 6000 7000 A 

(b) 


Gray textile 













5000 6000 7000 A 

(C) 


0 
4000 


5000 6000 7000 A 

id) 


I-’hj. - 15 . 2 . Siicctroplmtoinotric <'urvos .sliowinjj th<* n-fl<-ctHnt'<‘S throuKhoiit tlio 
visit)!** r«*Ki‘’a far .several surfaees. 

b.eam is then split into two, which are reflected, respectively, from the 
sample and from a comparison surface of majjnesium oxide. The latter 
forms an almost perfectlj' white .surface, i.e., one for which the reflectance 
is uniformly 1 for all the wavelengths of the visible spec^trum. The two 
reflected beams are then sent in rapid alternation into the phototube. 
An electronic servomechanism drives the recorder, which is actuated by 
the difference of the two reflected beams so that any fluctuations in the 
original light cancel out. 

Figures 45.2a to d are examples of reflectance curves automatically 
recorded by this instrument. Notice that all these surfaces reflect some 
light at every wavelength. The tomato’s simple red is seen to be a com- 
plex color mixture. Red, orange, and yellow objects reflect highly 
throughout the longer wavelength regions. The specimen of “Yale 
blue’’ silk exhibits higher reflectance in the violet at 4,300A and in the 
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hmI beyond (),700A than in the blue at 4.800A, although the visual 
sensation is a shade of blue. It is characteristic of the purples to show 
high violet, blue, and red reflectance with low green and yellow. The low, 
uniform refle(rtance of the gray cloth for all wavelengths is typical of 
neutral grays. 

Such photometric curves, particularly after multiplication by the 

luminosity curve (Fig. 44.1) to take account of the variation of tlie 

siMisitivitv of the eve with wavelengtli. could serve as a complete specifi- 

cation of the color stimulus. The elTective dominant wavelength, the 

[)urity, and the intensity of the.^e colors are all inherently involved in the 

data plt)tted in these curves. Two objects of identical color may have 

([uite (lifTerent spectrophotometric curves, however, and such curves 

are not used by (a)lor experts directly for color specifications. Rather, 

thev contribute the data to which the (ristimulus sysfrm of color specifi- 
% 

cation is applied. The tristiwulus coejfirients. explained in the next 
section, form a convenient and accurate .specification of color and one 
that is the same for identical colors even if their spectrophotometric 
curves an* dilTerent. 


*45.4. Addition of Colors. Tricolor Stimulus. Ry nddilive jtiirture of throe 
jirimory colojs — rod, gioen, and hluo profhico tlio widest range of colors — in proper 
pro|»)rtioris, many color sensations can he matclied. An example of color mixture 
hy addition is the suj)erposition of hoains of colored fight rendered visible because 
of scattering from smoke particles in tlie air. Where red and green beams over- 
laj), a yellow color results, while at the convergence of visible l)eums of blue, green, 
and rod light their sum is white. .Actually it is true that not every color may be 
matched hy a mixture of the three component coloi-s: but, in the event that a color 
cannot bo so matched, eithei- one (or two) of the component colors may he mixed 
witli the unknown color and then a color match may l)e made with the other two 
(oj-one) com])onent colors. Thus in the latter case it is at least po.ssihle to specify 
the unknown color by giving the amount of a component (or components) that, 
when added to it, produces a matcli with given amounts of the remaining coin- 
})onent.s. That is, any color may he expressed in terms of any three components, 
the match being expje.«i.sed by three numbers. 

Thus, 1 watt of radiant flux of any color C, is matched hy 

If 4- C 4- B 


where R is some definite flux of a primary leil and G and B are fluxes of green and 
blue primary colors. If amounts of one or two of the components must be 
added to C to produce a color match, these amounts must be considered nega- 
tive. It is possible to avoid negative, values b^' using other primaries that lie 
outside the realm of real coloi-s. These primary colors are unreal in the sense 
that they cannot be specified by spectrophotometer curves. They can, however, 
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l)e inii()Uoly (lofiiu’il hy statiiij; tin* r<'lati\-<* atuouiits of cadi otic of the priiuai-ic's 
whidi must he added to^ctlicr to mati-li any |)uic* .-.iicrfial «-oloi. 

The Internati(jnul (’tnnmission on Illuniinati<in (ICI) lia> |MC‘|)ai'cd taldcs 
that t;ivc on an ai-liitiaiy scale tlie |•('lativc amounts .V, ) , and Z ol thi(‘c sui-[i 
jirimai-y colors necessai-y to mat<-h any liix-on coloi- of <l<'finite wavdcnutli. 'I'lic 
plots of these values ronstituti* the staiuhnd cohn-mixtuK* cui-n-cs sk(‘t<-lii-<i in 
Fij'. 45.3. The.se piimari(*s ai-<* chosen so as to tnakT* )’ the luminosity- cui-\-<“ that 
was jjiven in Fij;. 44.1. Since the onli- 
natc.s uie in arbitiarv units, thev have* 

4 % 

been adjusted so that tin* .areas under 
T-adi of the three cui-\-es (tlie -V <'ui-v<* 
has a (hmble maximum) an* (upial. To 
every wavelentitli theic T'orr<‘sp<uid 
oi'dinates A’. 1', jTiid Z. whi<-h are. 
i(>spe(dively. the hei^ilits «if the thiee 
cuives at this wavehmjith. '1’lu‘se 
tliree ordinates X, Y, and Z aie callecl 
Irifiliiiiuliis cocjllivieuls. 

A spectral cohn- is thus specifical by 

the values of the tiistimulus coefficients 

and could be represented by a point 

with the.se tliiee coefticieiTts as ciiordi- 

nates. The Id components aie not wholly arbitiary; all visible coloi> can Ix' 

analvzed with them. 

% 

Since a three-dimetisional iliajjj-am would be rcTiuire*! to i'C|u-es<>nt all I'olors 
witli these ti-istimulus <‘oeffici(*nts. we tianshn-m these into so-called In'rhroimilic 
coejjicienUf x, i/, z by the e(|uations 
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X = 


X 

A' -j- y + z 


fi = 


y 

X + )• +■/ 


z 

X -y y + z 


(45.1) 


These new coefficients x, //, and z Jire not all intleiiemloTit. foi- x + n -Y z = !. 
Hence a two-dimensi«inal K>J‘P^h plotting any two of these (juantities, say x and 
for each c<ilor should serve to repiesent all the s[)eTdriim colois. Foj- examj)le, 
tlie values of the tiistimulus lajefficients for yelltTW-meen li};ht of wa^■elenJ;th 
5,50UA aie, from Fig. 45.3, 

A' = 0.450 r = 0.!)yi) Z = 0.010 
'riierefoie A' -F 1' + = 1.450, and 

0.450 „ 0.900 

^ “ 1.450 “ 0-310, »/ - - 0.()!S3 


Hence z = 1 - (x -}- i/) = 1 - 0.993 = 0.007. 

A similar calculatifUT may be made for a lai-ge number of wavelengths sjiaced 
at sufficiently dt>se intervals. Fach such jjair of x ami i/ values forms a point on 
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the curve showji in FiR. 45.4. This is tlic curve of trichromutic coefficients, or, 
Ix'tter. tlie chromutidlii (liagrain. 

The three tristimulus coefficients of any spectral color are defined as the 
amounts of the three ICI components that to^cthor match the color. A given 
color corresponds to a multiplicity of wavelengths each with its own strength as 
given by a spectrophotometer curve. IvOt/(X) be the distribution. Then the 



amount of the fii-st comixment re(|uired for the wavelength range f/X is A'/fXV/X 
and therefore the total amount X of this primary foi’ a match is 

X = ^“a7(X)(/X (45.2) 

Similarly Y = }7(X)dX and ^ (45.3) 

The three curves of Fig. 45.3 cannot be expressed analj-tically, and hence tliese 
integrations mu.st be done graphically or numerically. 

If the data for the sample of colored light come from a spectrophotometer 
reflectance curve that gives the reflectance rx at eacli wavelength and if the 
radiant flux incident on the reflecting material in this small wavelength range is 
F(X)dX, then /(X)dX = rxF(X)r/X, The distribution F(X)dX in the illuminant is 
usually that for daylight, which is well known. The tristimulus coefficients 
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ha\'int; [>c'cmi tin* tri<'lir(miatic lict <iiii( 


.V 

' “ .V + r + / 


'' A + y + / 


A + >■ 4- Z 


( 4 .-). 4 ) 


this ])ioi“ 0 (lui is «'ai'ri«>il out tor a liaylijiht n/ii/t >oiii<a‘. tlir 1 1 ifli i oiiiat ir 
(•oeffi<-i(Mlts ().3l()l. ami 'IIk' fart rliaf tla-'-r* rortiiri(‘nt>- 

ai’P oach iioatTy ctiual to ' ;t iii(li<-at(*.s that tlu* I( ‘1 pi i tnarics mi.\c<l in ahont cnual 
proportions pKuIncc «layli<iht wliitt*. I’lu* first twn of thoM- huiuIxts aic th(‘ 
coonlinates of the “white point ’ IT plotte<l in I'iu. 4.'). 4. 

All points inside the eur\’e of the rhromatirity <lianrain i<“prcsent ri’al rolors. 
.\s the points fiet neai'i*r to tlie hmimlaiy ^•n|•ve, the rolors approa<h sp<-rfial 
purity, while the closer the points are to U' tin* nearer the rolois an* to pure w hiti*. 
The X ami // coeflici(*nts of tlio standaial K'l priinari(*s are x = (), // = 0: .r = 1, 
// = 0; X = 0, // = 1 . 

*45.6. Purity and Dcminant Wavelength- 'I'he two pointsf/ ami /.‘in 4r).4 

reprc'sent a jiah* ;<r(*en ami a l»riy:ht red color. r<‘sperti\<’ly. .\il nii\tun‘s of these 
two r(»lors li<‘ on the iinef///. Also, each of these l•olors represents a dilution hv 
white of the wavelength fouml lt>- drawing; strai;iht lim-s from IT thioujih the 
points ff and U to the cinwe at o,4(H)A and ti. !()(). V. 'Die lat io of tin* distama* of a 
jjiven coloi- ))oint from IT t(j the whole distam-e from 11’ to the lioumlar>- curve, 
measured aloufr one of these sti’aight lines, is called tlu* puritna of tlu‘ color. For 
<i this ratio \V(i, Wg is * = ;iN' while, for J{, a is H7i'/ M r = ' '‘r, ., = 7(1' , . 

Tlie jinint of intcMsection with the houndary of om* of flu*.se stiaijrlit lines drawn 
from ir throujih the <-oloi- jioint is calhal its thmiimiid irnn It nijtli 

Thu.s any c-olor may hi' repr(‘sented eitlier hy its chromatic ciKdlirimits (x,//) 
oi‘ hy its ])urity a and dominant wavehmirth X... 'I'he (<7.X,i) ilesiirnation is the 
more meaningful of the twci. For the jiarticular colors represent(*d hv tlie jioints 
(i and // in Fig. 45.4 the specifications ar<‘ 


(i: X = ().2X; y = 0.4(1 
/f: X = 0..5I): y = 0.32 


a = 3S‘ , : X„ = 5.4()<).\ 
o = 70',:Xo = (I.KIO.V 


If a color is located on the houndary curve, its <t = 100', ami it is com|)letely 
j)me oi- snlurntefl. White is completely iin])ure {a = 0), or uu.snliirateii. 

When two color.s can he added to give white, they aie called roinplcmcnfory. 
C'oinplementary pure coloi-s lie at opposite ends of a straight line through the 
white point. For example, 4,K00 siiectral blue and 5,.x00 spectral yellow, as 
indicated in Fig. 4.5.4, are complementary. Ihit lines from a large segment of 
the houndary drawn through IF do not intei’sect the houndaiy a se<’ond time hut 
in.stead strike the <lotted line LM. The ti’iangular regif)n LW'M contains all the 
shades of purple and magenta. Xo coloi’s lepresented hy jjoints in this triangle 
may be obtained hy mixing white with one of the i)uie spectral colors. Inspec- 
tion of Fig. 45.4 sliows, liowever, tliat the purple P and tlie .spectrum color 5,400 
could he mixed in proper proportions to match the white light IF. Now 5.400 
is green, aiul therefore sucli a jiurple is called a minus green. These two colors 
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Mie (Mniii)leincntni y, 5,400A is tlie doiniiKint wavelength for P, and its purity is 
the ratio of H'P to the distance from H' through P to the line LAf. 

It is now possiljle to describe all real colors with this number system, including 
a miml)er giving the brightness of the color. The latter is possible because the 
1' curve in Fig. 45.3 conforms to the coloi-sensitivity curve of the eye. The 
trichromatii- coenicient )' is therefore directly proportional to the luminous flux 
in the sample of light. Actually, the values of P(X) for daylight illuminant are 
ijsually given in arbitrary units .such that, if the reflectance rx of a surface is 1 at 
all wavelengths, 

The integral Y = } X 1 X = 1 

'riuMi if the reflectance of a surface is less than unity, Y is decreased in the same 
ratio. That is, F just gives the average reflectance of the surface for the illumi- 
nant having the.se P(X) values. Thus aj^' baby-pink ’’-colored surface may now be 
listed as having Xo = G,100,ff = 10'„, Y = 50^;, while a “mny-blue” fabric has 
Xo = 4.750. cr = 20',, and F = 3',. 

'Fo obtain any color by the propei- mixing of three primaries it is obvious from 
inspection of tlie chromaticity diagram that the greatest range of coloi-s would be 
covereil by using highly .saturated led, green, and blue components. Lines con- 
necting these P, a, and P points would inclose a triangular areji, and for any color 
point (' within this area some mixture of P and O couhl be found such that B, C, 
and this BO mixture point all lie on a straight line in the chromaticity diagram. 
That means that a mixture of P and that particular RG mixture in the correct 
proportions would yield C. Put the ROB triangle could not possibly cover the 
whole area enclosed by the curve of F'ig. 45.4. The full range of printing-ink 
colors covers an area aljout the white ]>oint of only about one-cpiarter of the total 
area inshlc the boundary curve of the chromaticity diagram. 


46.6. Colors by Subtraction. Colors may also be mixed to jield new 
colors by a subtractive process. Thus blue is white minus green and red. 
The subtracted color or mixture of colors is the complementary of the 
resulting color. A'ellow, which is the mixture of red and green, is the 
complementary of blue. Thus with a set of three complementary 
filtei's — a yellow (minus blue), a red-blue (minus green), and a blue-green 
(minus red), each of which can subtract a primary from white light — a 
good range of 00101*8 can be produced by subtractive mixture. Thus, 
when yellow and blue-green are botli subtracted from white, green (minus 
blue and red) results. 

The colors obtained Avitli paints and inks result from a subtractive 
process, ^^'hite paint is a colorless, transparent liquid, such as linseed 
oil, containing suspended particles of equally transparent material, such 
as lead oxide. Those particles have an index of refraction considerably 
different from that of the licjuid base, however, and reflection of light 
occurs from their surfaces. AA'hen ordinary white light is incident on a 
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layer «•! tliis paint, .some is ivflected trom the >urlaee and tlie nanaindi'i 
penetrates. 'I'his latter p«)rti*»n is partly reflcct<‘(l ati<l partly iclracttMl 
at the particle surTaces; and since all u axa'hmjil lis art* alitmt e(|ua!l\’ 
rellected, tin* sum total of the lifiht r(‘llected hack out ol llie i)aiiit is 
wliite. 

l^ut if dyed particles are added to tlie ^\hit(• paint, sncli ])articles act 
as tiny filters. 'I’lie liy:ht- reflectet! in the paint must pass liironsih many 
of th(*se particles, whicli will sul)tract particular ctilors from the incident 
wliile litthf. If. for example, both hlu(*-jjreen and x’ellow -dyed j)aiiicl('s 
are mixed into the colork“ss paint., tlie red ainl hint* portit)ns of the white 
lifrht are sulitractetl. lea\’injj: only jtreen to he rt‘fk‘ct(*d. Of comse. sonu* 
white liyiht is reflected from the first .viu’faces. hut j^reen will predominate 
in the total reflected li^ht. 

In three-color printinj' proce.-»es tlu* pii'tneiits u>eil are th<* coinpk-iiKaitaries of 
flic red, jiieeii, and lilue primary i-olors. d'lieM' pigments slit»u|i| then lie called 
;'it‘en-i'ed (yellow), ro<l-hhio, and hlue-m<’(*n. I‘]ach of tlieni snl)ti:ict.'« one jitui 
leflects two of the primaries, tin* amount of alisothed coloi- lieinvc controlk'd hy tiu* 
concentration of the ])iKment particles in the liase. 'I'he ink layer mu>t he thin 
enonjih for the light to jia.ss through and he jeflected foun tlie white paper under- 
neath. In coloi' pi'inting, suhtractive mixtuie is ohtiiined liy planting tlie inks 
over each other in half-tone screens, each <‘olor l>eing printed hy a sejiaratc* plate. 
Six different colors, plus hhu-k, may la* j)rint<*«l on whit(; pajiei- — the three com- 
plementaiy colors minus blue, minus green, and minus re<l, ami tlie three tine 
{u'imaries, red, green, ami hlue, which an* pioduced hy suhtractive mixtur(* of the 
complementarie.s. Black is a mixture of all thiee comj)lement:iries, hut printers 
use a separate hlack-ink plate hocause the three superposed color layers do not 
ahsoih sufliciently to give a good black. 

Half-tone printing places each color on the page in tiny, closely spaced dots. 
'I'he solid colon? seen hy the eye are an additive mixture juoduced in the \ isual 
mechanism itself. The eye, being unable to •li.-'tinguish the tiny ludf-tone si-recn 
(lots, mixes the colored light that they reflect into a single color. 

PROBLEMS 

*1. lx>cat(‘ witfi the ai<l of Tig. -lo.-f the approximate pure color coinph'iiieiitary t() tlie 
hydrogen (’ line ((i,o()3.\), (he sodium D line (.7,HU3.V), and the li>-drogcn (i line 
(■i,340.\). 

*2. 'riirce coltircd ghis.sc.s It, (!, and H j)ro«hlcc light liaviiig the fcdlow iiig trichromatic 
coefficients: 


( ila.ss 

X 

1 

.’/ 

It 

o.no 

0.30 

G 

0.10 

0.70 

H ' 

0.20 

0.20 
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Copy till- rlirtMiiaf icify iliaKram, lor af<- fhosi- rf)lors. ifulirato th<- location of all 
I'olors I liat can l»c tiiatclnal hy mixtures f)f /<* ami G. ii ami G, ami U and li. .\ls<) nivo 
f h«- locat ion of c-o|ors t liat if ini\c<l with If can he mat ••lied hy a mixture of Ii and G. 
*3. Com))iite fnuii \<>ur chromaticity diagram ff)r Proh. 2 tin- dominant \va\-el(“t>Ktli 


atei purif>’ of llie three c«>|ors, 

4. W'hv is a Mock f>f ic<- I rrmsp:irent . wliile snow is fjpatjue and wliite? W hy docs a 
dark-l)lui‘ suit seem l)lack when vie\\ e<l in camlleli^'ht ? 



CHAPTER 46 
INTERFERENCE 


46.1. Wave Phenomena. Inl(‘i'l(“jcnc(*. ililViaclion, jiiul 

arc phctiDincna that can lx* (‘xplaiiicil oiilv il' liy:lil is a \\a\(' motion 
.Just as two tiaiiis of fipplcs on tlu* surfaci* of a litpiiil nia\ i).is'; llijdujili 
(“acli ot her and pioccc'd on w aid wit liout an\ ap[)arcnl cftVcl <»iM‘a( li ol lici-. 
so two lioains ot liy;lit may cross each otlu'j without niodilical ion oiua' 
tin* crossinjj is mtidc. In the r(‘j?ion of crossing;. Iiowcvit, as for all l,\|)(“s 
of wav(* motion ((’hap. 1^7), the resultant di>piaccm(‘nt at (werx |)oini 
and at every instant is the aljj;el>raic sum of the displacements of the 
medium from tlie .s(‘parate wave trains, d'lie nnxlilical ions produced 
wlien two or more lieams of lij^lit are supcrpos(*d aia* leinuxl inh rf( rcun . 
If the resultant amplitude and intensity an* less than that to he expected 
from one of the heams alone, the int<*rf(>i cnci* Is </i sfnirtirr. whih* if the 
re.stiltant intensity is jiretiter it is ronsfruclirr interf(*rence. Since lijiht 
wave.s are elect roinajinetic. the displacement in this c;i.<e means the 
instantaneous slr(‘n}£fh of the (*l<'ctiic or the majicin'l ic. fu'ld. 

If the (wo superpo.sed wave trains are in phase, (lie resulttmt (‘l(*ctric 

held is a nuiximum. Tor water waves this means tlnit crest falls on cr(“st 

tind trou^Jt un trough. If. on the other liand. the crest from one wave 

train falls on (he trou«?h from the other, the two are oat of phase and the 

r(‘sultant ilisturhance is a minimum. Hc'cause of tlu* xx'rv short wave*- 

% 

length, however, interference between two lijiht heams is not easily 
oh.served. It was first demonstrated in ISO! hv Thomas Vounji;, a 
London physician. This work pi()\’ed the ^\■a\•(* nature of light; hut. 
because of tlie great popularitx' of the corpuscular tlu*ory during tlu* 
preceding century, people generally were not convinced until the addi- 
tional evidence from Fiesnel's e.xperiments a few years later mad(* tlu* 
corpuscular tlieory untenable. 

46.2. Young’s Experiment. Young allowed sunlight to pa.'^s through 
a pinhole S and then at some distance through two pinholes *S’i and iS^ 
(Fig. -Uj.l). In tlie modern version of this experiment, narrow slits 
replace the pinholes, and the first .slit .S' is illuminated with monochro- 
matic light such as tlie yellow-orange sodium light from a flame or a 
sodium-vapor lamp. I^v Huygens’ principle the slits liecoine new sources 
from which cylindrical vave fronts, shown in Fig. 4(3.1, proceed toward 
the right. If the solid circular lines represent crests and the dashed 
circular lines troughs, at any one instant the solid lines intersecting the 
screen .-IB at Po and P 2 are the loci of point.'a of constructive interference 
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KTfst oil crest, troujrh on liou;rlil. wliile the dashed lines strikinjz; the 
screen at connect points of destructive interference (crest on troujjh). 
I’arallel interference hands or fringes alternately li^lit anil dark, such as 
those shown in Kig. are ob.served on tlie screen. 



A convenient way to perform this experiment is to use a lamp with a 
single straight vertical filament as (he source S. This is observed at a 
distance of a few feet through a pair of fine slits scratched in the emulsion 
of an undeveloped photographic [date. I'he doulile .slits, which are held 
just In front of the eye, should he 1 rnni or le.ss apart; the smaller their 



I'Kf. 4fi.2. Pliotogruph of douhlo-slit interference fringe.s. 


separation, the wider the spacing ot tlie fringes. If fii'st a red filter and 
then a green filter are placed in front of the lamp, it will l>e noticed that 
tlie red light produces wider fringes than the green. This, as we shall 
now demonstrate, arises from the longer wavelongtli of the red light. 


See. 46.21 
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The intensity of the lisht at any point i* on the .<creen (Fiy:. 4l),3i 
depends tipon the phase difYerenee l)et\\een the two waves ai livinji; at 
from the two slits. We assume tliat the .sourta* .S is e(|uidistant iVoin .S’l 
and Si so tlmt I lie light vibrations at the two slits are in t he same phase at 
any instant. If X is the wavelength, the number of wav(‘lengths in the 
distance S\P is X. Since the phase in a wave train increases by '2ir 
radians in each wave length, at an 
instant when the phase of the wave 
train is zero at S\, its phase at P is 
27r(»SiP X). Similarly the phase at 
P of the wave train from Si at the 
same instant is 2fl-(»s\.P X). The 
phase difl'erenee b between the two 
wave trains is 

2ir 



[ 




b = Y (‘S\>P - s,P) 


4n.3. 'I'hc [niHts ill V<)uiii''s 

<*xpcrimcMt . 


If P is a point of maximum intensity. 6 must be some integral multiple 
of 27r, 


27r 


or 

Hence 


5 = 2i/7r = — [SiP - SxP) 

A 


where a = 0. 1. 2 

some odd multiple of ir, or 


S-iP — .S’lP = u\ (for maxima) (40. 1) 
If th(‘ intensity at P is a minimum, 6 must be 

27r 


6 = (2n -f I ),r = ^ (*S,P - SxP) 

A 


Therefore 


S-iP — .s’lP = (n H- * 2 )^ minima) (4().2) 

In Fig. 46.3, S\C is an arc struck from P as a center with Pi3i as the 
radius. Thus. = S-iP — ^?lP; and since the distance D is \ ery large 
as compared with the distance a between slits. may be considered a 
straight line perpendicular to SiP, CS\S-i is a right triangle, and 


SiC = a sin d. 


Also, the distance PrP or x from the central bright fringe erpials 
D tan 0 = jD sin 0, since 6 is small. If P lies at the center of a bright 

fringe, then 

SiC = a sin 0 = wX 



(46.3) 
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wIhmo n = 1 for tlio first hrijiht fritijic* on cithor side of the central maxi- 
mum /< = 2 for t}i(‘ next bri'ifif fringe on either .side, and so on. Thus 
tli<> w a velonji! h of llie li^ht may l)e determined from measurement of 
tlu‘ distances .r. a, and /). 

I )et<'rmimit ions of X l)y this nuUhod yield about O.OOOOlio cm, or (),500A. 
for n-d liv:ht and O.tHHKHd cm, or l.-'iOOA. for violet lijjht. If wliite li/^lit 
is u.scd, only the central frinj^e at J\, is white, for all waveleiiKths a 
maximum with n = 0 at that [)oint. Since .r varies with X for all the 
other friiiiii's. they are colored and only a few frin‘;(‘s are observable 
because r)f ov(m lappifiir. As an exam|)le of this etVecl. let us compute 
th(‘ distance .r alDrijr the screen from /\ to the fourth maximum of 
X = b.'5t)l)A and the third foi' ()..)00A. with a = 0."> mrn and i> = 1 m. 
riien, 

I X -1.:^ X 10 * mm X 10' mm 

O.o mm 


.r = 


•> i t 

- = . 1 .-} I mm 


for the fourth violet fiinjti*, while 

3 X <).o X 10 ‘ mm X 10' mm , ,, 

^ ~ M - = 3.00 mm 

O.o mm 

for the t Idl'd red frinjie. 

It is thus apparent that alr(*ady the colored Irinjtes are bejtinninj^ to 
overlap. In order to observe a considerabh* number of fairly shari)frinf<es 
as depirKal in Imk. I0.2it ise.ssential that theli^dit be monochromatic. 

*46.3. Other Examples of Interference. Soon after VoiitiK performed his 
''\|ieiimcnt. it was tlioiif^ht hy .sonic that the hri;;lit frinnes resnited from a 

modilication of tlie li”:ht hy the edges of 
the slits. A. J. Fresnel (17S.S-1S27), 
ahout I.S15, coinincirigly demonstrated 
tlie interference hetween two light beams 
hy some novel cxiieriments. In the 
l•^•esnol douhh'-mirror experiment (Fig. 
4t>.4), light from the narrow slit .S' falls on 
two inirroi's .1/ and M', whose planes 
make a .■small angle with each otlier. In 
the region I’J*-. of tlie screen where the 
two reflected lieams overlap, interference 
tnnges arc oliserved, for the light appears to come from the two virtual sources 

S, and .S/. The explanation of the fringes i.s very similar to that of the double- 
slit experiment. 

I'lesnet also produced interference fringes with a hiprism (Fig. 4(i..5), which is 
equivalent to two prisms of veiy small angle (about I") mounted l>ase to base. 

I ho light from the slit S is deviated sliglitly, so that in the region of overlap PiP^ 


S 


s 



Fig. 16.4. Frcsn«-1 donlilo mirror. 
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on tlu‘ sciec'ii the iiuht a}>p(‘ais to conu' Iroin two virtual .'oui cc.' N,' and 
with the lesult that int('i h'K-nre Triniit*.'' aic ol)MT\'e<| in tlii> n'i:ion. 

I’laim ineaMn'eni(‘nt> on the int<‘rt'eti'nc«‘ ttiniie- ))io<luced li\- eitliei nt llie-r 
inothod.'^ tlie wa\clenyth ot‘ th(‘ liylit may Ik* <leterniinc-d. 'I'Ik* liin'i< < aie tmn-li 
hi ijllitei' tlian w ilh the ilouM(‘-.'-lit e.vperiinent hecatix* ol llie mm h wid<*r cone o| 
li'iht liansniitted (m- reliected). 

It is to Ik* noted that in all thi<‘(‘ of 
these methods of demon>ti'atinj: inti*r- 
fer(‘nee of liulit the interferin"; Ix-ams 
eonu* from a common soure(*. It is im- 
possil)le to olitain inteifer(‘m*e fringes 
fiom two separate sources, such as two 
lamp filaments sifle hy side. 'Fhe ivason 
for this is that each emitting atom in the 
soui'ce sends out pulses of li;;lit of veiy 
short duration (alxuit 10“" see): lu'uce 
the |)has(“ of th<* li^lit jumj)s eiiatically 
from pulse to j)\ilse. If tiu* litilit comes from two sources, intei lerem'e ftiuiics 
e\ist on tlie screen for smdi extr<*mely .'.liort int<*rvals hut will Ik* shiftin;' their 
p<isition (•ontinually and as a result no fiinj;es at all will Ik* ohseiAcd. Hut if 
the liijht from .s'l and S., comes from the same soun-e th(*n ))hase shifts occur 

simuUam‘ously in hotli, tlie dillerema* 
“"AFj in phas«* lK*tween any pair »tf points in 



l i>.. Hi,.V 1 n‘sncrs lnpii>iti 




d 


the tw<» soutc(*s remains constant, and 
flu* int(*rferenco fi in^jes aie stationary. 
These two soui<‘(*s aie then .saiil to he 
coh< rt nt senm.'d'. 

*46.4. The Michelson Interferome- 
ter. This instrument, in whieli inter- 
ference frinues aie produced for the 
purpose <»f makint' extiemely accuiate 
measurements of lengths and :innles, is 
shown in Tiy;. 4(».f). The plane-parallel 
plate of jilass ,l i.s “ half-silveretl ’’ on 
Its rear side: i.r., it is Kiven a silver or 
.‘duminum coatin"; of such thickness that 
about half the light incident on this 
sui face is reflected, the other lialf lieing 
transmitted. Jdght from point N of 
a source such a.s a sodium flame falls on 
this surfac'C and is in part reflected to the 
minor d/i and in part transmitted to the minor From these miiiois the 

light is reflected back and into the eye as .shown. Since the light in traveling 
the path .-I to .l/i and hack passes through the plate .1 three times, the similai- 
hut unsilverecl plate li is usually inti'otluced into the other path to render the 
two paths in glass the same. Without this compensating plate li, fringes w ould 



Fin. 46.0. The Michelson interferom- 
eter. 
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lx* |)to<luco<l 1)V intorferiMice lioivvooii tlio beam.'s that have travelofl the 
two patiK |n-ovi(lo([ that tlie li-rht numorhroinatic. Witli wliitc liKlit, liouever, 
no lrinn<'> will Im‘ .'cen if tlie <litTerence hctwcen the two patlis cxceod.s a few wavc- 
lenufh>. If Ml :in«l -Uj are e.\ac-tly perpeinlienlar to each <itlier and at 4")® with 
plate .1. and if tlie di'tan<-e> frotii tl»e hark surface of .1 to tlie two minors are 
exaetiv e<|ual. tlie eye sees Mi direetly and a reflected imaKO of .1/:; sujieriiosed. 
d hcK* is then no inf eiferenra* t»etwe(*n the two beams. 

If now l/i is nio\cd nonnallv to its surface* a flistam e X 4, the rav that travels 
this path lia-N i:one X 2 farth<‘t than tlie ray in the other path when they combine 
to enter the eyi*. 'I'his path dilYeience means a i)lia<(‘ difVeience <»f7r rarlians, and 
hence d4‘'tructi\e intei tcrence in the c(‘nter of tlie field of \iew. ]-’urther move- 
ment of Ml liy :in amount X 4 icstores the liulit. Ther(‘fme, by slowly rlisplacliifi 
.1 / 1 and <-onnf inu the number .V of times the li^ht reaches a maximum, the distance 
'/ throii^di which M\ lias been moved is niven by 


rhi> 'listaiice ma>’ be mea<uier| to a frai-tion of a wavelentrth of the lij;ht. 

'I'he interlerence heie is between the rays r<*flected from the two si<les of tin* 
“air him " b(‘t w een .l/i ami the iina;;e of .1/j in .1. When the rays at the center 
of the field of vi(“w show zero phase difT<*rem-e, other I’ays will in jjeneral lujt be in 
phase ami th<‘ie will be <ircnlai- frinjjes about the central part. 'I'hese frin{;es 
chanii(* ill diaim*tei as Mi is mo^•e<l. If Mi and .I/-.- are not ([uite pei jiendicular 
to each other, the ait film is wedr't'-shaprxl ami the fringes are still circular’ but 
\ ery eccentric. A.s .1/| is inoveil, one counts the number of cur ved fringes that 
pass any point in the fiehl of view. 

With this inter'feroin(‘ter Michelson measure<l the length of the standard meter 
in I’aris in terms of the w ;i\elengtli of the rral sjK-ctrum line emitted by a carl- 
miiim-\ :ij)oi' lamp. 'Fire linrd mean result of his and lat<*r measuixunents is 

1 m = l..V>;i.Hi4.1X or X = tl.43N.4:)<)(i.4 

'Fire accuracy of this result is abmrt 1 part in 2 million. Since such spectral wave- 
lengths are probably the most permanent rrml unchairgeable standards of length 
that it is possible to obtain, th(* stamlard meter could now be accurately r-epro- 
tluced if (wer destrrryed. With an inter ferometer of this type, numerous otlier 
\er'y jiiecise measurements may be carried out. 

46.5. Interference in Thin Films. Ileautilul color effects are caused 
by iuteilVr(“irce resulting from multi[)le reflections of white light between 
the two surfaces of a tlrin transparent film. Common examples are the 
colors ot thin hlms ot oil on water, and of soap bubbles. We shall 
examine ibis type ot iirterferenee phenomenon in some detail for the case 
of refieclinn of monoclu-omatic light from a film with plane-parallel sides. 
F iginr* 4(>.7 illustrates the multiple reflections that may occur when a ray 
of light is incirlent on such a film. At .4 this ray is partly reflected and 
partly retracted. At B the refracted ray is in part reflected back to the 
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top surface and in part refracted out of the film. At C a portion is 
refracted to form ray 2, and the r<-main(ler is refracted to J). Tlie 
repetition of this process produces a s(‘t of parallel rays on each side of 
the film, l>ut Nvith the intc'iisity deer<‘asinji rapiilly fiom one ray to the 
next in each set. II tin* s(>t »)f parallel reflected rays is })roUKht to a focu.'> 
by a lens, the phase relations between the rays, wliich ha\e all traveled 
ditYerent <li.stances, determine whetlier tlane is constructive* or destruci ivc* 
interference at P. 

To find this phase dilTerence we must calculate* tlie elilYe*re*ne'e* in aptiral 
path for two stice*(\ssivc ray.s, such as I and 2. The e)ptical patli of a 

P 



raj’’ of length I in a me»dium of iiulex n is defined as the product nl. It 
is the distane;c in air containing the same number of wavelengths as 
the actual gee)me‘trical path in tlie medium. In Fig. -lb. 8 we let d be the 
thickness e)l the film, n its index of refractiem. and X the wavelength of the 
light. If CG is perpendicular to ray 1, the optical paths from C and G to 
the focus of the lens are otiual. Wliile ray 1 travels tlie path AG in the 
upper medium of index n', ray 2 follows the path ABC in the film. 
The difference A in these optical paths is given bv 


A = n(AB + BC) - n'(AG) 

= n{EC) - n'iAG) 

= n{EF A- EC) ~ n\AG) 

AG _ sin i _ n 
FC sin r n' 

Hence nFC = n'AG 

Therefore. A = n{EF) = n(2d cos r) (46.4) 
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It inijiht 1)0 oxpoolod tliat. if (In^ path (lifToronce is an intosral nuinhcr 
of wavolonjitlis. rays 1 and 2 would ho in phaso and licuioo would intorfero 
constriH-tivoly. Hut ray 1 is refloolod at a doii.'jor medium and hence 
und('r-roos a phase ehan; 4 e of tt (Sec. 37.12). Hay 2. however, is reflected 
from a less dense medium, so that no phase change oceui*s. Hence the 
r(‘latiun 

2ad cos r = X\ (minima) (40.5) 


wliere .V = 0, 1,2, 





i 

fP 

I'tc. Mi.U. IiUrrforcTico friiiu* 
fioni \\ (‘ilu(‘-.'^li:i|>4’cl film. 


, is the condition for flr.sfnictivr interference of 
rays 1 and 2. 

Hecause the distances and angles are 

the .same, Im). (4(1.4) also gives the path 

dilTei‘(‘ncc hetween !‘avs 3 and 2 and l)c*- 

• 

tween all succeeding pairs of reflected 
rays. Hut foi* all these rays the reflection 
is from a le.ss dense medium, as for ray 2, 
and henc(^ rays 3, 4, . . . are in pha.se 
with ray 2 and out of phase with ray 1. 
For the minima of intensity given by .Eq. 
(4(1.5) it can be shown that complete 
darkness results. Although ray 2 is le.ss 
intense than ray 1, the addition of rays 3, 
4.5. , . . , whicli are all in pha.><e with ray 


2. is just suflicient to make up the tIilTerence. On the other hand, if 


2/a/ cos /■ = (.V + ' 2 !^ (maxima) (40.(1) 


rays I and 2 should be in phase but 3 is out of phase with 2, 4 is out of 
|)hase witli 3. etc. Since ray 2 is more intense than 3. 4. 5, ... . these 
pairs cannot cancel each other and their net effect combined with the 
.strongest ray 1 is to give a maximum of intensity. Since color is a func- 
tion of the wavelengtfi X and since all wavelengths are present in white 
light, K(i. (40.(1) show.s that white-light interference fringes should 
exhibit a considerable variety of colors from violet to red. For a 
particular path difference, some color is always missing by destructive 
interference. Therefore the color observed is the result of a subtractive 


pi'ocess. 

If the two plane surfaces of the film make a small angle with each other 
(Fig. 4(1.9), the interfering rays entering the eye appear to diverge from a 
point near the film. The fringes then are similar to those seen in the 
Michelson interferometer ^^•hen its two mirrors are not exactly perpendic- 
ular to each other. The fringes, which appear to be formed in the film 
itself, are practically .straight and parallel to the thin edge of the wedge- 
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shap(‘<l (ilm. Then the path dilTerenee Tor any j)air oT lay.'^ is })r;uM ically 
the same as that ‘riven l>y Ia[. (4(5.4); and if oiu* oh.^^erves cIom- to llie 
normal to the film, eos r is approximately 1, .so that Tor hiiy;ht Triii>-es 


2,ul = (X -f i.,)X 


(4(5. ()'l 


From one frinjre to the next. .V incieases hy I, and lum.-e the optical 
thickness nd of ihe film ehanjres hv X ^2. 

Tliese thin-film frinjres are easily ol)tain(*d hy takin-r two pie<-es of 
ordinary plate jrlass placed together with a sliip of j)apcr Ix'tween them 
at one edge. The film is thus of air with // = I . If a .sodium flanu* is 
then viewed as in Fig. 4(5.9, orang(‘-yellow fring(‘.s are cleaily .seen. It is 
essential that the film he tldn and that the .source he hroa^l if an extended 
system of fringes is to he seen. 

Such fringes are u.sed in testing optical stirfaces for i)lanen(‘ss. If the 
surlace being polislied is placed in contact with a surface known to h<‘ 
flat, the air film hetween the. two viewed in monochromatic light will 
exhibit fringes of irregular shape if (he new surface is not fiat. A given 
fringe, ijeing characterized by a particular value of .V. in l-ai. ( Kl.ti). will 
follow those parts of (he film where </ is constant. Thus the fringes form 
conlonr linr.s, .showing (lie hills and valleys of (lie uneven surface. Since 
for this film a = I. (he interval hetween contours is d = X 2. Wlien, 
after c<uitinued [)olishing of the high spots, this test >h()ws (he fi-inges to 
he straight, the new surface is also known to he opticallv flat. 

46.6. Newton’s Rings. Newton described in his “Opticks” an experi- 
ment in which he [)laced the con\'(‘x side of a pla no-con \’e.\ lens of long 
locus against a fiat gla.ss .surface and observed, in tlu* light reflected from 
the air film, colored rings conceiitrie about the point of contact. He per- 
foruK'd thus a striking demonstration ol the inlerter{*n(*e of light, hut la* 
nevertheles.s continued to advocate the corpu.scular theory.' If mono- 
chromatic light is u.s(‘d, many .sharp fringes are .seen both in reflected and 
transmitted light. 1‘igure 4(5.10 is a photographic reproduction of these* 
rings in reflection (eye at A’, in Fig. 4(5.11) witli monochromatic liglit. 
7 he rifufs are loci of equal pafh difference in (he air film. If white* light is 
employed, only a few of the circular fringes are observed, all highly 
colored except for tlie central spot, which is black in tlie reflected light. 
Colored rings are likewise observed in the transmitted liglit (eye at A\ 
in Fig. 4(5.1 1), but (hey are not so brilliant as those due to reflecled light 
because of an admixture of unmodified wliitc liglit. The colors in the 

* III hi.s iliscu.ssion of this expcriiiiont Xcwtoii came <4ose to the wave hypothesis 
when he wrote about tlie ‘Hots of easy Heflection,” (he “Fits of ea.<?y Tran.smission.’’ 
and th<‘ “ Interval of its bits,” referring to tin* multiple reflections and rofrsK’tions of a 
riy at the two surfai'cs. 
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two sets of rinfis are complementary, for at a given point the color in the 
transmitted liglit is white minus tlie color most strongly reinforced in 

t the reflected light at that same point. 

To derive the relation between the 
radius r of a ring, X, and the radius of 
curvature H of the convex surface, 
consider the arrangement of Fig. 
r/\ 40.11. The thickne.ss d of the air film 

^ I / at a distance r from the point of con- 

\ ^ sagiita (Sec. 40.7) of the 

”^^7^ ixTc AB. Then 


2R - d 

but this may be written 


Fio. 46.11. Tlu* formation of 'Kew- 
ton’s rings. 


(46.7) 


since d is but a small fraction of a millimeter, while R is of the order of 


Fig. 46.10. Xcuion’s rings in roflcctocl light. 
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1 !H. A bright iTingo will be observed at it. aeeonling to Jm). ( HKt)!. 

“211(1 = (A -b * i> 

for again cos r = 1 since we observe close to the noiinal to the film 
Substituting this value of d in Kq. (-bi-T), we find 


or 


(-V + 

2n 2R 

R{N + j ‘>f ^ 


,.2 = 


/< 


(bright rings) (-11). S 


For the dark fringes, from K<j. (lb. 5), 


r2 = 


RN\ 


n 


(dark ring.s) 


(40.5)) 


The index n is closely 1 for air, and hence it is noccs.sary only to measure 
r and R in order to calculate X. Since there w ill be some distortion of the 
surfaces at the point of contact, it is better to measure two>. iii. say r.s 
of the daik ring A' and rs + , of the dark ring X + s. T1 ^rom I'ki. 
(40.9) with n = 1, 


r.K+r - r.v2 = R{X + s)\ - RX\ = Rs\ 


Hence 


^ /^7 ~ 


(40.10) 


If it were not for the relative pliasc change of tt radians ))etween rays 
reflected from the upper and lower surfaces of the air film, the central 
spot of the reflected Newton ring system would be bright rather than 
black. For, at the central contact point, d = 0; and hence, without this 
phase change, the rays reflected from the two surfaces would interfere 
constructively. Tlie central spot in tlie transmitted system is bright. 

*46.7. Nonreflecting Films. An important modern ai)])lieati()n of tliis phe- 
nomenon of interference is the coating of optical surfaces w'ith nonieflecting films. 
This serves, for example, to retluce the loss of light hy reflections in multisurface 
optical systems. A thin layer of transparent material of index intermediate 
between that of air and glass is deposited on the glass surface (Fig. 4G.12). Since 
at both the top and bottom suj-faces of the film tlie reflection is from a denser 
medium, the same i)hase change of tt radians occure at Ijoth reflections. But if 
the optical film thickness nd is niade just one-quailer wavelength, then for normal 
incidence rays 1 and 2 will be exactly tt radians out of phase with each other and 
therefore destructive uiteiference between them results. Since tlie nonreflecting 
film can have the correct thiclaiess for one wavelength only, a wavelengtli in the 
yellow-green where tlie eye has its inaximuni sensitivity is chosen. Some reflec- 
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tion then occur? for both longer :>nrl shorter wavelengths, and lienee tlie slisht 
residual reflected li-ht has a jnirple hue when white lit;ht is incident. 

This treatment of lens and prism surfaces reduces the loss of light by reflection 
at each surface from 4 or 5 per cent to a fraction of 1 per cent. When there are 
many air-glass surface? in succession, a.? in range fimlers, jwriscopes, and fa.st 
camera lenses, it is now common practice to place such films on all surfaces to 
decrease light los.s. Also, glare <lue to reflections from the lens surfaces is so 



interference. 


reduced by this coating jirocess that idiotographs may then he taken with the 
camera jiointed almost directly into the sun. 


PROBLEMS 


1. If sodium light of wavelength 5,8‘»3A falls on a double slit of separation 0.2 inm, 
what will he the distance between successive interference fringes on u screen 1 m away? 

2. Interference fringes fomicrl on a s«Tcen 150 cm from a double slit of separation 
0.5 mm arc measured to be 1.5 nim apart. ( nleulatc the wavelength of the light. 


Wli.'it is its color? 

3. In moving the mirror .V, of a Michelsoii uiterferometer a distance of 0.5 mm, 
1,010 fringes are counted, f ‘alculato the wavelength of the light, and state its color. 

4. .\ wedge-shaped air film is formed by slipi>ing a strip of j>apcrat one e<lge between 
two .slabs of plate glass. Interference fringes are produced with sodium light X 5,803A 
and are viewed normally to the surface. If there are 10 fringes per centimeter, calcu- 
late the angle of the wedge. 

6. If in a set of Xewton’s rings the tenth bright ring for sodium light X 5,893A is 
18 mm in <Hanieter, what is the radius of <'urvature of the surface of the plano-convex 
lens? Take a = 1 for air. 

6. In a Newton-ring experiment, li for the lens was 733 cm, the radius of tlie .Yth 
dark ring was 4 mni, and that of the (.V -j- 5)th dark ring was 6 mm. C'alculate the 
wavelength of the light used and the rittg munher .V. 

7. The air film in a crack in glas.s may he extremely thin, ^^’ill it then appear 
bright or dark by reflc<'ted light? Why? What will be the appearance of a very thin 
(d « X) liqviid film (fi) in air, (h) between two gla.ss surfaces? Why? 

8. The surfaces of a glass lens of index 1.50 are made nonreflecting by coating with 
a thin layer of material of index 1.22. Calculate the correct thickness of the layer for 
X = o,500.\. \Miat is the phase difference between light reflected normally from the 
first and second surfaces of the layer, if (a) X ** 4,000.\ and (6) X = 7,000.\? 



CHAPTER 47 
DIFFRACTION 


47.1. Diffraction Patterns. W lien lililit i)ass(*s throu^ii a small opf'iiin;!: 

or l)y tlic odne of an ol).stacl<* and tlion falls on a sciccri, it is found llial 

some of the lifjht has l>oen deviafeil into the rejjion of the geometrical 

sliadcnv. We have alrea<ly inHed that tliis plienoinenon of ih'Jfraction is 

to be expected according to Huyjjens’ principle. In the j)resent chapter 

we shall study in some <letail tlie ih'ijraclion pofltriin, or dist ribut ion.s of 

lifjht inten.sity on the screen. When tin* wave fronts are limilt'd bv a 

* 

narrow slit or a straijilit edtre, di'lraeticm bands an* ol>served on the 
.screen, or, if the wave front is cut off l>y a round liole or obstaeh*. 
circular, alternately dark and l>ri‘>:l>t rin^s occur in the patl(‘rns. d'lu'se 

ditTraction effects residt from interference of all the secondarv wave 

% 

trains arising at every point in tlu* wave fronts wlien* tlu'se pass throtigh 
the ap(*rture. Tiieir .study contributes not only to our knowledge of 
the nature of liglit but also to an un<lerstanding of tlic functioning of 
optical instruments. Tlie images formefl by a telescope or microscope, 
for example, are diffraction patterns, for tlie o])jecfive lens is a limiting 
aperture. 

Tt is con\’enient tr> di\’ido diffraction p!H‘nom<*na into two groups. (1) 
those in wliiel) l>oth the source i)f light and the screen are effectively at an 
infinite distance from tlie diffracting aperture and (2) those in whieli the 
sour(?e or the screen or both are at finit(* distan<*es from the apei'lure. 
The fii*st group is called Fraunhofer diffrarfion, while the secoml is known 
as FreioteJ (Jiffraction. Fraunhofer diffraction is easily arranged experi- 
mentally by using one lens to render the light incident on the aperture 
plane-parallel and another lens to focus the light from the apertur(> onto 
the .screen. This type is also simpler to treat theoretically. To ob.serve 
Fre.snel diffraction, only a small source, the diffracting ob.stacle. and a 
screen are needed, but the fact that the light is divergent makes the 
theoretical treatment more difficult. We .shall limit our discussion to a 
few' of the simpler cases of diffraction. 

*47.2. Fresnel’s Half-period Zones. In Fig. 47.1, AH repiesents an instiin- 
taneons section of a plane wave of monochromatic light traveling toward the 
fight. We wish to find the resultant effect at P of all the .«e<’onda:y wavelets 
originating at even,' point in the present i>osition of the wave. .\s a useful 
.approximation we divifle the wave front into a number of zones of finite area in 
tlie following manner: circles of radii r\, r-:, r-r, . . . , are described about O, so 
that cacli circle is half a w’avelength fartlier from P. If the distance OP = R, 
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tlic circles aie at distances /i* + X, 2, It + -X/ 2, U + 3X/2, + hX/ 2 

from The areas hetwecn successive circles are called half-period zoiien. 
Since eacli zone is on the averafie X 2 farther from I* tl»an the one just inside it, 
the sci-oiulary wavelets enuinating from successive zones arrive at P witli an 
average phase difference of tt. 




( 6 ) 

Fio. 17.1. Half-period zones constructed on plane wave front AB. 

'I'lic areas of all the zones arc appro.ximately equal. Tor in two successive 
rigid triangles of Fig. 47. lo, 

r»= + «==(/? + y)' 

,u..l + /?' = [ /^ + " 

These two relations yield, for the aieas of tlie circles of radii r„ and r„_i, 

7rr„2 = TT -H “ wR- 

(« - DXd* 




Squaring the terms in brackets and subtracting the second of the.se equations 
from the first give for the area of the zone 


7rr„- — 7rr„_,2 = tt^X + tt 


(« - ‘,)X2 


(47.1) 


If R is large compared with the wavelength X, as it is for all the cases we shall 
discu.ss, the term in X- may be neglected. Hence 

Area of aiu' zone = irR\ (47.2) 

Because of this equality of the areas the amplitudes of the secondary wave trains 
contributed by eacli zone to P are very nearlj'^ equal. 
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Denote by «i, «3, . . . , the niuplitiKlo.-i at the point /’ of the dUturbaiu es 

from suece.<.<ive zones. These Jiinphtudes .'^lowly diminish with im-i (‘asint: radius 
of the zone because of the incieasinjj; obli<jinty and becau.<e of tin* inn(*asiiiir 
ilistance from the zone to I*. The latt»‘r etVect is j\ist coimtei balainaMi bv the 
slight increase in zone aiea with n. Furtliermoio tlie>- alteiiiatr* in st<;n, since 
(•hiinsinj; the pliase l>y tt means reversin;! the direction of the amplitude. (We ate 
here usiiiK ampiitndi- as synonymous with maximum <lisplacenient that aitcM nates 
in si^n, whereas, in our previous «!iscussions of wave motions, amplitude has 
denoted just the ma;rnitude of the maximum disi)laceme?it.) Thereloie the 
resultant amplitude .1 at P may be written as the sum 


.1 = «i — + rfs — + Us 


(-1 


(47.:i) 


Taking; n to be o«ld. ami usijin a ]nocef[ure first em|)loyed liy Lord UayleiKli 
(1.S42-1010), we may evaluate this .series by jjroupini; its terms in the following 
two forms: 


. . . j :• 

^ •> 


• • • - - 2 — I- " 


, , /(h U3\ , /03 , Us\ , 

" 2 ( 2 2) + 2 ) 

, "i! , •h\ . (l:\ 

or ^ — «i — — — — «3 + -:y\ — y-y — (ih 4- ,yj — 

Since the amplitudes u,, ti.-, . . . denea.se slowly at fir.st, tlien more rai)idly. 
each amplitude is ureater than the arithmetic mean of the pre<-ediim ami follow- 
ing am])litudos. Therefore the quantities in parentheses in the above e(|uations 
are all negative, ami conse<|uently 

■9 4- ■:> > > u, — — I- On 


liut oi very neaiTy equals uj, ami u,._i \ ery nearly ecpials o 




Hence 


oj , ^ j. 

2-1-2 = •■^ = 2“'‘2 


(47.4) 


The same result is obtained if n is even. Therefore the resultant amplitude at P 
due to n zones is half the sum of the ami)litmles prorluced by the first and last 
zones. If the wave front i.s tiot obstructe<l, n api)r<;aches infinity, a„ becomes 
negligible, and A = rq 2. That i.s, the amplitiule at P due to the whole wave of 
infinite extent is onbj half of that which woulil be produced by the first zone acting 
alone. Although every point on the large wave front sends out secondary waves 
in all directiojis, almo.st all these waves annul each othej- by interfeience. Since 
the energy transported by a wave rlisturbance ])er square centimeter per second, 
or the intensit}', is jjroportional to the .square of the amplitude, just as in acoustics 
(Sec. 3S.4), the intensity of the light at P is then only one-fourth that which 
w’ould be ju'oduced by the central zone acting alone. 

*47-3. Fresnel Diffraction by a Circular Aperture. Suppo.se that a diaphragm 
with a small circular opening at 0 (Fig. 47.2) blocks off the w’ave. We are 
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In tli(‘ ctYcrt r.l tlio ojMMnim on the intensity. If tlic apoitnre lia.s a 
ia<rm^ /'i jnst (Mtual to that of the lir.-t lia!f-i)(Mio«{ zone, the ami)litiulo at 7' will ho 
j III, or twice the ani])litii‘le from tin- entire 

unoh^ti netetl wave. If now the radius 
of tlie <i|iejnn^ i.'^ itiereased until it includes 
P tln‘ fii>t two zones, the ainplitmle at P falls 

* to ii\ — 11 :, ot prattieally zero. 'Dius iii- 

_ — ert'asin;: tin* stza* of tlu? oj)eninii ilcrrcases 

^ the intetisity of tlic liy:!it at I*. Furthej- 

inerc'ase in r cause.s the intensity at I* to 

to 

))ass ihrou-rh ma.xima and minima when the 
jiumlier of zones included is, lespectlvely, 
*■ /> odd or e\ en, 

1 -1'.. 17.2. !■ fi-sii.I dillraftioii l.y a moved continuously alotif; tlie 

rin iilrir a|;ritiir>'. toward or away from the openinj', 

th<‘ iiiten>itv at /’ alfern.ates throuijh maxima and minima. This alteration 
in fli<* distance to tlie screen chanj;es the size of the zones; for if originally 
I'C - l'(t ill l i;^. -17.2 is X-2, mo\-intr P tow.ard the apertuie first increases tins 
path dilVerema- to 2 \ 2 (two zones inchnled), then to 2 (three zimes), etc. 
.\Ia.\ima and minima thus occur alonii th(“ axis of the apertiue. Tliis emphasizes 
the point that the mimher and size> of tlie zones in a uiven limitin;? aperture are 
not lixetl hut ilepcmd upon the <li>tanc(* to the ohs«*r\'lnj; jioint. 

'riie theory of the int<*nsit\' \ariations for ohservinn points off the axis is too 
ciimph'X to he included h(*r(*. .V det;til(*d treatnuMit slu>ws that tin* point I* is 
suiroundeil hy a system of circular dilTiaetion friiifies. 'rh(‘se may he ohseiwed 
on a sci(*eM or i)hotoy:iai>hed at some distance hehirnl circular holes of different 



Fio. 47.3. I'’resnel diffraction hy circular openitifr.s exposiiiR one to seven zones. 

sizes illuminated hy inoinx'hrom.atic li;;lit fi'om a distant iroint s<nirce. The 
ai>i)eaiance of these jiatterns as the holes expose one. two, . . . seven zones is 
sketched in Fifj. 47.'5. Note the alternation of the center of the pattern from 
hrii;ht to dark. Some liy:ht also reaches the screen in the region of the geometrical 
shallow, hut this ([uickly ilrops to jiractieally zero inten.sity with increasing 
distance from the axis. 

*47.4. Diffraction by a Circular Obstacle. If the circular apei ture is replaced 
hy a circular disk so that a few half-period zones as vfewed fi’om P are covered, 
the method of Fresnel leads to the eom'lusion that there shouhl he a bright spot 
in the center of the shadow. For suppose that the ilisk ohstruets the first three 
zones. Tlien tlie resultant amplitude at P will he .1 = r /4 — 05 -h «« — 4- 
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. . . =o, 2 ncaily. a> 111 ' slmw ii by :in >iiiiil;ii to tliat loadinii to i;(j. 

« 1*1 o 1. 0| iliOVrs \*(m\' 

little fi'oin fi\, ( 1m* ill tensity tit the <*«‘iitei* ol t li(‘ >lia<l<i\\ will lir imvu I\ i iit(‘n.'*(' as 

* 

if tlu‘ disk \s«*rc ioiiuivimI. Ibis liolds oiil\' lot a jioiiit on tlic axis. iio\\(‘\(*t, 
wiiilc oiT tlu' axis the intensity is ^tnall. uitli faint conrenttir titles .-liouiii” if the 
obstacle is small. The complete an.ilysis of this dilYtaction pattern ^llo\\>^ that 
there should also be bright circulai frin;ies Munmndin;' tlie shadow of the tlisk. 



I'in. 47.4. Shadow of a small steel ball. Note the spot of lijilit at tlic center. 


'I’his dilTiactitni pattern nmy be t>bserved by examinitij; the sha<low cast by a 
.small ball l»earin«i mounted in the parallel beam from an arc li;;ht. It is well (o 
use a nia^?nilier in order to .see clearly all the <letails of the i)attern. Fif^ure 47.4 
is a photoj^raph of this interesting tliffiaetion effect. 


47.6. Diffraction by a Single Slit. Tlie Fresnel difVraction prucluced by 
an aperture in tlie form of a slit may be studied by using the tievice (jf 
di\’iding tlie wave surface in the plane of tlu; ojiening into strip zone.s. 
The diffraction pattern on the screen con.si.sts of alternate briglit and 
dark bands, and tlie center of the pattern may be either bright or dark. 
As the slit becomes narrower, or the screen more distant, a situation will 
be reached where the opening is less than two zones in width. Then it is 
nece.ssary to divide tlie opening into infinitesimal elements, for the 
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approximatif)!! of summiiif^ the eoiitributions from a number of Fresnel 
zones is valid onlv if several zones are involved. The resultant amplitude 
at any point on' the sereen is obtained by integration over the contri- 
butions of all the infinitesimal elements in the opening. If the distance 
to the sereen as compared with the width of the slit is great enough to 
make this method necessary, the lines from these elements to any point 
on the screen may all be considered parallel and hence the problem is 
one of Fraunhofer diffraction. The introduction of a lens to bring the 
diffracted light to a focus in a shorter distance introduces no fundamental 


modification. 

Figure 47.5 represents in .section a .slit of width a, illuminated by parallel 
litslil"rmm the left. I.et the strip element of the wave front in the plane 



Fig. 47.5. Fraimliofor <liffrartion by a single slit. 


of the slit be ds at a distance s from tlie origin 0 at the center of the slit. 
The amplitudes of all the wave trains reaching P will be proportional to 
the widths (Is of the elements from which they originate. All other 
factors affecting the amplitudes will be essentially the same for all 
elements, aiul so we shall repi’csent all these factors by the single symbol 
A. C’onsider first tlie secondary wave train emitted by an element ds 
situated at the origin. We may represent the instantaneous displace- 
ment at P produced by such waves at some time t by 


A ds sin 27r// 


or simply A ds sin tp, since for tliis integration over all slit elements, t may 
be considered a constant. 

For an element at a distance s above 0 the wave travels a lesser distance 
.s sin 0. so that its phase at P will differ from that of the wave from the 
central element by 27r(s sin B) \. The displacement produced at P by 
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this ^\'a\•e is tiieroTore 


.1 (As- sin — 27r 


To obtain the resultant (lisplaeeinent at P I'loni all elements, we intejrrate 
tliis expression over tlie width ot' tlie slit. It we set 4 = (tt X) <i >in H. 
this inle'^ral is 

f ») ,/.v = - 2 ;; 


( , .-in iA . 

I'" ^ r’ 


in ^ (l/.T) 


A strong central maximum comes at Po, whtae all the seeomlarv wave 

% 

trains arrive in pliase. For this point 0 and #3 are zero, and sin ,3 d = 1 
for d = 0. because sin d = d in the limit usd— »0. The eoeflieient of 
sin s? is a measure of the rehitive 
ain[>iitude at every point on tlie 
screen. The relative intensities / 

(ratio of the inten.sity at any angle 
d to that at Pq) are then given 
by 


/ = 


sin* d 
d^ 


(-17.0) 



I'm. 47Jk !iit<ai>ity distrilxition for 
Fraunljofrr ion <»f a slit. 


Note that the (luantity d on(»-hall the phase difference in rarlians 
between the contributions from the edges of the slit. Figure 47.0 is a 
plot oi sin- d d’ vs. d- From tlu* principal ina.rimnm tin* intensity falls 
to zero at d = ±7r. There are seveial secondary maxima, with e(pially 
spaced points of zero inten.sity at d = ±2^, ±37r, etc. The secondary 
maxima do not fall e.xactly halfway between these minima but are di.s- 
placed toward the center by an amount that decreases with increasing d- 
The principal maximum has double the width of the secondary maxima. 
The relative intensities may be calctilatcd closely by finding the values of 

sin-d d" at the halfway positions wliere d = Stt '2, Stt 2, 77r.2 

This gives 1 ''22.2. I 01.7, 1/121, . . , of the intensity of the principal 
maximum. For the first minimum, X = a sin d\ \ and since in practice 6 
is small, the angle 0\ is given by 


a 


(47.7) 


If a lens is used close to the slit, the slit-screen distance is the focal length 
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/■ of tlic and tlicn the linear distance 
the ••screen is 



a 


(I l)et\veen successive rninirna on 


(d7.8) 


Since the width of the pattern is proportional to X. for red lisid it is 
roufi:hIy twice that for vioh't liy^lit. for the same/ and a. II wlute li^^ht 
is used, onl,\- the central maximum is white and even that is reddish on 
its outer edjics. Figure -17.7 is a photograph of a single-slit diffraction 

patt(‘i-n. 

Il'f;;/.<Y/ Kxumf}h-. A lens of 1 m foeal length images on a screen the 
diffraction pattern of a slit 0.1 mm in width, when plane waves of sodium 



Fig. 47.7. Singlc-.slit diffraction pattern. 


liglit. X = r).803.V. fall on the slit. Find (a) the width of the central 
maximum; the distance hetween the fourtli dark hands on either side. 

«. From F(is. (47.7) and (47.8), 20, = 2X a = 2(1 /. Therefore the 
distance 2d between the two innermost minima is 

2f\ a = 2 X 10-" X ”>.803 X 10-*/l0-', or 11.8 mm, 

which is tli(‘ total width of the central maximum. 
b. From Ftp (47.8), 

s<l = S/X « = 8 X 10^ X 0.893 X 10"\ K)”*, or 47.1 mm 

is the distance hetween tlie fourth dark hands. 

47.6. Circular Aperture. The diffraetiun pattern formed by plane 
waves from a p<)int souree passing througli a circular aperture is of 
considerable importance, but the calculations are difficult, requiring a 
double integration over the surface of the aperture. The pattern con- 
sists of a bright central disk surrounded by one or more fainter 
rings with both disk and rings shading off gradually at the edges. 
C’aleulation shows that the angular radius (angle subtended at the center 
of the aperture by the half-diameter of the image disk) cf the central 
disk is 
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1.22A 

J) 





GO (l>) 

lui. 17. S. Im:i:r(< of two 
'.oiirrc' jit.-nt (•<! . (,/i 

Slioi'l <'\poMir4'. full ;i, ;i'| t lire 
of f.'utina li'UN. (!,, l^mii 
cxpo.'Unu |>iti-liolo over 
i':iiii4'r:i 


wliero /> is (ho < litimot or «»f t lu* oixMiiiiji. 'I'liis is (o Ito ooinj^jirod w ith llio 
formula sin 0^ = X n for tlu* liall-anjfiilar width t»f (ho <-oTt(ral 
of llio sin;i:lc-slit j)altotii. On callinji iho 
intonsily of tho oonlral disk 1. (hat of (ho 
first Itrijiht diffrjuMion ring is oidy 0.017. 

Th(‘ aixaiuro in frt)nl of t!io hois maul not 

ho small to h:ivo (17.0) apply. Wv art* 

horo oonsitloring I'launhofco’ tlilVraol ioii, for 

which any oj)oning of finilo size includes onl\ 

a fraction t)f a zoik*. 'I’ho diamolor I) niav he 

% 

tlait ol tho Ions of an ojxictd instrument, foj- 
o.xamplo. 40 in. lor (he X «“rkes leloscopt*. 

'I’hon tli(‘ Indi angle of tho central disk is 
o\(rom(*ly small, l)u( it is. not zero. 

47.7. Resolving Power of a Telescope. Ily the resolving i)owerof any 
optical system is meant its ability to pnxiuco soptirato innigos of objc'ct.s 
very clo.so tog<‘ihor. We have so<*n that, when p.arallol light passo.s 
through any apcMtuio, it cannot ho focu>od to a p()int imag<‘ hut rather 

gives a ditTracti<in pattc'rn. It is 
ovid<*nt, thorofor(‘. that, tho iinago.s 
ot two o])jects will not !)(» re.soha’d 
if (hoii-.'ioparation is much h'.ss than 
the width of the central «lilTracti(m 
ma.ximum. (See Fig. 47. S.) 

The intensity distribution dia- 
metrically across tlie rings and 
central disk of a circular-aixat ure 
dilVraction pattern is similar to the 
intensity pldj lor the singl(‘-slit pat- 
tern .shown in Fig. 47.(1. In Fig. 
47.1) are sketclied two sucli (lilTrac- 
tion patterns with fa) an angular 
separation 0 = 26, and {h) 6 = 6,, 
where 0, = 1.22\ I) is the angular 
radius of tho central disk. The.se 
doul)lo <linraetion patterns are the images of two close point sources 
separated Ijy this same angle 9. A\ lien 9 = 29,, eacli principal maxi- 

on the second niiriimuin of the other pattern. 
This is the .smallest possilile angular separation 9 of the sources 



h i({, 47.0. DitTrni'tioii iiua}x<^s cif two 
close scnjrccs, (a) well n*solve<l, ib) just 
resolved. 




660 


PHYSICS 


(Sec. 47.8 


that produces zero intensity between the two stronR maxima in the 
resultant pattern. When tlie maximum of one pattern falls exactly on 
the first minimum of the other, as iu Fi^. 47.%, tlie intensities of the two 
maxima in tlie resultant pattern are eciual to those of the separate 
maxima, while tlie intensity at the center of the resultant minimum may 
l,t- shown to i>e 0.81 of the intensity of the maxima. Since it would be 
impossible to resolve the two images if they were much elo.sor than this. 
Lord Rayleigli suggested that tliis separation when the central maximum 
of one pattern falls on the first minimum of the other be arbitrarily set 
up as the criterion for resolution of two diffraction patterns. The angle 
01 is called the minimum angle of resolufion. 

Worked Examples, a. C’alculate this angle 0i for the giant Yerkes tele- 
scope for which D = 40 in. White light has an effective wavelength of 
.j.(i X 10 “^ cm, so that di = 1.22 X (o.ti X 10“®)/ (40 X 2 . 54 ) = 6.7 X 10 “^ 
radian = 0. 1 4 second of arc. This is t lien the smallest angular .separation 
of a (hmble .star that could be tlieoretically re.solved by this telescope. 
'I'lie linear radius of the first dark ring in an image is this anglemultiplied 
iiy the t ocal lengt h ol 65 ft, or 0. * X 10 'X (io X 30.48 = 1 .3 X 10 ^ cm. 
'liie central disk of a star image for this Yerkes telescope is then 0.26 mm 


in diameter. 

h. Find the resolving power of the eye. Taking the pupillary diameter 
as 3 mm, the minimum angle of rc.solution for the eye is 47 sec, but 
a(4ually the eye of the average person is not able to resolve objects of 
angular separation less than about 1 minute of arc. 

Returning to the telescope, we note that increasing the size of the 
image by increasing the power of the eyepiece docs not increase the 
amount of detail that can be seen. Since each point in the object becomes 
a small circular diffraction pattern in the image, wlien an eyepiece of very 
high power is used, the image appears bliUTed and no gi’cater detail is 
seen. The normal magnifying power of a telescope is the ratio of its 
resolving power, or I ^0|, to that of the unaided eye. For the Yerkes tele- 
scope this ratio is (iO/0.14 = 428, wliich is also tlie ratio of the diameter 
of the objective lens to that of the pupil of the eye (Sec. 43.6). 


*47.8. Resolving Power of a Microscope. For a microscope we are interested 
in the smallest distance <1 lietween two iioints 0\ and O-i in the object for which 
the images /i and !■: (Fig. 47.10) are just resolved. Tiiis distance d is called the 
limit of resolution of tlie microscojH*. The objective subteiid.s a large angle 2i at 
tlie plane of the object, witli D = 2p tan i. Xow eacli of the images h and I* 
consists of a circular diffraction pattern, and the angular separation of the two 
central flisks when they are on the limit of resolution is B\ = 1.22X//). The 
minimum value of 0\0i =■ d is therefore p tan 0i = pdi. Hence the smallest 
linear separation of two point objects that will be resolved is 
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•I = 


1 :il\ 


1 .22X 


P . 


2/> tan i 2 tan i 


Actually tlic aiifile* i is always s(» iaiiio (ncaiTy IHI ) tliat this sim|)lc <lci ivatioii is 
not (luite ccnrcct. [t can hi- sliown that tan i j-liimld he i (-placed hy >in j. so that 


<! = 


1 .22X 


(47.10) 


j 'iin / 

is more nearly correct. 

Wiien the space between ohje<-t and li-ns is (ilh-il witli an oil, tin- ri-sohini: 
l)owei' is inciensed because of tlie smaller \alin- of the wa\(-lent:tli in the oil. If 
Hie index of the oil is n, then X (oil) = X ^air) u and hence lap (47. 10) becomes 


«/ = 


1 .22X 


•> 


Zn sin i 


(47.11) 


0 , 



5 


p r 

V 



/2 


Km. 47.10. Liiiiil of rcsohiiion of a 


Thus, the smaller the wavelenutli, the smaller the sep.-iiatioii of two oliject j>oints 
that may be just resolved. The product 
u sin i is called the numerivn! ii/urliire. 

Mven with oil immersion the largest 
value of the numerical aperture obtain- 
able is about 1.0. With white liuht of 
effective wavelength 5.G X 10“^ cm, l-iii. 

(47.11) gives (/ = 2.1 X lO-'- cm. This 
limit of resolution may be decreased 
further by using shorter wavelength (ultraviolet) light, but then the image must 
be photographed. 

47.9. The Electron Microscope. The limit of resohilion may be made 
smaller by another factor of nearly 1. ()()() with an electron micro.scupo. 
We have already seen in C'hap. 3t> how a divergent beam of t-lectrons 
may be focused by either a magnetic or an electrostatic lield. In tlio 
electron microscope, electrons pa.ss through a thin .section of the object 
and are absorbed more in its thicker portions, just as light is more strongly 
absorbed in the denser parts of a slide. The paths of these electrons are 
then changed by magnetic or electrostjitic lenses that arc the analogues ol 
the objective and ocular of an optical microscope. The final image is 
formed on a fluorescent screen or on a photographic plate. Hj' photo- 
graphing the fluorescent-screen image a further gain in magnification 
may be attained. A recent model of the electron microscope is shown in 
Fig. 47.11, while Fig. 47.12 is an example of its high magnification. 

To understand how the electron microscoj^e produces the great gain in 
resolving power, it is necessary to discuss briefly the wave nature ot the 
electron. It was first proposed by De Broglie in 1923, and has since been 
completely verified by several types of experiment, that any particle ol 
mass m, moving with velocity v, is equivalent to a wave of wavelength X 
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i:i\ cn 


))V I lie ciiual ion 



)nr 


{47.12J 


wiicn* li is 1‘laMi'k's 
\ I’lurit \-. (lie sniailci 


cdHsfant (Chaj). The 

ils “|)c liro^lie \va\clciijitl).” 


hij'her 


the electron's 



'n'r I'! ‘ miiTOs™po. (.CourUs,j of Dr. J. UillkT, 

tiA .J. I.tihnrulortis.) ^ ^ 


a 


V 


TUv velocity r is <:iven to the electron by 
potenti^ (litrerenee 1' in an electron 
= \ 2eV m. Hence me = \ 2mV\', and tlius 


aeceleratin*; it through 
1 hen = cl’, or 


_ _A 

\/2mc ( ' 


X 


(47.13) 
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Xow }i = t>.rr2 X 10 ” ri”- >cc. /// - X 10 •' iiiii. 
couloiuli. 'I'ln‘r<‘ln|(‘ 

, 12.21 

^ .. X 10 ' rm 

\ I 


1 00 X 10 

I !7. 1 1) 



0 volts, X = 1,22A. while, il T = 10.000 v..li 
s(‘en lhat (“l(*ttn»ns <»t \s ax'elenjil li 10.000 tiiiu 


17.12. ^2(•^•fron iiu<T(»Kr;iph of freshly j)rei)are(l vanadium i)eiit<i\i<lc fihers. 

filxTs an- alxiut 2oA \vid4-. 'I'lie limit of n-solutioii in this niicr<)jiraj)h is alxuit 
(Coiirtisi/ Ilf l)r. .1 . HiUiir, R.C.A. l^iihunitorii n.) 


that ol ordinary are easily obtained. 'I'lie limit of resolution is then 
about 10, ()()() times smulhu' than with an optical micioseope. Since tlie 
whole system must Ije well evacuated, it is impossible to examim* livinji 
objects but tliis is only a small limitation to its usefulness. I'seful 
magnifications, electronic jilus photographic, of 100, 000 X have been 
obtained with this instrument. 

47.10. Diffraction Gratings. A large number of closely spaced 
parallel slits of the same width consjitute a (/ijTrartion tjrndiKj. Tliis 
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valu:il)le tool for the invostiKation of spe*ctra is made by ruling with a 
diamond point many panillel lines on a glass surface. The spaces 
l)ef\v(>eii the scratched lines on the glass serve as the parallel openings. 
In rig. 47.13 we represent a magnification of a few successive rulings of 
such a grating. Plane waves are incident normally from the left. These 
light waves come from a lens tliat has at its principal focus an illuminated 
slit oriented paralh*! to the rulings of the grating. If the openings are 
narnov, diffracted light from each spreads out to such an e.\tent as to 
interfere with the dilTracted light from all the others. 

Since the secondary wave trains start from every element of every 
o{)ening in phase, these wave trains will reinforce each other in the for- 
wanl direction and come to an image at P in the focal plane of the lens. 
This direction is not the only one to the right of this grating, however, 

along which reinforcement of the 
secondary distiirl)ances from all the 
openings occurs. C’onsiderthe plane 
Cl) making an angle 6 with 'the sur- 
face (tf the grating and starting from 
the element at the lower edge of 
the bottom opening. The angle 6 is 
so chosen that CD is distant one 
wavelengtli from the lower edge of 
the fir.<t opening above this one, 
2\ fi-om the loix-er edge of the second opening, etc. Tiie waves from all 
these elements are in phase along CD and therefore are brought to a focus 
at / 1 . Also, the disturbance from other corresponding elements in each 
opening will be in phase along CD, for the distance of CD from any ele- 
ment of one of the openings is exactly X greater than its distance from the 
(•(.rresponding element of the opening next below it. Therefore tliere will 
be general reinforcement of the ditfracted light from all the openings in 
this direction and a maximum of inten.sity at Pi. 

If the plane CD is distant 2X from the lower edge of the second open- 
ing 4X from the next opening, etc., the disturbances along CD are again 
in phase and another maximum occurs. Further maxima result when 
CD IS distant 3X. 4X. . . . from the edge of the second opening. Similar 
maxima are also observed at the same angles above the normal to the 
giating. In hig. 4i.l3, if d is the distance between successive openings 
the values of tlie angle d for the production of maxima are given by 



Fi«i, 17.13. PhuH' (llffriiftion grating. 


d sin 6 — n\ 


(47.15) 


here 71 0,1.2, 3, etc. \\ hen a — I » '' e have the first-order maximum, 

n ~~ 2 gives the second-order, etc. 
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Provided that the number ol <»|)eniiii;s in tlie liiatiny: i.s larjie, the.'-e 
maxima are extremely .sliarp. I’'or (•on>t ruet i\(* intc'itereuce ahuijr sur- 
faces sucli as Cl). E(i. (47.15) must l)e r.iarlhj lullilled. Tlie slightest 
departure of the surface Cl) fn)m the angles liy ihis e(|ualiv)n 

results in complete destructive interference, for the disl ui bancf' from an 
element of one openinj; is then necessarily just out of phase uiih ilu* dis- 
turbance from a corresponding element of another opeminu:. 'I'lic maxima 
are called spreinnn fi/itu because, as mentioned above, the parallel beam 
incident on the jirating is usually prodiua-d by a lens at ih<‘ locus of w liieti 
is an illuminated slit parallel to the rulings of the Knitinjr. If the lit-ht 
is monochromatic, each of the maxima is a sharj) imay:e of the slit in that 
color. It the slit is illuminated by li^ht consisting ol a mixtuK* of \\av('- 
lent 2 ;tlis. (herr ivill hr an imafjr of the .slit for 
rack iravr Iruijth in each order." That is. 
a snitinji: produces, not one spectrum, but 
two first-order .spectra, two second-order 
spectra, etc. If white lislit is u.sed, the.se 
spectra are, of course, continuous. 

If the parallel li^ht is incident on the 
gratin'? at an anKle i 0 (Fig. 47.1 1). Etj. 

(47.15) takes the more general birin 

d(sin i -|- sin 0) = n\ (4<.ll)) = /. of (litVrjH’tion » 0 . 

As a measure of tlie .separation between the spectium lines of waxo- 
lengths Xi and X- 2 , we compute the an<jiilnr dispersion <16 d\, or the rate 
of change of angle with wavelength. On dilTerenliating Ftp (47. Hi) with 
respect to X and remembering that i is a constant independent of X, lh(*re 
results 

dd _ n 

dx ~ d (-^"-1") 



Usually 6 is a small angle and therefore cos 6 is nearly etjual to 1. 

This equation shows that, for a given small wavelength dilference dX, 
the angular separation <16 is directly proportional to the order n. Hence 
the second-order spectrum is twice as wide as the first, the third three 


times as wide as the first, etc. Second, the smaller tlie gi'ating space d, 
the greater dd and the more widely spread the spectrum. 4'hird. if 6 is 
small, cos 6 differs little from unity and the different spectrum lines in 
one order will differ in angle by amounts that are directly proportional 
to their wavelength difference. Such a spectrum is called a normal 
spectrum, or rational spectrum. 'I'his simple linear .scale for \\ a\ elengths 
is to be contrasted with the irrational spectrum produced by a prism in 
which the violet is much more spread out than the red. 
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11 orked Examples, a. Parallel liglit consisting of two wavelengths 
4,000.\ (violet) and 7,5()()A (red) falls on a grating for which d = 0.001 
cm. C’alculate the difference in the angular deviations of these two 
spectral lines in the second order. 

Kroin K(i. (47.15), for the l.OOO.V line, 

sin ^ = (2 X 4 X 10-^),'(1 X H)-") = 0.08, 

or $ = 4°35'. 

For the 7.500.\ line, sin 0 = (2 X 7.5 X 10-^)/(l X 10“®) = 0.15, or 
0 = 8°38'. 

4'lie angular .separation of these two spectral lines is thus 4®3'. 

Ik Show that the violet (»!' the third order overlaps this second-order 
red. 

For the third order at 4,tK)0A. 

sin 0 = (3 X 4 X lO'^jd x 10“®) = 0.12, 

or 0 = G^54'. 

This is a smaller angle of diffraction than that for the second-order 
7,500A line; hence overlapping occurs. This overlapping of orders may 
he an aid in wavelength inea.surements and if found undesirable may 
usually he eliminated hv use of suitable color lilters. 

The grating discussed so tar iscalleda/ma.swmfoa grating. Diffraction 
gratings for s})eetroscopic research are now almost always ruled on a 
polished concave spherical surface, a development initiated by II. A. 
Howland (1848-1901) at Johns Hopkins University. The rulings are 
intersections with the surface of e(iuidislant planes parallel to the princi- 
pal axis of the surface. This ruled surface is both a grating and a con- 
cave mirror that forms images of its diffracted light without the use of 
lenses. It is thus po.ssible to pliotograph spectra in wavelength regions 
— foi example, far into the ultraviolet — where glass and other lens 
matei iais are not transparent. Ihe most po\\erftd concave gratings 

have (i in. ot ruling, 30,000 lines to the inch, and have a radius of curva- 
ture of 35 ft. 

« 

*47.11. Diflffaction of X Rays and Electrons. It was suggested by von Laue in 
1912 that the indicated wavelengths of X rays, about 10"" cm, are about the 
same as the distance between atoms in a crystal and that therefore a crystal 
might act as a three-dimensional diffraction grating for X rays. The experiment 
was successfully performed by Friedrich and Knipping. In 1926 Davisson and 
(iermer discovered the almost identical phenomenon of electron diffraction by 
crystals. These experiments prove both that X rays and electrons are wavelike 
m character and that the atoms in cry.stals are arranged in an orderly, regular 



Sec. 47.1 1 1 


DIFFRACTION 


667 


manner. X-ray and olecti(in dilTraction aio now nuifli ii.^cvl in tlu' study of the 
structuie of cj ystallino sub.stanros. 

T'if^ure 47.1 o is a diaijiain of tlu' aiianfiomcnt of atoms in rock >alt in w liicli iIk' 
sodium and clilorine atoms form a simple culiic- laltiia*. it is <n iilent that \ai ions 
parjillel ])lane.s exi.st in tliis crystal, ahin>< \\ l.i« li tin* at<*ins aio ilist i ilnit ed in a 
ref^ular manner, 'riiese sots of oi|nidi.';tant |)lanos act somowliat lik(* th(‘ succes- 
sion of eciuispaced slits in a platic ^latinc. 

If a beam of X ravs is inci<lent cm a crv.stal, some rofioction occurs at each of 
these planes. Tlie X rays cause tlie electrons in the atoms to vibj.ato anri send 
out secondary scattered waves. These will all be in phase and fiive relati\ely 

intense rellectral lieains only in the direc- 
tions for whiclr mil loi iike reflection takes 
plac-e from tire many erpiidistant planes. 
I.et the horizontal lines in Fi^. 47. lb 
repi'esent two paialiel l.ayets of atoms a 
ilistain’e // a|»ait, upon which a narrow 



r 

I 



beam of X rays is incirlcnt at a “glancing angle "6. If the sec*on<lai-y wa\ es from 
A and A’ are to be in phase at B and 1), forming part of a reflected wave front 
traveling in the direction of rays 1 and 2, tlie path ditTerence 

(.lA’ + KD) - .1/? = /•’/•; + KD = 2(i sin 0 
must equal A’X, wher e -V is an integer-, 'rherefore, for strong r eflectioir, 


2d sin 6 = .VX 


(47.18) 


This relation is known as Bragg’s law and is identirad witli the eondition for con- 
structive interference in i-eflection of visible light from the sides of a thin film. 
If tlie angles 0 for- strong leHection arc measur er! for X rays of known wavelength 
X, the spacings d between the several kind.s of atom planes lit the crystal may be 
calculated. If the incident X rays pass thr orrgh a nar r-ow slot in a lead block, 
X-ray “line” spectra are produced by these reflections from the planes of a 
crystal, and if d is known for the crystal the wavelengths of the X-ray lines can 
be computed. Each element of the periodir* table when used as the target of an 
X-ray tube displays a characteristic X-ray spectrum (C’hap. 49) that may be 
})hotographe<l with this crystal S])ectr-ograpli. 
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Wlion .•! iiairow hoaiu of X lays i.*- sent .i thin of a -iiiitle ci \ -tai 

an<l thence onto a |)hoto‘iiaj)liic plate, a l.aue >p(it ililfi.u ti<>n paffcrti 'in h a' 
that shonn in 47.17 is foiineil. Mach >pot lepK-'ent' tellertinn Ikuh a 
particular set of j)la!ios in the ci_\>tal lattice. I'he ex.i' t clfi tion-ditTi.-u tii>n 
analo^iue of .sin-h a i)att<‘rn was fii>t i)ro<luce<l hy flje .)apane'-<- Kikm hi, U'lni: 
hS.OOO-N'olt elect rot is [>a''in;: through a thin mica ct y-^tal. 1 1 tin- n.ii i ow heaiu dt 
electrons oi X rays i> >ent tin one'll a thin foil ' iiolyciy.-tallinc. w it h all it - t in\ 
crystals oriented at random), a (lilYiai tion-iinj' jiattern t,l''i;;.s. 47. IN and 47.l'.i' i- 



T il.. t7.itl. DilYraction pattern produced hy transmix^ion of an X-ray beam tlironirh 
.sotlium chloride jMiwder. (four/i.o/ »»/ II. W'l'ncln II.) 


produced. Mach crystal forms its 
all anjiles with eipial probability, 
would be obtained by sjiinniiif? a s 
aliout its cential spot. 


ow n pattern of sjiots, but tlie.^e are tui tied at 
so that titles lesiilt. d'lii* s.ame liiii: pattern 
])ot pattern of a single crystal like l iu. 47.17 


PROBLEMS 

1. Miiiht of wavelen^rth .5..")00.V from a distant point source passes throuirli a 
ciriailar aperture ami falls on a .scnaai I m beyond the ap«'iture. If the ajierlure 
e.vposes the first fivi' l''r<“snel zom-s. what is its dianu'ter? 

2. 'riirounli what ilisfance must the sen-en of Pro)). 1 be movi-d toward the opening 
,so tliat tlu‘ «-enter of the diffract ion pattern chan>i«‘s from bright to dark? 

3. A single-slit diffraction pattern is forme<l witli mercury in:ht of wavelenyt li 

5,401.\. .\ lens of focal lenuth 2(M) cm focuses the pattern on a screen. If 1 lu- sht 
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wiilth is O.S nmi, what is the width of (a) the rentral inaxiiiiuin ; (6) one of the see- 
ondary nmxiina? 

4. ( alc'ulate the intensity of the fourth seeondarv niaxiniuni relative to that of the 
principal inaxin.mn in the diffraction pattern of a single slit. (Assume this secondary 
tnaxiniurn to he midway hetween the adjacent minima.) 

6. Calculate the aiiKular and linear radii of the first dark riiiR of the image of a 

star in an ordinary fiehl glas.s if the diameter of the objective i.s 35 nim and its focal 
length IS 25 cm. 

6 W hat must he the aperture of the objective of a telescope if two sources with an 
angular separation of 1 sec may be just re.solved? 

7. ( oriipufe the relative limits of resolution, assuming the numerical aperture to 
lx- the .same, for an optical microscope using white light and an electron microscope 

tisirjfi fMortmns. * 

8. .\n oil-imm.*rsioii microscope will resolve a set of test lines 100,000 to the inch 
us.iig blue light of wavelength 4.800A. Find the mimerieal aperture 

9. ( ornpute the angular separatkm in se<-«nds of are of the i-Iosest double star that 

loo im inlunlter. ‘ ' '' 

10. If t he headlights of a ear are 1 m apart, at what <iistanee will tliev he resolved bv 

th!- I’iglVL air'"'* ^ wavelength of fi.OOO.A for 

11. If a lei..sof foeal length /foeuses the .liffraete.l light from a trarismi.ssion grating 
hm.ar di.spersK.n on a sereen eunvd s.. as to b,- at the constant tIistanc.^/ from 

the lens 1.S just/ times the angular dispersion. If sodium light of wavelengths 5 800 V 
and o.SOh.V IS used with a grating of sparing 0.0003 cm and a lens with / 1 2 m find 

tl;;. on ,ho ...on (n) in tho firsfordor ^ "L 

12. \ plane transmksion grating has a spaeingof 0.0002 eni. ( aleulate the aumilar 



If ' l" ’'"' v '' '""i'-'- i» 2 8 X 10- .-Ml 

" finfl <ho RlnnoinK angle for Bragg 

Kra\tg"hrvir'5(^''lh can be prx>duced by a diffraetion 

n nmximum value of sin ^ in Eq. 

■.S'.rs i rr- r ™- 

..on, .Aaan.ni„g .l.ein to be firat order lineL, c^Llte tbe^ 



CHAPTER 48 
RADIANT ENERGY 


(а) I I I I I I I 1 1 I 

( б ) 


♦ ♦ ♦ t ♦ ♦ I » 

H(*prc*sc*nt;ition of (ri) juul 
(6) pli»nc-pol:irizc<l lijifit, (c) ordinary 
liKht. 



48.1. Polarization of Light. Tho oxpoiimcnts in intnrtnrcncc ami 
diffraction prove tliat light is a wave motion. Tlu'se phenomena ticenr 
for all types of wave. 'I'liere is another gi’oup ot exp(‘rimenl s, demon- 
strating th(‘ polar iz(tl ion of Vnjhl. which show that light is a transverse 
wave motion. For tran^ver.<e waves the dispiac(‘inent is fransver.se. f.c., 
at right angles to the direction of propagation, in contra«listinction to 
longitudinal waves (cf. Sec. 37. (i). If the displacement in a transverse 
wave is confined to one plane, 
tile wave is called plane-polarized. 

For example, a wa\ e set tiji in a rope 
by ramlom disiilacement. of one end 
in all directions is transverse but 
unpolarize<l. However, if the rope is 
horizontal and the end moves up 
and down, the trans\’erse wave is 
polarized. 

Light is an electromagnet i«- disturbance, in which the electric and 
magnetic field strengths are in the tran.'^verse plane. Experiment shows 
that it is the electric vector E which produces the optical polarization 
effects we are about to consider. Wlien we speak of tlie “vibrations” in 
tiie light, we refer, then, to tiic variations in the electric vector in planes 
transvei-se to the direction of propagation. Ordinary light consists of 
wave trains about a meter in length, eacli coming from a .separate atom, 
and w’ith the waves polarized in one plane. A beam of ordinary liglit 
consists of millions of such wave trains, how’ever, from the very large 
number of radiating atoms and molecules in the source, and hence the 
vibrations are in all transvei-se <iirections with equal probability. But all 
the amplitudes of the electrics vectors may be resolved into components 
along any two transverse directions at right angles to each othei-, and 
therefore ordinary light may be thought of as consisting of two kinds of 
vibrations only, with the two sets of waves vibrating in planes at right 
angles to each other. A convenient pictorial representation of these 
vibrations is shown in Fig. 48.1. In (a) and (6), plane-polarized light is 
traveling to the right, in (a) vibrating with the electric vector in the 
plane of the page, while in (b) the vibrations are perpendicular to the 
page. The simultaneous presence of both these vibrations as in (c) is 
tj’pical of ordinary light. 
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(a) 


( 6 ) 


The common methods of effecting the polarization of light are by means 
of (IJ reflection, (2) refraction, (3) selective absorption, (4) double 
refraction, and (o) scattering. We shall consider the first four of these 
in turn. 

48.2. Polarization by Reflection. The PVencli phy.sicist Mains dis- 
covered in 1808 that, if a beam of light 
is incident on the polished surface of a 
plate of ordinary gla.ss at an angle of 
about 57°, the reflected liglit is plane- 
polarized . This may be demonst rated 
by the following ver>’ simple experi- 
ment: In Fig. 48.2, AB represents a 
beam of ordinary light incident on the 
glass .surface B at this particular angle, 
'rhe reflected beam from B is then 
allowed to fall on another glass plate 
C parallel to plate B. Light from 
this second reflection is observed in 
the direction CE. Xow if the upper 
plate is rotated about BC as an axis, 
with the angle of incidence kept con- 
.slant , the intensity of the reflected light from C is found to decrease, 
reaching zero wlien C lias been rotated through 90°. If the upper surface 

IS rotated further about BC, the reflected light reappears and reaches 
a maximum of intensity at 180°. 

If the angle of incidence on either 
surface is not 57°, the twice-reflected 
beam will go through a minimum for 
90 rotation ot C but it will not go to 
zero intensity. The critical value of 
the angle of incidence that produces 
the zero minimum is called the 
polarizing angle. Sir David Brewster 
discovered experimentally in 1812 
that at this polarizing angle the 
reflected and refracted rays are per- 
pendicular (Fig. 48.3). Calling the 

polarizing angle i„and calling the corresponding angle of refraction r,„ 

Mil i, sm r - « (Snell's law); also, if the angle between the reflected 
and refracted rays is 90°, sin == cos i^. Therefore 


FuJ. 48.2. by rofl»*ction 

from surfju'c.'^. 



Fig. 48.3. For polarizing angle the 
reflected and refracted ray.s are at right 
angles to each other. 


sin I 


sm t 


p 


sm Tp cos ip 


— tan i„ = n 


( 48 . 1 ) 



See. 48.2) 


RADIANT ENERGY 


673 


This relation is known as Brewsfer's law. Ii shows that the anjrle of 
maximum polarization for the reflected lijilit dei)en(ls on the refractive 
index and hence varies with the wavelenjrtli and the kind of dielectric 
material used as the reflector. If tlie reflector is a metal surface, the 
polarizing angle is widcli corresi)onils to an infinite value of n. 

It is clear tliat, if liglit consisted of longitudinal vibrations, rotation 
about a vertical axis of the second mirror even if it is inclined at the o7® 
angle would have no etYect on the intensity of tlio reflected rays A’. 
Investigation shows that at the polarizing angle the reflected beam con- 
sists entirely of vibrations peri)endicular to the plane of incuhnee (the 
plane defined by the incident ray and the normal to the surface at () in 
Fig. 48.3). Some of these perpendicular vibrations are also refracted, as 



♦ M ♦ M M t > 


> ♦ M M ♦ 


Polarizer Analyzer 

Fig. 48.4. Pile of gla-ss plates for production and analysis of plane polarized light. 



are, of course, all the vibrations in the plane of incidence. If a pile of 
plates, as shown in Fig. 48.4, is used at the polarizing angle, some of the 
± vibrations are reflected at each surface and all of the ; vibrations are 
refracted. The reflected beams are thus all plane-polarized in the same 
plane, and the refracted beam, having lost more and more of its _L 
vibrations, is partly plane-polarized. The larger the number of plates, 
the more nearly plane-polarized is this transmitted beam. If the second 
pile shown in Fig. 48.4 is rotated 90° about an axis parallel to the direction 
of the incident light, the light vibrations will now be mostly perpendicular 
to the plane of incidence and hence will be reflected at the fir.st surface. 
In this crossed position, very little light is transmitted by the second pile. 
In intermediate positions the intensity I of the light transmitted by the 
second pile is 

/ = /o cos--* d (48.2) 


where lo is the intensity of the light incident on it and $ is the angle 
through which the pile has been rotated from the position of maximum 
transmission. Equation (48.2) is called the law of Malus. Its proof is 
simple. The amplitude .^1 of the incident plane-polarized light may be 
resolved into a reflected component A sin 6 and the transmitted com- 
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poiK'iit A cos 6. Since the intcn.sity is proportional to tlie square of the 
uinplitudc, Krj. (48.2) follows. 

Tlie first pile of plates that produces polarized light is called a polarizer, 
w hile the second pile is called the analyzer. An optical sy.stem composed 
of a polarizer and an analyzer is called a polariscope. 

*48.3. Double Refraction. Many crystalline suh.stuiices such as calcite (a 
hydrated cahdtmi (‘arbonatc) and quaitz e.\hil)it tlie phenomenon of double 
refraction. A ray of light iticident on a crystal of calcite emerges as two ray.s; 
aiul if a rhomb of calcite is j)laced over a black dot on a piece of i)aper, in general 
two (lots will bo seen. Natural calcite crystals liavo a rhombolicdrul form, each 
face being a parallelogram with two acute angles of 7X®5' and two obtuse angles 
of 101°55'. Two trihedral angles of the crystal are formed by the junction of the 



Fi(J. 48.5. (a) Principal section of calcite crystal showing double refraction. (i») 

End Wew. 


obtuse angles of three faces. A line into the crj'.stal at one of these solid angles 
and equally inclined to the three faces is called a “crystallographic axi.s.” Only 
when viewed through the cry.stal in the direction of this axis will an ol>ject not 
appeal' double. Any direction in the cnjsUd parallel to the rnjsUdlographic axis 
is called an optic axis. 

If 0 thin slab lianiig its plane face.s peri)endicular to the crystallographic axis 
is cut fi-om such a crystal and mounted between metal plates, measurement of the 
capacitance of this caj)acitor >ield.s the .specific uiductive capacity K of the 
cry.stal. If the slab is cut with its faces parallel to the crystallographic axis, 
however, it is found tliat a different value of K results. The atoms of the crystal 
are .so ordered that for all duections in the planes i)erpendicular to the axis there 
is complete .symmetry of the electrical vilnations associated with light traveling 
along the axis. Tlii.s symmetry is lacking for the vibrations in any other sets of 
parallel planes in the cry.stal. Since K etpials the squjire of the index of refraction 
(l-kp (;i9..5)l, this asymmetrj' in general produces double refraction for light pass- 
ing through the crystal in any direction other tlian along an optic axis. 

.K plane including an optic axis and the normal to a crj'stal surface is called a 
principal section. A princii)al section always cuts tlie surfaces of a calcite ciystal 
in a parallelogram with angles of 71® and 109®, as shown in Fig. 48.5. When a 
beam of ordimuy light is incident on one of these ciTstal faces, two refracted 
beams are produced. Snell’s law holds for one of these but not for tlie other 
Tlie ray for which Snell’s law- holds is called the ordinary ray O, while the other 
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K, is callc(i tlie extraordiminj raij. If tlie iin i<lont is normal to tlio sntfacc, 

the ordinary ray passes tlirony:h without deviatiim l)ut the extraordinary ray is 
refraeted at some anjile and comes out paiallel to hut dis[)la<-e<l from the incident 
l)eam. Hotatinj; tlie crystal abcjut tlie () ray in tins ca.so cause.s tlie /•.' ray to 
rotate around the stationary 0 ray. 

When the two refracted lays aie tested for polarization, it is f(»und tluit thcN 
are botli planc-p()larize<l but at ri^ht anjiles to each other. 'I'liis test can be made, 
for example, with a j)ile of jjlass plates at the polarizinj^ aii^rle. The \ ibialions 
in the O ray are perpendiculai’ to the juincijial section and the plane of incidcaice, 
as shown in Fig. 4X.5, wliile in tlie IC ray the vibration.s are in this plane. 

Plane-polarized light by sehrtire obsorplion is j)rodnced by a numbei- of min<M :ils 
and organic compounds. Tourmaline, a mineral crystal having the shape of flat, 
elongated liexagonal slabs, absorbs the light vibrati<»ns pcupendicular to the long 



Via. 48.0. Th<’ Xii’ol prism. 


side of the crystal, so that the transinitteil light is plane-polarized with the vibra- 
tions parallel to the long sitle. This can be verifietl with a second tourmaline 
crystal; for when the latter is rotated 90® with respect to the first, no light gets 
through. Because these cry.stals are colored, they are not used in optical 
instruments. 

The modern, much-used poinroui film consists of thin sheets of nitrocellulo.se 
packed with ultramicroscopic crystals of the organic compouiul iodosulfate of 
quinine (herapathite), with their optic axes all parallel. These double-refracting 
crystals completely absorb one component of the polarization, tian.smitting the 


other with little loss and with very little coloration. Since these films may bo 
made of large size and are relatively inexpensive, tliey find numerous api)lication.s 
as in dences for diminislung glare (reflected light is always partly polarized, with 
the vibrations parallel to the reflecting surfaces inedominating) and in three- 
dimensional motion pictures. 

The .ViVof prism is an ingenious optical device made from a <‘alcite ciystal, 
until recentlj" much used in optical instruments for producing and analyzing 
plane-polarized light, but now largely supplanted by polaroid film. The con- 
struction of the Nicol ])risin is illustrated in Fig. 4H.6. Fii-st the ends of the 
crystal are cut down from 71° in the principal section to an angle of ()S°. The 
ciystal is next sliced along the plane Ali per|)endicuiar hotli to the principal sec- 
tion and to the end faces. The two cut surfaces are then polished and cemented 
together with Canada balsam, w’ldch is a transparent substance with an index 
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iihoiit inirlway hotwoon tlio index of tlie O and /•’ rays.* Therefore tlie O ray for 
larue aiiirle> of im irlcnce is totally retleeted at the halsain .surface, wherea.s the E 
lay is rcfract<“d into the halsain and on throuj;h the crystal. 

48.4. Stress Analysis by Polarized Light. Polarizntion effects are 
also ohs{‘r\(*(I when specimens of transpait'iit substances such as glass, 
celluloid, or bakelite under mechanical stre.ss are placed between 



hio. 18.7. IMiotograph of stress lines in a rotating model of an impcdler of a .super- 
rlmrger of a nuHlern airplane engine. (Ehotograp/inl bij ./. I.. Mcriam.) 


a polarizer and atial\'zer. Normally the.se substances are not doubly 
refracting, and it they are placed in stress-fi'ee condition between 
"cro-ssed” nicols or polaroids they will leave the field of view dark. 
If, no\\ , stie.ss is applied to the .specimens, the light emerging from them 
is in geneial (cllipticall}') polarized and i.s tlierofore partlv transmitted by 
the analyzer, llic stress distribution is made very evident by colored 
bands of light on the final image. 

' .\ltliough Snell’s law docs not hold for the fray, there is still a definite velocity and 
hfiHM' a index of r«»fra(*tion for this rav. 
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In tins munnor. souls may l)o o.\amiii(Ml for stioss in tin* 

kIuss, ami opt ical jjla.ss may Ik* <-lH*ck(“<l for rosidual si ross aft(‘r anti(‘alinii. 
If scale models of eiijiiiK'i'iinjj matiaials are const ruct(Nl of transparent 
l)akelil(“. these* may lx* analyzed for sli(*ss distrilmiion w h(‘n under load. 

valuable information not obtainable from mathematical analv.'is 
Ix'cause of the complexity of the shapes. This held of st udy is know n as 
phoiodasticily. Fijiure -IS. 7 is a photograph of a model under stK'ss. 

Most li(|uids are not normally doubly refracting, but tlu'v become so 
when an electric field is set up in them. This ph(“nomenon is known as 
the Kerr c/lVrb bijjht is pas.sed between two capacit«)r i)lates ins(‘rt(‘d in 
a jjla.ss cell containinti the licpud fnitrobenzene ^ives tiu* larjrest elTecti. 
Such a cell plac<*d bt'tween ei-o.s.s(‘d polariz(‘r and analyzi'r constitutes an 
“optical shutter” that will opei‘at(“ e\'en at radio fre(|uencies. M lien the 
(“lectric field is off. no lijzht is transmitt<*d by the analyz»*i'. \\’h(>n tlie 
electric field is on. ho\\ev(‘i', the* li(juid becomes doubI\- refractinjj and 
the lij?ht is restored. 

48.6. Emission of Radiation from a Hot Body. When a jjas is math* 
luminous by the passa|;e of an electric discharj£<* through it, as in a n(‘on 
sijin. the liKht dispersed by a j)rism or {jratinfi consists in t>:(*n(‘ral of sharj) 
spectral lines characteristic of the atoms and molej'ules prc'sent in the 
Kas. The de.seription and interpretation of such spectra form tin* subject 
matter of the following; chapter, but in the remainder of the present 
chapter we shall continue the discu.ssion of thermal ratliation be^un in 
Sec. 22. .5. As mentioned there, the electromagnetic radiation emitted 
by a hot solid is identical with light in all respect.s except that it consists 
mostly of wavelengths much longer than those to which the eyt* is sensi- 
tive. At temperatures above about 7()()°C\ however, the radiation 
emitte^l by bodies is in part visible light. When examined with a spectro- 
graph, the light is found to have a continuous spectrum, the visible 
fraction con.stituting but a small portion of the total ra/liant energy dis- 
tributed over all wavelengths. At extremely short as well as at the very 
longest wavelengths the intensity in this continuous spectrum drops 
effectivclv to zero. 

To determine the distribution of radiant energy emitted by a hot body 
in the region of infrared wavelengths, one method is to allow the radi- 
ation to pass first through a rock-salt prism or some other device to 
disperse the radiation into a spectrum and then perhaps to cause portions 
of this spectrum to fall successively on a diffraction grating with a 
relatively coarse spacing of its slits or rulings. The dispersed radiation 
is then focused onto a slit in front of one set of junctions in a .sensitive 
thermopile. The deflection of the galvanometer in the thermopile circuit 
is a measure of the energy in the particular wavelength interval dX 
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isolated l>y tlie thermopile .slit. When the radiation from hot solid and 
li(|uid bodies at various temperatures is systematically explored in this 
manner, wavelenfjth distribution curves similar to tho.se .sketched in Fig. 
18.9 for a black-body radiator are obtained. 

48.6. Kirchhoff’s Law. Black-body Radiation. In *Sec. 22.5 we 
discussed tlie experiment of suspending a small body at temperature T-i 
inside an evacuated enclosure whose walls are maintained at a tempera- 
ture 7’i. Regardless of its initial temperature T-i, whetlier is greater 
than or lower than T and regardless of the nature of the surface of the 
body, the object always comes to the .same temperature 1\ as that of the 
walls. In this condition of thermal e(juilibrium there must be equal 
amounts of radiation streaming both ways between the body and the 
walls. Of the radiant energy from the walls falling on the body, part is 
reflected and |)ar( is absoibed. Hut when thermal e(iuilibrium is estab- 
lished and the t<‘mperalure of the Imdy remains constant at the value 
7 I, it must Ik- (‘rnitting lajliation at the .same rate as it is absorbing it. 
'rhat is, it the laxly is a g(xxl absorber, it is also a g<x)d emitter, and vice 
versa. At the <-onstant temperature 7’j the amount of radiation from 
the walls incident on the body per second is always the same, and hence 
if the body is a poor absorber it must be a good reflector. It follows that, 
if the l)ody is a good reflector, it is a poor emit ter. 

The radiant energy falling on a .surface or emitted by a surface per 
.sec(uid is called rmlinnt Jlux and is measured in watts. Radiant flux 
incident on a surface prr uttif area is the intensity, or irrmUancc, denoted 
by li, for which a convenient unit is the watt per s(iuare centimeter. 
The fraction {)f the incident flux reflected by the surface is called its 
rvjleclancf r, Avhile the fiaction absorbed is called its ahsorpfance a. If 
the surface is opmiue, r + o = 1. The total radiant energj' emitled by a 
surface per unit area per second is called the radiant cmittance W of the 
surface, and again 1 watt cm- is a convenient unit. 

Let the surface area of the small body in the enclosure be S, and when 
e<iuilibrium is established let its rate of absorption of energy per unit area 
be ati, while its rate of emission of energy per unit area is W. Then, if 
the temperature of the body is constant, 

n'S = aRS 
\V 

(48.3) 


or 


R = 


a 


.Vow the irradiance R depends only on the temperature of the enclosing 
walls, not on liow good an absorber the small body is. Therefore the 
ratio of the radiant emiitance to the absorptance is the same for all bodies. 
Ihis IS a statement of Kirchhoff's law. 
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A body tor which o = 1 is called an iilctil h/nck Ixx/i/. 'rhcicloic 
KirchhofT’s law .';hould also include the additional statement that tlie 
ratio of the radiant emittance to the absorptance for any body is etjUal 
to the radiant emittance of a black body at the .same temperature, d'hat 
is, 

= ir (Idack body) (48.4) 


a 



Fig. 48.8. A small oponiiiK 
in a box lined with :d>.sc>rhiii(; 
walls is very m^arly a perfect 
!ih.snrh(‘r of radiation. 


and consequently the absorptance a of a body is etiual to the ratio of its 
radiant emittance to that of a black body at the .same temperature. 
This ratio i.s al.so called tin* cmm-fc/V// c of a surface; e = a. 

Xo real surface ab.sorbs perfectly all the radiation falling on it, though 
this may be very closely appro.ximated by 
a small hole in an enclosure lined with pooily 
reflecting walls (Fig. 48.8). Fractically all 
the radiation entering this hole will be ab- 
sorbed after a few rcHections from the walls 
and hence will never get out of the cnclo.sure. 

The interior walls are al.so emitting radiant 
energy, of course, and .some of tliis c.scapes 
through the opening. Since the walls have 
some reflectance, their radiant emittance is 
less than that of a black body but the 
energy they reflect just compensates for their 
smaller emittance. Therefore the hole will be very nearly a perfect 
radiator at the temperature of the interior walls of the box. For very 
similar reasons, an o])en window appears black when seen from the outside 
even in daytime. 

*48.7. Planck’s Radiation Law. Toward the end of the la.st century one of 
the most clmllenging problems facing physicists was to give a thcoiotical deduc- 
tion of the distrihution of the hlack-hodv radiation among wavekuigths (Fig. 
4H.9). One line of leasoning that was tried was to treat the radiation in tlie 
l)lack-l)ody enclosure as a gas and to (liscuss its j>ioperties by moans of thermo- 
dynamics. Another metliofl was to apply the laws of the kinetic theory to this 
radiation “ga.s.” Tliese attempts succeeded in deriving correct formuia.s for the 
total radiation from a lilack liody at any temperature and foi‘ tlie distribution of 
the radiant emittance with X for the longer wavelengths. Hut the exact form of 
the curves giving the distribution of black-body radiation over the entire range 
of wavelengths was not exj>lained by any of this work, and it seemed clear that 
the classical concepts of theoretical physics are not adequate to explain the 
experimental curves. 

Max Planck, in 1900, succeeded in producing a formula giving conectly tlie 
distrihution of tliis radiation with wavelength, hut lie had to abandon one of the 
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fundamental ideas of tlic classical eleotroinapnetic theory. In that theory one 
assumes that the electrically charged particles, whose motions in tlie radiator 
cause the coT}iiniious emission of radiation, can liave a contijiuous range of energies. 
Planck decided to give up this idea. lie assumed rather that for any one of the 



Fig. 48.‘). Spectral eniittance curves for a black body. Vertical dashed 
limits of the visible spo<'trurii. 


f 


lines indicate 


very lai'KO number of elementary oseillators tl.e energy E is proportional to 
mtegral multiple of its frequency/. That is, 


some 


r. 


tin 


'V 


wliere « is any integer ami h is now eallerl Planck's constant of actioti. We have 
a rea.Iy referred a number of times to this fundamental constant of atomic physics 
It has the dimeusioiis of energy times time, t.e., erg seconds in the egs system. 
Irom this radical postulate made by Planck there developed the quantum 

‘rj: ' i V ' development of twentieth-century 

1 tlm His V '■“diant energy, too, is quantized, the energj- 

o he discrete packets, or q,u,nta, of radiation being hf. From every applieati® 

^Chan sT tT ‘■’“t'"'™. fro-" tlie study of the photoelectL effect 

(t liap. 3o)— tlie fundamental constant h may be shown to have the value 


h — 6.62 X 10 *'erg sec 


(48.6) 


Since tl.e fre„.ie.icy / „f risible light of wavelength .5,000A is 6 X lO- sec-, the 
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picxlucts /if are evidently very small (Mu*ii,de.s. Hut the (luaiituin theory deal,- 
only witli indivi<lual atom.s and inoleeules and their inteiaetion with radia- 
tion. Many extremely important diseoveries in atoinie and nuclear ])hysics have 
resulted from the impetus Kivcn to tlic.-^e lield.s of experimentatitui by the quantum 
theory. 

The details of thi.s theory, which we have very inadequately sketcluvi. form the 
subject matter of a<lvaneed coui-ses in physics. We do not derive Planck's 
humula in this book but state it without jjioof becauM* of its fundamental nature. 
From it, as will l)e seen, all th(‘ properties of tlie black-body spectrum can l)e 
deduced witli almost inij'aculous ac-curacv. 

Planck’s formula for the radiant emittance liW of a lilack body within a ranjic 
of frequencies l)etween/ and / -p <// is 


t/ir = 


2Tr/i 


P 


,h/^kr _ 1 




(4S.7) 


where c is tlie velocity of the lijiht, k is the lioltzmann constant, or ^as constant 
per molecule, and 7’ is tlie absolute temperature of the blai k body. I-)(juation 
(4S.7) may be expres.sed in terms of wavelengths by tlie following; substitutions: 
Since c = /X, /if /kT = /ic \k'J' = cr \T, where c-: is a constant ecpiul to /ic/k. 
\\so,P = cVX^ and df — — (r, X-)f/X. Hence 


dW = - 


'Itt/i 




c- _ 1 yt 

r.X-^ 


^.</X 


(X-;/Xr _ ] 


<f\ 


(4S.S) 


where ci = 27r//c*. We shall disregard the minus sign since we are interested only 
in the magnitude of the quantities. If we denote by ll'x the ratio dll', r/X, or 
the radiant emittance of a black body per unit range of wavelength, then 



r,X-^ 


(48.9) 


The quantity ll’x is called the spectral emittance. Numerically, 

Cl = 3.740 X 10“*= watt cm- 
Cj = 1.4385 cm deg 

Figure 48.9 is a plot to scale of the spectral emittance of a black bodt' at four 
different temperatures. Since Planck’s law gives these distributions accurately, 
it should be possible to derive from this law all the other relations holding for 
black-body radiation. We derive the most important of these radiation laws in 
the following section. 

48.8. Other Black-body Radiation Laws. Recalling that 

e- = 1 + X + (a-- 2!) + (x^ 3!) + . . . , 
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suppose tliat X is so larpe that c> XT = x is negligi 
hi^tier tluiii tlie Tirst. For such lonR wavelengths, E(i. 

CiX^® _ c\T 

* * “ ^^7x7’ “ C 2 X* 


(IFx) 


for all powers 
(48.9) becomes 

(48.10) 


which is the Raijleigh-.Ivaus radiation law and was first derived from 
kinetic-tljeory (considerations applied to tlie radiation '‘gas.” The law 
holds well for the long wavelengths, considerably beyond the maxima of 
the curves. 

.Vgain set c-< XT = .r, and hold '/’constant, 'riien X = c-j/Z'j'and Paj. 
(18.9) becomes 

CxT^x^ 


H\ = 


C-2^{C' — 1 ) 


Set .t’’ (c' — 1 ) = <^x. 'I'o find tin* wavelength X„, at which K(j. (48.0) 
is a inaxunurn. we must differentiate <^x with respect to X and set the 
result (M|ual to zero. 'I'hus 

f/^x d<i>x dx _ (c^ — 1)5 j'‘ — (•r^)(e^) dx _ x‘*[(5 — a:)e^ — 5] dx 
'dX ~ ~dxdX ^ {(>' - 1)2 dX ~ ^ 


C’onsequently cither (5 — .lOe* == 5, or x = 0, or x = 
the first of these possibilities, 



oc. 


Considering 


and !)y graphical solution, the value of .r at the maximum, Xm, is 4.905. 
Thus, C‘>/X„,T = 4.9()5, or 


x..:r 



4.905 


const 


Since c -2 = 1.4385 cm cleg if X is in centimeters and T in degrees Kelvin, 


X„:T = 0.2897 


(48.11) 


'I'his is IFicn’s displacement law, which explains the shift of the maximum 
ol the emittance curve to shorter wavelengths as the temperature is 
raised. Tliis shift is evident for the four curves plotted in Fig. 48.9. 
The limits of the visible spectrum are there indicated by the vertical 
dashed lines. This shift of X„, toward the blue with increasing T accounts 
foi the tact that as incandescent bodies become hotter their color changes 
from red to a “blue-white.” At 0000° K, which is very nearly the surface 
tempeiatuie ot the s.un, the maximum of the spectral-emittance curve 
falls approximately at 5,000A. 
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is tile phy.sical intcTprefalion of .r = 0 and r = oc wliicli arc 
also solutions of = 0? Now .r = = /«• /.XV’, and thcMc- 

fore a: = 0 means X = «: , whereas a* = cc means X = 0. 'I'licse are of 
course minimum values of the ipx vs. X radiation distribution curves. 

To obtain the total radiant emittance IT. which is represented by iIk* 
urea under the spectral-einittance curve, we must evaluate the intej>ral 



I’lacing c-y^XT = j\ dX 



— (r-y/.r V’.r-). I l(‘nce 

/■" r,7'\rVy/.r * .rV.r 

j » - 1)7j-^’ “ c,‘ Jo r' - I 


The definite integral 



.r\h- 



has the value ir\ lo. 
a, we have 


Therefore, replacing the constant *15 (^r c-j)‘ci by 


ir = <r7*'‘ (black body) (-18.12) 


where the constant <r is fouml to have the value o.()7 X 10~‘- wluui II’ 
is in watts per s(iuare centimeter of the black-body surface and T is in 
degrees Kelvin. Kipiation (48.11) is the famous Skjau-Holfzmnnn /(in\ 
first proposed b}' Stefan in 1871) an<l later derived iheoretically by 
Boltzmann. 

On combining Kqs. (48.4) and (48.1 1 ) the radiant emittance from any 
real body is given by 

ir = oaT* (48.13) 


and since the absorptunee a equals the emissivity c, this equation may 
also be written 

ir = ear-* (48.14) 

48.9. Radiation Exchange. Equation (48.13) gives the rate at which 
radiant energy' is emiffed b}' a body per unit area of its surface. The 
body will also be absorbing radiation incident on it, and the net gain or 
loss of energy is the difference bet ween the rates of emission and absorption. 

Consider once again the small body suspended in the evacuated 
enclosure, and suppose that thermal equilibrium at the v all temperature 
Ti has been attained. Since the absorptance a equals the emissivity e 
for the small body, Eq. (48.3) may be written 
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aiirl thus we see tliat the irr(utiance R on the surface of the body depends 
only on the temperature T\. 

If the body is at a temperature T-i different from that of the walls and 
if it is small enough so that its chanj?ed temperature lias a negligible effect 
on the radiant energy in the large bo.\, tlie irradianee R is not changed 
but the rate of emission of radiant energy is now *S’ir = SeaT^*, while its 
rate of absorption remains ScR = SeaTi*. The net rate of emission is 
thus 

SeadV - r,^) (48.15) 

If the body is not small compared with the enclosure and if the walls 
are not perfectly absorbing, some of the radiation emitted by the body 
is reflected back to it from the walls, so that tlie amount of radiant energy 
incident on the body is changed. It is thus impo.ssible to treat the 
general case (luantitatively, for n^al objects of finite size with partly 
reflecting walls are exchanging radiant energy at all times with all 
surfaces in the “line of sight." 

The distribution curve for the radiation from the sun is closely that of 
a black-body radiation curve at (JOOO^K. The average rate at which this 
radiant energy is received at the top of the earth’s atmosphere, known as 
the “solar constant," is 0.033 cal cm-- sec-*, or 1.15 kw/yd^ As men- 
tioned in Sec. 23.1, about 10 per cent of tliis radiant energy is absorbed by 
our atmosphere. The remainder falls on the earth’s surface and is partly 
absorbed and partly reflected. The earth's surtace also emits radiation 
at a rate corresponding to its lower temperature and the average emis- 
sivity of its .surface. This emitted and reflected radiation is in part 
absorbed by our atmosphere and in part transmitted into space. The net 
result ot all tliese processes is that, of the radiant energy received from 
the sun, 17 per ceni is absorbed by the atmosphere and 40 per cent by 

the earth’s surface and the remaining 43 per cent reflected and radiated 
back into outer space. 


48.10. Summary of Radiant Energy Terms 

Rtuliantjlux is the tohil radiant energy falling on a surface or emitted by a surface 
|jer second. It is measured in watts. 

Irradianee is the radiant flux incident on unit area of a surface. We denote it 
by the symbol R and use 1 watt/cni* as the unit. 

Radinid emittance is the total radiant energy emitted by a surface per unit area 
per second. It is denoted by W, and we use 1 watt cm-^ sec"* as the unit. 

Reflectance r is the fraction of the incident flux reflected by a surface. 
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Ahsoriilnucc o i.-s the fi'a<'ti«)n of the iuei<leiit Hu\ al»sorl)t>(l l)y a surface. If tlic 

surface is opatpie, r + n = 1. 

Etnissirtfy e is the rndo of its ra<liant einittance H’ to tliat of a hlack ho<ly at the 

Siune 7’. Also r — n. 

Spci'lral fiin'Koncf U'x is t{\. or the radiant emift.ance jmt unit ranj;(‘ of 

\Na\elen^th. A coiu enient unit of U'x is 1 watt cm~- sec”‘ iup~K 

PROBLEMS 

1. For a certain <Uchs-tric material tli«‘ polarizirn: aniile is foninl to he \\’lial is 

the index of refractatn? 

2. C'ahnilate tlic polarizing anjile for dense Hint ulassof index n = l.C)')"). 

3. CaUailate the limits of the polarizing angle for while light 4.000 to T.oOOA for 
crown glas.s with it = 1 ..Vio and 1 .oOo. rc‘s]>ect iv<dy, at llmse w.-ivelengt hs. 

4. Two Nicol prisms are mounted as pohirizer and analyzer, lirst with an angh- of 
10° I)c*tweeii tlieir principal sections. Ihc-n with this angle incr«*a.se<l to 70°. What is 
tiu* ratio of the inteaisity of tlu- transniitte<l light in the two cases? (I’-se tlw law of 
Mains.) 

*6. A beam of plane-j)olarized light is im-ich-nl on a calcite crystal, with its \’ihr;i- 
tions making an angle of 30° with the principal s<'ction of the i-rystal. ('alculate the 
relative amplitudes and intensities of th<- two ndracted beams. 

5. The irraditincc on an opacpie surface of an-a 2 m- is 1 watt /cm-, of wliich one- 
fourth is reflect(‘d. Find («) tlu^ absorptance, [h) tin* retlect.-ince. (c) tin* total incident 
radiant flux, (d) the radiant emittance from tlie sv>rfac<* if it is ui thermal tapiilibrium. 

7. Calculate the radiant einittance of a black body at a teni])erature of (u) 300 °K ; 
(b) 3000 “K. 

8. For the black body at 3000 "K calculate the ratio of its spectral omittam-e 
ir at lO.OOOA in the near infran-d juid at 5,000A in the \nsible. 

9. Compute the wavelength at which the spectrrd ciniltanci* of this black body at 
3000 °K is a maximum. 

10. C'alculate the temperature of a blaek body that has the maximum of itsspeetral- 
emittaiice curve at 5,.500.\, where tin* »‘ye is im)st sensitive. 

11. A cube of copper, 1 cm on »*dge, is susi)en<le<l within a large evacuated enclosure 
whose walls are at 300 °K. If the emissivity of copper is 0.3, what power input is 
required to maintain the cube at 6(K) °K, negU'cting heat conduction? 

12. In an evacuated 100-watt lamp bulb the tungsten filament operate.^ at 2450 °K. 
If the emissivity of tungsten is 0.3.3 and the glass surface is at 3.30 °K, find the surface 
area of the filament. Assume that all of tin* radiant energy is absorbed by tin* glass 

13. If the |K)wer uiput to the coppi*r euhe of Prob. 1 1 ceased, how long would it take 
for the cube to cool to .590 °K? The density of copper is 8.9 gm /cm^, ami its specific 
heat is 0.093 cal gm"‘ deg C"*. 

14. Assuming that the surf.ace temperature of the sun is exactly 0000°K and that 
it is a perfect radiator, at what rate does it lose energy? The ratlins of the .sun is 
4.3 X 10^ miles, 

16. Show' that Xewton’s law of cooling {Sec. 17.9) is obeyed by a body losing energy 
by radiation to its surrourulings if the temperatures are nearly equal. (Hi.n’t: Differ- 
entiate Eq. (48.14)}. 
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49.1. The Periodic System of the Elements. If the elements are 
arranj^ed in or(l(‘r of increasing atomic weight, there becomes apparent a 
[)crio(licity in the propertie.s <if the elements. This was first discovered 
by Mondelyoev with regard to the chemical properties of the elements, 
but file physical properties show the same periodicity. The order num- 
ber of an element in this arrangement, starting with hydrogen as 1, is 



called the atomic number Z of the element. The chemical properties of 
hydrogen (^=1). lithium (Z = 3), sodium (Z = 11), potassium 
(Z = 19), rubidium (Z = 37), and cesium (Z = 55) are very nearly the 
same. The successive differences in the values of Z in this series are 


2, 8. 8, 18, 18, and these differences are therefore the periods for the 
recuiTence of a given property. Thus the scries of inert gases, He, Ne, A, 
Kr, Xe. Inis this same series of differences of atomic numbers, with the 
exce[)tion of the fii-st difference. Many other examples can be found as 

\xell, such as the ability of a series of elements to form an oxide or a 
hydride of a given type. 
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The same periodicity is rcvcalod in tlio i)hysical j^ropcrtics. 'I'lie 
simplest example of this is rhe fact lliat t)jo itaat «fases ar(‘ all iti the 
gaseous state at ordinary temporal arcs, l-'igure -19.1 sliows th<‘ atomic 
volume (the volume in cuhic centimeters of oik* mole of atoms) of llu' 
element.s, plotted against atomic number. Some otlaa- physical i^ropc'i- 
ties are shown in Fig. 49.2. The curves for all tlic.^^e jirojaMties ai(^ 
strikingly similar, and all show the fundamental periodicity that th<‘ 
chemical properties show. Much more striking examples of the perio- 



Fig. 49.2. The reciprocal of tin* in(4tinK point 1 the coefficient of tltennalo.xpansiou 

a, and the coinpressihiUty A', of the elenu-iits. 


dicity of physical properties are afforded by the spectra of the vtirious 
elements, both in the optical and in the X-ray region. 

Mendelyeev believed that the period 8 should prevail through the 
whole series, and as a result the periodic table is tisually arranged as in 
Table 49.1. This arrangement has persisted because other schemes 
based on the correct penodicity are much less con\'enient and compact. 
Above the element barium {Z = 56) apparent irregularities occur, d'lie 
whole series of elements from lanthanum (Z = 57) to lutecium (Z = 71), 
the rare earth elements, are assigned to a single platre in tlie table, and a 
similar behavior appears to exist for the very heaviest elements (Z = 89 
to 96). We shall postpone the discussion of these irregularities for the 
moment. 

The scattering experiments with a particles described in Sec. 24.7 
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Table 49.1. Periodic Chart of the Atoms 
At<iin.s groujx’d acciirding to the ruinibor of outer (valence) electrons 



I 

f 

II 

1 

III 

IV 


VI 

VII 

VIII 



1 


1 





2 


1 

1 H 


• 





1 He 



; 1 oo)- 

1 

1 

. 1 





4.00c 

* 


3 

4 

f 

5 

6 


s' 

9 

10 


2 

Li 

1 Be 

H 

C' 

X 

0 

1- 

Xe 



6.94 

9.02 

t 10 8 

12.01 

. 14.01 

[ 16.00 

1 19. (X 

) 20.18 



if ~ 

12 

13 

14 

15 

16 

17 

18 


3 

\a 

Mk 

.\1 

Si 

P 

S 

Cl 

A 



23,00 

24 32 

1 

! 26.97 

1 . . . 

' 28. Of; 

I 30. 9^ 

32.06 

1 35. 4f 

i 39.94 



19 

1 20 

21 

22 ' 

23 

~24 ' 

25 

26 

1 

1 

4 

K 

I (a 

1 

Sc 

Ti 


C'r 

Mn 

Fe 

C’o 


39,10 

; 40.0)^ 

i 45.10 

47.9(1 

i| 50.95 

1 

. 52.01 

54.93 

[ 55.85 

58.94 


29 

30 

31 

32 

33 

34 

35 

36 



C’ti 

Zn 

' fla 

Ge 

As 

Se 

Br 

Kr 



63 , 57 

; 65.38 

69 72 

1 . 

72 . 60 

74 . 9 1 

78 . 96 

79 . 92 

: 83.7 



37 

1 ♦ 

, 38 

■ 39 

40 

‘'41'“ 

42 

43 

44 

45 

5 

Hi) 

1 Sr 

1 

' 

Zr 

1 C4> 

Mo 

Tc 

Hu 

Rh 


85.48 

: 87.63 

1 88.92] 91.22| 92.91 

1 ' 

95 . 95 

99 

101.7 

102.7 


47 

1 48 

49 

50 

1 

51 

52 

53 

54 



Ak 

(’cl 

In 

Sn 

Sb 

Te 

I 

Xe 


— 

107.9 

112 4 

114.8 

118.7 

121. 8 

127.6 

126.9 

131.3 



55 ‘ 

1 

56 

57* 

72 

73 

74 

75 ’ 

76 

77 

f) 

('s ; 

Ha 

La 

Hf 

Ta 

W 

He 

Os 

Ir 


132.9 

137.4 

138.9 

178.6 

180.9 

183.9 

186.3 

190.2 

193.1 ] 


1 

79 

80 

81 

82 

S3 

84 

85 

86 

1 

• 


All 

Hk 

T1 1 

Pb 

Bi 

Po 

At 

Hn 


1 

197.2 : 

200.6 

204 .4 ' 

207.2 

209.0 

210 

211 

222 



87 

88 " 

89 •• 






~ “ “ — 

7 

Fa 

Ha 

Ac 







i 

223 : 

226.0 

227.0 








58 

59 

60 

61 

62 

63 

04 

65 


•6 

c:e 

Pr 

Xd 


Srn 

Eu 

Gd 

Tb 



140.1 1 

140.9 

144.3 : 

147 

150.4 

152.0 1 

156.9 

159.2 



66 

67 

68 

69 

70 

71 





Dy 

Ho 

Kr 

Tm 

Yh 

Lu 




1 

162 5 1 

.64.9 ] 

167.2 ] 

i69.4 ] 

173.0 1 

175.0 





90 

91 

92 

93 

94 

95 

96 


"• — 

‘*7 

Th 

Pa 

U 

Xp 

l^l 

Am 

Cm 



;; 

1 

132.1 2 

'31 2 

538.1 2 

1 

137 2 

539 2 

541 2 

142 




28 

Ni 

58 . 69 


40 

Pci 

106.7 


78 

Pt 


M’te “ “> inserted in the same box as 1 ^ 57 

1 ht 7 group, wluch is simJar to the rare earths, is to be inserted in the some 


box OH Ac 89, 
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made po.ssiblo u determination of the number of elementarv (■har;i(‘> ofi 
the mndeiis of an atom, and it was found tlial this number i.- e<]ual to tlie 
atomic number of llte (‘lennmt in tlie periodic table, d’lie nucleus of an 
atom thus has a positive charjj(‘ eciual to Z( : and since tlu' atom as a 
whole is electrically neutral, the number of el«‘<*tr(m> is e<iual to Z. 
Thus liydro«ien has 1 electron. h(‘lium 2. lithium .‘T and uranium <)2 
electrons, each of charp* r. The number of eleclrtms in an atom can 
be found, of course, in many other ways, all of which aKit^e. Perhap> 
the simplest of these methods is the study of si)eetru. 

49.2. Spectra of the Hydrogen Atom.' Since hydrogen is the simplest, 
of all atoms, consisting of just the pia»ton with unit positive charge* 



Kio. 49.3. The* Buhner seri<*s of utomie hydrogen. (livproduati hi/ pt rntisnum 
from “ Atoinic Spvctra atid .t^);/j/c Sirnctun ” by (S. Htrzhtrg. Dover DuUinititniH, Xew 
York, 1040.) 


around whicli a single negative electron circulates, it might be expected 
to produce a .simple line spectrum. This is indeed the case. Figure 
49.3 is a reproduction of a spectrogram showing the so-called Halmer 
series of atomic hydrogen. The first line in the red at (),5(}3.V is known 
as Ha, the second line in the blue at 4, 8(51. V is the Ila line, the next line is 
designated //>, etc. .1. J. Halmer (1825-I89S) in 1885 discovered that 
the wavelengths X of these lines are given accurately by the formula 



(49.1) 


where H i.s a constant called the Rydberg constant and n' has the value 3 
for //„, 4 for etc. If X is in centimeters, I X gives the number of 
waves per centimeter, which i.s called the wave number of the spectral 
line. In the.se units, R = 109, (>78 cm—'. As a' increases, the successive 
lines of the series become clo.ser and closer together and converge to a 
limit Hot,- 


* Review See. 11.9. 
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If n' = ■>: , th(‘ (■(iiivcrficiKrr limit tor the s(*ri(*s is Kiven l)y K(|. (49.1) at- 
\ = 3.(1 UiA. wliicli is in the near ultraviolet. A rather faint continuous 
s|)('(‘t luin proei'ed.s from this limit larthtT into the ultraviolet. 

I'ollowiiiK Ihilmer's discovery, other formulas of a more general nature 
were developed for series found in the spectra of the alkali and alkaline- 
eartli elements. All these formulas had the common feature that the 
\va\'e numl)(*r.s or lre([uenei(‘s (c = fX, and heru’c IX of theline.s 

were tiiven as the diOerence hetween two (juantities or termii. For exam- 
ple. in the Ualmer fcjrmula tlie two terms are /i'/2-' and /i/n'% Hutuntil 
the work of Niels Itohr in 1913 no .satisfactory theoretical explanation of 
the production of sharp spectral lines and (»f these series relationships had 
bt'cn produced. In tliat year Hohr lirou^ht out his famous and revolu- 
tionary theory of the hydroj^en atom, wliich we have already discussed 
in Sec. 1 1.9 in so far as it was an example of motion under an inverse- 

s(|uare law of force. 

It will 1 k‘ recalled that Bohr adopted the KullH‘rff>rd model of the atom, 
which has the electrons revolving in orbits about the more massive, 
positively charjicd nucleus. Now an (‘lectroii moving in a circular path 
has an aceelerat ioit toward the center of the circle, and according to 
classical electromagnetic theory an accelerated electron radiates a 
ctmtinuous spectrum of energy, (’lassically, then, the electron would 
graduallv lose kinetic energy and would spiral into the nucleus of the 
atom. .Vctually, however, a line spectrum i.s emitted. To get out of 
this dilemma, Bohr made his famous po.stulate that an electron in an 
atom can rcrolrr in certain fixed orbits without the emission of radiant 
energy and that furtheinujre only those orbits arc allowed for which the 
anyulnr monienli/in is an inteyral multiple of h '27r, where is Planck’s 
constant. 'Po explain the emission of light by the atom, Bohr made a 
second postulate' that the atom radiates only when an electron jumps from 
one orbit to another of lower energy and that the frequency f of the emitted 
radiation is determined by (he difference in energy between the initial and 
final ortdf, or state." according to the relation 


E' - E" = hf 


(49.2) 


where E' is the energy of the initial state and E" that of the final state. 
'I'hc (piantity of radiation posse.'ising this energy hf is called a photon. 

It was shown in Sec. 1 1.9 that, as a result of the first postulate, the 
radii r (d the circular orbits of the single electron of charge —e and mass 
m rotating about the single proton of charge in the hydrogen atom 
are given by 


7 * 


nVi'^ 


( 49 . 3 ) 
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whicli is (1 !.2I). To calculate tli(‘ radius /„ ol ihp (iist Bohr orhit 
which corrcspoiuU to I lie normal stale of liydio^icai, -w c suhstilutc // = I 

h = (l.(i2 X 10--" ci-K see. m = 0.11 X 10 j^rn, and r = -I. SO X 10 ' 
esu, so that 

(0.02 X 10 -'i 

4 X 0.S7 X 0.11 X 10 X (4. SO X 10 
= 0.:)2S X 10 ' rm 


r» — 


'I'his is in fair aKiccment with the itidicatiniis from other methods, Mich 
as X-iay dlflruction. \\hiclt shoA\' that the diameter of an atom is al)ont 

U)-^ cm. 'i'he other allowed orhits. accordin<r to {-lO.lil. ha\c radii 

4r,„ Or,,. ! ()/•„. el c. 

I he total energy A’ ol the electn)n in aiiv of its orhits is jiiven hv l•'(| 

(11.27). 

27r-///c‘ 


K = - 




(10.4 


4'liese eiierj'ies are negative hecause the zero of potential enertiy is taken 
witli the electron at tm infinite distance from tin* nucleus. When /^ = I . 
the enerjry has the lart>:<*st ne^tdive value. 'I'he si’<*a(er the vtdue of n. 
tile less negative the energy. Therefore the energy is loivi-.sf in the noinial 
state, n = I, and the energy is hif/hcr the laigi-r llie orhit. Tlie atom is 
always in the normal state, unless either hy collision witli a fast-moving 
electron or hy ahsorption of a photon of the correct energy its electron is 
temporarily raised to one of the outer orhits. 'J'he atom, howewer. slays 
in this excif(*d state* loi* only ahout III ' .s(‘c h(*tore re'turning dir(*ctl\' 
or hy steps to the normal state hy emission of one or more photons. 
By substituting Kep (49.4) in Kep (49.2) the freiptency of the emitl(*d 
photon becomes 

2irhf,r^ / 1 1 \ 

n'y 

where n is the quantum number ot the larger orhit from which the elec- 
tron jumps and n" is the (luantum number of the smaller orbit to which 

it jumps. 1 he wave number I X corresponding to any of these frt*- 
(piencies is 

1 2Tr-tm 

X ~ ch^ ^ ~ (49.6) 


f = 


'/ir^ / 1 1 \ 


Comparison of this e(|uation with the Ihilmer equation, E(p (49.1), 
shows that the two are identical if 


/? = 


2Tr’me^ 

ch^ 


(49.7) 
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and if n" = 2. If we substitute the known values of m, e, c, and h in 
K(j. (49.7), we obtain precisely the oi)served value of the Rydberg 
constant in the Halmer ecpiation. The lines of the Bahner series of 
liydrogen arc therefore given very exactly by the Bohr theory. 

Holtr was also able to pi'cdict other scries of lines in the spcctmni of the hydro- 
f;en atom. Bv substituting = 1 and rt' = 2. 3, 4, . . . one calculates a 
s[)ectral serics'in tlie far ultrariolet region. This series was discovered by T. 
byinan of Harvard rniversity. and the measured wavelengths were found to agree 
exactly with the predicted values from the Bohr theory. The Lyman series arises, 

then, from electrons returning from the 
various excited states of hydrogen 
tlirectly to the normal state. This 
anrl other possible series of lines are 
shown on a diagram of the Bohr cir- 
cular orbits of hydrogen in Fig. 49.4. 
If is set equal to 3 and n' to 4, 5, 
the calculated spectrum line.s 
lie in the infrared. These lines were 
looked foi- and found by F. Paschen at 
precisely the computed wavelengths. 
Another series of lines arising from 
election jumps to orbit n = 4 was 
predicted and observed by Brackett. 
Pfund observed further in the infrared 
the first lines of yet another series 
arising from election jumps to the 
n — 5 orbit. 

*49.3. Deuterium vs. Hydrogen. In 1932, X’rey, Briclavedile, and Murphy 
used a further prediction of the Bohr theory of the hydrogen .spectrum to aid them 
in making the important discovery that hytlrogen has a heavy isotope, now called 
deuterium, of atomic weight 2. In deriving Kq. (49.4) we have assumed that the 
electron mass m rotates about a nucleus of infinite mass, i.c., a stationaiy nucleus. 
Actually, however, the nucleus has a finite mass .1/, and the two masses m and 4/ 
rotate about their center of mass. Equations (49.4). (49.5), and (49.7) may then 
be .'ihown to be still valid if m is replaced by the reduced mass fi, defined by the 
ecpiation 

m M m 



l-’io. 4!). 4. Thi* liohr <‘ircular orbits for 
hydrogen, showing (he <'h-4'tn)n jump.s 
giving ri.se to exactly predictetl .spectral 
serii's. 


M = 


m -b M 1 4- («< M) 


(49.8) 


Obviously y approaches the value m as For ordinarj' hydrogen, .1/ is 

the proton mass equal to 1,840 times the electron mass, whereas for deuterium 
the nucleus, called the deuteron, has double this mass. The ratio of the Rydberg 
constant R for deuterium to that for hydrogen is equal to the ratio yo/iiH of their 
reduced ma.<.ses, or (I + 1/1,840)/(1 + K X 1,840) = 3,682/3,681. 

This variation in R produces a small but detectable wavelength shift for all 



Sec. 49.4) 


ATOMIC STRUCTURE 


693 


coirosjjomlhiy; lines (tf these two vaiieties of liyili 
Aecordinf? to licj. (49.0) tlie line should have a wavi*- 
len^dh 1.7‘j;hV shorter than that for the 11., liin^, and this 
was exactly the shift lirst oh.^erved }»v Trev atnl his 
collahoratots within tlie limits of aceniacv «if their inea-'- 
iirements. In ordinaiv hydrogen tlie hea\y yariety i> 
present to only 1 part in 4,(KU), and conse<iuently the 
close-lyin;; deuterium line aee«unpanyin>{ eyery hy<lro‘:<'n 
line is too weak to he detected. In so-called "heayy 
water,” obtained by repeated electrolysis of onlinary 
water, the lij^ht hydronen atoms are largely rejilaced by 
deuterium atoms, lioweyer, and the spectrum of the hy- 
droj^en sas obtained from such water .shows at hi^h dis- 
[lersion all the Balmer-scries liiies as douldets with the 
deuterium components in e.xactly their predicted 
positions. 


deuterium has proyed to be a yaluable re.seareh tool. 

With a hi;^h-ener;;y deuteron beam in a cyclotron, many 

artificially radioactiye materials may l>e tnade. Heayy 

* • 

water i.s al.so an effectiye slowing agent for neutrons in a 
uranium nuclear reactor. 


49.4. Spectra of ALkaii Atoms. Ionization Po- 
tential. If a small amount of one of the alkali 
metals, lithium, sodium, potassium, rubidium, or 
cesium, is placed in a glass tube CM)ntaining an inert 
gas such as nitrogen (to preyent oxidation of the 
alkali) and if the tube is then heated moderately, 
enough ot the alkali is vaporized so that its ab.sorp- 
tion spectrum may be obtained. The absorption 
tulie is placed between the source emitting a con- 
tinuous spectrum and the slit of the spectrograph. 
Figure 49.5 is a spectrogram sliowing tlte series of 
absoi’ption lines (except for the strong yellow line 
5,893.\) so obtained with sodium vapor. All ele- 
ments in the gaseotts state produce some line ab- 
sorption, usually in tlie ultraviolet, Imt only the 
alkalies .show a long series of this simple type. 

Ihe similarity of the arrangement of lines in this 
series to tliat iii the Balmer series for hydrogen is 
evident. Tliis fact, among others, led Bohr and 
Stoner to propo.se that the filling of each new shell 
of electrons (Sec. 49.5) starts with the alkali ele- 
ments. Thus each alkali atom has one electron 
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outside all tlie others in an orbit by itself. This electron is 
called the vdlrncc clrcfron, and for sodium its orbit has n = 3. "When 
lijiht of just the correct frc(|uency / strikes the normal sodium atom, the 
(‘iier^y fif of this quantum raises this outer electron from its normal orbit 
to some outer orbit. Thus by light absorption the atom becomes 
(xrHid. At the limit of this absorption series the energ}' hf of the incident 
light is suflicient to raise the electron to the orbit n = that is, to 
knock (he electron completely away from the atom. This process is 
known as ionizafion, and the energy that will ju.st separate the valence 
electron from the remainder of an atom is called its ionization energy d 

'rho value of hf corresponding to the scries limit of 2,413A gives a 
si>ectroscopic value of the ionization energy of the .sodium atom. Now 
since E = hf, there is a conversion ratio between fre(iuency, or wave- 
numlx'r units, and any energy units. In fact, 8,0()b cm“‘ — 1 ev. 
Kor the limit 2.413.\, 1/X = 41,472 cm~h and therefore the ionization 
potential of sodium is 41 ,472 '8,000 = 5.14 ev. This is by far the most 
accurate method of determining this important atomic constant. 

^^’hen an electric discharge is sent through sodium vapor this same 
principal series of lines is observed in emission, for then manj' of the atoms 
l)ecome excited and subseciuently emit these frequencies when the valence 
('lection drops back into the « = 3 orl)it. In addition many other transi- 
tions of the electron back to intermediate orbits, and then finally to 
the normal state, are possilde. Therefore the emission spectrum of 
sodium is much more complex than this simple, one-series absorption 
spectrum. 

*49.5. Shells of Electrons. The properties of an atom of an element can be 
divided into two cla.sses. In the first class the property in question (the atomic 
weiglit, f<»r example) is a monotonic function of atomic number Z: in the second 
class the j)ropcrty (chemical behavior, for example) is a periodic function of Z. 
Now tlic atomic weight is almost wholly the weight of the inner core (the nucleus) 
of tiie atom, and it might lie expected that other monotonic properties depend 
upon the nucleus and tho.se electrons that lie ne4»r to it. On the other hand the 
chemical pro])erties, wliich are manifestations of the forces between atoms, must 
flc})cnd upon the outermost electrons. The fact that the chemical properties 
are periodic suggests that similar structure.s of the outer electrons in an atom 
recui' periodically in the progression from the light to the heavy elements. 

In .'^ec. 49.2 we have shown that a series of electron orbits exist in the hydrogen 

1 Ionization energies are often njcasured by bombarding the atom with electrons. 
Tlio potential difference through which the bombarding electron must fall in order to 
attain a vcl(»-ity lu'ci'ssary t<» ionize tlic .atom is known n.s the ionimtion potential. 
'I'lius tlie ionization energy in electron volts (ev) is equal numerieally to the ionization 
potential in volts. 
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atom, each liav'm« n radiu.'; prop(»ttion:il to t Ik- .vipiaio ol an intc^cM- caih-*! the total 
(juatitum miinhot ». In atoms with moi<' flian «iik‘ cliM-tron a similai situation 
obtains, but there may be several oibits witli a ftiven value of with an <'le( tron 
in eacli orbit. The electrons iii .-i complex atom are thus airany;(‘(l in shells, 
each sliell eliaracterized by a value of n atul liavinn a r.iilins prt)])oj tional to n- 
The uumbet of electrons tliat cjin mov(‘ in a ;;iven shell is strictly limitt-d, liowcvet , 
and tlie maximum numbet is eijual to 2a-. For // = i tlieie aie twd electtcms; 
for n — 2, eijtht eleeti-ons, and so forth. The \arious slndls ha\e been labeled 

K, L, M, A , . . . for II = 1. 2, 3, 4 Since tlie numbei- of (‘lections in an 

atom increases as Z inerea.ses, the new electrons usually have tin.* smallest [lossible 
value of li. When a shell becomes tilled, the m*xt election must lia\’e the next 
larger value of ii and a new shell of elections is staited. d'he jiroiierties of tl )0 
shells are summarized in Table 49.2. 

When a new shell is started, with one of the alkalies, the atom has one electron 
that is moving far outside all the others and this results in chaiaeteristic jnoperties 
of the atom that are )>eiiodic with the atomic number. Tet us examine in detail 
how tiiis occurs. In hydrogen the single election is in the K shell; in helium both 
electrons aie K electrons, and the first shell is comjileted. In lithium two elec- 
trons fill tlie K sliell, and the tliird starts the new L shell. Ilydiogen and lithium 
each ha^’C a single outei' electron, and this lesult.s in a numlier of very similar 
projierties. As Z increases, the new electrons are added to tlie L shell until with 
neon {Z = 10) the L shell is complete. Neon and lieliuin thus have the complete 
shells of electrons, which are resjionsible for the properties of the series of inert 
gases. The sliell structures of atoms of low atomic number are given in Table 
49.3. 


Table 49.2. The Electron Shells in an Alom 


J 

1 

1 

Name of shell 

^’alue of n 

1 

.Ma.x number of electrons i 
in shell 

Total miniber of electrons 
when .shell.s are full 

1 

K ' 

1 

1 

1 

1 

2 

1 

1 2 

1 

L \ 

2 

8 

1 10 

M 1 

3 

18 

28 

iV 1 

4 

32 

()0 

U i 

1 

5 

50 

1 

110 


The rules of cliemicul combination are al.so to be understood in terms of the 
beliavior of the outer electrons in the atom. For the elements on the loft side 
of the periodic t.able, the valence is ju.st e(|ual to the number of outer electrons. 
The alkali metals have a valence of 1 and have one outer electron: the alkaline 
cartlis have a valence of 2 and have two electrons near the boundary of the atom. 
When a chemical compound is formeti, such as sodium chloride, the single 
“valence” electron of sodium becomes attached to the chlorine atom, a subshell 
of eight electrons is formed in the chlorine atom, and the sodium ion is also left 
with u subsliell of eight electrons. As we saw earlier, such octets of electrons 
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fjave a stability and the two ions Xa+ and Cl” are attracted by sti'on« 
cle(‘tii<-al forces, in a similar manner the two outer electron-s of calcium 
become attacl»ed to cldorine atoms when calcium chloride, CaCI-, is formed, and 
cai li of the three atoms lias the stable octet subshell in the compound. Chemical 
compfiuiKls of this tvfie are called polar compounds since each pair of ion.s forms 
an ele<-tric di[)ole. The inert gases, then, enter into no chemical combination 
Itecause they already have this extremely stable .shell .structure. Not all chemical 
compounds are held together by electrical forces of this kind. In organic coni- 
liounds and in molecules like and Xj, for e.xample, the binding forces ari.se 
from other, more complex causes. Nevertheless the structures of the outer 
electron shells still determine these forces. 

*49.6. Elements of Higher Atomic Number. From sodium to argon the 
eleidrotis are added to the .1/ shell, since both the K and L shells are complete. 
In argon the .1/ shell contains eight electrons. Although this does not complete 
the shell, those eight electrons form a stable configuration, which behaves as a 
subshell and which is responsible for the inert behavior of argon. Next in order 
to argon is pota.ssium, ami the new electron is arlded, not to the still incompleted 


Table 49..3. The Shell Structure of Atoms 


bh'tncnt 

Z 

K shell 

h shell 

M shell 

N shell 

H 

1 

' 1 

1 



He 

2 

2 



1 

I,i 

3 

2 

1 


1 

1 

He 

4 

2 

2 




.5 

2 

3 



C' 

6 

2 

4 



X 

m 

i 

2 

5 



0 

8 

2 

6 



F 

0 

2 

7 



Xe 

10 

1 

2 

8 



■ Na 

11 

2 

S 

1 

1 i 

1 

1 

-Mg 

12 

2 

8 

2 1 


A1 

13 

2 

8 

3 


Si 

14 

2 

8 

4 


p 

15 

2 

8 

5 


s 

16 

2 

8 

6 


a 

17 

2 

8 

7 


A 

18 

2 

8 

8 


K 

19 

2 

8 

8 

1 

Ca 

20 

2 

s 

8 

1 

2 

K'r 

36 1 

2 

8 

18 

8 
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M sIk'II, l»ut to tli(‘ A shell. 'Dms j>»»t:»s<iiiiii. wifli the pr <i| ii'i t ies (i| ;iii 
Iius li otiterniost ele«'t)<*n. 

Al)Ove pota.'^siiim tlie new elections :ne addetl s«.nie to the A shell ;ui<l sonic f.. 
the M sliell, with the result that for krypton (/ = ;ili) tlie .1/ .shell has its coni- 
plemont of IS electrons ami a snbshell of S ele«-trons has l>eeii forine*! in thi‘ \ 
shell. 

In elements of hij^her atomic numher the arran<'einent of the elect rons .seems 
to become irretjular: electrons are mhled to several outer shells before the inner 
shells are filled. It is this circumstance whicli (‘xplains tlie <‘hemical li(‘ha\'i<)r of 
the rare eai tlis. All the elem(*nt.s from lanthanum (Z = .’>7) to lutecium = 71 ) 
are assij;ned a single place in the iieriodie table because their chemic-al piojierties 
.•ire almost id(*ntical. Tlach of the.se elements has two outer electrons in the /' 



Fio. 40.fi. Charge <llst ribut ion in pota.s.vinin as a functum of tin* distance fmin ih.- 
center of the atom. 

shell and i.s, therefore, cliemically .similar to calcium. As the atomic number is 
increased, the additional electrons are adiled to complete the .V .shell. Lutecium 
has the K, L, .A shells complete, nine (f elections, and two P elei tions. 

In the elements beyond lutecium more electrons are added, but neither the (i 
shell nor the J* shell is completed, since no elements of sufficiently hi^h atomic 
number e.xist. The Q shell appears to be started with element S7. 

.Although a detailed study of the motions of the electrons in a comiilicatcd 
atom is not jiossihle, it is po.s.sible to calculate by the methods of (puinlum incrhou- 
irs (Sec. 49.11) the average charge density as a function of the di.stance from 
the nucleus. Figure 49.(5 .shows the charge ilistribution for potassium, one of the 
alkali metals. The inner core of electrons is re))resented by the shaded area : the 
single outermost electron is represented by the unshaded area under the curve. 
Peaks that result from the in<lividual shells are clearly visible, although there is 
no eviilence for sharp boundaries Ijetween the shells. The unshaded area 
extends to very small distances, which means that the outermost electron is 
.sometimes found a.s close to the nucleus as a K electron. At large distances from 
the nucleus the cui’ve bounding tlie unshaded area approaches zero rapidly, 
but no flefmite point can be cho.sen as the outer boundarv of the atom. In 
consecpience the shape or size of an atom cannot be defined precisely. 

*49.7. Ionized Atoms. We have seen how an atom such as sodium can lose 
an electron by the proces.s of light absorption. Atoms may also become ionized 
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l)y collisions with fast-iaovin}j electrons in an electric di-scharge, and tlie.se colli- 
sions may in addition excite one of the remaining electrons of the atom to an 
outer orbit. This excited electron in the ionized atom may then drop back into 
an orbit of lower energy, emitting tlie energy difference as a light quantum. Or 
an atom might lose two electrons, becoming doubly ionized; one of its remaining 
outer electrons can then be excited to an outer orbit and ui>on dropping back 
can emit a photon. 

Since esu are used in Eq. (49.4), the energy E of the electron in any of its orbits 
in the hydrogen atom is related to the energy V in electron volts by 

,• = 3JM = _ (40.9) 

f h-n- 

In order to remove the electron from a hydiogen atom an amount of energy 
equal to 1' must be supplied to the electron. This energy is theiefore the ionizn- 
tian iiivrgy. The quantity V is a good measure of the tightncs.s of binding of an 
electron. For hydrogen in the most .stable state, « = 1, 

r = !3..i.S ev 

If an atom has one or more electrons removed from it, it is Siiid to be ionized, 
or to become a positive ion. In tliis condition the atom has a net charge which is 
|X)sitive and etjual to that of the missing electrons, borne atoms cun catch and 
Imld an extra electron and become negative ions. The simplest negative ion of 
this type is one of hydrogen, which has two electrons moving about tl\e nucleus. 

In Table 49.4 are listed the values of the ionization energies of several atoms. 
It is cNident that the outer electrons of the alkali metals are relatively easy to 
remove, whereas much more energy’ is required to remove one electron of the set of 


Tal)lc 49.4. Ionization Energies of Some Elements 


\ 

Kleinent 

: 1 

.\tomic number 

r 

1 Ionization energy 

H 

1 

13.58 ev 

Li 

3 

5.37 

Na 

11 

5.14 

K 

19 

4.32 

Rb 

37 

4.1G 

Cs 

55 

3.88 

He 

2 

24.48 

Ne 

10 

21.47 

.\r 

18 

15.69 

Kr 

36 

13.3 

Xe 

54 

11.5 

Mg 

12 

7.61 

Ca 

20 

6.08 

Hg 

80 

10.39 
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cifjlit tliiit occurs in cacli r)l tlic inoit-}i:is atoms. It is also evident iVom 'I'al.Ie 
49.4 that tlie I)in(Iin}' enei'tiy of a »:ivcn soiies decrea.'-C' with incieasitiii atonhe 
numher. Tlius lielium retinites 24.4.S ev, l>ut this value dit)p> to 1 I ..*) ev loi the 

s i.s inineipally tlic result ol the fact that the outei- 
inost electrons are fartlier away from the nurleus in the heavv elements. 

I-'very element has one line .spectrum associate<l with tlie neutral atom, anotliei 
spectrum with tlie .singly ionizetl atom, .still aitother with tlie douMy ionizt'd atom, 
etc. Because of the similarity in electron .structures tlie spectrum of the once- 
ionized atom resemliles tliat of the neutral atom of atomic number 1 less, l-oi 
example, since co|iper has atomic number 29 whereas .so«iium has atomic number 
1 1, .striiipiny; of IS electrons from a copper atom in a “ hot-sp.-irk ” source should 
;jivo a highly ionized atom showing a spectrum similar to that of .sodium. This 
particular spectrum, the nineteenth spectrum of copper, has been observed t>y 
Iall6n in tlie extieme ultraviolet, the ilisplacement to hifjher fre<juencies beinji a 
lesult of tlie gieatei charge on the copper nucleus. 

49.8. X-ray Spectra. X rays also originate from tlie jumpinjj; of an 
electron from an orbit of hitflier energy to one of lower energy, but the 
electron transitions arc to vacancies in the innermost K and L sludls 
rather than to the orbits of an outer vahuice electron. When high-spc(Ml 
electrons from the cathode of an X-ray tube strike the target, which is 
usually made of a high-melting-point metal sucli as tungsten or molybde- 
num, they ionize many of the atoms in tin* stirface layers of tlie metal. 
The very energetic electrons from the cathode penetrate these atoms and 
by collision remove an electron from one of their inner shells. If this 
ejected electron is a K electron, an electron from tlie next, or /., shell 
juinjis into this vacant place, .simultaneou.sly emitting the dilference in 
energy between these two orbits as a plioton hf. X rays originating by 
(liis process are called “characteristic X rays” since their freipiencies 
are characteristic of tlie target element, and independent of tlie energy 
of the bombarding electron. 

Such X rays may be photographed us “ lines’' with an X-ray spectro- 
graph tluit employs a crystal as a diffraction grating (Sec. -17. 11). These 
K lines are actually multiple, with the components designated as A'„,, 
Art-j, A'lji, Kffn, because electron transitions to the vacancy in the K shell 
can also occur from the .1/ and .V shells. A plot of the K lines from 
titanium (Z = 22) to zinc (Z = 30) is given in Fig. 49.7. The study 
of these strong K lines led Moseley in 1913 to announce the law that the 
frequcTicies of corresponding lines are approxunatcly proportional fo Z-, 
where Z is the atomic number of the emitting element. Mo.seley’s 
formula for the frequency / of any Ka line is 
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'riu' re^iulur stepwise pi-oK*'0'^-'>i<>» <>f tliese X-ray lines in this plot con- 
stitut(Mi the first certain proof of the regular variation of properties of 
the elements with atomic numher. 

There are also L-series X-ray lines due to the jumps of M- and X-shell 
electrons into the L-shell vacancies, and there are even M and N series 
arising from electrons falling into the vacancies in those shells. Since 
the electrons in these outer shells arc not so tightly bound to the nucleus, 
less energetic cathode-ray electrons will eject them from the atom and 
llie pliotons emitted are of lower frecpiency or longer wavelength. As 
exidained in Sec. 30.1, in addition to these lines there exists a continuous 

X-ray spectrum arising from the slow- 
ing down of liigh-speed electrons as 
they pass close to the nuclei of the 
atoms in the target of tlie X-ray tube. 

49.9. Molecular (Band) Spectra. 
In molecules the electrons are also 
confined to shells and orbits. The 
innermost electrons are bound to one 
atom alone, while the outer elec- 
trons circulate about two or more 
atoms, ^^'hen an electric discharge 
is sent through a gas composed of 
diatuinic molecules, the outer electrons of themoleculesare excited to larger 
mbits and also tlte molecules are made to vibrate and rotate faster. 
If there are polyatomic molecules in the gas, spectroscopic evidence 
indicates that the discharge creates diatomic fragments which are largely 
responsible for the observed molecular spectra. Thus a discharge 
through the vapor of any organic compound produces CH fragments 
which show a characteristic spectrum. 
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Figure 49.8 shows the appearance of a portion of the emission spectrum 
of the AlO molecule. Such spectra are often referred to as "band" 
spectra, for they usually consist of a sharp edge with many fine lines 
trailing off from that point. The fact that these molecular spectra also 
consist of sharp lines shows the necessity of quantizing all the motions in 
tl )0 molecule. That is, a molecule can ■\dbrate or rotate not with any 
frecpiency but only with certain definite frequencies. A band represents 
a jump between two of these allowed vibrational energy states, the many 
fine lines re.sulting from simultaneous jumps between some of the 
molecular rotational energy states. A set of these bands, such as those 
shown in Fig. 40.8, corresponds to a certain electronic transition that 
may give rise to but one spectral line from an atom. 

The application of the quantum theory brings order and interpretation 
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to iIk'so complicated molecular spectra. 'J'lie a.v^ijrn- 
ment.s ol vihralioiial and rotational quantum numliers 


can now ha made with certainty. Useful infoiinal ion 
on the sizes ot tli(‘ molecules, the naturo of tlu'ir enej<j\’ 
slates, how stable the molecules are, and tlu* e.\acl 
molecular frafiment responsible for each sjieclrum 
results Irom these studies, (’liernical analv.ses of trases 
may be made in this way, and the.se data aid in the pcu- 
lection ot all devices involvin«{ jila.seous di>chaitiC‘s 
(thyratrons, fluorescent lamps, hij^b-jua'ssure mei'cui\’- 
vapor lamps, etc.). 


*49.10. Fluorescence. There are substances that, when 
strongly illuminated by ii«ht they are capalde of ahsoibin^, 
reemit liKlit of lonner wavelenuth. This process is calh-d 
jiuonsccm-f, ami the fact that the Huore.<cent li«ht is almost 
ahvay.s of longer wavelength than that of the incident li-;ht 
i.s knoun as i^tolccs hui'. 1 his i.s to be exjiected since tlu^ 
enerjjy fif of the photons of the fluorescent lisht may at the 
most be ecpial to the eiier<;y fif of the incident pliotons. 
There are case.s where thi.s law i.s \*iolated, however, l)ecause 
enerny stored in the atoms and molecules of the material is 
added to the energy of the incident wavo.s. 

( ei'tain solids such as the sulfides of calcium, strontium, 
zinc, and barium show ji jiersistcnce of the i'eemitte<I limht .'^o 
that it lasts lor sev(*ial secf)nds or oven minutes aft(*r the 
oxcitinji radiation or electron beam has been .^topped. This 
is called phosp/iorisrrnct. Thoie is no e.'^sential dilTer ence l>e- 
tween fluorescence and phospljore.scence, except that the latter 
jjeisists after the excitati<in has ceased, whereas in the foj’iuer 
the light is reemittc<! within 10-' or 10-’‘see. 

A solid bombarded by cliarged particles also emit.s light 
and is also called fluorescent or ijho.sphoie.scent. The emis- 
sion jjiocess is the .same, but the excitation of the atoms of 


the solid results from the electric field of the chaiged jiarticlo 
rather than from the electric field of tlie light wave. 

I'luorescent paints are now widely used for highway 
markers, ad\'ertisiiig signs, etc. The fluorescent screens of 
cathode-ray oscilloscopes and television tubes must not 
phosphoresce to any great e.xtcnt, or the persistence of the 
images would interfere with anj' fast succession of scieen 
patteins. As the result of war re.search, phosphors have 
been developed, which when irradiated with infrared light 
emit visible wavelengths— a striking violation of Stokes’ law. 
Interesting fluorescent effects may be obtained by irradiating 
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I'lG. 40.8. Etaksion band spectrum of a <!iatomic aluminuni oxiih' iiM.lct uf , 


702 


PHYSICS 


ISec. 49.11 


materials in the dark with Jiltniviolet li«ht. For example, natural teeth then 
fluoresce hriKlitlv. hut artificial teeth look |>erfeetly black. 

Another important application is the use of fluorescent screen.s to make 
visible with X rays the shadows of bones. 

*49.11. Electron and Nuclear Spin. If the Ihilmer series of hydrogen or the 
piinci])al series of sodium is photr»graphed with high dispej’sion and resolving 
power, each of the lines is found to be douldc. Thin fine-struciure doublet interval 
amounts to l.oOA for the lU line and to 0.\ for the yellow sodium line. The 
reason for this doul)ling is that the elertron has a spin angular momentum 
,S = fi 47r. Now there is a magnetic moment associated with both the orbital 
motion of the election and its spin motion (Se(*, 31.4), and the only allowed rela- 
tive orientations of two magnetic moments are parallel or “antiparallel “ to each 
other. If as the electron jumps from one orbit to the other the orbital and spin 
angular momenta are parallel, the freciuency of the emitted light quantum will be 
slightly ditTerent from that emitted by another atom with the two moment.'i 
antipaiallel. 

When each line of the sodium doublet is photographed under still higher resolu- 
tion, it is found to be double. This so-called hypcrfine struclure results from the 
spinning of the nucleus of the atom. The orientatimi of this nucUnr spin affects 
the freiiueiicy of the emitted light in very much the same way as does the orienta- 
tion of the electron spin, but usually the nuclear spin produces the closer line 
structure. 

Spectrum lines of many of the elements show electron-spin fine structure and 
nuclear-sjiin hyperfine structure to varying degrees. These fine structures often 
iuNolve more than two comjionents. Al.so, there is sometimes a closely sjiaced 
isotojie structure in the lines if the mn’leus of the atom has two or more Isotopic 
forms. 1'lie study of these effects forms a fascinating branch of atomic physics, 
but it is beyond the scoj)e of this text. 

49.12. Relativistic Increase of Mass with Velocity. We have already 
menfionod (Sec. 29.5) that as an electron acquires high speed its mass 
changes. In the .special theory of relativity published by Einstein in 
1905, the mass m of an electron increases with its velocity v according to 
the relation 


m = 


m» 


\'\ - (f/c)2 


(49.10) 


where Wo is the mass of the electron at re.st and c is the velocity of light, 
d'his equation has been thoroughly verified for particles of any mass. 

The test of Eq. (49.10) was first made upon high-speed particles or 
electrons (Sec. 50.3) ejected from the nuclei of naturally radioactive atoms. 
Some ^ particles are so energetic that they are mo\’ing with a velocity of 
99.95 per cent that of light. Their velocity and charge-to-mass ratio 
may be determined by experiments on their deflection by electric and 
magnetic fields, similar to the method used originally by J. J. Thomson 
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(See. 29.3) with cuthodo ray.s. Siiico tlic ,3 |)articl<‘s arc identical witli 
any otlit*r electrons, iheii- rest mass is known. Smli cxpcrinuails 
3’ield perfect ujireement. witli tlic relativity etpiation [Ivp (49.l())j. 
If r = 0 2. the m Ls l.lowto, wliile if r = l).9t) X r the ratio m iiin is 7.1. 
The formula for the kint'tic (‘nerfjv of a fast-movinj; particle is no loniici 
^ it is derived in Sec. 50.2. 

49.13. Electron Waves. As im^ntioned in Sec. 47.11 l)a^i>sll]l .an*l 
( ierm(*r in 1 925 p('i4orme(l att important experiment slmw in«; that mo\ itjji 
<*lectrons are \va\clike in chai'acter. d'liis result had alread\' heeti 
pr(*diet(*d bv th(‘ Frein'li tlieoretieal ph\sicisl I )e hroj^lie. .Vj-eoidinu l<i 
l)e Hrojilie a particle of mass /// moving with a \’elocit\’ r .should Ii.ini* an 
associated wavelength X jiiven by 


X = ± 
mr 


(19.1 1) 


where h is Planck's constant. 'I'hus a Ix'am of eh'ctrons r)j- atoms should 
behave in some experiments, such as dilVraction by a crystal jrratiny: 
(Sec. 47.1 1 ), like a beam of photons or X ra.vs. 

.Vccording to K(i. (49.1 1 ), the greater the momentum inr of t h(‘ part iele, 
tlic shorter the wavelenjjjth X. An electron with 1 ev of enerjiw has a 
velocity of 0.02 times the velocity of liftht and has by K«j. (19.11) a X 
of 12.23A. If an electron is accelerated b.v fallinp; thioujih a potential 
difTerence of 1 million volts, its vclocit.v is 94 per cent thal of lif^hl (the 
relativistic correction for the mass must be used), anil from Eq. (49.11) 
its X is O.Ol.V. The X of the 1-ev electron is that, of a “soft ” X ray, that 
of the i Mev’ electron is equivalent to a “hard,” or penetrating, y nyv. 

49.14. Quantum Mechanics. Uncertainty Principle. Althougli llie 
Bohr theoiy of the electron circulating about the atomic nucleus in fixed 
orbits (Sec. 49.2) worked perfectly' for hydrogen, it was not so successful 
in explaining the details of the spectra of heavier atoms. In 1925, soon 
after De Broglie had suggested that the electron has a wavelike character, 
Schrbdinger brought out his more acceptable quantum mechanics, while 
Heisenberg at the same time, followed lyv Dirac, also published an 
improved theory in a different mathematical form. In the quantum- 
mechanical treatment of the hydrogen atom the motion of the electron 
about llie nucleus is described in terms of standing waves somewhat like 
the standing waves in a vibrating bod^' emitting .sound. 

In the simplest form of this theoiy the length of the path 2Trr of the 
electron moving about the proton must be an integral multiple of the 
wavelength X = h/mv. That is, 

n—^2rr (49.12) 

mv 
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wlu'ro /i = 1.2. .'J This is exactly the Hohr relation [Eq. (1 1 .23)], 

and therefore it is clear that this theory of Schrodinger’s should also give 
conectly the fie([uencies of the hydrogen spectrum. 

In the f|uantuin meclianics it is more difficult to form a mental picture 
of what an atom is like. The modern theoretical phy.sicist does not 
d(‘n»and such a pictur<*; rather, he works with the .somewhat diffused 
(huisity <listril)Utions of electron charge in the atom. Figure 49.6 is an 
(‘xainph* of such a charge density for the pota.ssium atom. It is note- 
worthy that the peaks laheh'd A', L, M come at ju.st about the same 
distances from the nucleus as do the shells of electrons calculated on the 
orbital model. Physicists find it convenient, therefore, to continue to 
speak of the motion of electrons in orbits, and of electron shell.s in discus.s- 
ing spectra and the applications of spectroscopic data to other atomic 
plienomena. 

One of the spectro.scopic facts that is explained by quantum mechanics 

t ^ c t y is that the minimum vibrational energy for a 

molecule is not zero. This residual energy, which cannot be subtracted 
from a molecule and would l)e present at the ab.solute zero of temperature, 
is called zero-point ener(jy. In a complex polyatomic molecule in which 
each of the many modes of vibration retains half a quantum of vibrational 
energy the t()tal zero-point energy may be a large fraction of an electron 
volt. 

The famous Ileincnberg uncertainty principle i.s closely related to the 
wave theory. In order to measure X for a particle accurately its 
as.sociated waves must be extended to a train of great length. Then, 
according to wave mechanics, the position at which the particle will be 
found is very uncertain since the wave extends over thi.s large region. 
C’onversely. to determine the position of a particle accurately the wave 
must be limited to a small region. By Fourier’s theorem this can be 

% b the overlapping of many waves of different wavelengths; 
i.e., the exact wavelength of the particle is then uncertain. AVe thus 
have the following as the uncertainty principle: The position and momentum 
of a particle cannot both be measured simultaneously with exactness. Accord- 
ing to Heisenberg’s formulation of this principle the product of the 
uncertainties of the measurement of the position and momentum of the 
particle cannot be of a smaller order of magnitude than Planck’s constant 
h. This is one of the basic laws of the ph.ysical world and is of great 
philosophical importance. 

49 . 15 . Spectra of Astronomical Sources.^ The solar spectrum has 
already been mentioned in Sec. 45.1. The spectrum of the moon is 


* Ueviow Sec. 4.5.1. 
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identical witli that of tlie isiin. and tlii.'< con.«.tilul<‘s proof that theniooo 
has no gaseous atmosphere to al)soiT) any fre(|uencies from tlic .simlighl 
reflected hy its surface. Some of tlie planets, on tin* oilier hand, 
produce absorption l)ands in tlie sunlight they reflect. Carbon dioxide 
has been thus shown to occur in the atmosphere* of \ emis and nielham* 
in the atmosphere of Mars, and from the intensities of the alisoiiition 
bands the amounts of these compounds may be estimateal. 

Tlie spectra of stars show the presence of elements found on the (‘arth. 
Prominent are hydrogen, calcium, titanium, and iron. From the study 
of stellar spectra, astronomers may determine the distances, brightness, 
sizes, surface temperature, radial velocity, and mass of tin* stars, as wvW 
as their composition. The type of absorption spectrum always rev(‘als 
the temperature of the ab.^orliing material. For example, the spectrum 
of shows alxsorption lines of iron, calcium, and hydrogen in sucli 

relative intensities as to indicate that the surface temperature of tliat 
very bright star is about 4200®. 

If tlie relative velocity v of the stellar .source and the earth along the 
lino of sight, called the ra<h'al irlonlij, is appreciable in comparison with 
the velocity of light c, the fretiuency/ of every spectral line is changed by 
the Doppler effect. I'.sing this notation. K(|S. (3S.1) and (38.1') may be 
combined into one etiuation for the new freipiency /'. 

^ (source in motion) (49. 13) 


r = ^ 

, /c + f 

A 




1 ± 


V 


Similuily Kejs. (38.2) and (38.2 ) may he c<)inl,>ino<l into t!ic one eciualion 


r “ ~ 0 (ob.server in motion) 


(49.14) 


I'or sound waves there is a definite physical difference between these two 
cases. When the source is in motion, there is a real change in the wave- 
length X, wliile it the ob.^erver is in motion X is unchanged but there is an 
apparent change in fre(iuencj\ Therefore, when v is not small compared 
with the velocity ot sound, the two e(iuations give different results for 
the same v. If the right-hand side of Eq. (49.13) is expanded by the 
binomial theorem, we have 


/' =/( 


V 


V 




■ ■ ■) 


which is the same as Eq. (49.14) except for the small terms yVc^ etc. 
Owing to the extremely high velocity of light this difference is negligible. 
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Stans havo radial volocitie.s usually in 
the ranK<' 10 tf) 30 km. sec, hut in 
some cases up to 300 km sec. Even 
for the latter value, v’^ic- is only 1 
millionth. IIcn(!e, for star light we 
always use E(j. (40.14). 

^^■hen the spectrum of the west edge 
of the sun is compared with that of the 
east edge, it is found that all the lines 
due to ah.sorplion in the sun’s atmos- 
phere show a displacement cor- 
responding to a velocity difTerence 
of 2.1 km .sec (Fig. 49.9). Compari- 
.son of spectra from the noilh and 
south edges of the .sun shows no such 
line shift.s. This .shows that the sun 
rotates about a “ north-.south ” axis. 
For certain double stars, known as 
spcciroscopjc hinanes, the spectrum on 
one night may show all the lines as 
single, a few nights later these lines 
are double, and still later !)y tliesame 
time interval the lines are again .single, 
'rids shows that the star is double, 
uitli the velocities of the rotating 
doublet having appreciable compo- 
nents in the line of sight. 

A most important application of 
the Doppler elTect is to measure the 
a{)i)a?ent motion of the distant spiral 
nebidae (the nearest one is 870,001) 
ligfit years away). The spectra of 
the.se island universes outside our own 
galaxy (the Milky Way) alwaj's show 
the II and K lines of ionized calcium. 
Hut instead of falling at the wave- 
lengths 3.9()8A and 3.933A as in labo- 
ratory sources, they shoiv tremendous 
Doppler shifts toward the red, and the 
more disiant the nebula the greater the 
shift. Recessional velocities as great 
as 14,300 miles sec have been so de- 
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t(*rmin(Ml. This slartliny; ivsiill lias jiivcn liso to tlu' ln-Ii(‘i ih.-d our 
\'or.s(‘ is cxpanilinti;. 


)Ur uni 


PROBLEMS 

('al<'ul;itr from tlir (l<*nsitir'4 ari<i atomji* vr>liiitir> ;mi<I iliiiu ii- 

sions of th<* atoms c>f tlu* alkali niotals. Itovirw Sea*. 2l).s. 

2. ( ’aUailat*’ tlu* wavolrriut li in Aii^st rorn units of the lift li lino < if i Im* hu I iih i ><‘nos 
<if hy<lro^on. 

3. ('aloulat(‘ thr onerjiy hf in it^^s of a photon of wav'olrii^t li ia > (iJHK) \ a ml t . 1 A 

4* From tlio limit of tlm BahiUT sorios (3,(vHiA) calrulato tin* mimmutn i*iiri;ry 

rcaphraai to rnmovr tho rlrctron in tin* M atom from tlu* n ^2 orhit io iiilmit\. 
ICxprrss your result in cun * * ninl in elc*etron volt<. 

^6* Tlu' ionization potcuitial of the hyclroy«*n atom is 13-oS volts. (\>mputoth<* 
wav(0t*n^l h of the limit of tlie Lyinan series in the vacMium ultraviolet. 

6* ( ’omput«‘ t he vv av<*h*nKths of tin* first lines <if the* Faseln-n, Bra<*kc*tl. ami Ffiiml 
scTic's c)f the hydrogen atom. 

7* ( 'a leu late the \n avc’lonjith sc'paration lH*t v\ ca*n the 1 am) 1 Ki Bal inc i* siiie'* lines. 

*8. 'riu‘ limit of tht^ junmupnl ahs4irption sc'ric's of jmtassium Im*s at X = 2.SnSA. 
('omiHite the ionizatioii {Hitential ol potassium. 

*9. W hat form would Kep (451.1)) take* in pruc tieal inks nnits? 

10. W hat is the energy in electron volts nc‘CM*ssajy to remove tlu* sinyle reinaioiiu' 
('Ic*(*troii from a Indium ion? 

11. If a j)ositiv<* and a netrativc eh‘c*tron form u rotating systcun similar to a 
hydroeem atom, what will he the encTKic's of tin* systcun? (Beim'inher tin* eom- 
m(*nls about nahn*c*d mass.) 

12. .\ Indatron jiroduec's ede^etrons with a vcd<ndty tID.X pc*r c*c*nt that of tiylu. 
(’ahuilate the rna.ss cd tln*se cdta*trons. 

13. (’ahudatc' tin* wave numhc*rs and wavelcmtcths of tin* /\« lin<*s for tin* li^litc*st 
mental lithium (/ * 3) and the ln*aYi(*st natural c*U'inent uranium (/ — 5)2). 

14. Wliat sho\d<l be* tin* short-waveleneth limit of tlu* rontinuc»ns X-ray sp(*<*frum 
produced by 30,000-volt e|c*etrons impintfit^tf un a tarf:c*t? 

16. C'omputo the W‘av<*lc*natb.s observ<»<l for t)io H and K lines in tin* sp<*<’truin of a 
spiral nebula, whieh has a recessional radial velocity of 14,300 milc*s see. 



CHAPTER 50 
NUCLEAR PHYSICS 


60.1. The Size of the Nucleus. In (’hap. -19 the structure of the atom 
was (ILscus.scmI. and the l)in(linj; forces holdina; the electron.s in place were 
d<‘scril)ed. Tl»o nucleus of the atom, which contains mo.st of the material, 
was seen to he only a small ma.ssive center about which the electrons 
move. The Coulomb force, arisinj; from the charges on tlie nucleus and 
on the outer electrons, retains the electrons within the atom, and the 
magnitude of this b>ree is independent of the shape and size of the 
nucleus because the nucleus is extremely .small. An estimate of an upper 
limit of the size of tlie nucleus can be obtained from the experiments on 
the .scattering of or j)articles described in (’hap. 24. 

If cx particles bornl>ard a material with heavy nuclei, such as a piece 
of gold foil, some of the a particles make “head-on” collisions with the 
nuclei ami are .scattered directly backward. As an a particle approaches 
the nucleus, its kinetic energy is transformed into potential energy in 
the electric field of the nuclear charge. The velocity of the a particle is 
reduced to zero, and the repulsive ('oulomb force is a maximum when the 
a particle has approached the nucleus most closely. This distance is 
easily calculated. If V is the energy of the a particle in electron volts, 
then 

‘ ■ ■■ (50.1) 


‘ n T ^ 

- mi" = cl = 


r„ 


where ro is the minimum distance, Z the atomic number of the heavy 
material, and fc the factor depending on the units employed. The 
(luantity Zc is the nuclear charge, and 2e is the charge of the a particle. 
In esu, /; = I; in practical units, k = 1,. 47reo. For a 5-million-volt 
rt particle approaching a gold nucleus for which Z = 79, the distance ro is 


_ _ 2 X 79 X 1.0 X 10-i» 

r -iv X 8.85 X 10"*- X 5 X 10« 


= 4.50 X 10->^ m 
= 4..56 X 10-‘2 cm 


Experiment shows, however, tliat the scattering ob.served is e.xactly that 
computed from the assumption that the field is the same as the field of a 
point charge. It can be concluded, therefore, that the nuclear radius 
must be still smaller than the value of ro just calculated. If the scattering 
is observed from a light element instead of gold, the distance ro of closest 
approach is smaller. Equation (50.1), however, cannot be used in that 
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case sinc‘e some of the kinetic eneriiv of tlie a particU* i.-s communii atcil m 

tlje .scattering nucleus. Kxi)eriments witli lijrlit cUunents slmw that the 

scattering; is not <iuile wliat wotild he expcctcal ficiin Coulomh forces even 

when tlie motion of the target nucleus is taken into account. .Mtliou^li 

the deviations are small, tliey are definite and can he u-<ed to d«‘fine what 

is meant by the radius of tin* nucleus. If tlie potjuitial (“ueray of an 

O' particle at a distance r from tlu' nucleus i.- plotterl. a cui ve >ucli as that 

shown in Fi«i;. 50 . i results. For larjj(> valu<*s of /• the curve falls oil 

inversely with /•; at small distances an <itlrttrlin forc(‘ exists, 'I'lie radiu'; 

R correspjuidinji; to tlie maximum of tlie curve* mav lx* defined as 

% 

tlie nuclear radius. The curve of Fiji. 

50.1 represents exiually well the poten- 
tial encrjiy of any positively charged 
particle in the field of the nucleus; only 
a ehanjie in thescale of ordinates is lu'ce.s- 
saiy. .V jiroton has just half the poten- 
tial energy of an a particle, since tlu* 
charge is just oiuvhalf. 

The nuclear radius can he determined 
more precisely and easily hy oth(*r means to he discussed suhse(piently. 
It is found that the empiiical eejuathm 


Pot, 

energy 


I'lc. .70.1. 'flic pofciilial caiiTny ‘*f 
a I’harnfil j)artic'l<‘ near a nucUais. 
(*urvr nrar orijiiii \inkiu>\vii. 


R = 1.1 X lO-'M^cm 


(50.2) 


represents the experimental data well. The (}uantity .1 is the atomic 
weight of the scattering nucleus. From this etpiation. the radius of a 
gold nucleus is found to he 8.1 X 10*'^ cm; for a nucleus of carbon. 
R = 3.2 X lO”’’’ cm. It should he recalled that a linear dimension of an 
atom is about lO’^ times larger than R. For most purposes the nucleus 
can be approximated extremely well by a point charge. On the other 
hand the small size of the nucleus makes the investigation of its properties 
difficult. 

60.2. The Mass-Energy Relation. In dealing with nuclear j)henom- 
ena, one is nearly always concerned with particles that have very high 
energies. Although the energy of the 5-Mev a particle con.sidered in the 
preceding section is only a small fraction of 1 erg, this energy is very much 
larger than the energies of the part icles concerned in chemical or mechan- 
ical phenomena. If the energy of the particle in (|uestion is kinetic 
energy, then the velocity of the particle is correspondingly groat. Parti- 
cles with high velocities do not have a con.stant mass, as has already been 
mentioned, but the mass m increases with increasing velocity e according 
to the relation 
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m = w,. - 7 — (50.3) 

V 1 - = 

wlicre /Hn i.s the mass of the particle at rest, its test mass, and c is the 
velocity of light. iMpuition (50.3) was first derived by H. A. Lorentz 
(1853-1928), a Dutch physicist, who ccmstnicted a theory of the electron. 
It was suh.sc(iuently obtained by A. Kinstein from his theorj^ of relativity. 
The relation has received abundant experimental verification. If mass 
varies with velocity, the statement and application of Xewton’s second 
law of motion must be carefully made. e must say that the rate of 
vhntujc of j)wmen(um (not mass times acceleration) is equal to the force. 
In symbols, 

/■' = ^ {mv) ^ m (50.4) 


\V<' have alnaidy encountered a similar situation in the study of rockets 
in Sec. 8.14. 

The kinetic energy of a particle i)f varying mass is not equal simply to 
' •i mv- but is e(iual to a more complex expression about to be derived. 
The kinetic energy of a particle is altered l)y the action of a force, and by 
definition the change (IE in kinetic energy is equal to the work dW done 
by the force. Since 

(lie = dir = F fix 

l)y Kq. (50.4) we have 


(IE = {mv)dx 


(50.5) 


If the value of m is substituted from Eq. (50.3), the change in kinetic 
energy becomes 


(IE = dOnr) = vd 
fit 

Taking the differential we find 




mol’ dv 

(1 - (r- c2))^^ 


which can be easily verified to be equivalent to c- d{mo/\/l — (v^/c^)), 
and hence 

dE = d{mc^) (50.6) 

The change in kinetic energy is therefore equal to the change in the 
quantity’ me-. To find the total kinetic energy E of a particle with 
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velocity i\ Kij. (50. (i) mn.si lx- iiit<*nrale<l. arul th(“ i?. 

K = wr- + (■ (50.7) 

wIitM-e (' is tlic constant of intejiiat ion. To dcteiinine f it is nec(‘>>ai v 
to ktKAV (he value of K at .-^ome value of r. In the (Ivnaniies of low- 
velocity particles it is <-u>toinary to clioo.se = 0 wlu*n r = 0. Tiuh'r 
these conditions, C = — //e,c-. and 


K = 


/lie- — tn,tC- 


(50. S) 


The student should show tliat this reduces to ‘2 "h<*n c « c. 

In jiroposinj; his theory liinstein took the hold step of int (a pr(‘t inn 
(50.8) somewhat dilYercuitly. He postulat<*d that, even when the 
velocity v of the panicle is zero, some enerny still remains in the paitieh* 
and in fact that the total onerny A\.., <»f the jiarticle is obtained wlu^n 
C = 0 in K<[. (50.7), or 

= mc’ (50.0) 

From Kinstein’s [)oint of view inass (huf! hccomcs a fonn of energy. If in 
some way (he whole mass of a particle could he ehanned to some other 
form of energy hy annihilation of the matter, Va\. (50.9) would give the 
amount of energy obtained. In terms of tlie kinetic energy A’, 

A’,„, = + in„r- 


'riie (juantity is called the real energy of the partitde. 

Einstein's hypotliesis that <*nergy is obtained hy the annihilation of 
matter has been accurately verified by the study of nuclear pnjcesscs, 
as we sliall see. The complete annihilation <4' 1 kg of matter would 
produce 9 X lO'** joules, or 2.5 X 10**’ kwlir, about ono-tenth of the total 
electric energy produced a year in the I’nited States. ( 'omplete annihila- 
tion of nuclear mass has not been aecompli.shcd, but changes in mass 
with the accompanying release of energy can be j)roduceil almost at vill 
by nuclear proce.sses. 

60.3. Radioactivity. The first mielear pheiiMineiion to be studied in 
detail was the ratlwm'tivihj of nuclei discovered in 1890 by Heecpierel. 
Radioactivity is the spontaneous disintegration of a nucleus, with the 
(‘mission of energy. The nuclei of a number of elements of high atomic 
number are observed to transform themselves in two principal ways: (1) 
\ nucleus emits an a particle or a helium nucleus, and kinetic energj’^ is 
released and divided between the or particle and the residual nucleus; 
(2) A negative electron of high energy is produced by the nucleus; i.e., a 
ray is emitted. In either mode of disintegration, some radiant energy 
may also be released, and this radiation is called y raijfs. When a nucleus 
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(li^iiite^nKcs, tlio atomii* mimlK-r of the residual, or daughter, nucleus 
must ditfer from that of the parent nucleus. If an a ray is shot out, the 
nuclear charge must diminish by 2e since the helium nucleus has Z = 2. 
At the same time the mass number must also diminish by 4, the mass 
number of helium. For example, the element polonium (2 = 84 and 
.1/ = 210) emits a rays and changes to the element with Z = 82 and 
.1/ = 200, or to an isotope of lead. This transmutation is often expressed 
by an etiuution similar to those used to describe chemical reactions, 
thus: 

s.Po--^'** ,He^ + «-.Pb-“« (50.10) 

The atomic number of each clement is written as a subscript on the left, 
the mass number as a superscript on the right. It is evident that the 
totals of both Z and .1/ must have the same values on each side of the 
e(|uation. If H is used as a general symbol for elements, then a dis- 
integration is expressed by 

(50.11) 

In a similar fashion an ecpiation can ]>e written for 0 decay. The parent 
nucleus loses a negative cliarge. and hence Z is increased by 1; the mass 
number remains unchanged. The mass number of an electron is zero 
since its mass is only * is 4 a that of a hydrogen atom. Hence the e(|uation 
is 

(50.12) 


where is used to indicate the electron. The .sul>- and superscripts on /3 

are usuallv omitted. 

% 

Radioactive decay is entirely a spontaneous process. The rate of 

decay is independent of all changes of temperature, pressure, electric 

fields, or anv other factoi-s that can be altered in the laboratory. The 

• « 

number dN of atoms that deca}* within a small intcn’al dt is thus pro- 
portional to the number N of atoms present, and the constant of pro- 
portionality is charactenstic of the parent atom. Hence 


dN = -\N dt (50.13) 

where the negative sign means that the number of atoms decreases with 
increasing I and X is tlie constant of proportionality called the decay 
constant. Equation (50.13) can be integrated with the result 


N = ATo^-xr (50.14) 

where Na is the number of parent nuclei present at f = 0. For many 
purposes it is convenient to write Eq. (50.14) in terms of another constant 
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instead of X. The time T wlioii the nnml)or of atoms is reduced t(i lialt 
its initial value is jjiven l)v 

1 _ A' 

2 " A ,, 

If losaritlnns are taken of both sides. 


= i- 


In 2 


= T 


In terms of T, E(i. (50.14) l)eeonu\s 


A’ = X = A^,c-'“--'^ = A^,2-'^’■ 


(50. 1 51 


'I'hc number A’ is thus decreased b\- a factor of 2 if the disinte^iation 
proceeds for an interval 7’; lienee T is called the halj-lijc of the parent 
nucleus. 

60.4. The Radioactive Series. The radioact ive elements that occur 
in nature can be arranged in three radioactive series, each seri(‘s laung a 
chain of succe.ssive disintegrations. The series are named after the 
elements in the series with the longest lives. The elements are uranium 
(oi-r--*''), tliorium (.j.Th-^h. and actinium (sn.Ve--'). In 4'able 50.1 the 
members of tlie uranium and thorium series are given. 

Ihc individual members of the series are given names, although they 
may be chemically identical with elements having more common names. 
1 bus Ms 1 h 1 1 is an isotope of Ac, and Th(’ is an isotope of Hi. It is seem 
that the hall-lives extend over an enormous range of values. 

The actinium series also starts with uranium and ends with lead. 
I his circumstance makes possible a determination of the age of a mineial. 
If the amounts ot uranium, thorium, and lead in a mineral aredctermiiK'd, 
it is po.ssible to calculate from the known half-lives how long the dis- 
integration process has proceetled since the mineral was formed. In this 
manner a time scale lor the various geological periods has been cstal)- 
li-shed. The oldest rocks have an age of about 1.5 X years. 

It should be noted from Table 50.1 that RaC and ThC emit both a 
and 0 rays. The disintegrations take place in two possible ways, and a 
branch in each .series is formed as indicated. 

1 he atomic weights of members of a single radioactive series differ from 
one another by multiples of 4 since, when an a ray is emitted, the atomic 
weight decreases by 4, and the emission of an electron involves no change 
in atomic weight. The thorium scries is composed of nuclei having 
atomic weights of the form 4n where n i.s an integer. Similarly the 
uranium and actinium serie.s have mass numbei-s of the form 4« + 2 and 
4n 3. respectively. Recently a fourth radioactive series with atomic 



714 


PHYSICS 


(Sec. 50.4 


Table 50 . 1 . Radioactive Series 


1 

Kleineiit 

Symbol 

\ 


.1/ 

1 

Ray ' 

prodvjced 

HalMife 

1 

Crfiniuin Series 

rraniurn I 

I'l 

‘t2 

1 

238 

1 

a 


2 X 10’ years 

( Vaiiiuni A 1 

I’.V, i 

j «i() 

234 

1 

fi 

1 

24 , 5 days 

rniniuiii A*:; 

vx. 


23-1 

ti 


1 . 14 riiiti 

Cranium 11 

rii 

112 

234 

a 

1 

3 X 10^ years 

IfttftlllMI 

lo 

IH) ' 

230 

a 


8.3 X 10^ years 

ll/JIIMIII 

111 lu 

Mu 

1 8s ; 

i 220 

a 


1,600 years 

Uadoii 

Mu 

! 8I> 1 

1 

222 

a 


3.82 days 

Hjuliiun .1 

Ibi.l 

84 

1 

218 

a 


3.05 min 

Itjulium (' 

Mali 

82 ' 

214 

a 


20.8 min 

l{a<li\in» r 

MaC 

1 83 : 

t 

214 

1 

ti 


10.7 min 

HiidiuTii ( *' 

Mu(’' 

84 

214 ! 

1 


1 

10“* sec 

(*" 

liar" 

8! 

210 1 

1 

1 


1 .32 min 

Hadiuirj I) 

1 

Mill) 

82 

1 

1 

210 

1 


, 1 

22 years 

liadiuin A' 

MaE 

83 

1 

210 

1 

1 


1 

3 days 

!^)l(luilu^^ 

Po 

84 

210 

a 

1 

1 

140 tlays 

U'ad 

Ph 

82 

206 

Stable 1 

Very long 


Thornmi Series 


' , 

Thorium 

1 

Th ' 

00 

232 

1 

a 

1 .8 X lO*" years 

Mesothoriiim I 

i MsThI 

88 

228 

d 

6.7 years 
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weijilils of tho form 4n + 1 ix-cti tlisco\ None of tho nicinhors 

of tins series lias been found to oecnr naturally, but iIk^v can b(> nianu- 

% * s(‘iies ba> l)e(‘n calk'd llu* iupfn/uuni 

series after the longest lived nnanber «liieh ba.-^ a lialfdife of 

2.2 X 10^ years. 


Range of a*particles 
cm 


*60.6. Ionization by a and /i Rays. \\ lien a <‘li!n ge<l )):u't ide nK»\ es tin ouali a 
gas with a high velocity, it protluces ionization by collision as discussed in Sec. 
30.4. In this way tlie kinetic energy of tlie charged |>arti<de is dis>i|)ated, and the 
imrtiele itself can be tlete<-ted by the ioniz.ation i)j<>(iuced. l inergy is also (raii.s- 
ferred witimut ionization to tlie atoms of the material through which tlie jiaiticlo 
moves, and on the average, in air, a 
particle lo.ses about 32 ev for each ion 
pair it foiins. A heavy particle, such 
as an a ray. is n<d <lefle< ted wlien it 
collides with an atom unless it comes 
near the nucleus. An a particle trav- 
ersing matter thus travels in a .straight 
line until it.s energy is g<jne. The dis- 
tance that the ])article travels, or the 
nmge of the partiede. dei>ends on its 
initial energy. From measurements of 
the range the eiungy can berletermined. 

.itui this techni{iue is often empIove<l 
for nuclear particles. 'I’he relation be- 
tween the range in air and the energy 
is shown in Fig, .50.2 for fast-moving 



cm 

Range of protons 

l■'n:. .50.2. Hangc \’.s. <'ncrg>’ for proton 
an<l a-partick‘s in air .at normal density. 


O' pjifticles and f(;r protf)ns. The range of an a particle <>f .5 Alev is seen to he 
3.5 cm, whereas the range of a jiroton of the .sjtme energy is 10 times as large. 

The (li.stanec tliat a 0 ray travels liefore it lo.ses its kinetic energy is not a 
definite quantity. The momentum of a /3 ray is relatively small, and it experi- 
ences large deflections in its ptdh in nearly every collision with an atom. Tlie 
path of an electron is thus tt torttious one, suul its length is impossible to determine. 
On Uie average a /3 particle pioduccs only about 0.01 as many ion pairs per 
centimeter of patli as ai-e piorluced by an a ray. 1'he range is consequently of 
the order of 100 times larger than the range of an o- particle, or 10 times the range 
of a proton. 

C. T. R. Wilson devi.sed an instrument, railed a cloud chumher, whei'eby the 
ionization iiroduced l»y <x and ^ rays can be made visible. If an enclr)sure con- 
tains a gas satnijited with water vapor and the gas is suddenly expanded, the gas 
bec'omes supersiiturated and tlie water vapor condenses to form a cloud. If the 
amount of expansion is properly adjusted, drops of water foi'm only on tfie ions 
that are present. If an ot particle ti’averses the chandler just l)efore the expan- 
sion, the condensing water forms a dense line of drops along the path and the 
track is made visible and can be photographed. Beta rays form tracks with fewer 
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iln»jjs per unit putli lountli, uiid the iminlHT of ion pairs forincfl nan l)e found by 
roiintiiiy; tiu'se (li<)i)s. rijjure shows tlic tra<-ks ol)taintMl witli a cloud 

(•h:iliil)(‘i‘ o| all a and a ^ pai tirl(’. 

Tlio tracks of <t-particl(*s <'an also bo made visible liy allowinj; the particles to 
penetrate a photoe:ra|ihic emulsion. 'I'ho ionization jiroflucofl renders the silver 
biomidi* liiains aloii;! tlie path de\'elopab|e. 



I iu. (<») Tmeksof an alpha particle f/c//) and a fast electron {right) in a Wilson 

cloud cliariilxT. 1'lie faint sharp line to the extreme left is a reflection of the «-parti- 
r l(' track in tlie ^lass cover of the chamber, ih) Tracks produced when helium gas is 
irradiated by X ra>s. The long tortuous trm-ks are produced by pbotoelectrons 
ejected from tlic ga.s: the small blob.s are very short tracks from Compton electrons. 
{('oiirtrsg of IT. /;. Huz^ n.) 


*60.6. Ionization Produced by 7 Rays. They rays that are sometimes formed 

in radioactive disintegrations also produce ionization, but only sparsely. The 
number of ion pairs formetl per centimeter of path is only about ' , oo the number 
formed by a fi lay or oidy 1/10,000 tlie number that an a ray ]>ro(iuces. Gamma 
rays are <-onsef|uently more penetrating tlian a rays by a factor of rotighly 
10,000. 1 he ionization is not produced directly: the y ray must first produce an 

electron, and then the electron ionizes. One mechanism by which an electron is 
[iroduced is the i)hotoelectric effect, which we have already 'diseu.ssed in Chap. 36. 
The \\ hole energy of they-ray photon disappears, and a single electron is produced. 

It IS also possible for a y-ray photon to give up only a part of its energy' to an 
electron. This is the Compton effect (A. H. Compton. 1921). The Compton effect 
is best regarded as a collision between an electron at restand a high-energj' photon. 
.\ photon possesses energy' of an amount A/, as we know, but experiments show 
that It also possesses momentum of an amount hf c. . In the collision between a 
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photon and an oU’ction. both <*n<M'try and inom«“ntnm mu^t Ik* fonx'i \ cd. 'I'lic 
olectfon piin.s some kinetic eneijiy. wliich is yivcn by lap (.'lO.s). and tli<- photon 
loses an eipial amount. Tlie fie(pien<-y / of the photon i> thus i liniiacd to tin- 
value of /' given by 

/(/ = Ilf + inr- — //or- i.'/b.lbi 


The momenttim of the plmton i.s also changeil in tin- colli.-ioii, and < i.n-i r\;itioii 
of the total momentum of the system leads tt> tlu* e<juations 


hf hr 

ros u + ////' ci/s o 
c c ^ 


Ml 

c 


sin 0 = vtv sin 



(■)<). I 7) 


whore the angles 6 ami 4> are im heated i]i l-’ig. 7)0.4. The three eijuati»>ns ( oO. I tl) 
and (50.17) can be used to (‘liminate v and 0. for examph*. ami the <'hange in 
frcMpieiicy of the photon is obtaitied as a fum-tion of the angle of scattejinn fj. 


To do this it must f)e reiiKMiibered that /// is a function of /• as 
given by !•"([. (7)0.3). The result is 


1 _ 1 
/' f 



— cos 6) 


(50. 1 s) 


In terms of the wavelengths X and \' of the pliotons tliis 
equation can be written 




_h_ 

tlluC 



cos 6) 


(50.19) 


gram of l he ( 'omp- 
ton ctVect. 


The change in wavelength of tlie photon on collisi/m thus depemis otdy on tin* 
scattering angle. Substitution of the values for the constants leads to the value 
A/moc = 2.43 X 10""’ cm. If tlie wavelengtii X of the photon beTore collision 
is small compared with this length, practically all the energy of the photoii is 
transferred to tlie electron. 


The Compton effect can be ilemonstrated easily by passing an intense beam 
of 7 rays tlirough a Wilson cloud chamber. Many low-energy electrons ^\ hose 
paths make all angles with the direction of tlie beam uio visible. Fig. 50.36 
shows the tracks in a cloud chamber of electrons produced by tlie pliotoelectriit 
and Compton effects. 


60.7. Artificial Transmutation. The transforiiuition of one clement 
into another not only occurs spontaneously in radioactive disintegrations 
but also can be accomplished by bombarding an element with high- 
energy particles. The first artificial transmutation was performed in 
1919 by Rutherford, who bombarded nitrogen gas with a particles from 
RaC' and found that protons were produced. A nuclear reaction took 
place according to the equation 




(50.20) 
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The reaction is shown here to take place in two steps: (I) An unstal)le 
“compouiul” miclons qK*'* is formed. (2) The unstable nucleus dis- 
integrates to form oxygen and a proton. The formation of tlie compound 
nucleus is suggested by recent theories of nuclear processes; it disin- 
tegrates extremely rapidly, and only the end products are obsen'od. 

Following Kutherford’s work, many other nuclear reaction.s have 
been produced. At first the bombarding particles were always a particles 
from radioactive disintegrations. Later, protons, a. particles, and deu- 
terons accelerated in high-voltage tubes or by cyclotrons were used. 
All the elements in the periodic table can bo disintegrated, and the num- 
ber and complexity ol the reactions observed are very great. Some 
exaini)les are 

ill' -b oF‘^* ^ [,oXe-"J -> + JTe' 

ill' + :.Ii“ ^ {->2 _p^rav 

-b + .iie^ 

iW + — JF 


(50.2la) 

(50.216) 

(50.21r) 

(50.21^/) 


ill‘ -b -b ..Mo* _ „iie' -b -b Jle^ (50.2lc) 

In^ llic icui'limi <lpsciil> 0 (l by K,,. (,j0.2l«) the (•omix.iinil micleiis 

io.\c=“ IS forrnod, which is ordiniiiily a stal)lc isotope. It po.sse.sses 

howc\-oi-. too lai-KO on onprK,v to rpmain stable, and it breaks up again’ 

In the reactions given Iry K<|s. {.i0.2l/,) and (50.2Ic) the same compound 

nnclcus is forme, 1, hut it l.rcaks rrp in two different wa,vs to form .stable 

r.C'-' or- l() form three or partieles hy a two-.slage pr'oces.s. The I'eactions 

of hais. (.■>0.20) and (,50.2Ir) also form the same compound nucleus hut 
proceeil in o[)posite directions. 

In all nuclear reactions, just as in all eliemical processes, the eonsen^a- 
tion of energy is maintained. The reaction equation must balance not 
oni>- for charge and mass number but also for energy. It is necessary 
however, to take into account the rest energy of each particle in the 
reaction as well as the kinetic energies. To perform such calculations it 
IS necessary to coin-ert frecpientiy from mass, expre.^sed in atomic w eight 
to energy, expressed in electron volts, by the e(iuation ’ 

= eV (50.22) 

It or 1 unil, is 

c/ual to )3I Ver In a nuclear reaction the bombarded nucleus is at 
lest and only the bombarding particle has kinetic energv. In the 
pioducts, however, momentum must be consen-ed, and all the products 

«rv re:::?';;:"”-''- 

(50.23) 


mv = m'v' 
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il tlu* initial nionuaitum ot tlu* hoinlun^liny; pai'tich* is ncjilcctf'd. If iIk* 
velocities v and r' are small compared with r. then from laj 

_ (nii')-)n’ III' 

hy ^ tiii'i'"- {in'i '] ’iii ~ »• (•>(). 2 {) 


where E and E' are the kinetic ener'jies of the two particle.•^. 

As an e.\ample ot energy halance. consider first th(‘ .-imple reaction of 
K(l. (o0.2I/d. i'he momentum of the > ray can 1 k‘ ne;ilecled. and hence 
also tlu- kinetic eneixv of the carhon nucleus, l-'rom the \aliic.', of iht- 
atomic masses in lal)le 2l(.2 the ein‘ty;\' E of the 7 ra\' must he 

/s' =1.0081 + 11.0120 - 12.0010 = 0.0170 mass unit 

= lo.SAIev 

'rims ma.ss em-rjiy di.sappears and is transformed to raditint etierny. 

A .second example is afforded hy tlie reaction disco\ereil hy Hutlu-rford 
IK(1. (.')0.20)I. 'i'he sum of llie masses on the left-hand side is 18.0111, 
jtnd the total ma.ss on tlic rijilit-hand side is 18.0120. A mass of 0.0012 
unit is thus crejited at the expense of tlie kinetic energy of the homhardin*; 
[larticle. The a particle,' let tis say, has a kinetic energy of 7.7 Mev, 
and the created mass is etiuivalent to 1.12 .Mev; There is thus G.O Alev 
of kinetie energy left over to he distributed between the oxygen nucleus 
and the proton. From Kq. (50.21), tUe proton receives times (i.ti 
Alev, or 0.2 Alev. The range of the proton of this energy can he derived 
fiom I'ig. 50.2 and is found to he 4!) eni of air. The latest experimental 
determinations of this range yield a value of 48 cm, in execllcnt agreement 
with the ealeulations. 

50.8. The Neutron. When an intense beam of a particles is used to 
hoinhurd a target of beryllium, it is found that rays of great penetrating 
power are given olf. At first it was thought that the.se rays were pene- 
trating y rays of the usual sort. If a layer of paraflin or other substance 
containing hydrogen is placed in the beam of penetrating rays, fast 
protons in lai’ge numbers are ejected. These protons were thought to be 
piodueed 1)3' <1 sort of Compton efleet, just as fast electrons would bn 
formed by a beam of y rays. .J. Chadwick, a liritish physicist, .suggested 
th(! collect explanation. He establi.shed in 1932 by careful experiments 
and calculations that the penetrating rays consist of particles with 110 
charge and a mass approximately equal to that of the proton, and he 
called these particles neutrons. Since neutrons have no charge, they 
produce no ionization and can penetrate matter easily. If a neutron 

' .Alpha particles coming from ItaC', frequently used in this cxpcrinicnt, happen to 
have this energy*. 
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collides with a hydrogen nucleus, however, it can transfer its kinetic 
eiicrgv to tiie proton. If the collision is “head on,” all the kinetic energy 
is given to the proton and the neutron is stopped. The reaction with 
l)ervlliuin is, therefore, 

,He‘ + 4 He^ + ,.n' (50.25) 


when (. 11 * i.s the syinhol for a neutron. The kinetic energy of the neutron 
can he found from the ma.xiimim range of the recoil protons. Since the 
ina.s.ses of t!»c other nuclei in Eq. (50.25) are known, the mass of the 
neutron can be determined. The atomic weight derived in this way is 
l.OOOO. The atomic number of the neutron is zero. 


Since the charge of a neutron is zero, the potential energj^ of a neutron 
in the field of a nucleus is zero at large distances. Close to the nucleus, 

it is found that an attractive force exists. The 
potential-energy curve of a neutron is represented 
schematically in Fig. 50.5. This curve should 
be compared with that of an a particle or proton 
shown in Fig. 50.1. A fast neutron makes colli- 
sions with nuclei if the distance of approach is 
less than the nuclear radius /( where the poten- 
tial-energy curve becomes negative. In a colli- 
sion the neutron is .scattered, and mea.surements 
of the number of neutrons scattered are used to derive the values of the 
nuclear radii, which are expressed by Kq. (50.2). 


Potential 

energy 




R U- 

1 

1 




T 


Fk;. ')().'). 'I’lio poten- 
tial cniTjjy of II iK'utron 
nt a (iistiincc r from a 
mu'lcus. 


*60.9. The Binding Energies of Nuclei. Neutrons and protons form the 
building blocks out of which all nuclei are constructed. For example, an a parti- 
cle of ma.«s number .1/ = 4 and atomic number Z = 2 i.s comimsed of two neutrons 
and two protons. If .V i.s the niunher of neutrons in a nucleus, then 


.1/ = Z -b .V (50.26) 

In elements of low mass number, Z is approximately equal to .V. At the upper 
end of tlie periodic table .V becomes larger than Z. In gold, for e.xample, Z = 79, 
and only ()>»e isotope exists for which M = 197. The number N of neutrons is 
therefore IIS, or nearly 1.5 times the number of protons. 

Neutrons and pi'otons are held together in the nucleus by forces whose nature 
is little understood at present. The nuclear forces must be attractive and vary 
more rapidly witli distance than Coulomb forces. This is evident from the 
potential-energy curve of Fig. 50.1, where deviations from Coulomb repulsion for 
a proton occur only at small distances. At these small distances the nuclear force 
of attraction exceeds the Coulomb force of repulsion. It is tlie mutual repulsion 
of the protons in a nucleus that requires the presence of more neutrons than 
protons in heavy nuclei if a stable structure is to result. 
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AlthcmKi, our knowl, ■,!«<. ol' tlu- uulurc of lor,,-.- .(ill 

Uiconiploto It IS OUM- to fi.ul OXIKMi, ll.O r,,,/ „l O i„ u 

uudous. i he lun.lu.K is tl.c u.ust l„. .„,,p||,„| 

particle anil is tliercforc exactly aiialomms to the ionizatioi, ciierav ol an electron 
111 an atom. It is liece.s.sai y to know only the atomic wciKlit ol the im. leiis anil 
the weichts of the neutrons ami protons that conil>ose it. The ihHeience in 
atomic weight repre.sents, hy the inass-eiiergy relation, the energy that wonlil 
have to he sniipheil to separate the particles. Consiiler, lor example, the « parti- 
cle of atomic weight TOtWl). If an a particle is lorme.1 from .,ll,o atomic 
weight .1.01/1 hy milling a neutron of atomic weight I.IIOIMI, the total weight of 
the separate, I components is 4.02111. The hiniling energy of a neutron in .lie' 

ns therefore 4.02111 - 4.00:W = 0.0222, or 20.7 iMev. .•since of ,11- is 

alminst exactly the .same as that of ...He’, the 1, in, ling energy of a proton in an 
rr particle is almost exactly equal to that of a neutron. The ma.ss of two protons 
plus that of two neutrons is 2 X 1 .OO.Sl 2 X 1 .(101)0 = 4.0.142, which is 
greater than the atomic weight of l»y O.O.'fCKi unit, or 2.S.2 Mev. 

The total l.inding energy of a micleus is called the ’ difect A.l. If 1 js (he 
atomic weiglit, tlien 

A.l = l.OOSlZ + i.OOhOA - .1 
I-'or light elements, ^ .V ^ .\f , 2, and .1 ^ , 1 /. II,.,ice 

A.l ^O.OOSod/ 

The hinding energy jut particle in the nueleus is therefore O.OOSo mass unit, or 
about 8 Mev. The hinding energy per particle in a nucleu.s increas<>s with 
increasing atomic numher until it reaches a broad ma.ximum somewhere near the 
atomic numher of iron or nivkel; it then decrea.ses again up to the highest atomic 

number. The nuclei in thecenter of the periodic tablearethusthe moststal, leones. 

60.10. Artificial Radioactivity. Xuclear rcaction.s often lead to nuclei 
that are not present in nature. If .sodium is bombarded by deuterons 
lor example, the reaction ‘ ' 


(50.27) 


+ ,1F-^ „Xa^^ + iH‘ 


(50.28) 


takes place. The .sodium isotope of mass number 24 is not ordinarily 
Iirescnt in sodium. The reason is not iiard to find since nXu-^ is radio- 
active. The half-life is short. 14.8 hr. and any of tins isotope that might 
have been formed once would have decayed long ago. 'I'lie isotope 
ui\a- , or radio.sodium, is ^-active and decays to isMg-', a stable isotope. 
In a similar manner, radiophosphorus can be produced by the reaction 


+ ill--* isP"* + 


(50.29) 


Hadiophosphorus is also /3-active and has a lialf-life of 15 days. 

A radioactive form of nearly every element cun be made by some 
nuclear process. Xeutrons are particularly suitable for “inducing’' 
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(.')0.30) 


radioactivity siiico tlioy are not repelled away from the nucleus by 
(’ouloinb lorccs. Kxamples of neutron reactions are 

laAl"' -f- dll' — ► + .>Hc* 

-b <in' — ' + iIH 

'I'he radioactive jiotassium proiluced by the second of the.se reactions has 
a half-life of 12.4 lir. Radioactive forms of common elements are 
extremely useful. Only a minute amount of the radioactive i.sotope is 
necessary for detection. Small amounts of a radioisotope can be added 
to an element and the presence of that element can be detected by follow- 
ing the radioactive tracer as the element underjjoes comple.x chemical or 
biolojjical chanj^es. If railiosodium idiloride di.ssolved in water is swal- 
lowed, the amount of radioactivity in the blood stream can be used 
to determine the rate of a.ssimilation of salt. 

50.11. The Positive Electron. In Sec. 50.0 two processes by which a 
y ray can jiroduce electrons were de.scribed — the photoelectric effect and 
the C'ompton effect. If the y ray has a high enough energj', a third 
process occur.s. In the lield about a mudeus the energy of a 7 ray can be 
transformed into the rest energy of tu'o electrons, one negatively' charged, 
the other positively charged. Railiation is thus directly transformed to 
mass. The rest eiu*rgy of an electron is 0.5 Alev, and hence the energy 
of the 7 ray must be larger than 1.0 Alev if pairs of electrons are to be 
produced. At very high energies, pair ju-oduction is the jirincipal means 
oi absor{)tion of 7 rays. 'I’he positive electron was di.<covered in 1932 
by (’. 1). .Vnderson in experiments on cosmic radiation with a Wilson 
cloud chamber. 

The negative electron of an electron pair is identical with all other 
electrons. The positive electron has, however, only a transitory 
existence. Once a positive electron, or po.sitron, has lost its kinetic 
energy by ionization, it is attracU'd to one of the numerous negative 
eleclrons that are iire.'^ent in all matter. The ma.'ss of two electrons dis- 
appears and is transformed back to radiation. In order to conseiwe 
momentum in this annihilation procc.ss, two quanta are produced, which 
travel in opposite direction-s, each with 0.5. Alev of energy. 

prepared radioactive elements emit positive 
electrons instead of negative ones. In fact the first radioactive element 
to be made, decays by positron emission with a half-life of 2.5 min. 


*60.12. The Neutrino. If a radioactive element emits a particles, the energy 
1 eleasod has a definite value that can be accounted for hv the difference in mass 
of the parent element and the ma.ss of tlie daugliter element plus the a particle. 
The a particle comes out of the nucleus. Whether it exi.sted as sucli within 
the nucleus or whether it was formed at the moment of emission, from neutrons 
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and protons, is not eert.-iin. If a radioactive elemcMit ctiiits chM-tions, (‘itlici 
Ijositive or nejjative, tlio situation is nmcli more complicated. ld(‘ctr<uis do not 
e.vist as such within a nucleus, nor can tli(‘y he <-onsti iicted of neutrons jumI 
protons. Moreover tlie emitted ele<-trons do not all have the .«ame emajiv. 
Rather, they have a distrihution in energy lansiinji from zero to some delitiile 
upper limit. Such an energy di.strihutitm is shown in Fi<;. .')(). h for P‘^. 

Careful experiments seem to show, however, that the same total amount of 
energy is lost by the nueleu.s at each decay process and that this enei jn- «-oir(‘- 
.‘5I)onds to the upper limit of thefS-ray energies. Where, tlien, .|o(‘s the rest of the 
energy go? To account for the ap))arent viola- 
tion of a fundamental law of physics the existerrce 
of a new particle, the neutrinoy has been suggested. 

1'hc neutrino Iras a very small re.st mass (jrossibly 
zero) and no charge. It can, however, possess 
energy and momentum, ju.st a.s a jrhoton withorrt 
n*st mass has ettergy and momentum. When a /i 
ray is emitted with les.s thjrn the maximum amount 
of energy, a neutrino is also supposed to be emitted 
and t«» car ry away the extra energy. The neutrino 
has not yet been observed, and hoiree tliese sug- 
gestions cairnot be regarded as proved. 



Fk;. .'iO.Ci. laicrgy distrilnr- 
tion of eirrittc'd clec-tnuis. 
'I'lu* .solid cur\’e gives the ex- 
perimental rcsult.s forP^'. 
Theory prodict.s that tlio 
curve should i)ass througli 
the origin asiirdicated hy the 
dashed line. 'I'hc difference 
is the resultof scattering and 
absorption in the source. 


60.13. Nuclear Fission and the Atomic 
Bomb. A nticloar reaction of an entirely dif- 
ferent tj'^pe is found to take place in various of 
the heaviest elements. If (actinoura- 

nium) absorbs a slow-moving neutron, a 
very violent reaction takes place. Tlie compound nucleus is 

found to split into two parts of appn)xunately etiual mass, and several 
neutrons are emitted. 1 his .splitting is called nuclear Jifoiion and can take 
l)Iace in many ways. One rea(dion is, for example, 

where x is perhaps 2 or 3. The xenon and strontium formed are not 
sta))Ie elements, but each decays by radioactive processes until stable 
forms are produced. Thus 


0..5 mill 






6 mill 


56 


_ icBa'” -I- ^ 

86 min 


(50.32) 


where the half lives of the successive transformations are indicated. 
I'jVery element between selenium (Z = 37) and praseodymium (Z = 59) 
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has heen found as a product of uranium fission. The end products of 
the fi.ssion reaction lie in the region of thepcriodictablewheretheelements 
are most stable. Consequently the energy released in the reaction is 
large; roughly 200 Mev is produced in each fission. 

It should be noted that .several neutrons are produced in the fission 
pi-oc(‘ss. This circumstance makes possible a chain reaction. The 
neutrons produced in each fission of 92C'’^ can be utilized to produce 
otlH*r fissions. Thus, if the neutrons are used efficiently, the process 
liecomes a continuing one. The neutrons produced by fissions are fast 


neutrons, whereas the fission reaction recjuires slow ones. The neutrons 


must i)c slowed down by collisions with miclei before they can be used 
again, and not too many neutrons nui.st be lost by capture or by diffusion 
away from the uranium. If a large (piantity of uranium is mixed with 


graphite, which serves to .slow down the neutrons without capturing them, 
then the chain reaction j)roceed.s and nuclear energy is continuously 
liberated. .\ large volume is necessary to minimize the e.scape of neutrons 
from (he surface. Such a nuclear reactor has been called a pile. 

L’ranium melal is a mixture of isotopes of mass numbers 235 and 238, 
and only the first of the.se is fis.sionable by slow neutrons. The presence 
of the 238 i.«;otope retards the chain reaction since captures neutrons. 
If pure were used, the chain reaction would proceed with explosive 
violence and an “atomic" bomb would be the result. It is extremely 
difficult, however, to .separate this isotope from uranium metal. 

The capture of a neutron by leads to the i.sotope 92 U 239 , which 

decays by two^J-ray disintegrations, first to neptunium, 93 ^’p 2 ■■*^ and then 
to plutonium, gjPu''’’*. Plutonium is also fissionable by .slow neutrons, 
and it can be chemically separated from uranium. Thus a uranium pile 
can be used to manufacture plutonium, and the plutonium used for an 
atomic bomb. 


*60.14. Energy Production in Stars. The transformation of nuclear mass 
into energy is the means of energy production in stars and in our sun. The ulti- 
mate source of all the energy that we use is thus the rest energy of nuclei. Within 
the intei ior of a star the temperature is exceedingly large, of the order of tens 
of millions of degrees. The thermal velocities that particles liave at these tem- 
peratures are correspondingly high, and nuclear re;ictions occur. In our sun and 

many other st.ajs a cliain of reactions occurs that is represented bv the folIov^^ng 
equations: ' ^ 

iH' -i- . 

iH* ;N''* — >8©'^ / (50..1.3) 

+ ( 3 + \ 

iH‘ + -(- 2He« / 
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I'ln* >yiJiln»l fi* iiK :i p< ••'it i < >11 ciint t«-i 1 1 .t* ii' >:iri 1 i-K' . Tlii' in-f i r-i ilt < i| 1 1 1 1« 
• 'iKtiti "t rcnctions i> tin- 1 1 ;iii-'ini m.it i<'ii <■! |i >111 pi iiitu .111 <»• )i,ii r p !.• :,nil i ■ 

posit roHS. 1 ll«‘ fa I I >"11 >lal f llli: tin- 1 i'M it H >11 l- 1 1 •!<•' i .at t lie elii 1 I ! m • ei lei ^ \ 

K'leaso can l><‘ calciilatcil tioin tin- ina'-'C- aii'l i" I'Hiii'l t.i i.e 27.7 \Ie\ im <-.ii li 
or par(i<-lc foMucil. ’I'ln* .'•nii I- t I mm «■ ' I<umiiiiu it' li\ .Ii . i;:<'ii mtn In’liutn tn 
pi(iiluc(‘ cinTey. li'iiu till- aimmiit !•! Iiy< li ■ 1141-11 pir-rnt in lln’ 'iin, it lan In- 
cali'ill:itc<l that t lii'' 1 1 a ii'h n mat h iii c;iii n uit nine t< n at lea 't Id- \ ea 1 .'. 




I-'k;. A cloinl-chamhcr pliotopriiiili of a co.^'niic-ray sliower. .\ti cle<-tron <-iiters 

at the 1ii[> and prodin'cs many .sec-ondary particles in tin- Kad plates. nf 


*60.15. Cosmic Radiation and the Mesotron. Attempts to exiilain tlie eon- 
<liictivit_\' of tiio air and tin* jirodiiction of i<»n pairs have le<l to the conclusioti 
that tlie earth is eontimiallv l)omharde(l hv u rosinir nulitilion eonsistinp of 
charged ptirticles of hiph cner^' eominp from unknown sources in outer space, 
'Fhe nutnlxa- jiml enerpy of these pai tieles can he estimated from their deflection 
l»y the mapnetie field of the eat tli, \\hi»-h results in a varitition of tlie intensity of 
cosmic-ray ionization with latitinfe. It is found that alnmt 1.6 ptirticles per 
square centimeter per seepnd are ineiilont an<l that tlieso particles :ue positively 
eluirped. It seems likely th;it tliey jik* protons. The enerpy of each particle is 
much larger tluin can lx* produced in the lahonitory ami ranpes from 3 X 10^ ev 
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up to ptM'luips 10‘« ev, with n incMii viilue of uhout 10“^ ev. The interaction of 
particles of such liitih enerfcv with matter is a suliject of much interest. 

Although the details of the processes involved are completely unknown, the 
interaction of tlie primary cosmic radiation with the atmosphere leads to the 
production of radiation of'two sorts. The more penetratinj;, or hard, component 
consists of particles each liavin^ a sinjile electronic charge, either positive or 
negative, and a mass 200 times that of an electron. The particles are called 
mci^otrons, or nwso/is. ^lesotrons arc r!idioa(“tivc, with a half-life of about 2 ^sec. 
They presumahly decay into an electron and a neutrino. Another particle, a 
heavy meson, of about 300 times the mass of the electron has likewise been found 
in the cosmic radiation. It is probably unstable, also. Both light and heavy 
mesons have been produced in the laboratojy during the bombardment of 
nuclei with a paiticles of extremely high energy.* Ilccent theories of nuclear 
'stian ture ex])Iain nuclear forces in terms of mesons, but our knowledge is very 
impcrfei't at the ])re.'«ent time. 

'I'he other comjxment produced by tlie primary cosmic radiation in the atmos- 
phere is not very j)enetrating and consists of high-energy photons and electron.^. 
'I'he |)liotoiis are alK^^orhed by pam prodm-tion in which a positive and a negative 
ehs-trou arc i>roduced. The high-energy electrons, on the other hand, produce 
phottms when they encounter nuclei just as electrons produce X rays in an X-ruy 
tulie. 'riiere is consequently a continual interchange of energy between tlie 
electrons and photons in the cosmic radiation passing through the atmosphere. 
As a result of this interchange, cosmic-ray electrons and photons arrive in groups 
of rays, or coaw i<:-rii y showerti. The tracks of shower electrons in a Wilson cloiul 
cliambcr are easily ohseived and sliow the extreme complexity of the phenomena 
involved. .An example Is shown in Fig. 50.7. 


PROBLEMS 

Mass values can he found in Table 2‘.‘.2. 

1. W liat is the maximum height of the potential-energy curve of a proton in the 
field of a carlion nueleus? bismuth nucleus? 

2. Calculate the mass of an electron moving with velocity O.lr, 0..5r. 0.99c, 0.‘.>99r. 

3. How fast must a proton move to have a mass ecpial to twice the rest mass? 
is its energy in electron volts? 

4. W'liat is the mass equivalent of 1 ev? Kxpress the answer in grams and on the 
scale of atomic weights. 

6. How long doc.s it take a polonium sojirce of « particles to deca}’ to one-tenth the 
original value? 

6. .\ mineral contains equal numhers of atoms of U®*'’ and Th®**. How long a 
time must elapse before there arc 10 times as many Th a.s I' atoms? 

7. polonium a particle has an energy of 5.3 Mc.v. ^^’hat is the energy of recoil 
of the residtial lead nucleus? 

*8. .\n .\-ray photon of 50,000 ev energy is scattered by the Compton effect at an 
angle of 90°. What is the energy of the scattered photon? 

’ 'l’hi“ or particles use<l for these experiments were accelerated in the cyclotron 
pic-tured in Fig. 29.9. 
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9. Write tl >0 equations for three reaetions that iiiiy:lit oiiiii' wIk-ii <leiit<riiiis 
bombard «('*’. 

10. How much mass <'iic‘rny is r<‘lea'ieil or al)sorl*i‘il in the reaetimi \\ hen protons 
bombard fC* prothn-e 7 .\'<? 

*11. ('.ih'ulate tlu; bindinji etieruy of tin* deuteron. 

12. Pliotons can eject prot»)ns from a nm’leus by an a<‘tinn similar to th<' plmlo- 
ehM'tric effect. How min'Ii oncrjjy must a j>hoton have to disintegrate J!e’ by this 


process? 

*13. What i.s the enerjiy in calories per .srjuare centinn-ter jicr 


seci>iid incident on the* 


earth in tlu* form of cosmic ra<liation? Coinpan* this witli tlu* «*ner}j:y received from 


the sun. Si‘e pa^e ()S4 for solar constant. 

14. How much mass is radiated by the sun in 1 .s»*c? 


L*sc the ilatu given In l’rol>. 


14. ('hap. 48. 




APPENDIX 1 
UNITS 

l.t iifith: 

I meter (in) 

] miri'oii (/i) 

] millimicron (iim) 

I Angstrom vmit (A) 

I inch (in.) 

I foot (ft) 

I mile 
1 mile 
I cm 
1 in 

1 kilometer (km ) 

1 in. 


.1 n’a: 


1 

cm’ 

= 0.155 in.’ 

1 

in.’ 

= 6.452 cm^ 

1 

m’ 

= 10.76 ft* 

1 

ft’ 

* 0.0020 in’ 

Volu me: 



1 liter 
1 liter 

I <jimrt (qt) 

1 gallon (gal) 

1 liter 
1 f(3 
1 ft3 
1 in.^ 

1 cm^ 

Mass: 

1 gram (gin) = 1.000 milligrams (mg) 
1 kilogram (kg) = 2.205 poniuls (Ih) 

1 gin = 0.03527 oniice (oz) 

1 oun<*e (oz) = 28.35 gm 

1 pound (lb) = 453.6 gin 

1 lb = 7,000 grains 

1 U.S. .short ton = 2,000 lb 

1 metric ton = 2,205 lb 

1 slug — 32.2 lb 


= 1,000 cm* 

= 1.057 (piart.s (<|t) 
» 0.0463 liter 
= 231 in.> 

= 0.0351 ft* 

= 28.32 liters 
= 7.481 gal 
= 16.30 cm’ 

= 0.061 ill.’ 


= 100 centimeters (cm) 
= 10”^ cm 
« 10“' cm 
= lO"' inn 
** 2.540 cm 
= 30.48 cm 
» 1.600 km 
= 5,280 ft 
= 0.3037 in. 

= 30.37 in. 

« 0.6214 mile 
= 1,000 mils 
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1 gtii cni’ = (12.43 11) = K.34.5 It. tin] 

1 ll> ft ’ = ().01()02 Kin 


Veloi'itij: 


cm see = 0.03281 ft see 
cm see = 0.02237 tuile lir 

ft sec = 30. 4S cm se«* 

rniU' hr = -14.7 imu .si'c* 

mile min = (10 mile,< hr = SS ft see 


Ai i fli rolion: 

1 cm * 0.032H1 ft sc-e^ 

f/ = 081 <'111 sees = 32.2 ft see* 

Forre: 

1 dyne 
1 |)<)iind;il 
I nm-fnree 
1 ilyne 
] newton 
1 Ih-fore(‘ 

1 Ih-force 


“ 7.233 X 10“^ poiindnl 
= 13.H2.") dynes 
= 081 <lynes 
* 2.247 X 11)-® H.-force 
= 10^ dynes 
= 4.4o X 10® dynes 
= 32.2 poundals 


Frcssuri : 


atmosphere (atm) 

atm 

atm 

atm 

dyiH' 'em* 
ll)/in* 

Ktn cm* 

11) dn* 


=* 14.7 11), in* = 1.033 Ktii/crn» 
= 7(50 mm of merenr\- at 0®(' 
= 1.013.000 dynes 'cm* 

= 1.013 bars = 1,013 millibars 
= 1.45 X 10-Mb/in* 

= (50.870 <lynes/cni* 

= 0.01422 ib/in* 

= 70.31 gni dmi* 


Fntrgi/: 


1 joule 

I c*alorie (eal) 

1 British tluTinal unit (Htu) 
I ft lb 
I erji 
1 ft lb 

I kilowatt hour (kwhr) 

1 kg ni 


= 10* ergs = 0.230 cal = 0.738 ft lb = 0.1020 kg ni 
= 4.18(5 joules = 3.087 ft lb = 0.427 kg m 
= 1.0.55 joule.s = 252 eal = 778 ft lb = 0.203 watt hr 
= 1.35G joules = 0.3230 cal = 0.001285 Btu 
= 0.7373 X 10-* ft lb 
= 1.356 X 10* ergs 
= 3(5 X 10>*ergs 
= 7.233 ft lb 


Power: 


1 horsepower (hp) « 33.000 ft lb /min = 550 ft lb /sec * 746 watts 


1 watt 
1 kilowatt 


* 1 joule /sec = 10* ergs/sec = 0.239 cal /sec 
= 1.341 hp = 738 ft Ib/sec = 0.948 Btu/sec 



APPENDIX 2 

VALUES OF IMPORTANT 
GENERAL PHYSICAL CONSTANTS 

Accolfratimi of jrravity (tioriiial) g = 080.()()5 om 
Litor = 1.000.02S + 6.002 rtii^ 

Maximum dcMisity of \vat«T p„.(II..O) = 0.0001)72 ± 0.0(M)002 fjiu fm”^ 

Velocity of li^ht c = (2.00770 ± O.OOOO J) X 10"' cm see"' 

(Iravitatioii ccmstaiit G = (0.070 ± 0.00.")i X 10“' «lyri«‘ cm"’ um“- 
Normal atmospheric pressure po = (1.013240 ± .000004) X lO'’* tlym- cm"’ 

\’olumc of pe*rf<‘ct (0^(\ p.,, .staialanl atiiio-xplu-rii' prc.ssure) 

I'o = 22.4140 ± 0.0000 liter im>le“« 

A\'Ofra(lro’s miml>c*r .Vo = (0.0228 + 0.0011) X 10’^ mol(‘"‘ 

(Jas cojjstaiit pi-r luole = I’op.. = (8.3)43<> ± 0.0t)()3K) X 10‘ i-iji <lei: 
iiioN'"’ 

Holtzmaim constant k = IK/W = (1.3S047 ± 0.00020) X 10""^ er;' rle«-' 

!('<• point (ah.s(*lntc scale) T» — 273. Hi ± O.OPK 
Me«-hanical ociuivalc-nt of heat ./ = 4.IS55 ± 0.0004 jouli* cal"* 

Ma.s,s of !Ln elei'tron //lo =» (O.IOOO ± 0.0032) X 10“=' »;**> 

Ma.s.s of hydroKcn atom M h = (1.07330 + 0.0(K)31) X 10~’‘ Km 

Mii.ss of proton Mj. = (1.07248 ± 0.0(M)3l) X 10-’< gm 

Uafio, >nas,s II atom to ma.ss cle»-tron (e//a)/(r/.\fn) ** 1,837.5 + 0.5 

Ma.ss of or particU* .)/„ = (0.0442 + 0.0012) X 10“’* gm 

h'aradav constant F = 1)0,501 ± 10 «'ouloml>s per gm e(iiuv. 

I'^h'cfronii- charge 0 = (4.8025 ± 0.001) X 10""'esu 
Planck constant h = (0.024 ± 0.002) X 10"’' erg sec 
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CONVERSION TABLE OF ELECTRICAL UNITS 


'l'!u* entries in the last two <'<ilumns are the equivalents of the quantities in the 
tliircl enliniiii in eh‘elr<*statie an<l eleetnunnRiietic units respeetivcly. 


Quantity 

1 

Sy riiljol 

1 

1 

1 

PractienI 
unit (inkx) 

KleetroMtatle 
unit (enu) 

F^ectroma^meti^ 
unit (emu) 

Mas»i 

1 

m 

1 kilofram 

1 1.000 ztatm 

1 

1 .000 (trams 


1 

1 meter 

KH) eentimetern 

100 eentimeters 

Thnc 

t 

\ 5Ceon<l 

1 Hceond 

1 Hceond 

Foret* 

F 

1 newton 

10* flynes 

10* fl.VDCS 

Fnerijy 

»' 

1 jfiiile 

10* erc?i 

10’ ertfB 

Power. 

F 

1 watt 

10’ ercs/yccoml 

10’ erK^/seeoneJ 

f *huri:e 

(j 

1 rfiiilomli 

3 X 10* .*<tuteoijU»ml>a 

t 

j 0. 1 abootilomh 

rorrent 

/ 

1 »m)K*re 

3 X 10* «(tutamjM*res 

1 0. 1 ahamt>ere 

Kleetrir |M>tonlial 

V 

! 1 volt 

X 10*’ atatvolt 

10^ ubvolts 

Fleet rie HtrcneUi 

K 

f 

' 1 vi>U/ meter 

H X 10-* 
^tatvolt/eenti meter 

1 10* nbvolUj/conti- 
meier 

l(e!<istanee 

« i 

, I ohm 

X 10'^' ^tut^ihm , 

10* uliohma 

In<lMrtnn<'<* 

/. 

1 henry 

X 10“*t sf at henry 

10* centimeterM 

C'a|MU*iiance 

r 

1 

1 farnti 

OX 10 ‘* eenti meters 

10"* abfarud 

F)uk of niaitnetir intliiction.j 

'V 

I weher 


10* maxwells 

Miicrnetir induction 

R 

1 weherAtjonre meter 


10* ficauftscs 

Magnetic intensity . ^ 

" 1 

1 nni|)cre/moter 

1 • 

8.85 X lO-'s 

•It X 10"* oersted 

Permittivity, 


1 faruil/?neter 


Permittivity of free 

j 

1 

8.8o X 10^15 
(aruil ^meter 

1* 


Pi*rnu* 2 iltilit> . , . 

4 

1 

1 henry/meter 


1 » 

1.257 X 10"* 

Permnahility of free 

1 

Mo 

1 

1.2o7 X 10 * 1 

henry /meter 


1* 


♦ iiniiA aro pure nuiiihf»r.«. 
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APPENDIX 4 
GREEK ALPHABET 


Alplia (iO . A fj 

li(‘fa (I)). H 

(laniniit I' > 

Delta (d < A 5 <»r «'* 

Kpsilcm (<■) i ; < 

Zeta (z 1 Z f 

1-da (li) II Tj 

TIu-ta (th) n « 

Iota ti) I ( 

Kappa (k) K k 

I-ainlirla (h AX 

Mil (in) M ^ 


Xii 111 1 

\ 1- 

Xi (X) 

“ t 
— s 

( )iiii(-ron Ui i 

(>„ 

l*i (pi 

1 1 TT 

Ulio l|-i 

I’P 

Si<:iiia (SI 

1' O or S 

Tail (t) 

'r r 

rpsilon (ii 1 

T r 

IMii(ph) 

<l> V? 0|- 

( 'III t<-|i 1 

\ X 

l^<i 

• • A 

4' \i 

(cm . . 

12 u- 
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APPENDIX 5 

USEFUL MATHEMATICS 


;t = 3.1410 
f = 2.7183 


liilioininf Theorem: 

. , — 1) ^ . n(n — l)(n — 2) , . . 

(1 + fv = 1 + 4 - ^ J.3 4 . . . . provided < I 


Sptcifil casf.'C 


Series: 


(1 ± = 1 ?x+r'-hx^+ • • • 


(1 + X)'-’ = 1+2 

{1 + X)-'.- = 1 + J 


x5 ^ 3x3 
8 “ 48 
, 3x» _ 15x3 . 

+ + -TTT + 



I + X + 





x' 

sni X * X — 77 + • • 

u 


VOS X = I - ^ • 

tart x*x+2*+* — 
Ifitegnilion and Oijjen nlialton: 

^hi 

dx 


X^ 

sin X 
cos X 
tan X 
rot j 

sec- X 
*— X 

sin 2 X 
cos- X 
1 

\/7i 3 Tx» 

.1 

X* + A* 

^•IX 

• The coiislunt of intc'Eration if omitted in all eases 



n + 1 


x” 

— cos X 
sin X 

~ In cos X 
In sin X 
tan X 
cot X 

*2X — *2 W)S X 

+ *2 sin X cos X 



tan-> -J 
A 

a 
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APPENDIX 6 

NATURAL TRIGONOMETRIC FUNCTIONS 


AtiKl*’ 

1 



\ 




, 



o • 

( 'osinr‘ 

'1' 

i an- 





Taii- 




1 



8iim- 

0 

radians 




raili.an.s 

U'-in 

1 











1 

i 

0 

0 OOOO 

1 0 000 

1 .000 

0,000 

4 




1 

1 

0.01 75 

,018 

1 . 0(M) 

.018 

- 45 

0.8020 

.710 

.50.5 

1 I 035 

2 

0,0340 

. 035 

0,090 

. 035 

, 47 

0.8203 

.73! 

.(>H2 

1 072 

3 

0 . 0524 

, 052 

.000 

. 052 

48 

0.8378 

.743 

5t>U 

1 1 M 

1 

0.0508 

.070 

.008 

.070 

1 40 

0.8.').52 

. 7.5.5 

5.55 

1 1.50 

5 

0.0873 

.087 

.005 

.088 

50 

0.8727 

.755 

.«;43 

I . 102 

(> 

0.1047 

.105 

i .005 

. 1 05 

51 

0.8001 

.lit 

.520 

1 1 . 23.5 

7 

0.1222 

.122 

1 .003 

.123 

' 52 

0.0075 

.7HS 

1 .515 

! 1.280 

8 

0. 1305 

. 130 

.090 

. .141 

; 53 

0 . 0250 

.700 

1 .502 

1 . 327 

!) 

0.1571 

. 155 

.088 

1 . 1 58 

54 

0.0425 

.800 

. .588 

1 . 375 

10 

0.1745 

.174 

.085 

.175 

55 

0,0.500 

.810 

.574 

1 . 428 

11 

1 . 1 020 

. 101 

.082 

. 104 

,r 55 

0.0774 

.820 

. .550 

1 . 483 

12 

0.2004 

.208 

.078 

.213 

57 

0.t)048 

.830 

. 54.5 

1 ..540 

13 

0.2250 

.225 

.074 

.231 

' 58 

1 .0123 

.848 

. 530 

1 . (iOO 

14 

0.2443 

.242 

. 070 

.240 

; oO 

1 .0207 

. 8.57 

,515 

1 . 554 

15 

0.2518 

. 250 

. 055 

.258 

1 50 

■T 

1 .0472 

. 855 

. .500 

1.732 

If) 

0 , 2703 

.275 

.051 

.287 

1 

1 .0547 

.875 

.485 

1 . 804 

17 

0.2057 

.202 

. 055 

.305 

’ 52 

1 . 082 1 

.883 

.470 

1 .881 

18 

0.3142 

. 300 

. 05 1 

.325 

1 1)3 

1.0005 

.801 

,4.54 

1 .053 

10 

0.3315 

.325 

.045 

.344 

54 

1.1170 

.800 

.438 

2 . 050 

20 

0.3401 

.342 

.040 

.354 

' 55 

1 . 1.345 

. 005 

.423 

2.145 

21 

0 . 3555 

.358 

.034 

.384 

' 55 

1 . 1510 

.914 ' 

.407 

2.245 

22 

0.3840 

.375 

.027 

.404 

i 57 

1.1504 

. 02 1 

.301 

2 . 355 

23 

0.4014 

.301 

.021 1 

.425 

! 58 

1 . 1858 

.027 

.375 

2 . 475 

24 

0.4180 

.407 

.014 

.445 ' 

; 50 

1 , 2043 

.034 

.358 

2 . 505 

25 

0 . 4353 

.423 

. 005 

.455 

, 70 

t 

1.2217 

.040 

.342 

2.747 

20 

0 . 4538 

.438 

.809 

.488 

1 71 

1 . 2392 

.045 

.325 

2 . 004 

27 

0.4712 

.454 

. 80 1 

.510 

72 

1 .2555 

.051 

.300 

3 . 078 

28 

0.4887 

.470 

.883 

.532 i 

1 73 

1.2741 

.055 

.202 

3,271 

20 

0.5051 

.485 

.875 

.554 j 

1 74 

1.2015 

.051 
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Ahcoiiloinb, 391 
Ahprrntioii, 598 
(‘hroinatic, 598, (>02 
in lenses, 597 
S[)hcric}il, 573, 584, 598 
Absolute huiniclity, 315 
Absolute teinperatiire, 224, 2r>0. 298 
Absolute units of force, SI 
Al)solute zero, 2(52 
Absorl)inn power, aeoust ic. 548 
Absorptance, (578, (585 
Absorption, selei-tive, (575 
Absorption eoeftiiaeiit, 547 
Absorption spec-tra, 1528 
Abvolt, 432 
Acceleration, (52, (54 
centripetal, 74, 97 
constant, 08 
instantaneous, 72 
Accoinmoclation of eye, 606 
Accuracy, 7 
Achromat, 004 
Achromatic lens, 004 
Achromatic prism, 578 
Acoustics, architectural, 540 
Action, 105 

Planck's constant of, 170, 237, 489, 555, 
690 

Addition, of colors, 632 
of many forces, 14, 18 
of two forces, 13 
rule for forces, 14 
Adhesion, 214 

Adiabatic bulk modulus of elasticity, 207 
Adiabatic pro<*ess, 260 
Age of minerals, 713 
Air«niass analysis, 321 
Airplane, in curved flight, 101 
lift on wing, 209 
Air-speed imlicator, 207 
Alpha particles, 329, 711 
range of, 715 
scattering of, 708 
Alternating emf, 435 


Aninu'ter, 402 
Ainperc, Andre, 30(5, 40S 
Ajiipcic, t li«‘, 3(>(> 

Ampere’s law. 405) 

Amj)li(icatimi. g.-i';, 492 
Ainplibcatioi) f;i<-t<)r, 476 
Ainplilicr, gain nf, 477 
(riode, 470 
Ani|>litude, 173, 502 
displaceiiHUit , 187 
j)res.siir<-. 529 
velcM-itN', IS(5 
Analyzer, (>74 
Anaxagoras, 10 
An<lrews, 'riiomas, 2(58 
Anemometer, 314 
Angle*, of I'tiidaet, 217 
of tlip, 427 
glancing, (5(57 
liiuiting, of repose, 87 
polarizing, (572 
of resolut Ion, (500 
Angstrr»in unit. 5(53, 729 
Angular ilispersion, 577 
Angular impulse, 152 
Angular momentum, 152 
Angular velocity, 75 
Ano.le, 380. 471 
Antinodc, 514 
Aperture, 598 
diffraetion by circular, 058 
Fresnel diffraetion by circular, 053 
ndative, (514 
A<pi(‘otis humor, 00(5 
Archimedes’ principle, 19(5 
Arcturus, spectrum of, 705 
Aristotle, 10 
Armature, 400, 435 
Artificial ra«Hoai-tivity, 721 
Artificial transmutation, 717 
Aspirator, 207 
Astigmatic dift'eronco, (500 
Astigmatism, 585, 598, (500, 007 
Astronomical spectra, 704 
Atmosphere, 198, 312 
Atmospheric humidity, 315 
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lAO 

At inosplioric pressure', 8, 314 
Atmospheric refraetioii, ">89 
Atom, ionized. 097 
mass of, 28-1 
HutlKTff»r(l riioflel, 690 
shape of, 28.') 
size of, 2<So 
Atoinie hoinl). 723 
Atomie e-ner^y, 397 
Atoniie heat capacity, 237 
Atomic mutiher, ()8(). ()94 
Atoniir- volume. (>8(» 

Atlrnefion, inverse-sciuare, 109 
Atwotal nuu-hine, 8"), 91 
Amlilulity, lower limit of, '>42 
threshold of. .")44 
Avnilal)le power, 383 
Avof'.adni’s law. 203, 270 
Avofjadro’s numher, 278 
Axes, theeirem of parallel, 144 
Axis, erystallograi)hie, 074 
fixed, 140 
principal, .581 
rigidity of gyroscopic, 154 

H 

linek emf, 382, 400 
Malaneo, beam, 39 
sensi(i\ ify of, 39 
Ballistic galvamunetor, 405 
Ballistic peiuhilum, 127 
Ballistics, 96 
Balloons, 198 
Balmer scries, 089 
Baiul spectra, 700 
of O 2 , 70(5 
Banked road, 99 
Bar. 192 

Bar photometer, 023 
Barkhausen i-fTcct, 451 
Barometer, aneroid, 196 
mercury, 195 
Barrel distortion, 002 
Baseball, pitched, 131 
Basilar membrane, 546 
Battery. 383 
Beam balance, 39 
Beats, 512 
Bel, the. 543 


Bell, .539 
Bell, A. O., 543 
Belt, 1.58 

Bernoulli, Daniel, 205 
Bernoulli's etpiation, 205 
Bessel, Friedrich, 84 
Beta particle. 702, 711 
ionization by, 71.5 
Beta rays, 702, 711 
Betatron, 432 
Billiards, 129 
Bimetallic strip, 227 
Binding energy of nuclei, 720 
Binocular. j>rism, (513 
Biprism, (542 
Birge, H. T., .501 

Bjerknes, X’ilhelm and Jacob, 320 
Black, .loseph, 233 
Black body, 310 
ideal. 079 

Blaek-bojly radiation, 078 
Blaek-body radiation laws, 681 
Blind spot, 000 
Block and tackle, 43 
Bohr, Xiols, 170. 690, 093 
Bohr atomic theory, 109 
Bohr orbit, 691 
Bohr postulate, 170, 090 
Bohr radius, 170. 091 
Boiling point, 252 
Boltzmann, L., 27.5, 310 
Boltzmann constant, 278 
Bomb, bursting, 124 
Bomb calorimeter, 243 
Bomhsight, 95 
Bourdon gauge, 196 
Bow wave, 527 

Bowl, hemispherical rotating, 104 
Boyle’s law, 258 
deviations from, 268 
Bracket , 46 

Brackett series for hydrogen, 692 
Bradley, J., 5.59 
Bragg’s law, 667 
Brewster, Sir David, 672 
Brewster’s law, 673 
Briokwedde, F. G., 692 
Brightness of color, 030 
British system of units, 89 
British thermal unit (Btu), 235 
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Rrown, KoIxtI, 2S0 
Brownian nio\ <*iiioiit . 2S0 
Bulk niodjilus, o3 
Billiot, velocity of. 12!) 

Bunsen (groaso-spot i phi>lunict<T. t»23 
Buoyancy. 197 
center of. 201 

(' 

C’alcit«‘ crystal, <>74 
Calorie. 234 
Calorimeter, 239 
('anuTa. 01 o 
('aiiacla halsam, )57r» 

Canflle, 020 

new international. 020 
.stamlard, (i2() 

( 'andle power. 02 1 
('annon, 131 

( •apacitancj*. of isolatial condindor, 3o9 

of sphere. 3.”>9 

Capacitor, 300 

in circuits, 302 

electrolytic, 302 

Capillarity, 214, 218 

(*arnot, S>idi, 208 

Carnot cyc le, 290 

CarricT wa^•e, 481 

Cassegrain teU'seatpe*, 014 

(’athode, 380 

Cathode-rav tuhe. 48"» 

* 

('nustic cMirvi*. ')74 
('avendish, H., 100 
f'avendish experiment, 100 
Ceiling, 317 
(‘eiling balloons, 317 
Cell, 381 
Daniell, 383 
dry, 383 
electrolytic, 382 
lead storage, 384 
Weston standard, 384 
Center, of buoyaiicy, 201 
of circuilar wire, 139 
of gravity, 35, 130 
of mass, 132, 135 
optical, 595 
Centigrade scale, 224 
Central force, 133 


< <-ntriliig:il forc-c-. 97 

( c-nt t ipct.al acccU-ialKui, 71, !>7 
( c-ntripet al force, 97 
( ■«-iitroid. 110 
Cg> s\>teni. .■), S9 
( ‘hain react ion. 721 
Charge-. eon>er\ at ion of. 323 
diinen>ion> of. 327 
di.^t riluit ion in |>iit;i>'siuni, 0!)7 
on c-l<-<-t rcm. 320 
c‘lec-troni<\ 350 
induced. 330 
SUrf;tee. deii.sily, 33t) 
units of, 32.5 
Chinook. 320 

( 'liroinatic aberration, .598, 002 

Chroniatieitv di.-cgraiii. 034 

( 'iliary nmsc-le. 000 

('ircle of least ccuifusion, .598 

( 'ircul:tr motion. 73 

( ircMilar wire-, ceiitc-r <»f ina.s.s of, 139 

< 'lausius, Budolf, 291 
( 'loud c-haniber, 71.5 
Coehlc-a, 545 
CcMTc-ivi* force-, 449 
Coliesicm, 214 

Coil. s«*arch, 4.30 
Cold frotit, 321 
Collisions, 128 

ionizaticui by, 492 
( olor, 030 

addition of, 032 
mi.vture c-urves, 033 
primary. 032 
purity of, 030, 035 
sntnrat(‘d, 035 
by subtraction, 036 
unsaturatc'd, 035 
( olorimetry, 030 
Coma, .598 

Combu.stion, heat of, 242 
( 'oinmutator, 435 
Compa.ss neetlle, 427 
Complennuitary colors, 035 
Compomuits, rectangular, 17 
Coin]>ound motor, 400 
Com])res.sibility, .53, 087 
Compression, .50 
Compressional wave, .509 
('oinpton, .\. H., 710 
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C'ompton ofToct, o.)5, 710 
( 'oiic!iv»‘ uratinfj, 000 
(VitH'avo fiiirror, oSI 
( 'rmcurrcnt 27 

('cUMloiisntion. 240 
( 'otuhaisrr, 300 

optii-al, oil 

( ’omluftnticc, 309 
iiiiitiial, 470 
( 'ondiir't ion, 303, 305 
in ••lrrtr()lyt<‘s, 37S 
thntiiKh pip«‘ wall, 308 
( 'on»lufti\ity. olcrtrif. 307 
in im'P-orol<»Ky. 312 
tiionnal, 300 
( 'ondiirtor, 324 

fapa«'itan<a‘ of isolahal, 359 
Hold near, 339 
fioM ^^ithin, 340 
forc-o hetwaTli tw(j, 410 
Confusion, circlo of, 598 
( ’onjiigatc fori, 582 
( 'onjiiKato rays, 590 
(V)ns(a|uont poU's, 421 
Consrrvatioti. of cdwirm*, 323 
<»f nuM'haniral oiuTjjy, 114, 117 
of inorurntiiiii, 123 
( onsonanco, 541 
( 'onstric'tioji, flow through, 207 
( 'onstnudivo int<‘rfon-nc<', 031 
Contact, angle of, 217 
C ontimiity, of flow, 205 
of state, 270 

Continuous emission spectrum, 027 

Continuous-flow method, 242 

(’onvection, 303 

(bnverging lens, 593 

Convex mirror, 583 

('ooling, Xewton's law of, 241 

Cooling curve, 248 

Coplanar forces, 30 

Coriolis force, 317 

Cornea, 000 

Corner reflector, 572 

Corpuscular theory of light, 551 

Cosmic radiation, 725 

C«)sniic-ray showers, 725 

Couloinh, C. A., 325 

Coulomb, the, 327 
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Couhunh’s law, 325 

f«)r dielectric inaterials, 358 
CouiittT, (Je*ig<*r, 493 
Counter emf, 382, 400 
(V)unterforc(‘, 105 
('•ouj)l<*, 35 
Critical angle, 509 
Critii'al damj)ing, 183 
(‘ritical isothermal, 209 
(Vitical point, 209 
Critical pn*ssuri', 270 
(Vitical femperatiire, 270 
Critical volume. 270 
(Vooke’s dark spa<‘e, 494 
Cross-w iiul lift, 90 
( ■r\i)ln-dral<*. 249 
Cr>’slal re<'tiHer, 495 
Crystal sp<*cfrograph, 0fJ7 
Cr> stalingraphic .axis, t»74 
( 'uri<’ temperature, 449 
Current, dtuusity of, 300 
«*<ldy, 405 
efTeetive, 455 
electric, 300 

growth of, in imluctanccs, 439 
loop, magnetic fiehl f»f. 413 
magnetic field of, 408 
magmdie force on, 400 
magnetizing, 404 
ocean, 303 
rms value of, 456 
thn*e-pha.se, 400 
torque on, 401 

Curvature, of image field, 598, 600 
radius of, 501, 573, 586 
Cycle, Carnot, 290 
Otto, 300 
Rankine, 299 
thermodynamie, 294 
CVcIone, 318 
Cyclotron, 397, 693 

D 

Dalton, John, 275 
Dam, 199 

Dumped oscillation, 181 
Damping, electrodynamie, 436 
of sound, 528 
Daniell cell, 383 
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Davisson, (\ .1., Olifi, 703 
Davy, Sir Hmnphry, 233 
Dc Hroglio, Ix)uis, (ilil, 703 
De Bronlio wavelength. 002 
Deal! beat inoticni, 183 
Decay constant. 712 
Decibel, 542 

Declination, inagn('tic, 427 
D('forination, clastic. 51 
Degree of freedom, 237, 280 
Delta <-omieetion, 400 
Demodulation, 480 
Density, 1, 191 

of elci-trie energy, 304 
of inagiudic* (‘iiergy, 4.52 
of surfai-e charge", 339 
of .surface current, 417 
Derrick, 48 

Destructive interference, 039 
Deuterium, 092 
Deuteron, 092 
D<‘viation, minimum, 575 
I)4*w point, 310 
Diamagnetism. 440 
Diameter of moh'<'ule, 213 
Diolc«*tric constant, 355 
Dielei'tric in.’ttc-rial, 353 
(laus-s’s law for, 358 
DifT«*n‘ntial imll4*\’, 44 
Difl’ereiitiation, 02 
Diffraction, 517, 55<i 
by circular obstacle, 054 
of electrons, 000 
Fraunhofer, 051 
Fn*sriel, tiol 

by eirevdar a|a‘r(un‘, 0.53 
grating, 003 
))}it terns, light , (iol 
X-ray, 008 

by single slit, 055-t}58 
of X rays, 000 
Diffuse relleclion, 500 
Diffusion, 280 
Dimensional analysis, 87 
Dimensions, physical, 7 
Diode, 473 
Diopter, 008 
Dipole, electric, 335, 353 
magnetic, 421, 427 
moment, 415, 421 


Diia.'. 1*. A. .M.. 203 
I )ircft-\ isimi prism, .■)7.s. <>17 
1 )isk dvnaiiKi, 433 
1 )i'<persiiiti. .575 
.'ingitlar, .577 
norin.'d. .577 

1 lisjiersivc powcT, 577. 003 
Displacement , 71, 173 
amplitude, 1S7 
<-lectric, 358 
1 )i.s,stui.‘ince, ,54 I 
Distance of <li.stinct vision. 007 
Distortion. Itarrel, (»02 
of im.-ige. 59K 
pimaishion, (502 
Diverging Ic'iis, .593 
Dominant wav<'length, 030 
Dopph‘r etY«-et, 525, 705 
Doubh* n-fraetion, 074 
Double-slit experiliH'lit, O-IO 
Double w<'ighing, 40 
Drag. 90 
Dry cell, 383 
Dulong-IVtit law. 237 
Dulong-Fetit mc'thod, 230 
Dynanmiueter, 418 
Dyne. 82 

!•; 

Far, .545 

Karth potential, 344 
I'xhly c-urri*nts, 405 
Kflii'ieney, 4tf 4M>gin4's, 297 
luminotis. ()2I 
4)f ma4-hin4*s. 1 19 
I'dlhiN, .spe4*d 4>f, 209 
Kinst4-in. A.. 702, 710 
Klasiie limit, 55 
Klastic m4>thdi, 54 
Klastieitv, 128 
rubberlike, 50 
Electric current, 300 
Electric dipole, 330, 353 
Electric displacement, 358 
Electric energy density, 304 
Electric field, 333 
Electric generator, 434 
Electric noise, 490 
Elf'ctric oscillations, 468 
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l%U'rtric potential, 341 
I'iloctric susceptibility, 35o 
l^lect^ocl>e^^i<•al etpiivaleiit, 391 
i;icelr()(les, 3.S0 
i^lcctro(^yllaIllics, 323 
l'’lectrolysis, 379 
Faraday law of, 381 
I\lei*trolytes. conduction in, 378 
Flec-troivtic c-apacitor, 302 
I]l4*ctrolytic cell, 382 
l-dectr(U)uiffnetic radiation, 442, 483 
Kl(‘ctroinagnoti<- spectrum, o(>4 
Fh'ctromaKiu'tic tiu-ory of lijjlit, r)")2 
Id(‘ctromagnetic waves, oo3, 502 
lenj'th of, ')t>2 
origin <»f, .j(i2 
Fleet r<»magm*f ism, 323 
fundamental etpialions of, 441 
Fleet romotive force (<'mf), 309 
alternating, 43.J 
coimter, 382, 400 
induced, 429 
I’eltier. 380 
Seelu'ck, 380 
'riiomj)son, 385 
I'/lectron, charge on, 320, 350 
difTrtiction of, (>0 
lens, 490 
mass of, 330 
micrograph, 003 
microscope, 490, 001 
multiplier tube, 494 
shells, 094-097 
spin, 448, 702 
vahuice, 094 
volt, 349 
wave, 703 
Idectroplating, 380 
Flectroscope, 324 
Klectrostatic induction, 331 
Flectrostatic volt, 342 
I'dcctrostatics, 323 
Flenients, 087 
Klevator, 90 

Fmf (*rc Fdectromotivc force) 
Kmission, secondtiry electron, 494 
tliermionic, 471 

Fmissivity of surface. 311. 079, 685 
Finittance. radiant, t)84 


Flinittance, spectral, 080, 085 
Finittance curve, 080 
Faid I'orrcction, 536 
Energy, 110, 118 
atomic, 397 

of <'harg(’d capacitor, 303 
eqiiipartition of, 280 
internal. 237, 204, 290 
i<»nization, 094, 098 
kinetie, 109, 1 15 
in magnetic field, 441 
potential, 115 
production in stars, 724 
r.'ifliant, 077 
of wave motion, 508 
zero-point, 704 
Fngines, efficiency of, 297 
internal-combustion, 300 
Kntrance pupil, 012 
Fntropy, 292 
F(|uation of state, 202 
derivation of, 276 
I'lquilibrant, 33 

Fquilibriuni, extended body, 32 
force condition for, 28 
of particle, 27 
torque condition for, 32 
FJquipotential surfaces. 344 
Fquivalenf, elei'troehemieal, 381 
Fquivalent surface current, 421 
Frecting prism, 570 
Kseape, speed of, 109 
Futeetie, 250 
Exit pupil, 612 
Expamling universe, 707 
Expansion, apparent coefficient of, 230 
of gas, 259 

linear, coefficient of, 226, 687 
of liquids, 229 
surface, 229 

volume, 229 -- 

volume coefficient of gas, 261 
of water, 230 
work done by, 252 
Exploding shell, 125 
Exterior ballistics, 96 
External forces, 107, 132 
Extraordinary rav, 675 
Eye, 606 
Eyepiece, 609 
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F 

/ mirnbcr, Olo 
Falireiilu'it scale, 224 
Far point, ()07 
FarjMl, tl»p, 3(>0 
Faraday, M.. 340, 420, 430 
l araday, the, 381 
Faraday’s dark sj)acc, 494 
Farailay’s law of ••lcctrol>’sis, 381 
Faraday’s law of iiidu«‘ti«»i>, 430 
Fcrroinaunctisiii, 448 
Field, within conductor, 340 
n(‘ar conductor surface, 339 
of <-urrcnt element . 408 
of <-urr<‘nt loop, 412 
olcctri<', motion iji, 348 
jjravitational, 105 
maKiH^ic, 300 
tnotion in, 302 
of soh'noid, 415 
of straiuht win*, 409 
Filam<*nt, <*mission from, 471 
Films, interfor(*nce from thin, 044 
nonrefU'ctinfj, 049 
Filter, (*h*ctric, 474 
Fine structure of sp<*ctral lines, 702 
Fizeau, A. H. L., 500 
Fletcher, Harvey, 531 
Flicker photometer, 024 
FliKht, curve*!, 101 
Flotation, 201 
Flow, continuity of, 205 
streamline, 203 
t»d>e of, 204 
Fluiils, 190 

iin’oinpressihle, 200 
sound in, 508 
velocity of waves in, 509 
Fhioresccnce, 701 
Fhiorescent lamp, 495 
Flux, luminous, 019, 020 
normal, 337 

radiant, 619, 620, 078, 084 
total, 024 
Flywheel, 143 

Focal distance, conjuf^ato, 582 
Focal length, 582 
P'ocal line, primary, 585 
secondary, 585 


l ocrd |iiiint , 587 
l-ocus. 571 

conjugate. 582 
jirincipal. 582 
virtual. 583 
Foley. A. F.. 524 

I'oot candle. 02! 
l-OOl JKUIIld. 1 I 1 
l-'oiit poundal. 1 I 1 
I-ona*. ••ocn-i\c. 450 
lines of. 334 
magnetic. 390. 400 
between two caituluctors. 410 
units of. 81 . 82 
For(a*s. 12 

ad<lition of many, 14, 18 
addition i>f two, 13 
coiH-urrcnf . 27 
coptanar, 30 
of fri«-tit»»i. 41 
momc-tU of, 30 
nonctirrcnl , 32. 33 
resolution of. 10, IS 
resultant of. 13 
subtraction of, 10, 18 
Foticault. .1. B. L., 552, 500, 502 
Fourier analysl.s, 503 
Fourier theorem, 505 
Fps systetn, 5 
Fraunht)fer, J., 575 
Fraunhofer tliffrnetion, 051 
Fraunhofer lines, 570, 028 
Free electrons, 330 
Free fall. 07 
Freezing. 240 
Frequency, 75 
fundainental, 531 
of light, 503 
juitural, 183 
of resonance, 457 
Frequency modtilntion, 481 
Fresnel, A. J., 552, 042 
Fresnel diffraction, 051 
by circular aperture, 653 
Fresnel tlotible mirror, 642 
Fresnel’s lialf-period zones, 651 
Friction, 41, 80, lOG 
coefficient of, 80 
kinetic, 42 
in oscillation, 181 
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Krict ion. rolling. 42 
statii-. 42 

hront {in meteorology), 321 
Full-tone interval, 541 
F\jn<lamental freqm'ney, 531 
Fnndaiiiental tone, 533 
Fnsitiji, latent heat of, 23S 

C 

( iain <»f ani|>lifi<-r. 477 
(lalilean teh-seope, ()13 
Calilei, (Jalil.ai, 10, ti7, 77 
( JalvanoJiM'fers, 40-1 
hallistie, 405 
Cnrnrna rays, .504, 711 
ionization by, 710 
(lainow, (i., 320 
(las, anip!ifi«‘:ition, 400 
I'oiistant per mole, 203 
constant p('r inoleenle, 278 
(■ritieal values for, 209 
expansion of. 259 
kinetic theory of, 27.5 
liquefaction of, 271 
molar specific heat of, 204, 281 
pressure coefficient of, 201 
specific heats of, 204 
velocity of souml in, 510 
volume <‘oefficient of, 201 
(lauss, K. F., 330 
Ciauss (magnetic unit), 391 
Gaussian image point, 598 
Gaussian surface, 337 
Gauss’s law, 3.30 

for dielectric materials, 358 
Oay-Lussae, 275 
Gay-Lu5vsnc’s law, 201 
Geiger counter. 493 
Generator, electric. 434 
Geometrii-al optics, 566 
Germer, L. II,. 666, 068, 703 
Glancing angle, 667 
Glow discharge, 494 
Governor, 104 
Gram centimeter. 111 
Grating, concave, 666 
diffraction, 663 
transmission, 666 
Gravitation, universal, 159 


Gravitational attraction, 213 
Ciravitational field, 105 
Gravitational pr)tential, 169 
Gravilatij>nal units of force, 81 
Gravity, S4, 85, 114 
center of, 35, 136 
Grease-spot j)hotomet<T, 623 
Gn-ek Jilphal»-t, 73^1 
Gregorian telescope, 014 
Grid. 475 

siq)press«ir, 478 
( iriitialdi, !•'. M., 

(iyralion, railiiis of, 142 
Gyroscopic motion, 1.54 
Gyroscopic stability, 154 

II 

H.'iir hygrometer, 310 
Half-life, 713 
Half-period zones, 051 
Half-tone interval, .541 
Half-tone printing, 637 
Hammock, 40 
Harmonies, 503 
Harrow, 100 
Hartley oscillator, 480 
Hazen, \V. K., 710, 725 
Heat, 233 
atomic, law of, 237 
capacity, 235 
of combustion, 242 
of formation, 243 
of fusion, 238 
insulators. 305 

mechanical equivalent of, 235 
molar specific, of g.os, 264 
of solution, 243 
specific, 235 
transfer of, 303 
of vaporization, 238, 252 
Heat death of the universe, 301 
Heat pump, 301 
Heavi^de layer, 484 
Heisenberg, W., 703 
Heisenberg uncertainty principle, 704 
Helmholtz, H. von, 531 
Henry, Joseph, 430 
Henr>’, the, 438 
Hertz, Heinrich, 555 
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Micro's crown, 197 
Hooke, HolxTt, oO, o.j2 
Hooke’s law, 50, li^O 
Horsepower, 121 
Hot l) 0 (l>‘, ratliatioii from, 077 
Hot spark. 099 
Hue of color, 030 
Humidity. 311 
absolute, 315 
atmospheric, 315 
relative, 315 

Huygens, (’liristian. 78, 510, 551 
Huygens eyepiei*e, 009 
Huygens’ principle, 510, 550 
lly<lraulic pr<*ss. 190 
Hydrojlynamics, 203 
IIydrog<‘n, Hohr orbits for, 092 
eontinuous <-mission spectrum of, 027 
lijie sj>ectnini of, 0S9 
spectral s<'ries of, (>92 
H>-droineter. 198 
Hydrostatic paradox, 200 
Hydrostati<'s, 190 
IlygrometiT, 315 

Hyperfme structure of spectral lines, 702 
Hyj)eropia, (>07 
Hysteresis, 50, 4*19 
Hysteresis Ioo|>, 450 

1 

Iceberg, 202 
Ire-pail experiment, 340 
Iconoscope, 491 
Ideal gas, 25S 
))ulk modulus of, 259 
oquatioti of state of, 276 
Illuminance, 019, 820 
Image, 558, 570 
distortion of, 598 
formation, 587 

graphical construction of, 584, 588, 593 
multiple, 572 
jjcrverted, 572 
virtual, 571, 583 
Impedance, 185 
electrieal, 457 
intrinsie, 555 
inoehanieal, 186 
phjise of, 459 


Irnimlse, 122 
angular, 152 
Incidc‘n<a‘, plane of, 673 
Inclination, 427 
IncliiHMl plane, 14 
Incomprosible (iuid, 20(* 

Imlcx <if r<-fractioii, 5(i2, 577 
Indic*a!or diagram, 300 
Imlticcd charges, 330 
Indu<-ed einf, 429 
Indnctanc<‘, iron-i-on-d, 452 
Imluction, electrostatic, 331 
Faraday’s law of. 430 
magnetic, 390, 444 
motor, 460 
mutual, 437 

In<Itu-tiv<> capacity, specific, 355 
Inchn-tive charging, 331 
Indtndor, 439 

current growth in, 439 
Inertia, 80 

Infrarcil ra«liation, 309, 504 
Initial condilions, 17t) 

Insulators, 324. 305 
Inti'gration. 04 
Infc'iisity, in diffraction, 057 
level (sound). 543 
hirninous. 020, 020 
inagnetie 424, 44 I 
of niagnetixalioii, 421 
of sound, 52S 

Int<'rfereneo. constnietive, f)39 
destrvjetive, 039 
fringes from film, 040 
in thin films, 044 
of waves, 513 

Interferomet<'r, Miclndson, 043 
Interior ballistics, 9(i 
Intermolccular fort'cs, 212 
InternK»hM'ular i)otential. 213 
Internal-combustion engines, 300 
Internal energy, 237, 204. 290 
Internal fon-o, 132 

International Commission on Illumina- 
tion, 619, 633 

Inverse-square jjttraetion, 169 
Inversion temperature, 387 
Ion, 378 

Ionization, by alpha and beta rays, 715 
by collision, 492 
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It>nizati(»n. l)y gaintim ra\s, 7I(i 
onr‘rpy, (594, (598 
gauKi'. 288 
IMitcntml, (593. (594 
Ionizo<l atoms. (597 
lotiosphcTO, 313, 427, 484 
Iron-corcfl iiuluct.ancc, 4.j2 
Irradiartco, (578, (584 
Irrational spectrum, (5(55 
Isothermal expansion, 259 
work (lone in. 2(50 
Isotopes, 394 

J 

.Joule, J. I*., 1 1 1 
.Joule, the, 1 1 1 

.Joule-'rhomson experiment, 2(57 
.Iupit(T’s satellites, 551 

l< 

A'-series \-ray lines, 700 
K shell. 095 
Kelvin. I^ord, 298 
Kel\ in scale, 225, 2(52 
Kt'ph'r. .I()hann. 1(53, ,5.51 
Kerr effect . (577 
IxilcK-alorie, 2.3.5 
Kilofijram. 82 
Kilogram mett'r, J 1 1 
Kilowatt, 121 
Kilowatt hour, 121 
Kinematic.s, (51 
Kinetic energy, 109, 11.5, 710 
of rotation, 149 
Kinetic friction, 42 
Kinetic pressure, 200 
Kinetic theory of gases, 275 
Kirchhoff’s laws, 372. 678 
Kuncit's method, 540 

L 

L shell, (395 
Ladder. 38 
Lambert, the, 025 
Lambert’s cosine law, 625 
I^jimina. 139 
Laplace, P. S. de, 552 
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Lapse rate, 313 

Ijitent heats, 238 

Lattice. 132 

Laue, M. von, 006 

Ijnie spot (X-ray diffraction), 608 

Lawrence, K. O., 399 

Ix’ad storage cell, 384 

Ix’iis, .59.3 

aberration in, 597 
achromatic, (504 
combination of, 596 
converging. 593 
diverging, .593 
electron, 497 
negati^•(^ 593 
positive. .593 
rectilinear doublet, 615 
tele|)lM(to, 507 
thick, 59(5 
thin, .503 

Zeiss “'ressar,” 615 
Ix'iiz's law, 431 
Ix*slie, Hir .lohn, 310 
Ix'ueippus, 10 
Ix'ver, 43, 119 
Lift, on airplane wing, 209 
cross-wind, 9(5 
I..ight, .5.51 

eleetromagnetie theory of, .5.52 
plane-i)arallel, 508 
polarization of, 071 
refraction of, 502, .507, 574 
throtigh transparent slab, 508 
velocity of, 412, 558 
Linde, K., 271 
Line, of foree, 334 
Fraunhofer, 576, 628 
primary focal, 585 
secondary focal, 585 
Line spectrum, 628, 575 
Liquefaction of ga.<;es, 271 
Liqtiids, boiling point of, 252 
expansion of, 229 
superheated, 273 
undcrcooled, 248 
vapor pressure of, 251 
Limiting angle of repose, 87 
Ixxlestone, 419 
Logarithms, 736 
Looming, 589 
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I^)»)j) of \vav(>, .j|4 
Ix)srliini«lt inmihcr, 284 
Ix)iHlncss, ■)2r), ">42 
Liimon, (»20 
Lumiimnco. (524 
Lumiiujiis f<lici«'ncv, (‘>21 
Lmninous (lux. () 10 . (i2() 
laiiiiintnis intensity. (>20. r>22. «>2(t 
LuiniiH r-Hrodlmn pimtoiiictor, (>23 
Lux, (}21 

Lyman .scries, 092 

M 

.1/ shell, 09(1 
Machines, 40 

efficiency of, 1 19 
Mach nuinlxT, 21 1 
McLeod nuufjc, 2S8 
MaKiiet, 419 
tor<me (HI, 423 
.MiiKiictic dipole, 420, 427 
Magnetic dipole nioincnt, 41o, 421 
•MaKuetic energy, 441 
density. 4")2 
Magnetic cfpiator, 427 
Magnetic field, 390. 408 
of current looi), 413 
of solenoid, 41") 

Magnetic force, 390, 400 
Magnetic induction, 390, 444 
Magnetic intoii.sity, 424, 444 
.Magnetic penneaLility, 44") 

Magnetic poles of earth, 427 
•Magnetic storms, 427 
Magnetic susceptibility, 44.5 
-Magnetism, tcTrestial, 427 
Magnetite, 419 

Magnetization, of short specimens, 453 
-Magnetization current. 404 
.Magnetization curve, 448 
Magnetization intensity, 421, 444 
Magnetometer, 425 
.Magnetostriction, 452, 548 
Magnification, 584, 596 
•Magnifier, simple, 609 
Malus’ law, 673 
•Manometer, 194 
•Mars, 705 
Mass, 79 
of atom, 284 


•Mass, eoiiter of, 132 
reduce*). 992 

relativistic iiu rciise of, 702 
rest. 710 
Mass def«'«-( , 721 
•Ma.ss-eiiergy ndatioii, 709, 71S 
^^ass iiutnlM‘r. .391 
•Mass speetogr.aph, 305 
•Maxw.dl, ( ., 391 

.Maxwell’s distriliiition of nudci ular \«4o. 

cities, 27.'). 4 12. .■).‘)3 
.Maxwell’s (Mjuations, 442 
Mayer, !{., 265 
Mayevski. 182 
Mean free path, 2K3 
.Mean s<piare, 277 
Mean temi»erature, 314 
•Mean \elocit\'. 66 
Measurements, 2 
.Mechanical advantage, 41 
Mechanical energy, eonservaf ion of. 114 
117 

Meehanieal impedance, 186 
•Megohm .'icnsit ivit>\ }().'> 

.Mel(h*’s experiineiit. 515 
M(4ling, 246 
M(‘Iting point, 247, ()87 
-M(*nibrane, basil.ar, 546 
vibration of, 538 
.Mendi-l>ee\-, 68<) 

Meson, 72() 

Mesotron, 725 
Metaeenter, 201 
Metaeentrie height, 202 
•Meteorology, 312 
Metric pound, 6 
Metric ton, 6 
Metric units, 6 
Mho, the. 369 
])er meter, 309 
Miehelson, A. A., 560, 562 
Mielielson int(*rferometer, 643 
•Microfarad, 300 
Micrograph, electron, <563 
Micron, 6 

Microscope, compound optical, GIO, 611 
electron, 496, 661 
limit of resolution of, 660 
resolving power of, 660 
simple optical, 608 
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Mir-rowavcs, 561, 56-1 
Miikv Wav, 706* 

Miller, I). C.. 532 
Millil»ar, 192 
Millikan, K. A., 350 
Miniimim deviation by ijrism, 375 
Mininiuin potential ener>cy i)rineiple, 213 
Mirage, 5X9 
Mirror, tameave, 581 
eonvex, 583 
e<|uation, 582 
plane, 571 
.•<[)lierieal, 581- 591 
Mixtures, eut<‘eti<', 250 
iin'thfxl of, 239 
Mks system, 5, 89 
Mobility, of eharK(*, 367 
of iotis, 378 
Modulation, 480 
Moduli of c4nstieity, 53 
Moleeular diatnet«T. 213 
Moleeular speetra, 700 
.Molecular veloeiti«-.s, 278 
MoiiKMituin. 122 
angular, 152 
conservation of, 123 
of p|)<»ton, 7lt> 

Moment «if dipole, 334 
of force. 30 
of inertia. 141 
Monkey of jnlc driver, 130 
Monochromatic lipht, 574 
Moin»elirornator, 616 
Moon. 84. 165, 561 
Moseley, H. G. J., 699 
Moseley’s formiila, 699 
■Motion. 10 

aiiRular sitnple harmonic, 180 

on eur\ <>H, 98 

ftyroseopie, 1.54 

liistory of. 10 

on incline, 87 

in magnetic field, 392 

natural, 10 

Xewton’s laws of, 11 

in plane, 70 

.simple harmonic, 173-182 
transient, 184 
uniform circular, 73 
violent, 10 


.Motor.s, electric, 405 
induction, 466 
s(juirrel-cage, 467 
.Mt. Palomar tfdescope, 614 
Multiple iniaK<‘s, 572 
Multiplier resi.stor, 403 
Multi{)lier ttibe, 494 
Murphy. G. M., 692 
Musical .scales, 541 
.Musical sournls, 525 
.Mutual coruhn'tance, 476 
Miitii.'d induction, 437 
Myoj)ia, 607 

N 

A’ .shell, 696 
Xatviral frequenr-y, 183 
Xatural niotioti, 10 
Xatural oscillatioii.s, 183 
Xear point, 607 
Xebulae, 706 
X<-gafive ion.s, 698 
X'cKative lens. 593 
Xeutral pfi.sition, 167 
Xeutral fimiperature, 387 
Xentrino, 722 
Xeutnjii, 719 
potential energy of, 720 
Xewtoii, Sir Isaac, 11, 575, 647 . 
X’ewton, the, 81 
X’ewton meter, 111 
X’ewtoniaii telescope, 614 
Xewton's law of cooling, 241 
Newton’s laws of motion, 11, 79, 105 
Xewton’s rings, 647-649 
X'icol prism, 675 
X’odal lines, 538 
X’ode, 514 

Noise, eleetric-al, 496 
X'onconcurrent forces, 32 
eqiiilibrant of, 33 
resultant of, 33 
X'onreHecting films, 649 
Normal flux, 337 
X’ormal speetnim, 665 
Nuclear fission, 723 
Nuclear radius, 709 
Nuclear reactor, 724 
Nuclear spin, 702 
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Xurleus. lf)9, 329 
binding I'lUTgy of, 720 
coinpoimd, 718 
size of, 708 

Numl)or, atomic, (iSO, 094 
iVutation, l.")4 


() 

f)bj«M*t, virtual. 071, 087 
()<a‘an <Mirrciits, 303 
Oorsto.l, II. 408 
Oersted, tlu*. 120 
Oliin, (;. S., 309 
Ohm nM‘t<T, (In-, 3(59 
Ohiiiineter, 404 
Ohm's law, 307 
Oil-drop c'xperiment, 300 
Opera glass, (>13 
Optic iHTve, 00(} 

Optical center, 090 
Optical instruments, 006 
Optical path, 040 
Optical shutter, 077 
Optics, geometrical, 566 
physical. 006 
Ordinary ray, 074 
Oscillation, 173 
<lampcd, 181 
<‘iectrif, 408 
forco<l, 183 

Osi'illntor, Hartley, 480 
tuiK'd-grid, 479 
Otto cycle, 300 
OvertoiH's, 531 


P 

Paint, colors of, 036 
Parachute, 97 
Parallax, 557 

Parallel axes theorem, 144 
Parallel capacitors, 302 
Parallel resistances, 371 
Parallelogram law, of forces, 16 
of vectors, 22 
Paramagnetism, 447 
Paraxial rays, 581 
Parmenides, 10 
Particle in equilibrium, 27 


Pascal. H., 194 
PascluMl, F., (i02 
Peltier. .1. C. 380 
P<‘lti«‘r cinf, 38(i 
P«*iicil of ra\'s, 558 
Pendulum. I).alli.stic, 127 
t’onieal, 102 
phy.sical, 179 
simple. 178 
P<*nlode. 478 
Peiiuml)i':i. .*).'»7 
Period of rotation, 75 

in .simple harmonic nuition, 173, 502 
Perio(li<- chart of elements, (>88 
I’eriodii- motion, 173 
Periodic system of idcMinuits, (>86 
I’ermeability. magnetic, 445 
Permiltivitv, 356 
I’er\-erte4l image. 571 
Pfuml scric's hir hydrogen, f>92 
Pha.se, 175 
angle, 187 

<'hang<‘ of, in reflocti<ui, 518 
constant. 175, 502 
of irnp(Mhim-c, 459 
Phosphor, 701 
Pht)sphor<‘s<‘cm-e, 701 
Photoclasticity, 677 
Photoch'ctric clTia-t, 490 
Photometer, bar, 623 
Bunsen grea.se-spot, 623 
/li.'ker, 624 

Lummor-Brodhun, 623 
shadow, 623 
Photometry, 619 
Photon. 490. 555, 690 
momentum of, 716 
Phototube, 490 
Photovoltaic cell, 495 
Physi<*al constants, 731 
Physical dimensions, 7, 88 
Physical opti<‘s, 566 
Physical pendulum, 179 
Piezr»clcctricity, 496 
Pile, atomic, 724 
Pincushion distortion, 602 
Pinhole image, 558 
Pipe, closed, 536 
open, 536 
Pirani gauge, 288 
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I'itch, .’>25 

indicator. 208 

Plan-position indicator, 487 
Planck, .Max. 079 

Planck’sconstant of n<-tion, 170, 237, 489, 
000 

Plaru-k’s radiatiini law, 079 
Planetary motion. I(i3 
Ph tic, of incidcnci-, ti73 
priticipal. oOti 

Plane dilTraction KratiiiK, 004 
Plain* mirror. .■>71 
Plane-pol;irizcd linlit, 071 
Plate resistance, 470 
Plates, pile of. (»73 
vibration of. ,')38 
I’lumI) bol). 92 
Plutonium. 724 
Point, ajilanatic, 000 
far, (;07 
near. 007 
principal, .^90 
Poiseuillf', .1. I,. .M., 219 
Poisson. S. I)., .">8 
Poisson's r;itio, .=)8 
Pfilar comf)oumls, 090 
Polar front. 320 
Polariscope, 074 
Polarization, electric. 353, 383 
of liRht, 671 

Polarized light , .stress analysis by, 070 
Polariz(*r. 074 
J^ilarizing angle, 072 
Polaroid film. 075 
Pole, (•onsc*(juent, 421 
maRnotic. 419 
strength of. 419 
Polygon rule. 15, 22 
Porro prism. 014 
Po.sitive electron. 722 
Positive lens. 593 
Potential, electric, 341 

of ehnrgeil spheres, 345 
of earth, 344 
Potential difference, 344 
Potential energy, 115, 107, 212 
of charged particle. 709 
of neutron near nueleus. 720 
principle of minimum, 213 
Potentiometer, 384 


Pound, 5, 6 
metric, 6 
Poundal, 81 
Power. 120-149 
in a-c circuit, 462 
available, 383 
factor. 403 
th<*rnioelectric, 387 
J*roce.ssiofi, 1.54 
Pressure, 53, 191 
am|ditude, 529 
eritieal, 270 
head. 200 
kinetic, 20() 
tube. 208 
wave. 529 

Primary of transformer, 464 
Primary colors, 032 
Principal axis, 581 
Principal plane, 500 
Principal points, 590 
Principal section. 074 
J^rincipal .seric*s, 094 
“Principia inathematica,” 11 
Printing, half-tone, 037 
three-color, 037 
Prism, achromatic, 578 
binocular, 013 
crown-glass, 579 
dircct-vksion, 578, 617 
erecting, 570 
flint-glass, 579 
Xicol, 675 
l*orro, 614 

refraction of light tlirough, 574 
spectrometer, 616 
total-reflecting, 569 
Prismatic spectrum, 575 
Projectile, 93 
range of. 94 
time of flight of, 94 
Projection, 19 
Projection lantern, 615 
Pulley, 43 
differential, 44 
Pump, diffusion, 287 
rotary vacuum, 287 
Pupil, 606 
entrance, 612 
exit, 612 
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Purity of <-oIc)r, (i30, (535 
Pyroiiu'tcT. oiuiful, 22-1 
tluTinochu'tric, 223 
IVtlui^'oras, 3 

Q 

Q fiU'tor, 4G9 

(Quality of sound. 525, 530 
(iuuntutn, of i-iuTKy. 282 
of radiation, -IDO, (iSO 
(^jantiiiii nuM-lumios. (507, 703 
(^lantijin mindx'r. 170 
total, (595 

(^latitiiin theory, 237, 282, 555, (580 

n 

Uadar, dSO. 5(51, 5(54 
lOidial veloeity, 705 
Hadiaii, 4 

Hadiant emittanee, 078. (584 
Hadinnt lUierKy, <>77. (584 
Hadiant flux, 019. (52(5, (578, (584 
l{adlation, 303, 490 
l)laek-l)ody, 078 
electroinaKiietie, 483 
exchariKu, 083 
from hot l)ody, 077 
l.aws of. 081 
thermal. 077 
Radio rc*eej)tu»n, 4S3 
Ra<lio transmission. 483 
Radio waves, 504 
Radioactive series, 713 
Radioactive tracer, 722 
Radioactivity, 711 
artificial, 721 
Radiophosphorus, 721 
Radiosodiuin, 721 

Radius, of curvature, 573, 581, 580 
of gyration, 142 
Rain gauge, 314 
Rainbow, 590 
Raindrops, 78, 97 
Rarnsden eyepiece. 609 
Range, of alpha particle, 715 
of projectile, 94 
of proton, 715 
Rarikine, William J., 299 
Rarikine cycle, 299 


Rational spectrum. 0(55 
Ray, 51(5, .V)(5, 5(5(5 
‘•onjuKa(c, 59(5 
extrannliiiaiN , (575 
liu-thod, 581 
ordinary. (574 
paraxial. 581 
Rayleigh. Ix)rd, (5(50 
Rayleigh-.lcaiis radiation law, 082 
Reacl.aiice, 457 
Reacti«ui, 105 
Rc<'alcscen*-c, 449 
Rectangular r-oin|)oiiciits, 17 
R«'ctifi<-ation. 473 
Rectifier, erxstal. 4f)5 
Re<-tilinear iloublef huis. (515 
Rei-liliiiear j>ropagatii>n, 557 
R<*din'ed mass, (592 
Refereiua* circle-. 178 
Rcflcc-taiu-c. 030, 078, (584 
Rcflee-ting tch‘scoi)e, 014 
Reflection, .•iiiglc of, 5(50 
change of phase on. 518 
by conc-avc mirror, 581 
by ct)iivcx mirror, 583 
<IifTusc, 5(50 
law of, 518 
polarization l)y, 072 
through prism, 574 
regular, 5(50 
of sj>h<Ti<-al waves, 570 
total, 508 
of waves, 517 
Uefle<-tor, eoriUT. 572 
Refracting angle, 574 
Refracting teh-scop4‘, (511 
Refraction. a(mosplu*ri«-, 589 
double, 074 
iiulex of. 502, 577 
of light, 502, 507 
at plane surface, 572 
at spherical surfaces, 585 
of .spherical waves, 572 
Refrigerators, 298 
Regelation, 249 
Regular reflection, 506 
Relative aperture, 014 
Relative humidity, 315 
Relative luminosity, 019 
Relativistic increase of mass, 702 
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H<“lativity, throry of, 8o 
licinaiuMU’o, 4-19 
l?i\sLstanco, 307 
in circuits, 371 
plate, 470 
Resistivity, 30)8 

teinperattiro coeflicient of, 309 
Resistor, 3(>9 
ninltij>lier, 403 
itesohition, of forces, 10, 18 
limit of, (itiO 
iiiiniinuin auKle of, 000 
RcsoIviiiK po\V(‘r, of microscope, 000 
of telescope, OoQ 
ItesoiialK’e, IS.'S, 4.")7, 539 
frcMpicncy of, 457 
Rest eiier^jy, 711 
Rest mass. 710 
Resultant force, 13, 27, 33 
Rctentivity, 449 
Retina. 000 

Reverl)eration time, 547 
Reynolds’ number, 204 
Rigid body. 132. 137 
Rock-salt crystal lattice, 007 
Rockets. 124 
Itod, vibrations of, 537 
Horner, Ol.af, 559 
Roentgen W. K. \ojr, 409 
Roentgen ray, 489 
Rolling cyliiukT, 151 
Rolling friction, 42 
Rolling wlu'cl, 150 
Itoot-rnean-scpiarc ctirront, 450 
ltoot-mean-s(iuare vrdrieity, 278 
Rotating vector, 401 
Uotation, 140 

analogies to translation, 1.53 
Rowland, H. A., 000 
Howland grating, 600 
Rowland ring, 444 
Rutherford, K., 329, 717 
Rutherford model of atom, 690 
Rydberg constant, 689, 692 

S 

SAK, 220 
Sagitta, 573 

Satellite, artificial, 165, 171 


Satellites of Jupiter, 559 
Saturated color, 635 
Saturated vajKjr pressure, 251 
Saturation of color, 030 
Saturation curve, 270 
Scalar quantities, 22 
Scale, equally tempered, 542 
just, 542 
musical, 541 

Scattering of alpha p.'irticl(‘s, 70S 
Sclerotic memljrane, 006 
Schrodinger, K., 703 
Screw, 45 
Search coil, 436 
Secondary of transformer, 464 
S<*condary electron emission, 494 
Section, principal, 674 
Seebeek, T. J.. 386 
Scebeck emf, 386 
Selective absorption, 675 
S^*lf-induetance, 439 
SemicoTiduetor, 495 
Sensitivity, of balance, 39 
curve of eye, 620 
megohm, 405 
iSeries capacitors, 362 
Series circuit, 456 
Series motor, 406 
Scries resistances, 371 
Shadow, 557 
Shadow photometer, 623 
Shear modulus, 53 
Shells of electrons, 694 
Shock wave, 527 
Shunt, 402 
Sluint motor, 405 
Shutter, optical, 677 
Side bands, 481 
Sigma (sum), 21 
Significant figures, 8 
Simple harmonic motion, 173 
Simple harmonic wave, 501 
Slug, 89 

Smythe, H. D., 397 

Snell’s law, 521, 562, 567 

Sodium, liglit from, 563 

Solar constant, 684 

Solar spectrum, 706 

Solar system, 163 

Solenoid, magnetic field of, 415 
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Soli<l angle, 4 
Sound, .523 
intonsit>-, .528 
nuisieni, .52.5 
quality, .530 
velocity in fluid, .509 
wall, 210 

wave in tlui<l, .508 
Specific gravity, 191 

Specific heat, }>y continuous flow nu thod, 
212 

by method of cooling, 211 
S{)ecific imluctive caj)acity, .3.5.5 
Spei'tra, of alkali atoms, (593 
astronomical, 704 
molecular (baml), 7(M) 

X-ray, (599 

(See <ilxo Spectrum) 

Spectral emittance curve, fiSO, (iH.5 
Spectrograph, cr^'stal, (5(57 
mass, 39.5, 01(5 

Sj)eetrometer, coiistan(-«le\iati<fn, (517 
firi.'^m, 01(5 

Spectrophotometer, (531 
Sj)ect rophot om<-t ry , 024 
Sp(‘ctro.seope, (51(5 
Spectroscopic binaries, 70(5 
Sp<*ctrum, absorption, (52S 
of Arcturus, 70,5 
band, 706 

characteristic X'-ray, 0(57 
continuous emission, (527 
eloetromagnetic, 5(54 
irrational, 065 
line, 575, 628 
of Mars, 705 
normal, 005 
prismati<', 575 
rational, 005 
solar, 700 
types of, 027 
of Venus, 705 

(See also Spectra) 

Speed, eurv'e, 66 
of efflux, 209 
of esi'ape, 169 
Sphere, of action, 212 
capacitance of, 358 
gravitation on, 101 
moment of inertia of, 143 


Spherical alnTr;i(i«>n. .57.3. .5Sf. ,59s 
S|>hi-rical drop, 21(5 
Sph«-iic-a| inirrtH-. .5Sl 
Spheric.al .-li.-ll, lt»2 
S|)h(ri<al .''urf.acc. refraj-tion at. .5.S.5 
.'*5j)lu-ri«-al wave, .530 
refka-tion of. .570 
refraction of, .572 
S])in, 1.5.5 
ele<-tron, 41K, 702 
nucle.ar, 702 

S(juirrel-4-ag<- mo((»r, 407 
Stamlard meter, (5 

in terms of light waves, (i l l 
Standing wave, .501. .514, .5.33, .53(5 
Stars, ejierg>- prniliielion in, 724 
1w inkling of, .5S9 
Statampere, .3(5(5 
>'*5tat<-oulotid), .32(5 
St.atie frielicui. 42 
.Slatie (uhe, 20S 
.Stalies, 12 

Stationary wave, 514 
in l)ipc, 53(5 
.Statvolt, 342 
.'4tefan. .Iosc‘{>h, .310 
Stef;in-Hf>l(/mann law, (5.S.3, 310 
Steinmetz relati<ui, 451 
St<TaiIian, 4 
StifTne.ss eon.stant, 51 
Stokes’ law, 220, 701 
Stoner, 1-]. ( (593 
Strain, 51 

permanent, 5.5 
Stratosi)here, 313 
Slreamlitu' flow, 203 
Strength, of couph*, 35 
of electric field, 333 
Stre.ss, thermal, 51, 228 
Stress analy.sis, (57(5 
String, standing waves in, 533 
vihratit)n.s in, 532 
Sublimation, 240, 255 
Subtraction, of colors, 036 
of forces, 16, 18 
Sunshine recorder, 315 
Suporsonies, .548 
Suppressor grid, 478 
Surface, equipotential, 344 
Surface charge density, 3.39 
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Surf.'icp current, e(|ui\’{ileiit rnaKn<‘tic, 421 
Surface curnuit density-. 417 
Surface tension, 21.“) 

Susceptibility, electric, 355 
magnetic, 445 
Svsti-ms of units, 5 

T 

I'cardrop, 210 
'lelf'photo l(‘ns, 507 
I'ch'scope, astrononiicnl, G12 
( 'asscfirain, 014 
(iaiilean, 013 
(ireKr)rian, GI4 
McDonald, 014 
Mt. I’aloinar, 014 
Xewtonian, 014 
reflecting. 014 
refractiuK, 01 1 
n'SoU inn powcT of, 059 
t<‘rrestial. 013 
^’erkos, til 4 
'I'elevision, 4S5, 491 

'IVniperature. absolute. 224, 200, 298 
coefficient »)f resistivity, 309 
(’urie, 449 
definition of, 222 
Kra<lient. 305 
inversion. 387 
neutral, 387 
scales of. 224 
'IVnsile strength, 55 
'i'erniinal velocity, 97, 220 
Terrestial magtjetistn. 427 
Terrestial telescope, 613 
'riierinal capacity, 312 
Tiiertnal conductivity, 300 
'I'hermal expansion, 087 
'riiernial radiation, 677 
riiernial stress, 228 
riuTinionic emission, 471 
riierniocoufile, 380 
riiermodynamics. cycles in, 294 
first law of. 204. 290 
reversible processes in, 293 
second law of, 291 
'I’liernioelectrie power, 387 
'I’lierrnoineter. clinical, 231 
constant-volume gas, 223 


'Hierinometer. lirpiid-iri-glass, 223 
mnxirsiuin, 231 
mercury, 231 
metallic, 223 
minimum, 231 
resistfince, 223 
standard gas, 225, 220 
Thermopile, 387 
I'hennoscopj', 222 
Thomson, ^^ir J. J., 393, 702 
Thomson emf, 385 
Thr<‘e-co}or jirinting, 637 
'rhn*e-phase current, 400 
'I'hrt'shold of audibility', 544 
'I'hrust, 120 
'Jhyratron, 393 
Time of flight, 94 
Time constant, 370, 440 
Ton, metric, 0 
I'one, 525 

combination, 539, 542 
differema*, 539, 542 
fundamental, 533 
pure, 530 
summation, 542 
Toroid, magnetic fiehl of, 410 
Torque, 30 

condition for equilibrium. 32 
on current-carrying coil, 401 
on magnet, 423 
as vector, 155 
Torricelli, F:., 209 
Torsion, 57 

Total-reflecting prism, 569 
Tourmaline, 075 
Townsend coefficient, 493 
Tra(“tor, lOG 
Tra<le win<ls, 318 
Train of waves, 500 
Trajectory, 90 
Transfer of heat, 303 
Transformer, 464 
Transients, 184 

IVanslation analogies to rotation, 1.53 
Irnnsmission grating, 000 
IraiLsmutation of elements, 717 
Transverse wave, 501 
Triad, major, 541 
minor, 541 

Trichromatic coefficients, 633 


INDEX 


757 


'Fricolor stimulus. 032 
Tripono»m*tric fun<-tioris, 735 
Triotlo, amplifier, 170 

chnraeti'ristie eurv<-s ()f, 475 
'I'riplp point, 250 
Tristimulus eoenieieuts, 032 
']'roi)ieal ealm, 318 
Troposphere, 313 
Truss, 40 
'Fxihc of flow, 204 
Tuned-prill oseillator, 479 
'riming fork, 538 
rurhulenee, 203 
'I'lirn ratio, transformer, 404 
'rurntahle, 152 
'IVist, 57 

'r.vnclall, John, 310 

U 

ritraviolet, .504 
I’ltrnsonics, 548 
I'rnhra, 557 

Uneortainty prineipic*, 703, 704 
rndcreooled liipiid, 248 
Tndereooh'd vapor, 273 
Unit line of foree. 334 
Units. 2, 729 
eleetrieal. table of, 732 
of foree, 81 
metric, 0 
systems of, ,5 
of work. 111 

Universe, expanding, 707 
Urey, H., 092 

V 

\'-2 rocket, 126, 523 
Vacuum, iliffusion pump for, 287 
production of high, 280 
rotary pump for, 287 
N’alenoe electron, 694 
\an de GraafT generator, 347 
\'an der Waals’ eijuation, 272 
Vapor pressure, 251 
\ aporization, latent heat of, 238, 246 
^'ecto^, rotating, 461 
Vector calculus, 22 
A'^ector difference, 71 
\’ector differential, 72 


\’crtor ipiantities, 22 
\ elocity. 02 
arnplitmlc, ISO 
angular, 75 
of ai)pr«iach, 129 
average-, 02 
of gas molecules, 278 
instantaneous, <i3, 71 
of light. 412, .558 
-Maxwellian distribution of, 279 
radial, 705 
relative, 72 
root-me!in-.s(|uare, 279 
of separation. 129 
of sound in gas. 510, 540 
terminal, 97, 220 
of transverse wave in string, 505 
of waves in lluid, 509 
\i*na contr:i<-ta, 209 
Wntiiri m<‘t<-r, 207 
W-mis. 705 

\ibrations, of air column, 534 
of bell, 539 
coniph-x, 503 
forceil, 533 
free, 533 

of pl.ates and membranes, 5.38 
of roil.s. 537 
of strings, 532 
Violent motion, 10 
Virtual focus, 571, .583 
Virtual iimage, .571, .583 
\'irtual object, 571, 588 
\‘iscosity, 214 
coeflicient of, 219 
\’i.sibility, 317 
\'ision, defects of, 607 
distance of di.stim-t, 607 
\’itrcous humor, 006 
Volt, the, 342 
Voltameter, 381 
\’oltmet<T, 402 
\’olume, atomic, 686 
Von H(‘lmholtz, H., 531 
Von Lane, .M., 666 

W 

Warm front, 321 
Water equivalent, 240 
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NN’ator, expansion of, 230 
Water waves, 512 
Watt, James, 121 
Watt, the. 121 
Watt-hour meter, 418 
Wattmeter, 417, 404 
Wave, bow. 527 
carrier, 481 
cornpressioiial, 509 
(liffraction, 517 
electron, 703 
in fluid, 508 
front. 510, 556 
interference of, 512 
longitudinal, 501 
motion, 500 
mirnher, 089 
reflection, 517 
refraction, 520 
shock, 527 

simple harmonic, 501 
spherical harmonic, 530 
standing, 501, 514 
stationary, 514 
transverse, 501 
water, 512 

\^’ave equation, general, 506 
\\’ave train, 500, 550 
U'avelength, 503 
of color, dominant, 030, 035 
Weather Ilureau, 195 
Wel)er. the, 391 
Weber-Fechner law, 543 
Weighing, double, 40 
Weight, 12 


Weighted mean, 36 
Weston standard cell, 384 
Wet-and-dry-bulb hygrometer, 315 
Wheatstone bridge, 374, 377 
Wheel and axle, 44 
Wien's displaciunent law, 682 
Wilson, (’. T. II., 715 
Wirul instruments, 534 
Winds, 304 
Work, 108, 118 
definition of, 109 
units of, 111 
Work function, 471, 490 

X 

X rays, 489, 564 

characteristic .speetnim, 667 
diffraction of, 666 
A' -series linos, 700 
Ijiue spot, 668 
reflection from crystal, C67 
spectra, 099 

Y 

* 

V connection, 466 
Yaw, 96 

'^'oung, Thomas, 552, 556, 639 
Young's experiment, 639 
Yoxmg's modulus 53 

Z 

Zeiss “Tessar” lens, 615 
Zero-point energy, 704 
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A 

Ari-<‘li‘rntioi» duo to jiravity, 85 
Alifilos of roiitaot. 21H 
Atino.'iplu'rio i)ros^s»ir<*, 11)1) 
Atinospliori*- toinj)orature, 199 
Atom, flootroii .sholLs of, 095 
shell structiiro of, 090 

It 

Hoaufort soalo of ujjul Volnojfic-s 
Boiling points, 254 
Bulk inoclulus, 54 


I'p-o fail, kitic-itiat io.s of. 01 
Friction, ciicHicicnts of, 8t> 
Fusion, licats of, 247 

C, 

Clascs, rritical densitios of, 270 
critical pressures of, 270 
critical temperatures of, 270 
ratio of specilie Iwats, 282 
( Jrei-k alplial)et, 733 

n 


(” 

rapacity, speeilu* inductive, 357 
Combustion, heat of, 243, 244 
Conductivity, electric, 309 
thermal, 300 

Critii*al densities of jjases, 270 
Critical pressures of gases, 270 
Critical temperatures of gases, 270 

D 

lif'usities, 191 
Dispersive po\v<‘r, 578 

v: 

Fl(*etrie moments of inoleenles, 355 
lOleetrieai oscillations, fon'ed, compared 
to meehanieal, 457 
Klectron shells in atom, 095 
Kxpansion, linear, eoeffieients of, 227 
of liquids, coefficients of, 231 

F 

Force, intermoleeular and gravitational, 
214 

units of, 82 

Formation, heats of, 244 
Fraunhofer lines, 576 

759 


Heats, of eomhustioii, 243, 244 
of hirmatioii, 244 
of fusi<m, 247 
of vapi»rization, 254 
Humidity, relative, 310 

I 

In<‘rtia, moments of, 144 
Intensity levels of souiul, 543 
Ioni/.ati(ui energy, 098 
Isotopes, 395 
mass of, 390 

J. 

Liquids, eoelfieient of expansion, 231 
logarithms, 736 

M 

Major scale, 541 
Mathematical formulas, 3, 734 
Mechaiii<*al oseilhitions, forced, com- 
pared to electrical, 457 
Melting points, 247 
Metric units, 0 
Moments of inertia, 144 
Moments of molecules, electric, 355 
Motion, rotation and translation, 154 
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P 

Periodic tjihlc of utorus, 688 
PcriiH'jihility, 447 
Pcriiiittivity, 357 
Pliysical 731 

Power, units of, 121 
Pressure, atinospherie, 199 

H 

Iladioaetive series, 714 
Ratio of .specific lieats, gases, 2S2 
Refractive irulex, r)78 
Resistivity, electric, 369 

tenip(*rature coenicient f>f, 3t»9 
Rotation, comparison with translation. 
ir>3. 154 

S 

Shi'ur modulus, 54 
Solar system. 164 
Sound, absorption coefiieients, 547 
iriten.sity h-vcl. 543 
Specific heat, 236 
of gases. 282 

at atmospheric pressure, 2ti6 
Specific inductive capacity, 357 
Spectral lines, Fraunhofer, 576 
Surface tension, 216 
Susceptibility, electric, 357 
magnetic, 447 


T 

Temperature, atmosplu'ric, 199 

roef!i<-ii*nt of electrical ri'sistivity, 369 
scales. 226 

Tfiermal conductivities, 306 
Thermoelectric constants, 388 
Translation, comparison with rotation, 
153. 154 

Trigonometric functions, 735 

U 

I'nits, 729 
electrical. 732 
of fj>s, cgs, inks systems, 5 

\' 

y-2 rocket, 127 

N’apor pressure of water, saturated, 251 
Vaporization, heats of, 2.54 
\'iscosity, coi*IIici(*nt of. 220 

W 

Wind veloi’ities in Heaiifort si'ale, 314 
Work, units of, 1 12 

5 ' 

Young's modulus, 54 




